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Abstract 

 
This thesis presents the ultra-broadband tunable optical vortex sources in the visible 

to mid-infrared region. Recently, the structured light with spiral wavefront and orbital 

angular momentum (OAM), i.e. optical vortex, has been utilized in a large variety of laser 

applications, such as high-capacity optical telecommunications, super resolution 

microscope, and chiral structures fabrication. Wavelength-tunable optical vortex sources 

are required for the aforementioned applications. 

In my doctoral program, I researched the extension of the wavelength/OAM-

versatility of the optical vortex generated from an optical vortex pumped optical 

parametric oscillator, and a difference frequency generator pumped by the optical 

parametric oscillator.  

   At first, I demonstrated the tunable optical vortex laser with ultra-broadband 

tunability of over 2-octave band, by employing the optical vortex pumped optical 

parametric oscillation system using the diode-pumped laser as well as the non-critical 

phase-matching LiB3O5 crystal. Optical vortex output with a pulse energy of > 0.1 mJ 

(Maximum, 2.9 mJ) was obtained in a wavelength range of 0.67 to 2.57 μm, 

corresponding to a whole wavelength range that the LiB3O5 crystal allows for the non-

critical phase-matching. The OAM of the vortex output could be also tuned within -1 to 

2 (i.e. four OAM states). 

   Secondly, I present the ultra-widely tunable optical vortex generation in the mid-

infrared region. By employing a AgGaSe2 difference frequency generator pumped by a 

KTiOPO4 optical vortex parametric oscillator, the tunability of 6-18 μm in which there 

are the eigen frequencies of bending and stretching modes for the various molecules was 

achieved.  

   Such broadband tunable optical vortex sources with OAM versatility will further 

accelerate the development of the new vortex applications in terms of material science. 
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Chapter 1 – Optical vortices 
 

1.1 What is optical vortices? 

In 1992, Allen et.al. proposed that optical vortex with a doughnut-shaped spatial form 

owing to its helical wavefront, e.g. Laguerre-Gaussian laser mode, possesses an orbital 

angular momentum (OAM) assigned by an azimuthal quantum number, l, termed as 

topological charge.1) To date, the optical vortex has been intensely studied in diverse 

fields, including laser trapping and manipulation (Fig. 1.2),2,3) materials processing, 

spatial division multiplexing optical telecommunications with large data capacities (Fig. 

1.3),4,5) high spatial resolution scanning fluorescence microscopes (Fig. 1.4),6,7) nonlinear 

spectroscopies8) and so on. 

 

 

 

 

Fig. 1.1 Characteristics of optical vortex.  
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Fig. 1.2 Time-lapse image of a single colloidal sphere.2) Optical vortex traps a submicron 

particle to be a ring and it forces the orbital motion. 

 

 

 

 

 

Fig. 1.3 Terabit scale large capacities optical telecommunication with the optical vortex 

beams.5) Information multiplexing system based on the combination of the orbital angular 

momentum and the spin angular momentum (i.e. circularly polarization) by use of the 

vortex fiber, in which the refractive index profiles are designed to propagate stably for 

the 1st-order asymmetry modes. 
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Fig.1.4 Schematic of super spatial resolution microscopies.6) Optical vortex beam with 

annular intensity profile is utilized for the quenching the fluorescence from the materials 

(stimulated emission depletion), which enables us to observe the materials with the spatial 

resolution beyond the diffraction limit. 

 

 

   In particular, materials microfabrication by optical vortex illumination provides us a 

variety of chiral structured materials. For instance, Toyoda et al. discovered that OAM 

can twist a metal (tantalum) to establish a chiral needle with a nano-scale tip diameter. 

Also, they found that the chirality of the structured needle is fully assigned by the 

handedness (sign of the topological charge) of the irradiated optical vortex beam (Fig. 

1.5).9,10) The OAM further enables us to create chiral silicon structures11) and chiral 

organic surface reliefs12) (Fig. 1.6). Such chiral structured materials fabricated by the 

optical vortex illumination will be potentially applied to develop the new functional 

devices, for instance, biomedical MEMS,13) plasmonic metasurfaces,14) etc. 

   Above-mentioned applications require strongly the wavelength-diversity of optical 

vortices, whose wavelengths meet a specific absorption band of target material. To date, 

several researchers have successfully demonstrated nonlinear frequency conversion of the 

optical vortices, such as second harmonic generation,15,16) sum frequency mixing,17,18) 

stimulated Raman scattering,19,20) etc. In particular, optical parametric oscillation21,22) will 

provide us to develop wavelength-tunable vortex sources. 
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Fig. 1.5 Chiral metal nanoneedles formation on tantalum by optical vortices 

illumination.9) If the handedness (sign of the topological charge) of the vortex beam is 

reversed, the spiral direction of the nanoneedle is inverted. 

 

 

 

 

Fig. 1.6 Chiral structures in silicon (left side) and azo-polymer (right side).11,12)  
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1.2 Thesis overview 

In this thesis, I present wavelength-tunable optical vortex sources based on optical 

parametric oscillator, with an extremely wide tunability from visible to near-infrared 

region and in mid-infrared region, in which there are absorption bands of a variety of 

molecules (so-called “molecular finger print”). I have successfully demonstrated, for the 

first time, an ultra-broadband tunable (over 2-octave) optical vortex source based on a 

simple optical parametric oscillator with a single resonant cavity configuration. 

Furthermore, I report on a tunable optical vortex source in an entire mid-infrared region 

by employing a difference frequency generator pumped by optical parametric oscillator. 

   In chapter 2, I address the Laguerre-Gaussian modes, i.e. conventional optical vortices, 

and their theoretical formula including OAM. 

   Chapter 3 reviews several methods to generate the optical vortices, including a spiral 

phase plate, a spatial light modulator, and a stressed fiber. 

   In chapter 4, I also present fundamental theory of nonlinear frequency conversion 

processes based on 2nd-order nonlinear phenomenon, including optical parametric 

amplification and oscillation. 

   In chapter 5, I report on an ultra-broadband (0.67-2.57 μm) tunable optical vortex 

source based on an optical vortex pumped LiB3O5 optical parametric oscillator. A basic 

concept of topological charge control in the optical parametric oscillator is also addressed. 

   In chapter 6, I demonstrate an ultra-widely tunable mid-infrared (6.0–18 μm) optical 

vortex source based on a AgGaSe2 difference frequency generator pumped by optical 

vortex pumped KTiOPO4 optical parametric oscillator. 

   Finally, I conclude my study and mention a prospective work of my thesis in chapter 

7. 
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Chapter 2 – Laguerre-Gaussian modes and 

orbital angular momentum 
 

In this chapter, Laguerre-Gaussian modes, eigen solutions for the paraxial 

electromagnetic wave equation at a cylindrical coordinate, and their OAM are reviewed. 

 

2.1 Laguerre-Gaussian modes 

The electromagnetic wave equation from Maxwell’s equations and materials 

equations is given by 
 

 ∇2𝑬 − 𝜇𝜀
𝜕2

𝜕𝑡2
𝑬 = 0, (2.1)  

 

where 𝜀 is the dielectric constant, and 𝜇 is the magnetic permeability, respectively. The 

electric field E is written by 𝑬(𝒓, 𝑡) = 𝑈(𝒓)exp(𝑖𝜔𝑡), thus, the equation (2.1) can be 

expressed as follow: 
 

 (∇2 + 𝑘2)𝑈(𝒓) = 0, (2.2)  
 

where k is wave number by 𝑘2 = 𝜔2𝜇𝜀(𝒓). This formula is called as Helmholtz equation. 

When the wave E propagates along the z-axis, U(r) must be written by 
 

  𝑈(𝒓) = 𝑢(𝑟, 𝜙, 𝑧) exp(−𝑖𝑘𝑧𝑧), (2.3)  
 

where  𝑢(𝑟, 𝜙, 𝑧) is the complex amplitude of the electric field in the cylindrical 

coordinate. And then, the following formula can be obtained by substituting eq. (2.3) for 

eq. (2.2): 
 

 (
𝜕2

𝜕𝑟2
+

1

𝑟

𝜕

𝜕𝑟
+

1

𝑟2

𝜕2

𝜕𝜙2
− 2𝑖𝑘𝑧

𝜕

𝜕𝑧
) 𝑢(𝑟, 𝜙, 𝑧) = 0. (2.4)  

 

In this case, the slowly varying amplitude (SVA) approximation, in which the variation of 

the amplitude is small enough to the propagation distance, is assumed below. 
 

 
𝜕2

𝜕𝑧2
≪ 𝑘

𝜕

𝜕𝑧
 ,     

𝜕2

𝜕𝑧2
≪ 𝑘2𝑢 (2.5)  
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   The Laguerre-Gaussian (LG) modes, the eigen modes of eq. (2.4), are given as 

follows : 

 

 

    𝑢𝑝,ℓ(𝑟, 𝜙, 𝑧) = 𝐶𝑝,ℓ

𝜔0

𝜔(𝑧)
(

√2 𝑟

𝜔(𝑧)
)

|ℓ|

𝐿𝑝
|ℓ|

(
2𝑟2

𝜔2(𝑧)
) ⋅ exp(𝑖ℓ𝜙)

⋅ exp (−
𝑟2

𝜔2(𝑧)
− 𝑖𝑘

𝑟2

2𝑅(𝑧)
+ 𝑖(2𝑝 + |ℓ| + 1)𝜂(𝑧)), 

(2.6)  

 

 𝜔2(𝑧) = 𝜔0
2 [1 + (

𝜆𝑧

𝜋𝜔0
2)

2

], (2.7)  

 𝑅(𝑧) = 𝑧 [1 + (
𝜋𝜔0

2

𝜆𝑧
)

2

], (2.8)  

 𝜂(𝑧) = tan−1 (
𝜆𝑧

𝜋𝜔0
2), (2.9)  

 

where 𝐶𝑝,ℓ is the normalized constant with radial and azimuthal indices 𝑝 and ℓ, 𝐿𝑝
ℓ  is the 

associated Laguerre polynomial, 𝜔(𝑧) is the mode size, 𝜔0 is the minimum beam waist 

at on 𝑧 = 0, 𝑅(𝑧) is the curvature radius and 𝜂(𝑧) represents the Gouy phase, respectively. 

Some Laguerre polynomials are listed as follows: 

 

 𝐿0
ℓ (𝑥) = 1  

 𝐿1
ℓ (𝑥) = −𝑥 + (ℓ + 1)  

 𝐿2
ℓ (𝑥) =

1

2
[𝑥2 − 2(ℓ + 2)𝑥 + (ℓ + 1)(ℓ + 2)]  

 

Also, the corresponding LG modes exhibit the spatial forms as shown in Fig. 2.1. 
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Fig. 2.1 Spatial forms of the Laguerre-Gaussian modes. 

 

2.2 Orbital angular momentum (OAM) 

Maxwell equations are rewritten by utilizing the vector potential  𝑨 and scalar 

potential  𝜙 and providing the gauge transformation  [𝑨′ = 𝑨 + grad(χ), 𝜙′ = 𝜙 −

∂𝜒/ ∂𝑡] and the Lorentz condition, the electromagnetic equations are achieved by  
 

  (∆ − 𝜀𝜇
𝜕2

𝜕𝑡2
) 𝜙 = 0, (2.10)  

 (∆ − 𝜀𝜇
𝜕2

𝜕𝑡2
) 𝑨 = 0, (2.11)  

 ∇ ⋅ 𝑨 + 𝜀𝜇
𝜕𝜙

𝜕𝑡
= 0. (2.12)  

 

Defining 𝑨 as 𝑨 = 𝒏𝑢 exp(𝑖𝑘𝑧), 𝑬 and 𝑩 can be derived as follows: 
 

 𝑬 = 𝑖𝜔 [𝒏𝑢 +
𝑖

𝑘
𝒆𝒛(𝒏 ⋅ ∇𝑇)𝑢] exp(𝑖𝑘𝑧), (2.13)  

 𝑩 = 𝑖𝑘 (𝒆𝒛 × 𝒏𝑢 +
𝑖

𝑘
𝒏 ⋅ ∇𝑇𝑢) exp(𝑖𝑘𝑧), (2.14)  
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where 𝒏 is (α𝒆𝒙 + 𝛽𝒆𝒚)exp(−𝑖𝜔𝑡), 𝑢 is the complex amplitude, and ∇𝑇 is (∂/ ∂𝑥)𝒆𝒙 +

(∂/ ∂y)𝒆𝒚. The resulting Poynting vector, 𝑺, should be expressed by  

 

 

𝑺 =
1

2𝜇
(𝑬∗ × 𝑩 + 𝑬 × 𝑩∗) 

    =
𝑖𝜔

2𝜇
(𝑢∇𝑇𝑢∗ − 𝑢∗∇𝑇𝑢) +

𝜔𝑘

𝜇
|𝑢|2𝒆𝒛, 

(2.15)  

 

where the first term represents the energy flow associated with phase gradient in xy-plane, 

corresponding to the OAM.  

   Assuming 𝑢 ∝ exp(𝑖ℓ𝜙), the OAM density, 𝒍, is given as eq. (2.16). 

 

 𝒍 = 𝑟𝑝𝜙 = 𝜀𝜔ℓ|𝑢|2, (2.16)  

 

where 𝑷 = 𝑝𝑟𝒆𝒓+𝑝𝜙𝒆𝝓 = 1/𝑐2𝑺. The ratio of the OAM density to energy density is 

expressed by 

 

 
𝜀𝜔ℓ|𝑢|2

𝜀𝜔2|𝑢|2
=

ℓ

𝜔
= ℓℏ 𝜔ℏ⁄ , (2.17)  

 

indicating that optical vortex carries the OAM of ℓℏ per a photon. 
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Chapter 3 – Optical vortex generation 
 

This chapter reviews several methods to generate the optical vortices, e.g. a spiral phase 

plate, a cylindrical lens pair, a stressed optical fiber etc.. In particular, the optical vortex 

generation based on the fiber technology is addressed in details. 

 

3.1 Spiral phase plate and astigmatic mode converter 

   A spiral phase plate (SPP),1,2) segmented along the azimuthal direction, provides a 

phase term of exp(𝑖ℓ𝜙) to a plane wavefront:  
 

  𝑢′ = 𝑢 exp(𝑖ℓ𝜙), (3.1)  
 

where u and u’ is the electric field amplitude of the incident beam and the transformed 

beam, respectively. The thickness of the SPP is proportional to azimuthal angle 𝜙 (Fig. 

3.1). 

 ℎ = ℎ𝑠

𝜙

2𝜋
+ ℎ0, (3.2)  

 

where h0 is the height of the base and hs is the step height. The SPP must be designed for 

a specified wavelength 𝜆. The resultant phase difference by the spiral phase plate is then 

given by 

 ∆𝜓 =
2𝜋

𝜆
[
(𝑛 − 𝑛0)ℎ𝑠 ⋅ 𝜙

2𝜋
], (3.3)  

 

where 𝑛 and 𝑛0 are refractive indices of the plate and its surroundings. An azimuthal 

quantum number (so called topological charge), ℓ, corresponds to (𝑛 − 𝑛0)ℎ𝑠/𝜆.  

 

 

 

Fig. 3.1 Spiral phase plate.1)  
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  A cylindrical lens pair acts as a mode conversion based on Gouy phase shift that 

focused laser beam experiences.3,4) The LG0,1 mode can be expressed by the superposition 

between HG1,0 and HG0,1 modes with 𝜋/2 phase shift. The focusing cylindrical lenses 

tilted 45 degree with respect to the optical axis yield the phase difference of 𝜋/2 between 

the HG1,0 and HG0,1 modes, thereby converting the tilted HG1,0 (HG0,1) mode to the LG0,1 

mode (Fig. 3.2). 

 

 
 

Fig. 3.2 Astigmatic laser mode converter.3) 

 

3.2 Stressed optical fiber 

A Gaussian beam is also transformed into LP1,1 mode, composed of orthogonal HG10 

and HG01 modes by off-axially coupling into the few-mode fiber,5,6) and it is further 

transformed into the LG0,1 mode by appropriately applying stress to the fiber (Fig. 3.3) 

(stress-induced birefringence effect). 

 

 
 

Fig. 3.3 Conversion to the vortex beam by stressed optical fiber.6)  
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   This stressed fiber configuration has been successfully demonstrated to generate 

efficiently the LG0,1 mode in a visible and near-infrared region, and it will potentially be 

extended to develop 1.5 m and 2 m vortex sources based on erbium (Er) and thulium 

(Tm) doped fibers. In fact, a Q-switched Tm-doped fiber laser with a moderate pulse 

energy formed by all fiber components has been developed.7,8) 

A schematic diagram of the Q-switched Tm-doped fiber laser is shown in Fig. 3.4. A 

thulium doped fiber with a length of 1.5 m was pumped by a 1.6 μm In-GaAsP laser diode 

via a variable-ratio coupler. A Q-switching device, i.e. loss modulator, was composed of 

electrically controlled piezoelectric actuators, modulating efficiently a radiation loss 

based on core-clad coupling [according to eq. (3.4)] as a quasi-fiber grating. 
  

 𝛽𝑐𝑜𝑟𝑒 − 𝛽𝑐𝑙𝑎𝑑 =
2𝜋

Λ
 ↔ 𝜆𝐿 = Λ(𝑛𝑐𝑜𝑟𝑒 − 𝑛𝑐𝑙𝑎𝑑

(𝑚)
), (3.4)  

 

where 𝛽 is the propagation constant including refractive index, and Λ is the spatial period 

of the grating, respectively. The dynamic fiber grating driven by the actuators forced the 

fiber laser to lase at Q-switch operation (Fig.3.5).  

 

 

 

 

Fig. 3.4 All-fiber laser system for near-infrared radiation.8) 
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Fig. 3.5 Typical output laser pulse. Blue line shows driving voltage to the actuator. 

 

 

   The operation wavelength of the Tm-doped fiber laser could be also controlled by 

utilizing a mechanical fiber grating configuration with grating-period tunability [the 

schematic diagram is shown in Fig. 3.6(a)].9) The fiber grating formed a band pass filter 

in the fiber ring cavity [Fig. 3.6(b)], resulting in controlling of laser gain. With this system, 

the tuning region of 1.87-1.97 μm was achieved by varying the grating period, as shown 

in Fig. 3.7. These laser systems will further be extended to develop tunable 2 m vortex 

sources. 

 

 

Fig. 3.6 (a) Schematic diagram of the mechanical fiber grating configuration and (b) 

Measured transmission spectrum of the fiber grating based on the spontaneous emission 

of the Tm-doped fiber.  
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Fig. 3.7 Lasing wavelength as a function of fiber grating period. 
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Chapter 4 – Optical parametric oscillators 
 

This chapter gives basic knowledges of frequency conversion based on a 2nd-order 

nonlinear optical effects, especially optical parametric process including generation, 

amplification, and oscillation. 

 

4.1 Background 

Optical parametric oscillators,1) based on second-order nonlinear optical process, 

allow us to develop wavelength-tunable sources in a visible and infrared region, thus, 

they play an important role in various applications, in particular, spectroscopy. 

   Light induced polarization Pi in the i-axis direction can be expressed as follows: 

 

 𝑃𝑖 = 𝜀0𝜒𝑖𝑗𝐸𝑗 + 𝜀0(𝜒𝑖𝑗𝑘)𝐸𝑗𝐸𝑘 + 𝜀0(𝜒𝑖𝑗𝑘𝑙)𝐸𝑗𝐸𝑘𝐸𝑙 + ⋅⋅⋅, (4.1)  

 

where subscripts (= i, j, k, l, ⋅⋅⋅) denote either axis of the x, y, and z, 𝜀0 is the dielectric 

constant in the vacuum, and 𝜒 is the electric susceptibility for the medium. The second 

term represents the second-order nonlinear polarization proportional to the square of the 

electric fields. 

   Figure 4.1 describes three photon interaction in this second-order nonlinear process, 

in which a high energy photon (𝜔𝑝, defined as the pump) breaks into two low energy 

photons (𝜔𝑠, 𝜔𝑖, defined as the signal and the idler, respectively).  

 

 

 
 

Fig. 4.1 diagram of the three photon optical parametric process. 
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Fig. 4.2 the difference between (a) three-level laser and (b) three photon parametric 

process. 

 

An energy conservation among three photons is always established, thus, 𝜔𝑠 (𝜔𝑖) 

can be varied in a frequency range of 0 − 𝜔𝑝 (𝜔𝑝 − 0) [Fig. 4.2(b)], thereby yielding 

wavelength versatility in optical parametric process. 

Frequencies of the signal and the idler are determined by momentum conservation 

among three photons, namely phase matching condition given by eq. (4.3). 

 

 𝜔𝑝 = 𝜔𝑠 + 𝜔𝑖, (4.2)  

 𝒌𝑝 = 𝒌𝑠 + 𝒌𝑖 , (4.3)  

 

where, 𝑘𝜔(= 𝑛𝜔𝜔/𝑐) is the wave number. 

The phase matching condition is satisfied by utilizing wavelength dispersion of 

refractive index in an anisotropic crystal. In general, the anisotropic crystal exhibits 

birefringence for two orthogonal polarizations, i.e. ordinary and extraordinary 

polarizations. The refractive index  𝑛𝑒 (𝜃) of extraordinary polarization varies by an 

incident angle 𝜃 with respect to a crystal orientation. 

 

 
1

𝑛𝑒
2(𝜃)

=
cos2𝜃

𝑛𝑜
2

+
sin2𝜃

𝑛𝑒
2

, (4.4)  

 

where 𝑛𝑜 and 𝑛𝑒 denote the refractive index at 𝜃 = 0° or 90°, respectively. Figure 4.3 

shows the diagram for Type-I phase matching in the negative crystal. Type-I phase 

matching indicates that the pump polarization is orthogonal to that of the signal and idler. 

Namely, if the pump polarization is extraordinary (ordinary), the signal and idler 
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polarizations are ordinary (extraordinary). In type-II phase matching, the resulting signal 

polarization is orthogonal to that of idler. 

 

 

 

 

Fig. 4.3 Type-I phase matching by birefringence of the negative crystal. 

 

 

   Non-critical phase matching (NCPM) based on temperature control of the nonlinear 

crystal enables us to provide a wide acceptance of detuning angle among the pump, signal 

and idler without mechanical alignment of the crystal. The pump, signal and idler then 

propagate at 𝜃 = 0° and 90° of the crystal orientation, so as to minimize the walk-off 

effect. 

 

 

4.2 Nonlinear crystal 

[1] LiB3O5 (LBO) 

A Lithium triborate (LiB3O5, LBO) (Fig. 4.4),2-4) discovered and developed by Fujian 

Institute of Research on the structure of Matter (FIRSM), possesses extremely high 

transmission in a wavelength region of 160 - 2600 nm (as shown in Fig. 4.5). This crystal 

also exhibits small walk-off effects owing to its small birefringence. Thus, it allows us to 

establish the non-critical phase matching for the optical parametric oscillator (OPO) 

pumped by a conventional frequency-doubled Nd:YAG laser (532 nm). Furthermore, its 

relatively high optical damage threshold enables us to develop high power OPO system.  
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Fig. 4.4 Crystal structure of LiB3O5.
5) 

 

 

Fig. 4.5 Transmittance spectra of LiB3O5.
6) 

 

 

[2] KTiOPO4 (KTP) 

A potassium titanyl phosphate (KTP, see Fig. 4.6)7-9) is a nonlinear crystal with high 

nonlinearity, and it allows us to develop an efficient 2 m OPO by type-II birefringence 

phase matching. 

However, its large birefringence induces significant walk-off effect, in which the light 

wave with an extraordinary polarization propagates towards a different direction from the 



34 

 

Poynting vector (energy flow direction) as shown in Fig. 4.7. Such walk-off effect often 

impacts the nonlinear interaction length and degrades the beam quality of the signal and 

idler. 

   In order to compensate such walk-off effect, cascaded KTP crystals10) with inverted 

orientations are used in this work (see Fig. 6.1).  

 

 

 

 

Fig. 4.6 Crystal structure of KTiOPO4.
11) 

 

 

 

 

Fig. 4.7 Walk-off effect. 
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[3] AgGaSe2 (AGS) 

   AgGaSe2 crystal possesses a high transparency (see Fig. 4.8, transmittance spectra 

measured by Fourier-transform infrared spectroscopy) and a large nonlinearity in mid-

infrared region, which allows to produce the mid-infrared output by optical parametric 

oscillation or difference frequency generation.  

 

 

Fig. 4.8 Transmittance spectra of AgGaSe2 crystal measured by Fourier-transform 

infrared spectroscopy. 

 

 

4.3 Coupled-wave equations 

In this section, the coupled-wave equations to analyze the three waves (the pump, 

signal and idler) interaction are presented.  

The nonlinear traveling equation including the second order nonlinear polarization 

can be obtained as follows: 
 

 

∇2𝑬 − 𝜇
𝜕2

𝜕𝑡2
(𝜀0𝑬 + 𝑷(1)) = 𝜇

𝜕2𝑷(2)

𝜕𝑡2
 

∇2𝑬 − 𝜇𝜀
𝜕2

𝜕𝑡2
𝑬 = 𝜇

𝜕2𝑷(2)

𝜕𝑡2
. 

(4.5)  

 

This equation represents the behavior of the electric fields, E, originated from the second 

order nonlinear polarization P(2). The E is the superposed state of three electric fields 
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(with a frequency of 𝜔1, 𝜔2, and 𝜔3, respectively) interacting in this process, as written 

by eq. (4.6). 
 

 𝐸(𝑧, 𝑡) = ∑ 𝐸𝑚

3

𝑚

(𝑧, 𝑡) = ∑ 𝐸𝑚(𝑧)exp[𝑖(𝜔𝑚𝑡 − 𝑘𝑚𝑧)] + 𝑐. 𝑐

3

𝑚

 (4.6)  

 

The P(2) is also the nonlinear polarization in a frequency of 𝜔1 = 𝜔3 − 𝜔2, 𝜔2 = 𝜔3 −

𝜔1, and 𝜔3 = 𝜔1 + 𝜔2, given by eqs.(4.7)-(4.9). 
 

 𝑃𝜔3−𝜔2

(2) (𝑧, 𝑡) = 𝜀0𝜒𝑗𝑘𝑎3𝑗𝑎2𝑘𝐸3𝐸2
∗exp[𝑖(𝜔3 − 𝜔2)𝑡 − (𝑘3 − 𝑘2)𝑧], (4.7)  

 𝑃𝜔3−𝜔1

(2) (𝑧, 𝑡) = 𝜀0𝜒𝑗𝑘𝑎3𝑗𝑎1𝑘𝐸3𝐸1
∗exp[𝑖(𝜔3 − 𝜔1)𝑡 − (𝑘3 − 𝑘1)𝑧], (4.8)  

 𝑃𝜔1+𝜔2

(2) (𝑧, 𝑡) = 𝜀0𝜒𝑗𝑘𝑎1𝑗𝑎2𝑘𝐸1𝐸2exp[𝑖(𝜔1 + 𝜔2)𝑡 − (𝑘1 + 𝑘2)𝑧], (4.9)  

 

where a is the unit vector of the polarization of the three electric fields, respectively. 

Substituting eqs. (4.7)-(4.9) for eq. (4.5) and utilizing the SVA approximation, the 

following equations can be obtained. 
 

 
𝑑𝐸1

𝑑𝑧
= −

𝑖𝜔1

2
√

𝜇

𝜀1
𝑑𝐸3𝐸2

∗ (4.10)  

 
𝑑𝐸2

∗

𝑑𝑧
= +

𝑖𝜔2

2
√

𝜇

𝜀2
𝑑𝐸1𝐸3

∗ (4.11)  

 
𝑑𝐸3

𝑑𝑧
= −

𝑖𝜔3

2
√

𝜇

𝜀3
𝑑𝐸1𝐸2  (4.12)  

 

These equations are well-known as the coupled-wave equations among three waves, in 

which  𝑑(= 𝜀0𝜒𝑗𝑘) is the nonlinear coefficient for nonlinear materials, and  𝑘3 − 𝑘2 =

𝑘1 is established. 

 

 

4.4 Interaction in optical parametric process 

Above mentioned coupled-wave equations explain the interaction among the pump, 

signal and idler.  
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   The couple parameter 𝜅𝑚 is defined by eq. (4.13). 
 

 𝜅𝑚 =
𝜔𝑚

2
𝑑√

𝜇

𝜀𝑚
 (4.13)  

 

The coupled wave equations can be then rewritten as follows: 
 

 
𝑑𝐸1

𝑑𝑧
= −𝑖𝜅1𝐸3𝐸2

∗, (4.14)  

 
𝑑𝐸2

∗

𝑑𝑧
= +𝑖𝜅2𝐸1𝐸3

∗. (4.15)  

 

Assuming that the pump power (𝜔3) is much larger than the signal and idler (𝜔1, 𝜔2) 

powers, namely the pump power is regarded as constant, eqs. (4.14) and (4.15) are 

simplified to be 
 

 
𝑑𝐸1

𝑑𝑧
= −𝑖𝑔1𝐸2

∗, (4.16)  

 
𝑑𝐸2

∗

𝑑𝑧
= +𝑖𝑔2

∗𝐸1, (4.17)  

 

where 𝑔𝑚, is often referred to as couple constant. 
 

 𝑔𝑚 =
𝜔𝑚

2
𝑑√

𝜇

𝜀𝑚
𝐸3(0) (4.18)  

 

Combining eqs. (4.16) and (4.17), 
 

  
𝑑2𝐸1

𝑑𝑧2
= 𝑔1𝑔2

∗𝐸1 =
1

4

𝜔1𝜔2

𝑛1𝑛2
(

𝜇

𝜀0
) 𝑑2|𝐸3(0)|2. (4.19)  

 

Therefore, the solutions for eqs. (4.16) and (4.17) can be obtained as follows: 
 

 𝐸1(𝑧) = 𝐸1(0)cosh(|𝑔|𝑧), (4.20)  

 𝐸2
∗(𝑧) = 𝑖

𝑔

|𝑔|
𝐸1(0)sinh(|𝑔|𝑧), (4.21)  

 𝑔 =
1

2
√

𝜔1𝜔2

𝑛1𝑛2
(

𝜇

𝜀0
) 𝑑𝐸3(0). (4.22)  
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The following relationship between the signal and idler (𝜔1, 𝜔2) waves is established. 
 

 𝐸1(𝑧) = 𝐸1(0)cosh(|𝑔|𝑧) − 𝑖
𝑔

|𝑔|
𝐸2

∗(0)sinh(|𝑔|𝑧) (4.23)  

 𝐸2
∗(𝑧) = 𝐸2

∗(0)cosh(|𝑔|𝑧) + 𝑖
𝑔

|𝑔|
𝐸1(0)sinh(|𝑔|𝑧) (4.24)  

 

When  |𝑔|𝑧 ≫ 1 , both the signal and idler exponentially increase [so called optical 

parametric amplification (OPA)]. Also note that zero-point quantum fluctuations can act 

as a seed input, namely, injection of the signal or idler is not required. 

 

 

4.5 Optical parametric oscillator (OPO) 

The optical parametric cavity configuration, in which the nonlinear crystal is located, 

is required to yield sufficiently signal and idler outputs. The cavity is generally formed of 

a pair of mirrors with a high reflectivity for one or the other (or both) of the signal and 

idler (Fig. 4.9), so that the amplification is achieved by successive-passes. 

When the gain overcomes the cavity loss via round-trip in the cavity, the signal or 

idler (or both) starts to lase, and it is extracted from the cavity. The cavity loss includes 

output coupling loss, transmission loss of the nonlinear crystal, and diffraction loss. 

The parametric oscillation process is as follows. Once the parametric gain is equal to 

the cavity loss, the parametric cavity starts to oscillate. In steady state, the signal and idler 

powers are determined as an increment of the pump power by the parametric gain (, which 

is equal to the cavity loss). 

 

 

 

Fig. 4.9 Schematic diagram of an optical parametric oscillator.  
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4.6 Singly/Doubly-resonant oscillators 

The OPO with a high Q cavity configuration for the signal or idler (so called singly 

resonant cavity configuration) is mostly employed [Figs. 4.10(a) and (b)]. In the singly-

resonant cavity for the signal (𝜔1), the electric field of the idler (𝜔2) with propagation 

through the nonlinear crystal can be regarded as constant. The resulting amplitude of the 

idler grows linearly with propagation direction z as follows: 
 

 𝐸2
∗(𝑧) = +𝑖𝜅2𝐸1𝐸3

∗𝑧. (4.25)  
 

Substituting eq. (4.25) into eq. (4.14), the following formula is obtained.  
 

 
∆𝐸1

𝐸1
= 𝜅1𝜅2𝐸3𝐸3

∗𝐿2, (4.26)  

 

where L is the crystal length. Further developing the above equation by utilizing the 

relation between the increase in electric field and in intensity, 𝑑𝐼1/𝐼1 = 2 ⋅ 𝑑𝐸1/𝐸1, and 

the relation between the electric field and intensity, 𝐼 = 𝑛√𝜀0/𝜇0|𝐸|2/2, 
 

 
∆𝐼1

𝐼1
=

𝜔1𝜔2

𝑛1𝑛2𝑛3
(

𝜇0

𝜀0
)

3/2

𝐼3(0)𝑑2𝐿2. (4.27)  

 

This is the parametric gain per round-trip, being equal to the cavity loss, given by 𝛼1𝐼1, 

in which 𝛼1 represents the round-trip loss for the signal. 

Hence, the incident pump intensity required for the parametric oscillation, 𝐼3(0), is given 

by 
 

 𝐼3(0) = 𝛼1 (
𝜔1𝜔2

𝑛1𝑛2𝑛3
(

𝜇0

𝜀0
)

3/2

𝑑2𝐿2)⁄ . (4.28)  

 

   A doubly-resonant cavity configuration, in which both the signal and idler circulate 

in the cavity (Fig. 4.9), the signal and idler can be written as  
 

 ∆𝐸1 = −𝑖𝜅1𝐸3𝐸2
∗𝐿, (4.29)  

 ∆𝐸2
∗ = +𝑖𝜅2𝐸1𝐸3

∗𝐿. (4.30)  
 

Assuming that the signal (idler) is amplified in phase with the already existing field, 

the below relation is established. 
 

 ∆𝐼𝑚 = √
𝜀𝑚

𝜇0

|𝐸𝑚||∆𝐸𝑚| (4.31)  
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Fig. 4.10 Schematic diagrams of the singly-resonant (a) folding and (b) linear cavity 

configurations. 

 

 

Thus, by substituting eqs. (4.29) and (4.30) for eq. (4.31), the parametric gain per round-

trip is derived by 
 

 ∆𝐼1 = √
𝜀1

𝜇0
𝐸1|∆𝐸1| = √

𝜀1

𝜇0

|𝐸1||𝐸3||𝐸2
∗|𝜅1𝐿 = 𝛼1𝐼1, (4.32)  

 ∆𝐼2 = √
𝜀2

𝜇0
𝐸2|∆𝐸2| = √

𝜀2

𝜇0

|𝐸2||𝐸1||𝐸3
∗|𝜅2𝐿 = 𝛼2𝐼2. (4.33)  

 

Taking the product of these equations, the relationship in terms of the oscillation threshold 

in the doubly-resonant cavity can be derived. 
 

 
𝜔1𝜔2

𝑛1𝑛2𝑛3
(

𝜇0

𝜀0
)

3/2

𝑑2𝐿2𝐼3(0) =
𝛼1𝛼2

2
 (4.34)  

 

This formula indicates that the oscillation threshold in the doubly-resonant cavity is 

approximately a half of that of the singly-resonant cavity. In fact, it is possible to form 

the OPO based on the doubly-resonant cavity by continuous wave (CW) pumping, 

although it has a drawback in the wavelength-tuning of the signal and idler, e.g. the 

wavelengths jump.  
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4.7 Optical vortex pumped optical parametric 

oscillators 

As above-mentioned, two conservation laws, i.e. photon energy and momentum 

(phase-matching condition), is always established in the optical parametric process. In 

optical vortex pumping case, the OAM, i.e. topological charge, must be further conserved 

(Fig. 4.11). How is the topological charge of the pump beam divided into signal and idler 

outputs? It can be controlled by the optical parametric cavity configuration and 

characteristics of the nonlinear crystal used for the optical parametric oscillator.  

   With a type-II KTP crystal [pump (ordinary wave) → signal (ordinary wave) + idler 

(extraordinary wave)], the walk-off effects arising from the birefringence of the crystal 

prevents the idler output from lasing in a vortex mode, so that the topological charge of 

the pump beam is transferred to the signal output with the same ordinary wave as the 

pump (Fig. 4.12).12,13)  

 

 

 

Fig. 4.11 Three conservation laws in the optical parametric process. 

  



42 

 

 

 

 

Fig. 4.12 Optical vortex pumped KTP optical parametric oscillator. 

 

 

   When a type-I LBO crystal [pump (extraordinary wave) → signal (ordinary wave) 

+ idler (ordinary wave)] is used as the nonlinear crystal, the singly resonant parametric 

cavity must be formed, since both the signal and idler lase at a mix-mode (incoherent 

coupling between the Gaussian mode and the vortex mode) in the double resonant 

cavity.14) If the cavity is singly resonant for the signal, the topological charge of the pump 

is selectively transferred to the signal (Fig. 4.13), on the other hand, if the singly resonant 

cavity for the idler, the idler lases at the vortex mode (Fig. 4.14). 

 

 

 

 

Fig. 4.13 LBO optical parametric oscillator with singly resonant cavity configuration for 

the signal output.  
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Fig. 4.14 LBO optical parametric oscillator with singly resonant cavity configuration for 

the idler output. 

 

 

 

 

Fig. 4.15 Topological charge switching by tuning the cavity-length. 

 

 

  Topological charge switching in a linear cavity configuration with the singly resonance 

for the signal have been also realized by tuning the cavity-length (Fig. 4.15).15) In this 

case, a compact cavity configuration forces the signal to lase in a vortex mode. With an 
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extended cavity configuration, the topological charges between the signal and idler are 

swapped, and conversely the idler carries the OAM as the vortex mode, while the signal 

exhibits the Gaussian mode. The mechanism was also addressed by Fresnel number 

(which is an indicator of cavity loss for the high-order mode). 
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Chapter 5 – Ultra-broadband tunable (0.67-

2.57 μm) optical vortex parametric oscillator 
 

Wavelength–tunable optical vortex sources with versatile topological charge are required 

for the laser application, such as processing, fluorescence microscope, and spectroscopy, 

because it enables us to adjust the vortex wavelength to individual absorption bands 

(resonant frequencies) of materials. In this chapter, I present the tunable vortex source 

with ultra-broadband tunability (0.67-2.57 m) based on optical parametric oscillator. 

This system also enables the topological charge switching in the range of -1 to 2. 

 

5.1 Experimental setup 

Figure 5.1 shows a schematic diagram of the optical vortex parametric laser with 

ultra-broadband wavelength-tunability. A frequency-doubled, diode-pumped Q-switched 

Nd:YAG laser (wavelength, 0.53 m; pulse width, ~10 ns; pulse repetition frequency, 100 

Hz; beam quality, M 

2 ~1.1) is used as a pump source, and its output with a Gaussian 

transverse mode is converted to a 1st-order vortex mode with a topological charge of ℓ =1 

via a spiral phase plate. The collimated annular pump beam with a beam radius of ~0.3 

mm is carried to cascaded non-critical phase-matching LiB3O5 (NCPM-LBO) crystals 

(3×3×45 mm3, θ = 90°, φ = 0°, anti-reflection coating for 0.53 and 1.06 m) mounted on 

an oven. Wavelength-tuning of the resulting signal and idler outputs is achieved by 

controlling the crystal-temperatures. This configuration including the pumping source 

with short pulse width of ~10 ns (i.e. with high peak power) and cascaded LBO crystals 

with 45 mm long each, provides high parametric gain, so that the further frequency 

tunability and power scalability of the vortex laser system can be expected. 

The optical parametric cavity (0.8 m high-Q cavity) is formed of a flat input mirror 

(IN) with high-reflectivity in the wavelength of 0.65-1.05 m and a concave (curvature 

radius, 500 mm) output mirror (OUT) with 80% reflectivity at 0.8 m, which acts as a 

singly resonant cavity for the signal output (the higher frequency output). The cavity with 

a high Q-factor at 0.7 m (0.7 m high-Q cavity) is also employed to cover the resulting 

frequency-gaps, where the optical vortex is not available, addressed in the section of 

experimental results. Figure 5.2 also shows the reflectance property of the output/input 

mirror used for the parametric cavity. 
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Fig. 5.1 Experimental setup for the ultra-broadband tunable optical vortex parametric 

laser with a versatility of a topological charge [optical vortex generation with a 

topological charge of (a) ℓ𝑠 = 0 and ℓ𝑖  = 1, (b) ℓ𝑠 = 1 and ℓ𝑖 = 0, (c) ℓ𝑠 = 2 and ℓ𝑖 = -1]. 

 

 

Fig. 5.2 Reflectance properties of input and output mirrors used. 
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In a singly resonant (for the signal) cavity configuration, the parametric gain for the 

signal with a topological charge of ℓ𝑠 can be described by the spatial overlapping 

efficiency, 𝜂ℓ𝑠
, of electric field amplitudes between the pump and the signal in nonlinear 

crystal,1,2) given by 

 

 

         𝜂ℓ𝑠
= ∫ 𝐸𝑝𝑢𝑚𝑝 𝐸𝑠𝑖𝑔𝑛𝑎𝑙

∗ ∙ 2𝜋𝑟 𝑑𝑟 
∞

0

 

        ∝  ∫ 𝑟 exp (−
𝑟2

𝜔𝑝
2

) ∙  𝑟|ℓ𝑠|exp (−
𝑟2

𝜔𝑠
2

) ∙ 2𝜋𝑟
∞

0

𝑑𝑟, 

(5.1)  

 

in which Epump and Esignal are the normalized electric field amplitudes of the pump and the 

signal, respectively, 𝜔𝑝 (~0.3 mm) is the pump radius, and 𝜔𝑠 is the mode field size of 

the signal at various cavity lengths calculated by using the LASCAD software.  

Figure. 5.3 shows the relative spatial overlapping efficiency estimated,  𝑔 (𝜂1/

𝜂0 and  𝜂2/𝜂0) , as a function of the cavity length, indicating the spatial mode the 

parametric gain dominantly acts on. When the cavity length is more than 210 

mm, 𝜂1/𝜂0 is less than 1 (i.e. 𝜂0 is larger than 𝜂1), thereby the parametric cavity will force 

the signal to lase at the fundamental Gaussian mode with a topological charge of ℓ𝑠 = 0. 

The idler output is then expected to exhibit a 1st-order vortex mode with ℓ𝑖 = 1, so as to 

conserve the topological charge of the pump beam [Fig. 5.1(a), defined as the extended 

cavity].  

 

Fig. 5.3 Relative spatial overlapping efficiency at various cavity lengths. Red and blue 

lines represent 𝜂2/𝜂0 and 𝜂1/𝜂0, respectively.  
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With shortening the cavity length (in the range of 55~210 mm), the signal and idler 

outputs will carry a 1st-order optical vortex (ℓ𝑠 = 1) and Gaussian (ℓ𝑖 = 0), respectively 

[Fig. 5.1(b), defined as the compact cavity], as 𝜂1 exceeds 𝜂0 and 𝜂2. When the cavity 

length is shortened as much as possible (~50 mm), the optical parametric oscillator will 

be also expected to yield the 2nd-order vortex (ℓ𝑠 = 2) signal and -1st-order vortex (ℓ𝑖 = -

1) idler outputs [Fig. 5.1(c), defined as the further compact cavity]. In this case, note that 

a NCPM-LBO crystal is removed to shorten the cavity length. 

The spatial forms and wavefronts of the signal and idler outputs emitted from the 

parametric cavity are also observed by a Si (or InGaAs) CCD camera in combination with 

a laterally self-referenced interferometer using a transmission grating with 10 lines/mm 

(Fig. 5.4). 

 

 

 

Fig. 5.4 Self-referenced interferometric technique using a transmission grating. 

 

 

5.2 Experimental results 

The spatial profiles and wavefronts for the pump beam, and the signal and idler 

outputs produced from the extended/compact parametric cavity are summarized in Fig. 

5.5. The pump exhibited annular spatial mode and a pair of downward and upward Y-

formed interferometric fringes [Figs. 5.5(a) and (b)], indicating a 1st-order vortex mode 

with a topological charge of ℓ = 1 (Appendix A.1). The extended cavity with a length of 

~275 mm produced a Gaussian mode without any singularities as the signal output [Figs. 

5.5(c) and (d)], and a 1st-order vortex mode with a topological charge of  ℓ𝑖 = 1 as the 

idler, as evidenced by the same interferometric fringes as the pump [Figs. 5.5(e) and (f)].  

In contrast, the compact cavity with a length of ~115 mm allowed the signal to lase 

in a 1st-order optical vortex with ℓ𝑠 = 1 [Figs. 5.5(g) and (h)], and then the idler output 

had a Gaussian mode with ℓ𝑖  = 0 [Figs. 5.5(i) and (j)]. The beam quality factor, M 
2 (see 
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Appendix A.2), of the vortex signal (idler) output was 2.03 (2.22), which gave close 

agreement with an ideal value, 2, of the 1st-order Laguerre-Gaussian mode, i.e. LG0,1 

mode (Fig. 5.6).3) 

 

 
 

Fig. 5.5 (a) Spatial form and (b) interferometric pattern for the pump (0.53 m). (c, e) 

Spatial forms and (d, f) interferometric patterns for the signal (0.93 m) and idler (1.24 

m) produced from the extended cavity with a length of ~275 mm, respectively. (g, i) 

Spatial forms and (h, j) interferometric patterns for the signal (0.93 m) and idler (1.24 

m) produced from the compact cavity with a length of ~115 mm, respectively. 

 

 
 

Fig. 5.6 Beam propagations of the vortex signal (0.93 m) and idler (1.24 m).  
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Figures 5.7 and 5.8 show the tunabilities of the optical vortex laser with the extended 

and compact cavity, respectively. In the extended cavity configuration, the vortex idler 

could be tuned in the wavelength range of 1.10–2.53 m at pumping energy of 9 mJ. The 

signal output with a Gaussian mode was then obtained within 0.67-1.03 m. The 

maximum vortex output energy was 1.6 mJ at a wavelength of 1.24 m. With the compact 

cavity, the optical vortex as the signal output was generated in the wavelength region of 

0.67-1.03 m, while the Gaussian idler was produced in the region of 1.10-2.66 m. The 

measured maximum energy was also 2.9 mJ at 0.93 m. Thus, the optical vortex output 

was tunable over an extremely wide wavelength range of 0.67–2.53 m (over 2-octave 

band), as shown in Fig. 5.9 (shows the tunabilities in terms of vortex outputs). However, 

there were three frequency gaps, where the vortex output was unavailable, in the 

wavelength regions of 0.68–0.73, 1.03–1.10, and 1.94–2.47 m. Two frequency gaps 

(0.68–0.73 and 1.94–2.47 m) was originated from two wavelength-combinations of 

phase matching between the signal and idler outputs. Note that another frequency gap 

(1.03–1.10 m) occurred owing to a double resonance for the signal and the idler. 

 

 

 

Fig. 5.7 Tunabilities of the optical vortex parametric laser with the extended cavity 

configuration. Blue square and red circle show the signal and idler outputs, respectively.  
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Fig. 5.8 Tunabilities of the optical vortex parametric laser with the compact cavity 

configuration. Red circle and blue square show the signal and idler outputs, respectively.  

 

 

Fig. 5.9 Tunabilities of the optical vortex output with a topological charge of ℓ = 1.   

0.8 1.2 1.6 2.0 2.4 2.8
0

1

2

3  Signal (1st-order vortex)

 Idler (Gaussian)

 

 

O
u
tp

u
t 

en
er

g
y
 (

m
J)

Wavelength (m)

0.8 1.2 1.6 2.0 2.4 2.8
0

1

2

3
 Signal vortex

 Idler vortex

 
 

O
u

tp
u

t 
en

er
g

y
 (

m
J)

Wavelength (m)



53 

 

The theoretical tuning curve (the relationship between the resulting signal/idler 

wavelength and the LBO crystal temperature), calculated by utilizing the wavelength-

dispersion equation and the Sellmeier equation for the crystal4), are shown in Fig. 5.10. 

The temperature range of 109–157 ºC establishes two wavelength-combinations between 

the signal (0.68–0.73 or 0.73–1.03 m) and idler (2.47-1.94 or 1.94–1.10 m) as the non-

critical phase matching condition. The 0.8 m high-Q cavity (i.e. resonant cavity for 0.8 

m) stimulates the lasing of the signal in the wavelength range of 0.73–1.03 m, thereby 

preventing generation in the wavelength range of 2.47-1.94 m for the idler. As a result, 

two frequency gaps arose in the wavelength ranges of 0.68–0.73 and 2.47–1.94 m. 

Such frequency gaps were covered by employing the 0.7 m high-Q cavity, in which 

the output mirror with ~80 % reflectivity (Fig. 5.2) in the wavelength range of 0.68-0.73 

m was utilized. With this system, the vortex signal (idler) output could be generated 

within 0.66 to 0.75 m (2.57 to 1.93 m) by varying a temperature in a range of 109 to 

200 ºC. Therefore, the tunability of this optical vortex parametric laser system was 0.66–

2.57 m except a small frequency gap around the degenerate-wavelengths (1.03–1.10 

m), as shown in Fig. 5.11. I note the maximum wavelength of the idler was restricted by 

the transparency for the LBO (0.15–2.6 m).5) 
 

 
Fig. 5.10 Wavelengths of the signal (red) and idler (blue) outputs against the LBO crystal-

temperature. The broken line represents the theoretical tuning curve of the optical 

parametric oscillation. The filled/open circles show the signal and idler emitted from a 

0.8 m/0.7 m high-Q cavity.  
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Fig. 5.11 Tunabilities of the optical vortex parametric laser. The filled and open circles 

are the vortex outputs produced from the parametric cavity with high-Q for 0.8 and 0.7 

m, respectively. 

 

 

Curiously, a further compact cavity with a length of ~50 mm also enabled the 

production of the 2nd-order vortex signal (with  ℓ𝑠 = 2) and -1st-order vortex idler 

(with ℓ𝑖 = -1), as evidenced by a pair of downward and upward fork fringes with 3 

branches, and a pair of upward and downward fork fringes with 2 branches, respectively 

[Figs. 5.12(a)-(d)]. The 2nd-order and -1st-order vortex mode could be generated in the 

wavelength range of 0.76-0.97 m and 1.19-1.78 m, respectively, as shown in Fig. 5.13. 

Such an optical vortex generation with up-converted topological charge (i.e. a higher 

topological charge than that of pump beam) is first demonstration in the optical vortex 

pumped optical parametric oscillator. 
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Fig. 5.12 (a) Spatial form, (b) interferometric pattern and (c) expanded view of the 

interferometric pattern of the signal output (0.93 m) generated from a further compact 

cavity, respectively. (d) Spatial form and (e) interferometric pattern for the idler output 

(1.24 m) generated from a further compact cavity, respectively. 

 

  

Fig. 5.13 Tunabilities of the optical vortex parametric laser with the further compact 

cavity configuration (cavity length of ~50 mm).  
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5.3 Discussion 

The frequency gap around the degenerate-wavelengths (1.03–1.10 m) resulted from 

a doubly resonant condition, i.e. resonance for both the signal and idler outputs, is focused 

on. Within the region, the signal and idler were forced to lase at a radial opening spatial 

mode [Figs. 5.14(c) and (f)], arising from coherent superposition between the vortex (ℓ = 

1) and Gaussian (ℓ = 0) modes.6,7) It indicates the signal and idler outputs possessed a 

non-integer topological charge, generally termed as a “fractional vortex mode”. Why did 

the optical parametric oscillator with a stable cavity configuration yield such fractional 

vortex modes? 

As shown in Fig. 5.15, the pumping source used in this work emitted Q-switched 

pulses with little modulation, meaning it lased in a few longitudinal modes. In fact, the 

spectral linewidth was estimated to be approximately 90 MHz based on the coherence 

length of ~3.3 m (defined as width at half-maximum of the exponential function fitted for 

the experimental plots), derived from the temporal coherence function obtained by the 

Michelson interferometer (Fig. 5.16) (see Appendix A.3). A beating (with a period of ~1.1 

ns) of the coherence function also corresponds to the cavity length (~33 cm) of the 

pumping source. Such a pump source with narrow bandwidth induced the coherent-

coupling between the Gaussian and vortex modes. 

 

 
 

Fig. 5.14 Spatial forms of the signal output produced from the compact cavity at a 

wavelength of (a) 1.02 m, (b) 1.03 m, and (c) 1.04 m, respectively. Spatial forms of 

the idler output produced from the compact cavity at a wavelength of (d) 1.11 m, (e) 

1.10 m, and (f) 1.09 m, respectively.  
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Also, the relatively short pulse with of ~10 ns causes only a few round-trips in the 

parametric cavity for the resonant mode, thus resulting in the coherent-coupling between 

the two modes owing to a small Gouy phase mode dispersion.  

Further filling in the frequency gap originating from the double resonance condition 

will be achieved by employing an output/input mirror with much higher loss for the idler 

output in the degenerate-wavelengths region, so as to suppress a doubly resonance. 

 

 

 

Fig. 5.15 Temporal waveform of the pumping source. 
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   Fig. 5.16 Temporal coherence function of the pumping source. 

 

 

5.4 Conclusion 

An optical vortex source with ultra-broadband wavelength-tunability has been 

demonstrated by utilizing a LiB3O5 optical parametric oscillator (OPO) pumped by the 

optical vortex pulse with a short pulse duration (~10 ns). The system enabled us to 

generate the optical vortices with a pulse energy of >0.1 mJ (Maximum output energy, 

2.9 mJ) in a wavelength range of 0.67–2.57 m (over a 2-octave band with little frequency 

gap). The availability of the topological charge also ranged from -1 to 2. 

Higher-order optical vortex generation will be possible by use of a higher-order 

optical vortex pumping. An ultra-broadband tunable optical vortex generation system 

without exchanging of the output mirror can be achieved by arrangement of the 

wavelength-selective elements, e.g. birefringence filter, in the parametric cavity 
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Chapter 6 – Ultra-widely tunable mid-

infrared (6-18 μm) optical vortex source 
 

In this chapter, the further extension of the vortex lasing wavelength based on a difference 

frequency generator pumped by an optical vortex parametric oscillator is presented. This 

system enables the production of the optical vortices in the mid-infrared region (6-18 μm) 

and the handedness (sign of the topological charge) control of the vortex beam. 

 

6.1 Difference frequency generation using optical 

vortex  

   As mentioned in section 4.3, the coupled-wave equations for the DFG (𝜔𝑠 > 𝜔𝑖) 

process without including absorption can be expressed as follows:  
 

 
𝑑𝐸𝐷

𝑑𝑧
= −

𝑖𝜔𝐷

2
√

𝜇

𝜀𝐷
𝑑𝐸𝑠𝐸𝑖

∗exp[−𝑖(∆𝑘)𝑧], (6.1)  

 

where ED, Es, and Ei are the electric fields of the difference frequency, signal, and idler 

outputs, respectively. When conversion efficiency is low, the energy depletion of the 

signal and idler is negligible. Thus, by integrating in the range of z = 0~L (nonlinear 

crystal length, L), 𝐸𝐷(𝐿) is obtained as follows: 
 

 

      𝐸𝐷(𝐿) = −
𝑖𝜔𝐷

2
√

𝜇

𝜀𝐷
𝑑𝐸𝑠𝐸𝑖

∗ ∫ exp[−𝑖(∆𝑘)𝑧]
𝐿

0

𝑑𝑧 

 = −
𝑖𝜔𝐷

2
√

𝜇

𝜀𝐷
𝑑𝐸𝑠𝐸𝑖

∗
𝑒−𝑖∆𝑘𝐿 − 1

−𝑖∆𝑘
. 

(6.2)  

 

Thus, the output intensity of the resulting difference frequency output is obtained as 

follows. 
 

       I𝐷 =
1

2
(

𝜇

𝜀0
)

3/2 𝜔𝐷
2 𝐿2𝑑2

𝑛𝐷𝑛𝑠𝑛𝑖
I𝑠I𝑖sinc2 (

∆𝑘𝐿

2
), (6.3)  

 

where 𝜔𝐷 is the difference frequency, Is (Ii) is the intensity of the signal (idler) output, and 
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nD, ns, and ni represent the corresponding refractive indices, respectively. Equation (6.4) 

also represents the output energy of the difference frequency under the phase matching 

(∆𝑘 = 0). 
 

       E𝐷 =
1

2
(

𝜇

𝜀0
)

3/2 𝜔𝐷
2 𝐿2𝑑2

𝑛𝐷𝑛𝑠𝑛𝑖
E𝑠E𝑖

𝐴𝐷

𝐴𝑠 ⋅ 𝐴𝑖
𝑇𝐷𝑇𝑠𝑇𝑖 , (6.4)  

 

where Es (Ei) is the incident energy of the signal (idler) output, and AD, As, and Ai are the 

mode field areas of the difference frequency, signal, and idler outputs, respectively. TD, 

Ts, and Ti are the surface power transmittance at the difference frequency, signal, and idler 

outputs, respectively. Considering the absorption effects for the crystal,1) eq. (6.4) can be 

extended as follows. 

 

 

      E𝐷 =
1

2
(

𝜇

𝜀0
)

3/2 𝜔𝐷
2 𝐿2𝑑2

𝑛𝐷𝑛𝑠𝑛𝑖
E𝑠E𝑖

𝐴𝐷

𝐴𝑠 ⋅ 𝐴𝑖
𝑇𝐷𝑇𝑠𝑇𝑖𝑒

−𝛼𝐷𝐿   

⋅
1 + 𝑒−∆𝛼𝐿 − 2𝑒−∆𝛼𝐿/2

(∆𝛼𝐿/2)2
  

(6.5)  

 

∆𝛼 is  𝛼𝑠 + 𝛼𝑖 − 𝛼𝐷, where 𝛼𝑠, 𝛼𝑖, and 𝛼𝐷 are the absorption coefficients of the crystal 

against the signal, idler, and difference frequency outputs, respectively. 

   The signal and idler carries the topological charges ℓ𝑠 and ℓ𝑖. 
 

       𝐸𝑠,𝑖 = 𝑢𝑠,𝑖(𝑟)exp [𝑖(ℓ𝑠,𝑖𝜙 − 𝜔𝑠,𝑖𝑡)]  (6.6)  
 

And then, the difference frequency output will be given as follows: 
 

 
𝐸𝐷 ∝ exp{𝑖[(ℓ𝑠 − ℓ𝑖)𝜙 − |𝜔𝑠 − 𝜔𝑖|𝑡]} ; (𝜔𝑠 > 𝜔𝑖), 

           exp{𝑖[(ℓ𝑖 − ℓ𝑠)𝜙 − |𝜔𝑠 − 𝜔𝑖|𝑡]} ; (𝜔𝑖 > 𝜔𝑠). 
(6.7)  

 

Therefore, the following relation is established. 
 

 ℓ𝐷 =
(𝜔𝑠 − 𝜔𝑖)

|𝜔𝑠 − 𝜔𝑖|
(ℓ𝑠 − ℓ𝑖) (6.8)  

 

Equation (6.8) can be rewritten in terms of the wavelength. 
 

 ℓ𝐷 = −
(𝜆𝑠 − 𝜆𝑖)

|𝜆𝑠 − 𝜆𝑖|
(ℓ𝑠 − ℓ𝑖) (6.9)  

 

In this chapter’s work, the topological charge of the signal and idler outputs are 1 and 0, 

respectively, regardless of the lasing wavelength. Thus, the topological charge of the 

resulting difference frequency output is determined by the magnitude relation of lasing 

wavelengths between the signal and idler.  
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6.2 Experimental setup 

Figure 6.1 shows a diagram of the mid-infrared tunable optical vortex source. The 

system is mainly composed of an optical parametric oscillator (OPO) and a difference 

frequency generator (DFG). The OPO cavity is formed of a concave (curvature radius, 

2000 mm) input mirror with high reflectivity (HR) for 2 μm and high transmittivity (HT) 

for 1 μm and a flat output coupler with ~80 % reflectivity for 2 μm and HT for 1 μm, in 

which two cascaded KTiOPO4 (KTP) crystals {12×9×27 mm3, θ = 53° to z-axis, anti-

reflection coating in a wavelength range of 1-2.6 μm, type-II phase matching [ordinary 

wave (pump) → ordinary wave (signal) + extraordinary wave (idler)]} are located with 

opposite orientations each other. Such a geometric arrangement enables the collinearly 

generation of the signal and idler outputs without a lateral displacement of the idler 

originated from the walk-off effects of the KTP crystal. 

The pumping source for the OPO is a Q-switched Nd:YAG laser (lasing wavelength, 

1.06 μm; pulse duration, ~25 ns; pulse repetition frequency, 50 Hz). The laser output with 

a Gaussian mode is transformed to be a 1st-order vortex beam with a topological charge 

of ℓ =1 by use of a spiral phase plate, and is carried to the KTP crystals (beam diameter 

on the crystal, ~0.78 mm). The wavelengths of the resulting signal and idler outputs are 

also tuned by rotating the KTP crystals with the Galvano stages. 

 

 

 

Fig. 6.1 Schematic diagram of the ultra-widely tunable optical vortex generation system.  
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Note that this OPO system always produces the signal output with a vortex mode 

(ℓ𝑠 = 1) and the idler output with a Gaussian mode (ℓ𝑖  = 0), respectively, due to the walk-

off effects of the KTP crystal, 2,3) as mentioned in section 4.8. 

After divided from the pump beam (i.e. un-frequency converted pump beam) by using 

a dichroic mirror (HR for 1 μm and HT for 2 μm), the vortex signal and Gaussian idler 

outputs generated from the OPO are directly delivered to a AgGaSe2 (AGS) crystal 

(10×10×20 mm3, θ = 56.95° to z-axis, type-II phase matching) used for the DFG. The 

AGS crystal angle is also tuned to the appropriate phase matching angle at the difference 

frequency. 

The topological charge, ℓ𝐷, of the resulting difference frequency output is governed 

by eq. (6.9). When  𝜆𝑠 <   𝜆𝑖 , the difference frequency output will exhibit the same 

topological charge (ℓ𝐷 = 1) as that of the signal. By swapping the lasing wavelengths of 

the signal and idler (𝜆𝑠 >  𝜆𝑖), the handedness (the sign of the topological charge) of the 

difference frequency output will be inverted (ℓ𝐷 = -1). The optical axis of the AGS crystal 

is then rotated by 90 degrees around the beam propagation axis so as to establish the phase 

matching condition. 

The spatial forms and wavefronts of the signal, idler, and difference frequency output 

are observed by a pyroelectric camera in combination with a laterally self-referenced 

interferometer (Mach-Zehnder interferometer). A germanium (Ge) filter which absorbs 

the undesired 1 μm pump beam and 2 μm signal/idler output is also utilized to obtain only 

the difference frequency output. 

 

 

6.3 Experimental results and discussion 

The spatial forms and wavefronts of the pump, signal, and idler are summarized in 

Fig. 6.2. The signal output carried the same 1st-order optical vortex mode with a 

topological charge of 1 as the pump, evidenced by a pair of downward and upward Y-

formed fringes [Figs. 6.2(a)-(d)]. On the other hand, the idler output was then produced 

as a Gaussian mode with no phase singularity [Figs. 6.2(e) and (f)], so as to satisfy the 

conservation of the orbital angular momentum among the pump, signal, and idler. 

As shown in Fig. 6.3, the vortex signal and Gaussian idler outputs were observed in a 

wavelength range of 1.78-2.71 μm. Figure 6.4 also shows the output energies transfer of 

the signal (1.97 μm) and idler (2.32 μm) against the pump energy. The maximum pulse 

energies of 3.9 mJ (1.9 mJ) for the signal (idler) was measured when a pump energy of 

30 mJ was injected. The lasing threshold was then approximately 8 mJ.  
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Fig. 6.2 (a) Spatial profiles and (b) wavefronts of the pump (1.06 μm). (c) Spatial profiles 

and (d) wavefronts of the signal (1.97 μm). (e) Spatial profiles and (f) wavefronts of the 

idler (2.32 μm). 

 

 
 

Fig. 6.3 Tunabilities of the vortex signal (red) and the Gaussian idler (blue). 
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Fig. 6.4 Output pulse energies of the vortex signal (1.97 μm) and the Gaussian idler (2.32 

μm) at various pump energies. 

 

 

When the vortex signal (1.97 μm) and the Gaussian idler (2.32 μm) outputs were 

collinearly directed to the AGS crystal, the difference frequency output with an annular 

spatial mode was obtained [Fig. 6.5(a)]. The wavefront also exhibited a pair of downward 

and upward Y-formed fringes [Fig. 6.5(b)], denoting a 1st-order optical vortex with a 

topological charge of 1. The handedness (the sign of the topological charge) of the 

difference frequency output could be reversed by swapping the lasing wavelengths of the 

vortex signal and Gaussian idler (𝜆𝑠 = 2.32 μm, 𝜆𝑖  = 1.97 μm), confirmed by the inverted 

orientation of Y-formed fringes (a pair of upward and downward Y-formed fringes) [Figs. 

6.5(c) and (d)]. 

The tunabilities of the difference frequency vortex output with ℓ𝐷 = 1 and -1 were 6-

18 μm, which corresponds to so called “whole mid-infrared region”, as shown in Figs. 

6.6 and 6.7. Maximum energy of the difference frequency output with ℓ𝐷= 1 (-1) was 

measured to be 0.33 mJ (0.21 mJ) around 9 μm. 
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Fig. 6.5 (a) Spatial profile and (b) wavefront of the mid-infrared output (13 μm) produced 

from the DFG pumped by the vortex signal (1.97 μm) and the Gaussian idler (2.32 μm). 

(c) Spatial profile and (d) wavefront of the mid-infrared output (13 μm) from the DFG 

pumped by the vortex signal (2.32 μm) and the Gaussian idler (1.97 μm). 

 

 
Fig. 6.6 Output energies of the mid-infrared optical vortex as a function of wavelengths 

with ℓ𝐷 = 1. The solid line represents a theoretical curve.  
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Fig. 6.7 Output energies of the mid-infrared optical vortex as a function of wavelengths 

with ℓ𝐷 = -1. The solid line represents a theoretical curve. 

 

 

Fig. 6.8 Cross-section factor, 𝜂, as a function of difference frequencies. 
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   The theoretical pulse energy, ED, of the difference frequency output can be also 

estimated by eq. (6.5). The beam areas, AD, As, and Ai, of the difference frequency, signal, 

and idler output, measured by the pyroelectric camera with 4-sigma method (ISO11146 

standard), were then substituted for the equation. Figure 6.8 also shows the cross-section 

factor, 𝜂, defined as a ratio of cross-sectional area, given by 𝐴𝐷/(𝐴𝑠 ⋅ 𝐴𝑖), at various 

difference frequencies. The simulated curves of the difference frequency pulse energies 

(solid lines in Figs. 6.6 and 6.7) were good agreement with the experimental plots, 

regardless of the handedness of the difference frequency output. 

 

 

6.4 Conclusion 

A tunable ‘entire mid-infrared (6-18 μm)’ vortex source based on a AgGaSe2 

difference frequency generator pumped by an optical vortex parametric oscillator has 

been presented. The handedness of the mid-infrared vortex output can be selectively 

controlled by swapping the lasing frequencies of the signal and idler outputs in 

combination with the 90 degrees rotation of optical axis of the AgGaSe2 crystal.  

Such ultra-widely tunable mid-infrared vortex sources will pioneer the new 

application of the material science, e.g. super-resolution molecular spectroscopy, i.e. 

assignment or excitation of both stretching and binding modes of the target molecules 

with high spatial resolution beyond the diffraction limit, and chiral polymeric materials 

fabrication without any destruction of chemical structures. 
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Chapter 7 – Conclusions 
 

7.1 Thesis summary 

I have demonstrated the tunable optical vortex generation with ultra-broadband 

tunability from visible to mid-infrared region by employing an optical parametric 

oscillator and a difference frequency generator. The key results in this work are 

summarized. 

   First, a tunable optical vortex laser with extremely wide tunability “over a 2-octave 

band”, comprised of an optical vortex pumped LiB3O5 optical parametric oscillator, has 

been developed. This system provides optical vortices with a pulse energy of >0.1 mJ in 

a wavelength range of 0.67-2.57 m. This tunability, to the best of our knowledge, is the 

widest in the optical vortex laser constructed by a single optical resonator. Furthermore, 

a new basis for controlling the topological charge in the optical parametric oscillator 

(based on the spatial amplitude overlap integral between the pump and signal beams) has 

been presented in this work. This method enables us to produce the optical vortex with 

versatile topological charge in the range of -1 to 2, including an up-converted topological 

charge, i.e. a vortex output with a higher topological charge than that of the pump beam. 

   Second, a tunable ‘entire mid-infrared’ vortex source based on a AgGaSe2 difference 

frequency generator pumped by an optical vortex pumped KTiOPO4 optical parametric 

oscillator has been demonstrated. Its tunability covers the wavelength range of 6-18 m, 

called as ‘molecular finger print’, which includes stretching and binding modes of the 

various molecules. 

Such ultra-broadband optical vortex sources will lead the development of the new 

optical vortex application, such as super resolution molecular spectroscopy and chiral 

structures processing in organic materials. 

 

 

7.2 Future work _ extension of topological charge 

diversity 

The optical parametric oscillator pumped by higher-order optical vortex, e.g. 2nd-order 

optical vortex, will further extend a versatility of topological charge. 
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         𝜂ℓ𝑠
= ∫ 𝐸𝑝𝑢𝑚𝑝 𝐸𝑠𝑖𝑔𝑛𝑎𝑙

∗ ∙ 2𝜋𝑟 𝑑𝑟 
∞

0

 

        ∝  ∫  𝑟2 exp (−
𝑟2

𝜔𝑝
2

) ∙  𝑟|ℓ𝑠|exp (−
𝑟2

𝜔𝑠
2

) ∙ 2𝜋𝑟
∞

0

𝑑𝑟 

(7.1)  

 

Figure 7.1 shows the spatial overlapping efficiency, 𝜂ℓ𝑠
, of the normalized electric field 

amplitudes between the 2nd-order vortex pump beam and the signal output, given by eq. 

(7.1). When the cavity length is less than 65 mm, η3 exceeds η1 and η2, and thus the 

parametric cavity with such a length will produce a 3rd-order vortex mode (ℓ𝑠 = 3) as the 

signal. The idler will then carry a -1st-order vortex mode (ℓ𝑖 = -1), so as to conserve the 

OAM of the pump beam. Within a cavity-length of 65-160 mm, in which η2 is more than 

η1 and η3, the cavity will be expected to yield a 2nd-order vortex signal (ℓ𝑠 = 2) and a 

Gaussian idler (ℓ𝑖 = 0), respectively. A further extended cavity with a length of > 160 mm 

(η1 > η2, η3) will also generate a 1st-order vortex mode (ℓ𝑠 = ℓ𝑖 = 1) as the signal and idler 

outputs. Therefore, the optical vortices generation with versatile topological charge in the 

range of -1 to 3 (5 states) will be possible. 

 

 
 

Fig. 7.1 Spatial amplitude overlapping efficiency of the electric fields between the 2nd-

order vortex pump beam and the signal output at various cavity lengths. 
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7.3 Future work _ 3-5 μm optical vortices generation 

   In this thesis, I demonstrated the optical vortex generation in visible to mid-infrared 

region (0.67-18 μm), in which, however, there is a frequency gap in a range of 3-5 μm. 

The gap will be filled in by the optical parametric oscillator utilizing a periodically poled 

lithium niobate (PPLN) crystal. The PPLN is a designed, quasi phase-matched material, 

where the orientation of the dipole is periodically inverted (Fig. 7.2), which enables to 

provide a very large effective nonlinear coefficient. The poling period  Λ is also 

determined by the following equation.  
 

 𝑚
2𝜋

Λ
= 𝑘𝑝𝑢𝑚𝑝 − 𝑘𝑠𝑖𝑔𝑛𝑎𝑙 − 𝑘𝑖𝑑𝑙𝑒𝑟 , (7.2)  

 

in which 𝑚 is arbitrary integer, and 𝑘𝑝𝑢𝑚𝑝, 𝑘𝑠𝑖𝑔𝑛𝑎𝑙, and 𝑘𝑖𝑑𝑙𝑒𝑟 are the wave number of 

the pump, signal, and idler beams. A 1 μm optical vortex pumped PPLN (Λ ~30 μm) 

optical parametric system, formed of a singly resonant cavity for the signal (wavelength 

range, 1.65-1.35 μm), will provide the tunable optical vortex as the idler in the range of 

3.0-5.0 μm by varying the temperature of the crystal.  

 

 

 
 

Fig. 7.2 Schematic diagram of optical parametric oscillator to generate 3-5 μm optical 

vortex. 
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Fig. 7.3 Tunabilities of the optical vortex generated from various configurations. 
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Appendix 
 

A.1 Interferometric fringes 

   The topological charge, of the vortex output from the optical parametric oscillator was 

investigated by measurement of the self-referenced interferometric fringes. When a 1st-

order optical vortex beam, 𝐸𝑉(𝑥, 𝑦) = 𝑢𝑉(𝑥, 𝑦)exp{𝑖[−𝑘𝑧𝑧 + 𝜙(𝑥, 𝑦)]}, is overlaid by 

itself with an angle of 2𝜃 [= 2tan−1(𝑘𝑥/𝑘𝑧)] (see Fig. a.1), the resulting interferometric 

patterns exhibit a pair of downward (upward) and upward (downward) fork fringes, 

according to eq. (a.1). 

 

 

            𝐼 = |𝐸𝑉(𝑥 + 𝑎, 𝑦)exp (+𝑖𝑘𝑧𝜃𝑥) + 𝐸𝑉(𝑥 − 𝑎, 𝑦) exp(−𝑖𝑘𝑧𝜃𝑥)|2 

               = |𝑢𝑉(𝑥 + 𝑎, 𝑦)|2 + |𝑢𝑉(𝑥 − 𝑎, 𝑦)|2 

                              −2 𝑢𝑉(𝑥 + 𝑎, 𝑦)𝑢𝑉(𝑥 − 𝑎, 𝑦) 

                                  ⋅ cos [𝜙(𝑥 − 𝑎, 𝑦) − 𝜙(𝑥 + 𝑎, 𝑦) − 2𝑘𝑧𝜃𝑥] 

(a.1)  

 

Figures a.2(a) and (b) represent the simulated interferometric fringes for 1st-order and -

2nd-order optical vortices, respectively. The number of branches corresponds to the 

magnitude of topological charge, e.g. optical vortices with a topological charge 

of |ℓ| produce a pair of fork fringes with |ℓ| + 1 branches, and then the orientations of 

the forks are also determined by the sign of the topological charge. 

 

 

 

 

Fig. a.1 Self-referenced interferometric technique. 
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Fig. a.2 Simulated self-referenced interferometric patterns of optical vortices with a 

topological charge of (a) 1 and (b) -2, respectively. 

 

 

A.2 M 
2 factor 

   The factor, called as beam propagation factor, is often utilized to represent the beam 

quality of a laser beam. For example, the focal spot size of a higher-order laser beam is 

M times larger than that of a fundamental Gaussian beam (TEM00 mode) (Fig. a.3).  
 

 𝑊0 = 𝑀𝜔0, (a.2)  
 

where 𝑊0 and 𝜔0 are the focal spot sizes of laser beams with the higher-order and the 

fundamental Gaussian modes, respectively.  

 

 

 

Fig. a.3 Diagram of beam propagation.  
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And then, the beam size of the higher-order laser beam can be rewritten as follows. 
 

 𝑊(𝑧) = 𝑊0√1 + (
𝜆𝑧𝑀2

𝜋𝑊0
2 )

2

 (a.3)  

 

Assuming 𝑧 ≫ 𝜋𝑊0
2/𝜆𝑀2, eq. (a.3) becomes to eq. (a.4). 

 

 𝑊(𝑧) ≃
𝜆𝑧𝑀2

𝜋𝑊0

 (a.4)  

 

Therefore, the divergence angle of the beam can be expressed as 
 

 𝜃 =
𝑊(𝑧)

𝑧
=

𝜆𝑀2

𝜋𝑊0

. (a.5)  

 

Furthermore multiplying both sides of the above-mentioned equation by 𝑊0, eq. (a.5) is 
 

 𝑊0𝜃 = 𝑀2
𝜆

𝜋
. (a.6)  

 

The left side of this equation is defined as beam parameter product (BPP) and 𝑀2 in the 

right side is beam quality factor. 

 

 

A.3 Spectral linewidth measurement 

   A spectral linewidth of the pumping laser was discussed by the fringe visibility of 

interferogram at various optical path length differences.1) When two laser beams interfere 

with the path length difference of 𝑙 (Fig. a.4), the intensity of the interferometric pattern 

can be expressed below. 
 

 𝐼 = 𝐼1 + 𝐼2 + 2√𝐼1𝐼2 ⋅ 𝛾(𝑙) ⋅ cos 𝑘𝑥, (a.7)  
 

where 𝛾(𝑙) is the mutual coherence function and satisfies the following relationship. 
 

 𝑉(𝑙) =
𝐼𝑚𝑎𝑥 − 𝐼𝑚𝑖𝑛

𝐼𝑚𝑎𝑥 + 𝐼𝑚𝑖𝑛
=

2√𝐼1𝐼2

𝐼1 + 𝐼2
⋅ 𝛾(𝑙), (a.8)  

 

in which  𝑉(𝑙) is called as the fringe visibility.  𝐼𝑚𝑎𝑥 and  𝐼𝑚𝑖𝑛 are also maximum and 

minimum intensities of the interferometric fringes. 
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Fig. a.4 Fringe visibility measurement by Michelson interferometer. 

 

 

Such a two-beam interference measurement can obtain the interferometric fringes if the 

delay is less than coherence length, 𝑙𝑐.  
 

 𝑙𝑐 = 𝑐𝜏𝑐, (a.9)  
 

where 𝜏𝑐 is often defined as coherence time.  

Also, the coherence function, 𝛾(𝑙), can be regarded as an autocorrelation function. 

According to the Wiener-Khintchine’s theorem, the relationship of the Fourier 

transformation is also established between the power spectrums (i.e. spectrum densities) 

and autocorrelation functions. Therefore, the coherence time of the laser corresponds to 

inverse of the spectrum linewidth: 
 

 𝜏𝑐 =
2𝜋

∆𝜔
=

1

∆𝑓
. (a.10) 
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