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1

NAND

USB

PC

[1, 2, 3, 4, 5, 6, 7, 8]

(Solid State Drive: SSD) (Hard Disk Drive:

HDD) HDD

[2, 4, 8, 9, 10, 11, 12, 13] HDD

NAND

2

(Multilevel Cell: MLC)[6, 14, 15]

[3, 8] 15nm

3

[16, 17]

NAND

(Random Telegraph Noise:

RTN) NAND MOS

Metal-Oxide Semiconductor

[6]

MLC

MLC

[1, 4, 5, 9, 10, 18, 19]

NAND

[1, 5]

[5] (Raw Bit Error Rate: RBER)
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10−3 [7]

(Uncorrectable Bit Error Rate: UBER) 10−13 10−16

[8, 20]

BCH [10, 13, 14, 19] LDPC(Low-Density Parity-Check)

[3, 4, 11] 2010 24

BCH [10, 14]

BCH

LDPC BCH

[3, 11]

[3]

[5, 9, 12]

NAND

[21]

(Program/Erase : P/E )

P/E

P/E

[22]

MLC NAND

MLC NAND

P/E

(

) Cai
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30 40nm [8]

95% 1 5% 2

[5] 2

MBU(Multiple Bit Upset)

2

NAND BCH

LDPC 2

NAND

3 3 1 2

3 1 3 Limited-Magnitude(LM)

LM

1

2

2

0 1 1 0 0 1

1 0 0

0 1 1 0

LM

0

0

2 2

2

LM

LM

LM

LM LM

LM [23, 24] LM [25, 26]

Kløve LM Schwertz

[27] Yari [28] LM

LM LM Kløve [24]
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2

LM

1:

Cassuto [29] LM

NAND

LM

[30] NAND

LM Jeon [31]

LM LM (

LM LM

) LM

[23, 24, 25, 26, 27, 28]

LM Ahlswede [32]

Elarief [33] [33] LM

NAND

LM 1 1 LM

[34] [25, 26] 1
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1: LM

Kløve[23, 24] Kløve[24] Ahlswede[32]

( 1) Cassuto[29] Elarief[33]

Kotaki[30] Ahlswede[32]

Kløve[25, 26] Jeon[31] Elarief[33]

1

Schwertz[27] Jeon[31]

Yari[28] 3

( 1)

1.

2.

3. 2

4.

LM

LM 1. 4.

LM

LM

1

[35] NAND

1

1

BCH TCM(Trellis Coded Modulation) [12]

2 4

TCM 5

2

2

2
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2

1 LM

3 P/E

[31] LM

8 2 NAND

3

LM

4 NAND

5 6 7 1 2 3

8 NAND
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DRAM

SRAM

SRAM

ROM

EPROM

EEPROM

2:

2 NAND

2.1

[36]

RAM(Random Access Memory) DRAM(Dynamic RAM) SRAM(Static RAM)

ROM(Read Only Memory) EPROM(Erasable Pro-

grammable ROM) EEPROM(Electrically Erasable Programmable ROM)

2 EEPROM [36]

NAND NOR

NOR

16 64B [37] 64KB [36]

NAND NOR

[36] 512B 16KB
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2: NAND [40]

3-Metal 19nm CMOS

64 Gb (2 bit/cell)

112.8 mm2

16 KB

15 MB/s

50 μs

2.7 V 3.6 V

[5, 12]

[8] NAND

NOR

[38] NAND

2014 DRAM NOR 2000

[39] NAND

NAND

2 2013 NAND [40] NAND

SSD HDD

PC PC HDD SDD

SSD HDD

/ (P/E ) NAND

1 SLC(Single Level Cell)

10,000 MLC 3,000

5 10 HDD [8]

NAND

DRAM

CPU DRAM

[39] SLC NAND

DRAM 103

NAND 1/10

DRAM

[39, 41] NAND

PCM(Phase Change Memory)

STT-RAM(Spin-Torque Transfer RAM) ReRAM(Resistive RAM)

DRAM

NAND
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NAND

[41]

2.2

MOS [6, 42]

3

Fowler-

Nordheim(FN)

FN JFN

[36]

JFN = αFNE
2
oxe

−βFN/Eox . (1)

αFN , βFN Eox Eox

Vth QFG

[36]

Vth = Vthi + (−QFG)/Cpp.

Vthi, Cpp

[7]

b 2b

[6] b ≥ 2 MLC b = 1 SLC

[8]

4 4

2

2.3

[10,

12] 5 512B 16KB

[5, 12] 3 5% [4, 13]
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3:

10 2 3

4: 2

MLC

b 2b

16 64

NOR [36]

[21]

[12]
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5: [12]

2.4 ISPP

NAND

(Incremental Step Pulse Programming:

ISPP)[43] ISPP

Vpp = Vpp0

Vpp +ΔVpp

6 ISPP ISPP

[44, 45]

14



Vpp

Vpp

Vpp0

6: ISPP [35]

[44] k p
(k)
p (x)

pe(x)

pe(x) =
1

σe

√
2π

e−(x−μe)2/2σ2
e ,

p(k)p (x) =

⎧⎨
⎩

1

ΔVpp

(V
(k)
th ≤ x ≤ V

(k)
th +ΔVpp),

0 (otherwise).

μe, σe pe(x) V
(k)
th k

ΔVpp

[35]

[35]

2

7 8 ISPP

1, 2, 3

1

0 1 ( 7(b)) 1

0 1

( 7(c)) 2 3
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3 1

2

2.3

•

• b

b

b

b [35]

[3]

(

)

2.5

NAND

[7, 44]

2.5.1

[46] γ(k)

Ctot C(k)

γ(k) =
C(k)

Ctot

16



ΔV
(k)
th γ(k) [3, 46]

F =
∑
k

(ΔV
(k)
th · γ(k)).

2

3 3

3 [42]

2.5.2

[36]

Eox =
Cono

Cono + Cox

· Vth − Vthi

Tox

.

Cono, Cox Vthi, Tox

Eox FN (1)

SILC(Stress Induced Leakage Current) P/E

FN

[47] SILC

SILC

[48] 30 40nm SILC

[8]

2.5.3

(1)

FN [49]
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1

105

RBER 2 NAND

1 [49]

2.5.4

P/E

(Random Telegraph Noise: RTN)

[50]

[44, 50]

pr(x) =
1

2λr

e−|x|/λr .

λr P/E N Nα

RTN P/E

RTN

RTN

[50]

[51]

2.6

(

) 20 30nm

[8] 2 5%

2

2.7

NAND

(

[52] )
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(P/E )

2.7.1

P/E

( )

[53]

[54]

2.7.2

P/E P/E

P/E

[53]

P/E

[55]

2.7.3

NAND

[21]

[55]

19



P/E

P/E

[55]

20



10 2 3

(a)

10 2 3

(b)

10 2 3

(c)

7: (a) (b)

(c) [35]
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1

2

3

Yes

No

(a)

1

Yes

No

2

3

Yes

No

(b)

8: (a) (b) [35]
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3

LM

[22, 56, 57]

3.1

Z m 1 a

Ca = {x ∈ Z : x ≡ a(modm)}

Ca m a m

Zm = {C0, C1, . . . , Cm−1}

Ca ā Zm ā, b̄

Zm × Zm → Zm

(ā, b̄) �→ ā+ b̄ = a+ b

Zm × Zm → Zm

(ā, b̄) �→ ā · b̄ = a · b
Zm [58]

1 Zm [58]

2 Zm ā Zm b̄ āb̄ = 0̄ ā

Zm [58]

3 Zm ā Zm b̄ āb̄ = 1̄ ā Zm

[58]

23



Zm

ā a

φ A B

A\B A B |A| A

S ⊆ Zm x ∈ Zm xS = {xs : s ∈ S}
v = (v1, v2, . . . , vn) ∈ Zn q > 1

v mod q = (v1 mod q, v2 mod q, . . . , vn mod q)

v′ = (v̄1, v̄2, . . . , v̄n) ∈ Zn
m

v′ mod q = (v1 mod q, v2 mod q, . . . , vn mod q)

3.2

3.2.1

9

q q

q q

[57]

3.2.2

2

{0, 1} 0 → 1 1 → 0

BCH

24



9: [57]

0

1

0

1

10: 2

2

10

NAND LM

4

LM 11 LM 0 2

1

3.2.3
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0

1

0

1

2

3

2

3

0

1

0

1

2

3

2

3

(a) (b)

11: 4 (a) (b) LM

4 x, y

dH(x, y) =

{
0 (u = v),

1 (u 
= v),

2 x = (x1, . . . , xn),y = (y1, . . . , yn)

dH(x,y) =
n∑

i=1

dH(xi, yi)

2 x y

C 2

dmin

26



1 C t dmin ≥ 2t+1

2 C d dmin ≥ d+ 1

3 C t d(d > t)

dmin ≥ t+ d+ 1

t

( ) dmin ≥ 2t+1 t

t

d

t d

5 x wH(x) = dH(0,x) (

0 = (0, . . . , 0) )

dH(x,y) = wH(x− y)

3.2.4

q t t

t∑
i=0

(
n

i

)
(q − 1)i

qt

M

M ≤ qn

t∑
i=0

(
n

i

)
(q − 1)i

(2)

27



(2)

A

M ≤ qn

A

3.3

6 n C V n C

2 x1,x2 ∈ C c1, c2 ∈ V

c1x1 + c2x2 ∈ C

C

2 C

C

k g1,g2, . . . ,gk

G =

⎡
⎢⎢⎢⎢⎣

g1

g2

...

gk

⎤
⎥⎥⎥⎥⎦

k × n G g1,g2, . . . ,gk

d1g1 + d2g2 + · · ·+ dkgk

6 d = (d1, d2, . . . , dk)

x x = d ·G
G G ·HT = 0

r × n H x = d ·G
x ·HT = 0 (3)

28



k n r

n k (n, k)

n = 2r − 1, k = n − r

1 (7, 4)

H =

⎡
⎢⎣ 1 0 0 1 0 1 1

0 1 0 1 1 1 0

0 0 1 0 1 1 1

⎤
⎥⎦

q

n = (qr − 1)/(q − 1)

k = n− r

2 GF(4) (5, 3)

H =

[
1 0 1 1 1

0 1 1 α α2

]
.

H x′

s = x′ ·HT

e x′ = x+e (3)

x′ ·HT = (x+ e) ·HT

= x ·HT + e ·HT

= e ·HT

(3)

3 2

29



3.4

x = (x1, x2, . . . , xn) x′ = (xn, x1, x2, . . . , xn−1)

G

G(x)

BCH

3.5 BCH

BCH MLC NAND

[12] 2 BCH

m(m ≤ 3), t < 2m − 1 n = 2m − 1 r ≤ mt

dmin ≥ 2t+ 1

(BCH )

4 (n, k) C α 1 n αl, αl+1,

. . . , αl+h−1 C h+ 1

mi(x) αi 2 mi(x) = m2i(x)

BCH

G(x) = LCM[m1(x),m3(x), . . . ,m2t−1(x)]

LCM

3.6 Low-Density Parity-Check

Low-Density Parity-Check(LDPC)

sum-product

[56] NAND

[3, 4, 11] BCH

30



3.7

3.3

‘a’ ‘b’

‘a’ ‘c’ ‘b’ ‘c’

[59]

[59]

7 [59] A = {a1, . . . , aM} M

ε

ε = {(ai → aj) : ai, aj ∈ A,Pr(ai|aj) > T, 1 ≤ i ≤ M, 1 ≤ j ≤ M, i 
= j} (4)

(ai → aj) ai aj

Pr(ai|aj) (ai → aj) T

8 [59] (ai → aj) ∈ ε ai aj ε-

T

3.8 Limited-Magnitude

3.8.1

LM MLC

[29] LM

Qq = {0, 1, . . . , q − 1} v ∈ Qn
q e ∈ Qn

q r ∈ Qn
q

9 [29] v + e = r e = (e1, e2, . . . , en) l > 0

|{i : ei 
= 0}| ≤ t i 0 ≤ ei ≤ l e t

l-LM |{i : ei 
= 0}| ≤ t i −l ≤ ei ≤ 0

e t (−l)-LM

LM LM

10 t l-LM E1 t (−l)-

LM E2 e ∈ E1 ∪ E2 e t l-LM

31



11 v + e = r e = (e1, e2, . . . , en) lu ≥ 1, ld ≥ 1

|{i : ei 
= 0}| ≤ t i −ld ≤ ei ≤ lu e

t (lu, ld)-LM

LM l = ld = lu t l-LM t > 2

t (lu, ld)-LM lu = 0 ld = 0

LM LM lu + ld + 1 = q

t = 1 8

ε- LM

LM

2 ( 2 )

LM

LM Bt(S)(q) 2

a, b(a ≤ b) [a, b] = {a, a+ 1, . . . , b}
12 [23] S B m bi ∈ [1, q− 1]

ai ∈ S bij ∈ B(0 ≤ i1 < i2 < · · · < it ≤ m− 1)

( t∑
i=1

aibij

)
mod q

B = {bi|0 ≤ i ≤ m − 1} (q

)Bt(S)(q)

3.8.2 B[l](q) B[±l](q)

B1([0, l])(q) B[l](q) B1([−l, l])(q) B[±l](q)

B[l](q) l-LM B[±l](q) l-LM

(lu, ld)-LM

B1([−ld, lu])(q) [27, 28]

H B Zr
q r × n

Cr(B) HT gcd

5 [23]B = B[l](q) gcd(q, l!) = 1 Cr(B) l-LM

( ) e = (0, . . . , 0, ei, 0, . . . , 0)(1 ≤ ei ≤ l)

i hi

s = eih
T
i

32



hT
i i

z = eib b ∈ B B z ei, b

gcd(q, l!) = 1 1, 2, . . . , l

e−1
i e−1

i s = hT
i

ei hi ( )

6 [23]B = B[±l](q) gcd(q, l!) = 1 Cr(B) l-LM

( ) gcd(q, l!) = 1 −1,−2, . . . ,−l

5 ( )

i B H B m

mqr−i n

n =
r∑

i=1

(mqr−i) = m
qr − 1

q − 1
(5)

m LM

B

B[l](q) 1 + lm ≤ q

B[l](q)

B[l](q) Ml(q)

Ml(q) ≤
⌊
q − 1

l

⌋
(6)

B[l](q) (6)

B[l](q) [23] B

7 [23] B B[l](q) gcd(q, l!) = 1 Cr(B)

( ) |B| = m = (q− 1)/l Cr(B) (5)

n = (qr − 1)/l

|Cr(B)|(1 + nl) = qn−rqr = qn

Cr(B)

( )

33



4 p p ≡ 3(mod8) p ≡ 5(mod8)

Qp = {x2 mod p : 1 ≤ x ≤ (p− 1)/2}

B[2](p) [23] p = 13

Q13 = {1, 4, 9, 3, 12, 10}

|Q13| = M2(p) = (p− 1)/2

2Q13 = {2, 8, 5, 6, 11, 7}

Q13 B[2](p)

LM

LM [25, 26]

B[±l](q) 1 + 2ml ≤ q

B = B[±l](q) Cr(B) l-LM

B[±l](q) B[±l](q)

Nl(q)

Nl(q) ≤
⌊
q − 1

2l

⌋
(7)

B[±l](q) (7)

B[±l](q) [23]

B[l](q) q ≡ 1(modl)

B[l](q)

B[l](q) [23, 24]

B[l](q) l, q

3 [23] B[2](q)

M2(q) q ≡ 1(modl)

q

B[±l](q) l, q

[25, 26] B[l](q)

B[±l](q)

• B[±l](p) (p )

l, p ( 4)

• B[±l](lp) (p )

l, p ( 5)
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3: q M2(q)[23]

q 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33

M2(q) 1 2 2 4 5 6 7 8 9 9 10 12 13 14 12 16

q 37 39 41 43 45 47 49 51 53 55 57 59 61 63 65 67

M2(q) 18 19 20 21 22 22 22 25 26 27 28 29 30 30 32 33

B[l](q)

4: B[±l](p) l, p(l ≤ 5, p ≤ 128 )[26]

l 2 3 4 5

p 5 13 17 29 37 41 53 61 97 101 109 113 7 37 97 11

• B[±4](2p) (p )

p p

p = 5, 29, 53, 101, . . .

• B[±2](q)

q

• B[±3](q)

q q

q = 17, 21, 35, 37, 49, 69, . . .

2 B1 = B[±l](q1), B2 = B[±l](q2) B[±l](q1q2)

B1

• B2 B[±l](q1q2)

• B2 B[±l](q1q2)

l, q B[±l](q)

5 1

B[±4](31)

3.8.3 LM

t l-LM Bt([0, l])(q) [24]

t

[29]

NAND
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5: B[±l](lp) l, p(l ≤ 5, lp ≤ 128 )[26]

l 2 3 4 5

p 3 7 11 19 23 31 43 47 59 7 23 31 11 23 19 23

t

[29]

t l-LM dl

Qq = {0, 1, . . . , q−1} x = (x1, . . . , xn) ∈ Qn
q ,y = (y1, . . . , yn) ∈ Qn

q

N(x,y) = |{i : xi > yi}|

13 [29] 2 x,y dl(x,y)

dl(x,y) =

{
n+ 1 (maxi{|xi − yi|} > l),

max(N(x,y), N(y,x)) (otherwise).

8 [29] C t l-LM

2 x,y ∈ C dl(x,y) ≥ t+ 1

Ω q′ = l + 1 t q(q > q′)
C

C = {x ∈ Qn
q : x mod q′ ∈ Ω} (8)

9 8 C t l-LM

q > 2l

(8) C

LM

q′ q′ t

q l = 1

q, l q
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Ω C

10 [29] C ⌊
q

q′

⌋n

· |Ω| ≤ |C| ≤
⌈
q

q′

⌉n

· |Ω| (9)

(8)

(2) t l-LM

|C| ·
t∑

i=0

(
n

i

)
li ≤ qn (10)

10

|C| ·
t∑

i=0

(
n

i

)
li =

(
q

q′

)
· |Ω| ·

t∑
i=0

(
n

i

)
li

Ω

|Ω| ·
t∑

i=0

(
n

i

)
li = q′n

|C| ·
t∑

i=0

(
n

i

)
li =

(
q

q′

)
· q′n = qn

(10) C

4 NAND

NAND

P/E

P/E

1997 SLC
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SEC(Single Error Correcting)

[60] 1998 MLC[61]

SEC NAND

BCH

2006 4148 4

[19] BCH

2011 MLC SSD t 40

[14] BCH t2

t t

[56]

( )

BCH RS [5] BCH

[10] BCH TCM [12]

P/E

[62, 63, 64] NAND BCH

[13, 14, 19]

BCH

LDPC [65]

LDPC NAND

LDPC

[66]

[3] P/E

[11]

MLC

LM NAND

38



LM [23, 24, 25, 26, 27, 28]

LM [29, 31, 30]

(

)
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5 1 LM

5.1

2.5 NAND

s-LM [34]

Lee

2 [67, 68] 1-LM

2 LM

[59] s-LM

2

[68]

5.2

H H

11 H C s-LM

s-LM ea, eb

ea ·HT , eb ·HT

0 
= ea ·HT 
= eb ·HT 
= 0 (11)

HT

( )

( )

1 Zm

( ) ā, b̄ Zm 2 k̄ Zm k̄ā = k̄b̄

k̄(ā− b̄) = 0̄ ā− b̄ 
= 0̄ k̄

k̄ā 
= k̄b̄ k̄ā, k̄b̄ ā, b̄ Zm

k̄ā = k̄b̄+ 1̄ ā, b̄ k̄(ā− b̄) = 1̄

k̄ ( )

40



2 Zm m s ±1̄,±2̄, . . . ,±s̄ ∈ Zm

( ) p m k̄ ∈ Zm(1 ≤ k ≤ s < p)

ka = 0 mod m ā ∈ Zm(1 ≤ a < m) k m

k m 1 ≤ k ≤ s < p

k̄ 1 −k̄

( )

5.3

5.3.1

1 Zm m 2 Zm

3 3 2 3

1 s m

s-LM (

) 2 m s

m = ps11 · ps22 · · · · · psuu . (12)

1 ≤ i ≤ u pi s < p1 < p2 < · · · < pu

si ≥ 1

M M = m m

M = 2b(b ≥ 2)

l = 2 p1 ≥ 3 m = 2b

1) m m < M (12)

2) M d = (d0, d1, . . . , dk−1) d mod m

c 3) ā ∈ Zm ā ∈ ZM

M (d, c) LM

(

LM [29] ) m < M

12

2 Zm 3 L O U

L A =

Zm\{0}, E = {±1,±2, . . . ,±s} ⊂ Zm x, y ∈ A

41



 d

 d mod m

 d

 c

m

 c

12: m < M

a, b ∈ E ⎧⎪⎨
⎪⎩

ax 
= bx,

ax 
= ay,

ax 
= by,

(13)

x, y L L B[±s](m) (E

B1(E)(m) )

B[±s](m) s,m

1 m

L

1 (L )

1. L = φ,A = Zm\{0}, B = φ,E = {±1,±2, . . . ,±s} ⊂ Zm

2. B = Zm\{0}
3. x x ∈ A x 
∈ B

4. a, b ∈ E xa = xb a, b

B ∪ {x} B 2.

5. xE 
⊆ A B ∪ {x} B 2.

6. xE ⊆ A A\(xE) A B ∪ (xE) B

7. L ∪ {x} L 2.
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s,m |L|
B[±s](m) s,m L

x

s = 4,m = 31 L = {1, 5, 6} L = {3, 8}
x

L

s = 4 1 m = 31

L L

A x L = {1, 5, 6}
(m− 1)/2s� = 3 = |L| B[±4](31)

s,m NAND

m ≤ 16

5 m = 15, s = 2

1. L = φ,A = {1, 2, . . . , 14}, B = φ,E = {±1,±2}
2. x = 1 1E = {1, 2, 13, 14}
3. A\(1E) = {3, 4, . . . , 12} A B ∪ (1E) = {1, 2, 13, 14}

B

4. L = φ ∪ {1} = {1} L

5. x = 3 3E = {3, 6, 9, 12}
6. A\(3E) = {4, 5, 7, 8, 10, 11} A B∪(3E) = {1, 2, 3, 6, 9, 12, 13, 14}

B

7. L = {1} ∪ {3} = {1, 3} L

8. x = 4 4E = {4, 7, 8, 11}
9. A\(4E) = {5, 10} A B∪(4E) = {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14}

B

10. L = {1, 3} ∪ {4} = {1, 3, 4} L

11. x = 5 5 · 2 = 5 · (−1) = 10 B ∪ {5} =

{1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 12, 13, 14} B

12. x = 10 10 · 1 = 10 · (−2) = 10 B ∪ {10} =

{1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14} B

13. B = Zm\{0}
(15− 1)/4� = 3 L B[±2](15)
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O m L

m Zm

P E = {±1,±2, . . . ,±s} ⊂ Zm

O0 = {xp : p ∈ P, x ∈ Zm},
O1 = {ey : y ∈ L ∩O0, e ∈ E}

O

O = O0\O1.

m O = {0} O

3 l ∈ L, e ∈ E el 
∈ O

( ) l el (el)a = 0

a ∈ Zm e(la) = 0 la 
= 0 e

el O O0

el 
∈ O ( )

4 o ∈ O, e ∈ E eo ∈ O

( ) x ∈ Zm q ∈ Zm

{kx : k ∈ Zm} = {kqx : k ∈ Zm} (14)

k = k′q−1, k′ ∈ Zm m

p1, p2, . . . , pn l ∈ L m x ∈ Zm

q ∈ Zm l = qpi1pi2 · · · pin′ O1 l

(14) q′ ∈ Zm o1 = q′pi1pi2 · · · pi′n ∈ O1

k ∈ Zm o ∈ O o = kpi o 
= o1 eo = e(kpi) = o1

e k′ ∈ Zm e = k′pj(j ∈ {i1, i2, . . . , in′})
1 ≤ e ≤ s s < pj eo 
∈ O1

eo ∈ O0 eo ∈ O −s ≤ e ≤ −1

l ∈ L l 
∈ L ∩ O0 O l

( )

U Zm U = Zm
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3 H r Ni ≤ |O|i|L||U |r−i

hi,j ∈ {(o1, o2, . . . , oi−1, l, u1, u2, . . . , ur−i)
T : ox ∈ O, l ∈ L, uy ∈ U},

Hi = [hi,1, hi,2, . . . , hi,j, . . . , hi,Ni
]

j 
= j′ hi,j 
= hi,j′

H = [H1,H2, . . . ,Hr] (15)

12 (15) H C

s-LM

( ) e, e′ ∈ Zm s-LM e

hi,j

s = ehi,j e′ hi′,j′

s′ = e′hi′,j′

1. i 
= i′

i < i′ s i L l e

3

si = el 
∈ O. (16)

s’ i s′i e′ O o

4

s′i = e′o ∈ O (17)

si 
= s′i

2. i = i

(a) e 
= e′

si l ∈ L e el s′i l′ ∈ L e′ e′l′ L

(13)

si = el 
= e′l′ = s′i. (18)

(b) e = e′ e s = s′

hi,j = e−1s = e−1s′ = hi,j′ . (19)
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(i, j, e) 
= (i′, j′, e′) s 
= s′

11 H l-LM

( )

Hi Ni N

N =
r∑

i=0

Ni ≤ |L| |U |r − |O|r
|U | − |O|

L m ≥ 2s + 1 1

L 
= φ |L| ≥ 1, |O| ≥ 1 N ≥
(|U |r − 1)(|U | − 1) m ≤ 2s (13) L

1 ∈ L

L x 1

s = 1 L x ∈ A

1-LM [68]

O = {0} H LM [25, 26]

L

B[±s](m) |O| ≥ 2

6 M = 16 r = 2 2-LM

1 m 2 m ≤ M = 16

16 = 24 m m = 3 · 5 = 15

2 L 5 L = {1, 3, 4}
O O0 m 3 5 O1

L ∩ O0 = {3} O1 = {3 · (±1), 3 · (±2)} = {3, 6, 9, 12}
O = O0\O1 = {0, 5, 10}

3 H l ∈ L, o ∈ O, u ∈ U(
l

u

) (
o

l

)

N = 54

H =

[
1 · · · 1 3 · · · 3 4 · · · 4 0 0 0 5 5 5 10 10 10

0 · · · 14 0 · · · 14 0 · · · 14 1 3 4 1 3 4 1 3 4

]
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7 M = 8 r = 2 1-LM

1 m 1 ( ) m = M = 8

2 L x ∈ A

L = {1, 2, 3} O0 = {0, 2, 4, 6} L ∩O0 = {2}
O1 = {2 · (±1)} = {2, 6} O = O0\O1 = {0, 4}
3 N = 30

H =

[
1 · · · 1 2 · · · 2 3 · · · 3 0 0 0 4 4 4

0 · · · 7 0 · · · 7 0 · · · 7 1 2 3 1 2 3

]

[68]

5.3.2

p1 = s + 1 (s + 1)-LM

L,O L′, O′

O′ L′

O′ Zm 0

L′ L′ B[±s](m)

{el′ : l′ ∈ L′,−s ≤ e ≤ s} ∩ {e′l′ : l′ ∈ L′, e′ = ±(s+ 1)} = φ.

L

2 (L′ )

1. L′ = φ,A = Zm\{0}, B = φ,E = {±1,±2, . . . ,±s} ⊂ Zm

2. B = Zm\{0}
3. x x ∈ A x 
∈ B

4. (a) x ∈ O′ B ∪ {x} B 2.

(b) a, b ∈ E xa = xb a, b

B ∪ {x} B 2.

5. xE 
⊆ A B ∪ {x} B 2.

6. xE ⊆ A A\(xE) A B ∪ (xE) B

7. L′ ∪ {x} L′ 2.
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L |L′|
x

L′ L′ B[±s](m)

B[±s](m)

13 L,O L′, O′ 1 3

s-LM (s+ 1)-LM

( ) 12

e e′ = ±(s+1) l′ ∈ L′

e s i si = el′ 
∈ O

s′ i s′i = e′l′ ∈ O s′i 
= 0

s 
= s′ s′ 
= 0

( )

N

N ≤ |L′| |U |r − |O′|r
|U | − |O′|

8 M = 8 r = 2 1-LM 2-LM

1 m 1 ( ) m = M = 8

2 O′ = {0, 2, 4, 6} L′

L′ = {1, 3}
3 N = 24

H =

[
1 · · · 1 3 · · · 3 0 0 2 2 4 4 6 6

0 · · · 7 0 · · · 7 1 3 1 3 1 3 1 3

]
(20)

5.3.3

E = {±1,±2, . . . ,±l} ⊂ Zm ←

3 ( )

1. y s = y ·H m < M

y′ = y mod m s = y′ ·H
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2. s = 0

3. i ← 1

4. si ∈ O i ← i+ 1

5. 4. si 
∈ O i(i ≤ r) si ∈ O

(s+1)-LM

6. el = si l ∈ L e ∈ E

7. s∗ = e−1s

8. e s∗ = hi,j H hi,j

w′ w′ = y − e

(13) l, e

|L||E| < |Zm| = m l, e m MLC NAND

m ≤ M = 2b 6.

2b b

b ≤ 4

L,O L′, O′

9 (20) 1-LM 2-LM

L′ = {1, 3}, O′ = {0, 2, 4, 6}
s = (6, 5)T 6 ∈ O′ 5 
∈ O′ el = 5 e, l

e = 7, l = 3 s∗ = e−1s = 7(6, 5)T = (2, 3)T

(2, 3)T e = 7 = −1

(−1)

s = (2, 4)T O′

5.4

5.4.1

6 7 8 M

8, 16, 32

L B[±s](m) L′

49



6: (M = 8)

2 3 4 5

1 26 247 2036 16369

2 28 249 2036 16363

3 7 70 581 4676

4(m = 7) 6 54 400 2801

1 28 249 2036 16363

2 22 221 1916 15867

3(m = 7) 6 54 400 2801

4

7: (M = 16)

2 3 4 5

1 120 2036 32752 524268

2 124 2041 32756 524267

3 15 270 4365 69900

4(m = 15) 46 720 10844 162718

1 124 2041 32756 524267

2 94 1789 30716 507899

3(m = 15) 52 834 12632 189778

4(m = 15) 42 755 12052 185637

1 1-LM [69]

2 1-LM [68]

3 [22]

4 2-LM [25, 26]

1 1-LM

2 1-LM 2-LM

3 2-LM

4 2-LM 3-LM

M = 8 ( 3)

3 4 B[±s](m)

B[±s](m) O 2
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8: (M = 32)

2 3 4 5

1 502 16369 524268 16777191

2 508 16377 524276 16777195

3 31 1054 33821 1082396

4(m = 31) 190 5955 184700 5725825

1 508 16377 524276 16777195

2 382 14333 491516 16252923

3(m = 31) 190 5955 184700 5725825

4(m = 27) 142 4209 116636 3175519

M = 16

M = 16 2-LM 1-LM

1 2

3 2-LM 2

2 3 15

2 52

M = 16 2 3

52 3-LM 4 42

M = 32 2

2 1

2-LM LM

[59] 2-LM

9 M = 16 10

M = 32 2-LM

[59] 9

2 23

52 2 63

LM

LM
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9: 2-LM (M = 16)

[59] [59]

2 23 52 63

3 438 834 1023

4 7221 12632 16383

5 116276 189778 262143

10: 2-LM (M = 32)

[59] [59]

2 43 190 255

3 1530 5955 8191

4 49721 184700 262143

5 1596216 5725825 8388607

5.4.2

2-LM (M = 16)

UBER 11 [8] 2

5% 1

RBER

UBER 10−13 10−16 [20]

10−6 10−4 RBER (10−4 30 40nm 2 3000P/E

[8]) UBER

UBER

5.4.3

( )

12

Z16 1-LM (126, 124) s+ 1 = 2

4.8% Z15 1-LM (54, 52) s+ 1 = 3

0%

5.5

s-LM s

(s + 1)-LM s = 1
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11: M = 16 2-LM UBER

RBER

1.00× 10−6 1.00× 10−5 1.00× 10−4

54 52 2.50× 10−11 2.49× 10−9 2.47× 10−7

34 32 1.59× 10−11 1.59× 10−9 1.58× 10−7

18 16 8.67× 10−12 8.67× 10−10 8.65× 10−8

12:

Z16 1-LM (126, 124) Z16 1-LM

2-LM (96, 94)

±2 4.8% 95.2% 0% (±2) 100% 0% 0%

±3 0% 100% 0% ±3 0% 100% 0%

±4 19.0% 76.1% 4.8% ±4 100% 0% 0%

±5 0% 100% 0% ±5 0% 100% 0%

±6 4.8% 95.2% 0% ±6 100% 0% 0%

±7 0% 100% 0% ±7 0% 100% 0%

±8 76.2% 0% 23.8% ±8 100% 0% 0%

Z15 1-LM (54, 52) Z15 1-LM

3-LM (44, 42)

±3 0% 100% 0% (±3) 100% 0% 0%

±4 0% 100% 0% ±4 4.3% 95.7% 0%

±5 89.9% 0% 11.1% ±5 100% 0% 0%

±6 0% 100% 0% ±6 100% 0% 0%

±7 0% 100% 0% ±7 4.3% 95.7% 0%

[68]

LM

LM B[±s](m)

B[±s](m) L

L

s,m B[±s](m)

MLC NAND

UBER
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6 2

6.1

LM 1-LM

LM

2.4

1/2.3

[35]

[70] 2

[9, 18] 1

1

1 2

NAND 5% 2

[8]

2

2

6.2

2 2

2

1 13 8 2 2

3 4 3

1

2
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13: 8 2

2

0( ) 111 111

1 110 110

2 101 100

3 100 101

4 011 001

5 010 000

6 001 010

7 000 011

8 1 3 5

3 2

( 13 )

5 000

100 2

100

101 3

5

0, 1, 2, 3 5 3 101

6.3

t

( BCH ) NAND

[13]

2.4

2
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14 b Page-n(1 ≤ n ≤ b)

n k 2b

←
Page-1 Page-b

2 2 [70]

(reflection)

[ ( )]

5

1. n ← 1

2. Page-n

3. c 0 ≤ c < 2n−1 k

2c · 2b−n ≤ k < (2c+ 1) · 2b−n

k ← (2c+ 1) · 2b−n

(2c+ 1) · 2b−n ≤ k < (2c+ 2) · 2b−n

k ← (2c+ 1) · 2b−n − 1

4. n < b n ← n+ 1 2.

5.

10 b = 3 Page-1

• 0 ≤ k < 4 k ← 4

• 4 ≤ k < 8 k ← 3

Page-2

• k = 0, 1 k ← 2

• k = 2, 3 k ← 1

• k = 4, 5 k ← 6

• k = 6, 7 k ← 5
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Page-3

2 4 2

2 101 4 011 Page-1

4 ≤ k = 4 < 8 k ← 3 3 100

Page-2 Page-3

2

2

BER

[2 (2 )]

3.

3’. Page-n 0 1 Page-1, . . . ,Page-(n− 1)

0 . . . 0 Page-n 1 0

Page-1, . . . ,Page-(n− 1) 1 . . . 1

[2 ( )] 13

1 . . . 1

3.

3”. Page-n 0 1 Page-(n+ 1) 0 Page-

(n + 2), . . . ,Page-b 1 . . . 1 Page-n 1

Page-(n + 1) 0 Page-(n + 2), . . . ,Page-b

1 . . . 1

6.5

2

2

1 2

[9] 2

6.4

BER
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15 E b Rj

j (
∑2b−1

j=1 Rj = 1) BER1 Page-1

BERn(2 ≤ n ≤ b) Page-1, . . . ,Page-(n− 1)

Page-n

pn(x) x(0 ≤ x < 2b−1) 2 b − n

x = c22
b−2 + · · ·+ cn2

b−n + . . . cb−12
1 + cb2

0(0 ≤ ci ≤ 1) (21)

pn(x) = cn D = 2b−n v(i, n, l)

v(i, n, l) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

kD (0 ≤ 2kD < l < (2k + 1)D),

kD + l mod D ((2k + 1)D ≤ l < (2k + 2)D ≤ 2b−i),

2b−i−1 − kD (2b−i ≤ 2kD + 2b−i ≤ l < (2k + 1)D + 2b−i),

2b−i−1 − kD − l mod D

((2k + 1)D + 2b−i ≤ l < (2k + 2)D + 2b−i ≤ 2b−i+1),

0 (l ≥ 2b−i+1),

(22)

k 0 ≤ k < 2b−i−1 g1(i, l), g2(i, l), f1(n, l), f2(n, l)

g1(i, l) =

{
0 (0 ≤ l < 2b−i, 2b−i+1 ≤ l),

l − 2b−i (2b−i ≤ l < 2b−i+1),

g2(i, l) =

⎧⎪⎨
⎪⎩

l − 1 (0 ≤ l < 2b−i), ,

2b−i − 1 (2b−i ≤ l < 2b−i+1),

0 (2b−i+1 ≤ l),

,

f1(n, l) =

⎧⎪⎨
⎪⎩

l (0 ≤ l < D),

D − l (D l < 2D),

0 (2D ≤ l < 2b),

f2(n, l) =

⎧⎪⎨
⎪⎩

0 (n = 1),
n−1∑
i=1

(2i−1v(i, n, l)) (n ≥ 2)

5

g2(i,l)∑
x=g1(i,l)

pn(x) = v(i, n, l).
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( ) 0 ≤ l < 2b−i+1 l D 2n−i

( 0) 0, 1, . . . , D− 1 2

( 1) D,D + 1, . . . , 2D − 1

5

1. 0 ≤ j < 2n−i−1 j 2j l

Dj pn(x)

2. 0 ≤ j < 2n−i−1 j 2j + 1 l

Dj + l mod D pn(x)

3. 2− n− i− 1 ≤ j < 2n−i j 2j l

2b−i−1 −D(j − 2n−i−1) pn(x)

4. 2− n− i− 1 ≤ j < 2n−i j 2j + 1

l 2b−i−1 −D(j − 2n−i−1)− l mod D pn(x)

5. l ≥ 2b−i+1 g1(i, l) = g2(i, l) = 0 0

k = j − 2n−j−1

2b−i−1 −D(j − 2n−i−1) = 2b−i−1 −Dk,

2b−i−1 −D(j − 2n−i−1)− l mod D = 2b−i−1 −Dk − l mod D

(22) ( )

14 BERn(1 ≤ n ≤ b)

BERn = E
2b−1∑
l=1

Al(n)Rl.

Al(n) =
2n−1f1(n, l) + f2(n, l)

2b − l

( ) Page-n

0 → 1

u 1 ≤ u < n u

2 1. u Page-u

(Page-n ) 2.Page-u

u 1 (Page-n )
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1. 2b 2D 2n−1

0, 1, . . . , 2D− 1 2

2D, 2D + 1, . . . , 4D − 1

Page-n f1(n, l)

2

Page-u 2D ≤ l < 2b

f1(n, l) = 0 2n−1

2n−1f1(n, l)

2.

Page-n 2b−n Page-

i(1 ≤ i < n) x

pn(x) = cn = 1 Page-n pn(x) = cn = 0

pn(x)

l x g1(n, l) g2(n, l)

x

g2(i,l)∑
x=g1(i,l)

pn(x)

5 v(i, n, l, ) Page-1, . . . ,Page-

(i−1) l ≥ 2b−i+1

g1(i, l) = g2(i, l) = 0 i 1 ≤ i ≤ n− 1

2i−1

f2(n, l) n = 1

f2(1, l) = 0

2

2b − l l n

Al(n) ( )

11 14 b = 2 BERn

BER1 = E
(1
3
R1 +R2 +R3

)
,

BER2 = E
(2
3
R1 +

1

2
R2 +R3

)
.
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b = 3

BER1 = E
(1
7
R1 +

1

3
R2 +

3

5
R3 +R4 +R5 +R6 +R7

)
,

BER2 = E
(2
7
R1 +

2

3
R2 +

3

5
R3 +

1

2
R4 +

2

3
R5 +R6 +R7

)
,

BER3 = E
(4
7
R1 +

1

2
R2 +

3

5
R3 +

1

2
R4 +

2

3
R5 +

1

2
R6 +R7

)
.

16 BER′
n(1 ≤ n ≤ b) Page-n RBER

D = 2b−n h1(n, l), h2(n, l)

h1(n, l) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2 · (l mod 4D) (0 ≤ l < D),

2D (2D ≤ l < 2D),

6D − 2 · (l mod 4D) (2D ≤ l < 3D),

0 (3D ≤ l < 4D),

,

h2(n, l) =

{
2(2n−2 − 1− u)(l mod 4D) (4Du ≤ l < 4Du+ 2D),

2(2n−2 − 1− u)(4D − l mod 4D) (4Du+ 2D ≤ l < 4Du+ 4D),

u 0 ≤ u ≤ 2n−2 − 1

15 BER′
n(1 ≤ n ≤ b)

BERn = E

2b−1∑
l=1

Bl(n)Rl.

Bl(n) =
h1(n, l) + h2(n, l)

2b − l

( ) Page-n

2b

2D 2n−1

0, 1, . . . , 2D− 1 2 2D, 2D + 1, . . . , 4D− 1
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i 1 ≤ i ≤ 2n−1 s(l) t(l)

s(l) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

l mod 4D (0 ≤ mod4D < D),

D (D ≤ mod4D < 2D),

3D − l mod 4D (2D ≤ mod4D < 3D),

0 mod 4D (3D ≤ mod4D < 4D),

t(l) =

⎧⎪⎨
⎪⎩

l mod 4D (0 ≤ mod4D < D),

2D − l mod 4D (D ≤ mod4D < 2D),

0 (2D ≤ mod4D < 4D),

i 0 ≤ i < 2n−1 j 0 ≤ j < 2n−2

i 1 → 0 Q
(1→0)
i (l) i

0 → 1 Q
(0→1)
i (l)

Q
(1→0)
2j (l) =

{
s(l) (0 ≤ l < 2b − 4Dj),

0 (2b − 4Dj ≤ l < 2b),

Q
(0→1)
2j (l) =

⎧⎪⎨
⎪⎩

s(l −D) (0 ≤ l < 2b − 4D(j + 1)),

t(l −D) (2b − 4D(j + 1) ≤ l < 2b − 4Dj),

0 (2b − 4D ≤ l < 2b),

Q
(1→0)
2j+1 (l) =

{
s(l −D) (0 ≤ l < 2b − 4D(j + 1)),

0 (2b − 4D(j + 1) ≤ l < 2b),

Q
(0→1)
2j+1 (l) =

⎧⎪⎨
⎪⎩

s(l) (0 ≤ l < 2b − 4D(j + 1)),

t(l) (2b − 4D(j + 1) ≤ l < 2b − 4Dj),

0 (2b − 4D ≤ l < 2b),

2b∑
i=1

(Q
(0→1)
i (l) +Q

(1→0)
i (l))

h1(n, l) + h2(n, l)

2b − 4D(j + 1) ≤ l < 2b − 4Dj

h1(n, l)

0 ≤ l < 2b − 4D(j + 1)

h2(n, l)

2b − l Bl(n) ( )

Page-1 BER1 = BER′
1
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12 15 b = 2 BER′
n

BER′
1 = BER1 = E

(1
3
R1 +R2 +R3

)
,

BER′
2 = E

(2
3
R1 +R2

)
.

b = 3

BER′
1 = BER1 = E

(1
7
R1 +

1

3
R2 +

3

5
R3 +R4 +R5 +R6 +R7

)
,

BER′
2 = E

(2
7
R1 +

2

3
R2 +

4

5
R3 +R4 +

2

3
R5

)
,

BER′
3 = E

(4
7
R1 +R2 +

2

5
R3 +

2

3
R5 +R6

)
.

6.5

6.5.1

BCH

( )

BCH

BCH [13]

3

1.

2.

3.

n k 1) (Linear Feedback

Shift Resister: LFSR) p n/p

2) Simplified Inversionless Barlekamp Massey t

3) Chien p n/p

3

n/p + t

k/p
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14: BCH

BER 10−5 10−4 10−3 -

t = 8 5.1μs 5.2μs 5.5μs 5.5μs

t = 16 5.1μs 5.3μs 5.8μs 5.9μs

13 BER BCH

14 n = 2144, k = 2048, t = 8 n = 2240, k =

2048, t = 16 50MHz p = 8

13 b = 3

13 (a)

Page-i (2i − 1)

1 tread

tecc tio Page-i

L(i)
conv = (2i − 1) · tread + tecc + tio

1

tecc ave

Lconv =
1

b

b∑
i=1

L(i)
conv =

(2b+1 − 2

b
− 1

)
· tread + tecc ave + tio,

(b)

Page-i Page-1 Page-i

Page-1 Page-i

L(i)
prop = (2i − 1) · tread + i · tecc + tio.

1

Lprop =
1

b

b∑
i=1

L(i)
prop =

(2b+1 − 2

b
− 1

)
· tread + b+ 1

2
· tecc ave + tio.

14 b = 3 tread = 40μs, 4KB

1Gb/s BCH 13
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15:

BER 10−5 10−4 10−3 -

t = 8 182.2μs 182.3μs 182.6μs 316.0μs

t = 16 182.2μs 182.4μs 182.9μs 316.4μs

t = 8 187.3μs 187.5μs 188.1μs 327.0μs

t = 16 187.3μs 187.7μs 188.7μs 328.2μs

14 15

t = 8

5μs( 2.7%) 11μs( 3.4%)

b

NAND 16KB

PC

tread ≥ tio 13 (c)

Tconv =
nb

(2b − 1) · tread
13 (d) Page-i

Page-(i + 1) Page-b b

Tprop =
b · n

(2b − 1) · tread + tecc ave + tio
.

15 b = 3 tread = 40μs, 4KB

1Gb/s BCH 13

14
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15 351Mb/s

310Mb/s (BER BCH

) 15%

6.5.2

2

R3 = R4 = · · · = R2b−1 = 0

R1 = 1− R,R2 = R b = 2

BERn BER′
n

BER1 = BER′
1 = E

(1
3
+

2

3
R
)
,

BER2 = E
(2
3
− 1

6
R
)
,

BER′
2 = E

(2
3
+

1

3
R
)
,

b = 3

BER1 = BER′
1 = E

(1
7
+

4

21
R
)
,

BER2 = BER′
2 = E

(2
7
+

9

21
R
)
,

BER3 = E
(4
7
− 1

14
R
)
,

BER′
3 = E

(4
7
+

3

7
R
)
,

R Page-b

Page-b BER

b = 2

F =
BER′

2

BER2

=
4 + 2R

4−R

b = 3

F =
BER′

2

BER2

=
8 + 6R

8−R

F RBER BER

F BER 14 F R

BER R b = 3

R

b = 2, R = 0.05[8] 4% b = 2, R = 0.20

16%
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6.5.3

BCH

P/E

P/E

BER P/E

BER = A · eBN

A,B N P/E [7]

b = 2 N = 15500 BER = 10−3 N = 26000

BER = 3× 10−3 A = 1.96× 10−4, B = 1.05× 10−4

N1 N2

BER = A · eBN1 ,

F · BER = A · eBN

N2 −N1 =
lnF

B

P/E Nl

Fe =
N2 −N1

Nl

=
lnF

BNl

6.5.2 [7]

Nl = 15500 2 R Fe

15 R = 0.05 Fe = 2.4%

R = 0.20 Fe = 9.1%

6.6

NAND

LM
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BER

BER b = 2 3

2 5% BER 4%

P/E 2.4%

BCH 2.7%

3.4% 15%

P/E
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Page-1 Page-2 Page-3Read
ECC
I/O

Page-3
Page-3

(a) 3 ( )

Page-1 Page-2 Page-3Read
ECC
I/O

Page-1 Page-2 Page-3
Page-3

(b) 3 ( )

Page-1 Page-2 Page-3Read
ECC
I/O

Page-1
Page-1

Page-2
Page-2

Page-3
Page-3

Page-1 Page-2

(c) 3 ( )

Page-1 Page-2 Page-3Read
ECC
I/O

Page-1
Page-1
Page-2

Page-2
Page-3

Page-3

Page-1 Page-2

(d) 3 ( )

13: (b = 3).
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14: BER

15:

70



7 3 2 LM

7.1

5 LM

P/E

LM

2

1. t (lu, ld)-LM 2

LM

2.

1. LM q lu

ld q′ = lu + ld + 1(q > q′)
[31] q = 2b, q′ = 2m(b,m b > m

) m t

m = 1 t 1-LM

[29] LM

( ) 2

7.2

t (lu, ld)-LM [31] Qq = {0, 1, . . . , q−1}

Ω q′ = ld+ lu+1 t q(q > q′)
C

C = {x ∈ Qn
q : x mod q′ ∈ Ω} (23)

C t (lu, ld)-LM

71



LM

[31] t (lu, ld)-LM

t (lu, ld)-LM

LM

( ) t (lu, ld)-LM

x = (x1, . . . , xn) ∈ Qn
q

y = (y1, . . . , yn) ∈ Qn
q N [l1, l2](x,y) = |{i : l1 ≤ xi − yi ≤ l2}|

M1(x,y),M2(x,y)

M1(x,y) = 2N [min(lu, ld) + 1, lu + ld](x,y)

+2N [−(lu + ld),−(max(lu, ld) + 1)](x,y),

M2(y,x) = N [1,max(lu, ld)](x,y)

+N [−max(lu, ld),−1](x,y)

+2N [max(lu, ld) + 1, lu + ld](x,y)

+2N [−(lu + ld),−(max(lu, ld) + 1)](x,y)

17 2 x,y LM dLM(x,y)

dLM(x,y) =

{
2n+ 1 (maxi{|xi − yi|} > lu + ld),

max(M1(x,y),M1(y,x),M2(x,y)) (otherwise).

16 C t (lu, ld)-LM

2 x,y ∈ C dLM(x,y) ≥ 2t+ 1

( ) x + e = y + f LM e, f

x− y 
= f − e (24)

lu > ld

lu ≤ ld

( ) dLM(x,y) ≥ 2t + 1 1. 4. 1

1. maxi{|xi − yi|} > lu + ld

i |fi − ei| ≤ lu + ld (24)
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2. 2M1(x,y) ≥ 2t+ 1

M1(x,y) ≥ t+ 1

ld + 1 ≤ xi − yi ≤ lu + ld

−(lu + ld) ≤ xi − yi ≤ −(lu + 1)

i t+1 LM −ld ≤ ei ≤ lu

i |{i : fi 
= 0}| ≤ t

ld + 1 ≤ fi − ei ≤ lu + ld

−(lu + ld) ≤ fi − ei ≤ −(lu + 1)

i t (24)

3. 2M1(y,x) ≥ 2t+ 1

2.

4. M2(x,y) ≥ 2t+ 1

x− y = f − e i fi ≤ lu

−ei ≤ ld < lu

lu + 1 ≤ |xi − yi| ≤ lu + ld

i fi 
= 0 ei 
= 0

1 ≤ |xi − yi| ≤ lu

i fi 
= 0 ei 
= 0

M2(x,y) ≤ 2t + 1 f e 2t + 1

f e t+1

t

( ) dLM(x,y) ≤ 2t x,y x− y = f − e

LM e, f dLM(x,y) ≤ 2t

maxi{|xi − yi|} ≤ lu + ld,

M1(x,y) ≤ 2t,

M1(y,x) ≤ 2t,

M2(x,y) ≤ 2t

xi − yi 1. 5.

( ) ei, fi
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1. ld + 1 ≤ xi − yi ≤ lu fi = xi − yi, ei = 0

2. −lu ≤ xi − yi ≤ −(ld + 1) fi = 0, ei = −(xi − yi)

3. lu + 1 ≤ xi − yi ≤ lu + ld fi = lu, ei = lu − (xi − yi)

4. −(lu + ld) ≤ xi − yi < −(lu + 1) fi = lu + xi − yi ei = lu

5. 0 < |xi − yi| ≤ ld fi = xi − yi ei = 0 fi = 0

ei = −(xi − yi) ∣∣|{i : ei 
= 0}| − |{i : fi 
= 0}|∣∣
(f e

)

x− y = f − e −ld ≤ ei ≤ lu −ld ≤ fi ≤ lu

|{i : ei 
= 0}| ≤ t |{i : fi 
= 0}| ≤ t M1(x,y) ≤ 2t 1. 3.

4. i t M1(y,x) ≤ 2t 2. 3. 4.

i t M2(y,x) 1.

5.

• N [1,max(lu, ld)](x,y)+N [−max(lu, ld),−1](x,y) 1. 2. 5.

i ei fi

• N [max(lu, ld) + 1, lu + ld](x,y) 3. i

ei 
= 0 fi 
= 0

• N [−(lu + ld),−(max(lu, ld) + 1)](x,y) 4. i

ei 
= 0 fi 
= 0

M2(y,x) ≤ 2t e f 2t

f 1. 3. 4. 5. i f

2. 3. 4. 5. i 5.

|{i : ei 
= 0}| ≤ t |{i : fi 
= 0}| ≤ t ( )

6 2 x,y ∈ Qn dH LM

dLM dLM(x,y) ≥ dH(x,y)

( ) dH(x,y) ≤ n maxi{|xi − yi|} > lu + ld 2n+ 1 = dLM(x,y) ≥
dH(x,y) i {|xi − yi|} ≤ lu + ld

dH(x,y) = N [1, lu + ld](x,y) +N [−1,−(lu + ld)](x,y)
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dLM(x,y) = N [1,max(lu, ld)](x,y)

+N [−max(lu, ld),−1](x,y)

+2N [max(lu, ld) + 1, lu + ld](x,y)

+2N [−(lu + ld),−(max(lu, ld) + 1)](x,y)

= N [1, lu + ld](x,y)

+N [−(lu + ld),−1](x,y)

+N [max(lu, ld) + 1, lu + ld](x,y)

+N [−(lu + ld),−(max(lu, ld) + 1)](x,y)

≥ dH(x,y)

( )

17 (23) C t (lu, ld)-LM

( ) 2 x,y ∈ C dLM(x,y) ≥ 2t+1

|xi−yi| ≥ lu+ld+1 = q′ i dLM(x,y) ≥ 2n+1 ≥ 2t+1

i |xi−yi| < q′ 0 ≤ xi mod q′ < q′

0 ≤ yi mod q′ < q′

−q′ < xi mod q′ − yi mod q′ < q′

xi mod q′ − yi mod q′ = 0

⇐⇒ (xi mod q′ − yi mod q′) mod q′ = 0

⇐⇒ (xi − yi) mod q′ = 0

|xi − yi| < q′ x − y

dH(x,y) x mod q′−y mod q′ (23)

Ω 2t+1 6 dLM(x,y) ≥
dH(x,y) ≥ 2t+ 1 ( )

7.3

t (lu, ld)-LM

q = 2b, q′ = 2m(b,m b > m ) MLC

q = 2b q′ = 2m
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1. e(−ld ≤ e ≤ lu)

2. q e Qq

LM 1. q′

2

LM

2. Qq 2 q

2 (23) “mod q′”
m b−m

1. 2 2

m

LM

7.3.1

m q′

f

f : Qq → Qm
2 ×Qb−m

2

x �→ (a,b)
.

f q x m a b−m b

b f 2

f x mod q′

a 1 1

g(x mod q′) = a g : Qq′ → Qm
2

g e

16 b = 3,m = 2 −1 ≤ e ≤ 2 e f

f(2) = (110), f(3) = (010), f(5) = (111) f

g(2) = (11), g(3) = (01), g(1) = (11) g

2 (01) (11)
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16: 16 2

2 (m = 2) (m = 3)

0( ) 0000 0000 0000 0000

1 1000 1000 1000 1000

2 0100 1100 1100 1100

3 1100 0100 0100 0100

4 0010 0110 0010 0110

5 1010 1110 1010 1110

6 0110 1010 1110 1010

7 1110 0010 0110 0010

8 0001 0011 0001 0001

0 1001 1011 1001 1001

10 0101 1111 1101 1101

11 1101 0111 0101 0101

12 0011 0101 0011 0111

13 1011 1101 1011 1111

14 0111 1001 1111 1011

15 1111 0001 0111 0011

e = −1(3 2 ) e = 2(3

5 ) g

e

16 (4 ) 16 (

0

0 . . . 0 2 13 1 . . . 1

)

18 2 f 2

( ) f g x ∈ Qq ai ∈
Q2(1 ≤ i ≤ b)

x = a1 + 2a2 + 22a3 + · · ·+ 2b−1ab.

f f(x) = (a1, . . . , ab)

x mod q′ = a1 + 2a2 + 22a3 + · · ·+ 2m−1am.

g(x mod q′) = (a1, . . . , am) ( )

2

( )

[9, 18] 2
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1 16 2

3 4 3

1

f

19 f

( ) f a ∈ Qm
2 b ∈ Qb−m

2

f(0) = (a,b) g(q′ mod q′) = g(0 mod q′) = a

f f(q′) = (g(q′ mod q′),b′) = (a,b′)( b′ ∈ Qb−m
2

b 
= b′ ) g i 
= j i, j ∈ Q′
q

g(i) 
= g(j) f(i) f(i + 1) m

0 ≤ i < q′ − 1 1

0 ≤ i ≤ q′ − 1 f(i) b −m b

f(0) f(q′ − 1) m a′ ∈ Qm
2 (a

′ 
= a)

f(q′ − 1) = (a′,b) f(q′ − 1) f(q′)
2 ( )

f

b−m 2

m 2

2 m

1

4 ( )

1. i 1 1

2. i < m i

i ≥ m i

3. 0 1 i+ 1

4. i i+ 1

5. i = b

6. 2.

20 4 f
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0 0 00 00 000

1 1 10 10 100

1 11 11 110

0 01 01 010

00 001

10 101

11 111

01 011

(a) (b) (c) (d) (e)

(a) 1 (b) 1 (c) 0 1

(d) 2 (e) 0 1

16: b = 3,m = 2

( ) m ( 1 m

) m [70] 0

q′− 1 b−m

x x+ q′ f m

g m

b −m 2

m f

( )

b = 3,m = 2 16

7.3.2

m x mod q′

(23) Ω

Ω

v = (v1, . . . , vn) q f(vi) = (ui,1, . . . , ui,b)

f

i uj = (u1,j, . . . , un,j)(1 ≤ j ≤ b)

u1, . . . ,um t

uj(1 ≤ j ≤ m) t

C

21 q C t (lu, ld)-LM
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( ) wi = g−1(ui,1, . . . , ui,m), w
′
i = g−1(u′

i,1, . . . , u
′
i,m) w = (w1, . . . , wn),w

′ =
(w′

1, . . . , w
′
n), (23) w 
= w′ dH(w,w′) ≥

2t + 1 C2 t uj,u
′
j ∈ C2

uj 
= u′
j dH(uj,u

′
j) ≥ 2t + 1 w = w′

uj = u′
j 1 ≤ j ≤ m j

1 j dH(uj,u
′
j) ≥ 2t + 1 g

dH(w,w′) ≥ 2t+ 1 ( )

t LM

LM

2

7.3.3

m

b −m LM

b −m u
(r)
j

uj u
(c)
j v(r)

v(c) e = (e1, . . . , en)

5 ( 3 )

1. 1 ≤ j ≤ m u
(r)
j

u
(c)
j

2. 1 ≤ i ≤ n e
(0)
i = g−1(u

(r)
i,1 , . . . , u

(r)
i,m)− g−1(u

(c)
i,1 , . . . , u

(c)
i,m)

3. 1 ≤ i ≤ n

ei =

{
e
(0)
i (0 ≤ e

(0)
i ≤ lu)

e
(0)
i − q′ (lu < e

(0)
i < q′)

4. v(c) = v(r) − e

5.

g( g−1)

2 2.

2 (c1, . . . , cm) ([70]
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ck = ck+1 + dk(1 ≤ k ≤ m− 1),

2

17 b = 4,m = 3
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2 1 LM [71]
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2 k n
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kb+ (n− k)m
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= Rc + (1−Rc) · m
b

2

n − k
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18:

7.5.2
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18 1

b ( nb ) m

2.

LM

n

n(b +m) m

1 m

BCH [62]

LM g−1

7.3.3 2
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i
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17:

Lc
pg i T c

pg Lc
rd i T c

rd

319μs 115Mb/s 144μs 318Mb/s

A Lp
pg T p

pg Lp
rd T p

rd

853μs 115Mb/s 366μs 298Mb/s

B Lp
pg T p

pg Lp
rd T p

rd

853μs 115Mb/s 387μs 298Mb/s

tLM 7.5.2

Lp
rd

Lp
rd =
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i=1

trd i + tIO + tdec b + tLM
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b
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tIO

T c
rd
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nb

tIO +
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i=1 trd i

tLM

T p
rd

T p
rd =

nb

tIO + tLM +
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i=1 trd i

17 3 / 17

BCH 6.5 [13]

50MHz p = 8 n,

k, t BCH (n, k, t)

A B

(8552, 8192, 24)

A 2 (8552, 8192, 24)

(8732, 8552, 12)
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B 2 (8552, 8192, 24)

(8702, 8552, 10) LM

(8552, 8492, 4)

trd i

i 90μs 15MB/s 4KB

1Gb/s LM 32

tLM = 20μs (LM

) ( ) ( LM )
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7.5.5

b

u

b�u/b�
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16KB
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[8] 2 / 2

5% 1%
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2
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2 1
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P (e) =

{
α|e|−1P (−1) (e < 0),

0 (e ≥ 0),
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