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Abstract

The mirror dual objects corresponding to affine Lagrangian multi sections of a trivial
special Lagrangian torus fibration 72" — T" are holomorphic vector bundles on a mirror
dual complex torus of dimension n via the homological mirror symmetry, and in general, it
is known that there exists a one-to-one correspondence between these holomorphic vector
bundles and a certain kind of projectively flat bundles. In this paper, we study the exact
triangles consisting of those projectively flat bundles on higher dimensional complex tori
while considering the relation with the exact triangles consisting of stable vector bundles in
the derived categories of coherent sheaves on one-dimensional complex tori.
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1 Introduction

In this paper, we construct a mirror pair of tori as an analogue of the SYZ construction [25],
and mainly consider the exact triangles consisting of holomorphic vector bundles which appear
in the discussions of the homological mirror symmetry [15] for higher dimensional tori. The SYZ
construction is conjectured by Strominger, Yau and Zaslow in 1996, and it proposes a way of
constructing mirror pairs geometrically. Roughly speaking, this construction is the following. A
mirror pair of Calabi-Yau manifolds (M, M ) is realized as the special Lagrangian torus fibrations
7m: M — B and 7 : M — B on the same base space B. In particular, for each b € B, the special
Lagrangian torus fibers 771(b) and #7!(b) are related by the T-duality. On the other hand, the
homological mirror symmetry is conjectured by Kontsevich in 1994, and it states the following. For
each Calabi-Yau manifold M, there exists a Calabi-Yau manifold M such that the derived category
of the Fukaya category [6] on M is equivalent to the derived category of coherent sheaves on M as
triangulated categories. One of the most fundamental examples of mirror pairs is a pair (7%, T?")
of tori, where T2" is a symplectic torus and 72" is a complex torus, so there are many studies
of the homological mirror symmetry for tori. For example, Polishchuk and Zaslow discuss the
homological mirror symmetry in the case n = 1, namely, the case of (T2, 72) in [23] (the details of
the higher A, product structures are studied in [21]), and Fukaya studied the homological mirror
symmetry for abelian varieties via the SYZ construction in [7]. In particular, in [7], he discussed the
homological mirror symmetry by focusing on the cases that the objects of the Fukaya category are
restricted to affine Lagrangian submanifolds endowed with unitary local systems in the symplectic
geometry side. In this setting, the holomorphic vector bundles corresponding to such objects
of the Fukaya category are projectively flat. Actually, there are various studies of projectively
flat bundles on complex tori. For example, factors of automorphy of projectively flat bundles on
complex tori are classified in [8], [19], [14], [26], and in fact, in [11], a one-to-one correspondence
between holomorphic vector bundles which appear in the discussions of the homological mirror
symmetry for tori and a certain kind of projectively flat bundles is constructed explicitly, by using
this classification result. On the other hand, projectively flat bundles are examples of Einstein-
Hermitian vector bundles, and Einstein-Hermitian vector bundles relate closely to stable vector
bundles via the Kobayashi-Hitchin correspondence [14], [18]. Thus, projectively flat bundles play a
fundamental role in the complex (algebraic) geometry, including the homological mirror symmetry
for tori.

Now, we explain the statements discussed in the body of this paper briefly. Let (L, L) be an
object of the Fukaya category Fuk(T?"), where L ~ T" is an affine Lagrangian (multi) section
of the trivial special Lagrangian torus fibration 7%* — T™ and £ — L is a unitary local system
along L. The objects (L, £) correspond to holomorphic vector bundles on 72" via the homological
mirror symmetry, so we denote by E(L, L) the holomorphic vector bundle corresponding to (L, £).
As mentioned above, these holomorphic vector bundles E(L, L) are projectively flat. Furthermore,
the special Lagrangian torus fibers with unitary local systems along them correspond to skyscraper
sheaves on T2". We can also regard this correspondence as the Fourier-Mukai transform [17], [2].
By using holomorphic vector bundles F (L, L), we can construct a DG-category DG j2., SO we can
also obtain the triangulated category Tr(DGj2.) via the Bondal-Kapranov construction [4]. In
this triangulated category Tr(DG jen), we consider the following exact triangle.

o B(La,L4) — C() — BE(Lp,L5) ——s TE(LA,La) — ---. (1)



Here, T is the shift functor and C() denotes the mapping cone of ¥ : E(Lg, L) — TE(La,L4).
In particular, since the degrees of morphisms between holomorphic vector bundles E(L, £) are equal
to or larger than 0 in DGj2n, each exact triangle consisting of projectively flat bundles and their
shifts is always expressed as the exact triangle (1). In the above setting, first, we recall the results
in the case of 2-dimensional tori, i.e., (7%, T?) which are explained bellow, following [10]. In [10],
the exact triangles (1) are studied under the assumptions ged(rankE(L, £), degreeE(L, £)) = 1 and
dimExt'(E(Lp, Lp), E(La, L)) = 1, where ged(m,n) > 0 denotes the greatest common divisor of
m, n € Z. For simplicity, we set r :=rankF(La, L4), s :=rankE(Lp, Lp), a := degreeE (L, L),
b := degree(Lp, Lp). Here, note that the slopes of L4, Lp are 2, g, respectively. Then, F(L4, L4)
and E(Lpg, Lp) are stable by the assumption gcd(r, a) = ged(s,b) = 1. Furthermore, the assump-
tion dimExt'(E(Lg, Lg), B(La, L4)) = 1 implies that C(¢) also becomes a stable vector bundle
whose rank and degree are r + s and a + b, respectively. Hence, by Atiyah’s classification result of
holomorphic vector bundles over an elliptic curve [3], there exists an object (L, L) of the Fukaya
category Fuk(T?) such that C(¢) = E(L, L), where the slope of L is ‘;Ti’ Actually, in [10], this iso-
morphism C(v) = E(L, L) is constructed explicitly, and some geometric interpretations about the
isomorphism C()) & FE(L, L) from the viewpoint of the Fukaya category Fuk(T?) are also given.
Here, we remark that the cases without the assumption dimExt'(E(Lp, Lp), E(La,L4)) = 1 are
studied in [5]. Next, we discuss the higher dimensional case, i.e., (72", T7?"). Here, we focus on
the case rankF(L4,L4) = 1, and assume that C(¢)) becomes a simple projectively flat bundle
(of course, ¥ is a non-trivial morphism), namely, the exact triangle (1) becomes an exact triangle
consisting of three projectively flat bundles and their shifts. Then, we prove that the exact triangle
(1) is obtained as the pullback of an exact triangle consisting of three projectively flat bundles and
their shifts in the derived category of coherent sheaves on a one-dimensional complex torus T2 by
a suitable holomorphic projection 7 : 72" — T2. This result is given in Theorem 5.6.

This paper is organized as follows. In section 2, we explain relations between the objects
(L, L) of the Fukaya category Fuk(T*") and holomorphic vector bundles E(L, £). Furthermore,
we construct the DG-category DG 2. consisting of those holomorphic vector bundles E(L, £). In
section 3, in order to mention the projective flatness of E(L, L), we recall the results which are
given in section 3 of [11]. In sections 4, 5, we consider the exact triangles consisting of three
projectively flat bundles and their shifts on complex tori. In section 4, we recall the results in the
case of 2-dimensional tori, i.e., (T%,7?) in sections 4, 5, 6 of [10]. In section 5, we study the higher
dimensional case, i.e., (TZ”,T 1) based on the discussions in section 4. In particular, the main
purpose in section 5 is to prove Theorem 5.6 which is explained in the above.

2 Holomorphic vector bundles and Lagrangian submani-
folds

In this section, we consider a mirror pair (72", @), T%"), where (T%", &) is a complexified symplectic
torus and T%" is a complex torus, and discuss relations between affine Lagrangian submanifolds in
(T?",&) and holomorphic vector bundles on 7%". These are based on the SYZ construction [25]
(see also [17]). Furthermore, we define the DG-category consisting of these holomorphic vector
bundles.

First, we explain the complex geometry side. We define a complex torus 72" as follows. Let
T be a complex matrix of order n such that Im7 is positive definite. We denote by t;; the (i, 7)



component of T'. Let us consider the lattice L in C™ generated by

T = (27T707"' 70)t7"' y Yn = (07 70727T)t7
’Yi = (27Tt117 T 727Ttn1)t7 T 777/1 = (27Tt1n7 e 727Ttnn)t7

and we define 7?" := C"/L = C"/27(Z" ©TZ"). Sometimes we regard the n-dimensional complex
torus 72" as a 2n-dimensional real torus R?"/27Z>". In this paper, we further assume that 7" is a
non-singular matrix. Actually, in our setting described below, it turns out that the mirror partner
of T?" does not exist if detT = 0. However, we can avoid this problem and discuss the homological
mirror symmetry even if det? = 0 by modifying the definition of the mirror partner of 7" and a
class of holomorphic vector bundles which we treat. This fact will be discussed in [12]. Here, we
fix an € > 0 small enough and let

2 2
Ohin . {( x ) c T2 | §7T<[j — 1) —e<x; < g’ﬂ'lj + ¢,

mi-Mp y

2 9 '
gﬂ‘(mk—l)—8<yk<§ﬂ‘mk+g, jk=1,---.n

be a subset of T%", where I;,m; = 1,2,3,

T = (Ilv"' vmn)t7 Y= (y1, T >yn)t7

and we identify z; ~ x; + 2w, y; ~ y; + 27 for each i = 1,--- ,n. Sometimes we denote
i;l(lg;i)zrfsmn instead of ijl'l'jf,’;nn in order to specify the values l; = [, my = m. Then,
{OL I}, me=1,2,3 is an open cover of 72", and we define the local coordinates of Ol-in by

('r17”' >$n7y17"' 7yn>t E RQTL.

Furthermore, we locally express the complex coordinates z := (z1,- -, 2,)" of T by z =z + Ty.

Now, we define a class of holomorphic vector bundles E, 4,1 on T2 We first construct it as
a complex vector bundle, and then discuss when it becomes a holomorphic vector bundle later in
Proposition 2.1. However, since the notations of transition functions of E(, 4, are complicated,
before giving the strict definition of E(,. 4,4, we explain the idea of the construction of E(, 4.
We assume 7, ' € N, A = (a;;) € M(n;Z) and p = (pq, -+, pn)' € C*. This ' € N denotes the
rank of E(. a,u), and it is uniquely defined by using (r, A) € N x M(n;Z). Hereafter, sometimes
we denote p = p+ T'q with p := (p1,-- ,pa)' € R", ¢ :=(q1, -+ ,¢,)" € R™. In general, the affine
Lagrangian submanifold corresponding to a holomorphic vector bundle E(, 4, is the following
(we will explain the details of the symplectic geometry side again later).

{( >e(TQ",@)|g:%A:z:+%(gp—9>}.

S K¢

Here, & := (z',--- 2™ 5 = (y', -+ ,y")! are the coordinates of the complexified symplectic
torus (12",@), and we will explain the notation § € R™ later. In this situation, if 27 — 27 + 27
(j=1,---,n), then

_ 27 '

y'_>y+?(&1j7"' 7anj) .



We decide the transition functions of E, 4,4 by using this %(alj, o+ ap;)t € QM. This construc-
tion is a generalization of the case of ((T2,&),T?) to the higher dimensional case in the paper [10]
(see section 2). In fact, for a given data (r, A, n) € Nx M(n; Z) x (R" @ T'R"), E a0 is strictly
defined as follows. First, we need to define ' € N by using a given pair (r, A) € N x M(n;Z). By
the theory of elementary divisors, there exist two matrices A, B € GL(n;Z) such that

a1
AAB = s . : (2)
0
where a; e N (i=1,---,s, 1 <s<n)and a;|a;41 (i=1,---,s—1). Then, we define r; € N and
a,€Z (i=1,---,s) by
di a'
7 = T‘” ng( ’L7 z) = 17 (3)

where ged(m,n) > 0 denotes the greatest common divisor of m, n € Z. By using these, we set
r'i=rp-rl e N

This 7" € N is uniquely defined by a given pair (r, A) € N x M (n;Z), and it is actually the rank of
E( a0 (in this sense, although we should also emphasize 7 € N when we denote E(, 4 ), for
simplicity, we use the notation E, 4,4 in this paper). Now, we define the transition functions of
E(r,A,u,u)- Let

Pt ol € 1ymy =1,2,3

mi-Mp mi--Mnp

be a smooth section of E; 4,1 The transition functions of K, 4, are non-trivial on

O(ll =3) lnmoll 1)- ln Oll(lg =3)-ln mOll Ol1 (ln=3) Ol1 (ln=1)

mi---Mn my-- mn mi---Mn m mMq--Mn mi-—Mp ?

l1ln lylp l1+ln l ln l1ln l1+ln
Otmazsymn N Oty Onimmz:s)---mn“Oril(mz:l)--- 5 O m=3) 0 Oy =1

and otherwise are trivial. We define the transition function on Om1 ﬂnjlg) A O,lql@'l':.(.l,iil)"'l" by

I (L=1) 1
Loy j
1ol =8) ol lyeee(lj=1)ln — € ’ V Ymy-ing

I1--(1;=3)--1 Iy (li=1)lp 3
Oy oinn OO i Omyoitm N0y i
where 1 = /-1, a; :== (a1, -+ ,a,,;) and V; € U(r’"). Similarly, we define the transition function
9 ] YR 9 J ] 9
11 A -l
on O (g =3)-mn N Om1~~-(mk:1)~~~mn by
ll ln — ll ln
77Z)m1-~(mk:3)~~-mn I1-In O in U 77/} S(mp=1)-- 11-ln Ao in ’
my--(mp=3)--mn my--(mp=1)--mn my---(mp=3)---mn my--(mp=1)---mn

where Uy € U(r'). In the definitions of these transition functions, actually, we only treat V;,
Ur € U(r") which satisfy the cocycle condition, so we explain the cocycle condition below. When



we define

wll(l]zg)ln
my--(mp=3)--mp | Al1--(;=3)In Ly (lj=1)ln
ml"'(mk:3>“'mn M- (mp=1)-mn
B Iy (l;=3
U wml (mk 1 Mn Oll'“(lj:?’)'”l’ﬂ 11“‘(lj:1)"'ln
mq - (mp=3)---mn my - (mp=1)---mn

i, Ly (l;=1)In
= (Uk> (er ﬂﬂ/}) %Unlh(gmkl)zl)mn

the cocycle condition is expressed as

11 (1j=3)ln 1 (1j=1)-ln 3
my-(mg=3)---mn my-(mg=1)---mn

o

ViVie = ViV, U;U, = U U;, ULV = VU,
where ( is the r-th root of 1 and j,k =1,--- ,n. We define a set U of unitary matrices by
U= {V;, U € UG) | ViV = ViV, Uil = Uy, UV, = VUi, Gk =1+ n}. (4)

Of course, how to define the set U relates closely to (in)decomposability of E(. 4 ,). Here, we
only treat the set U such that E(, 4, is simple (we can take such a set U # ) for any (r,7’, A) €
N? X M(n;Z)). Furthermore, for each j = 1,--- ,n, we define §;, ; € R by

el = detV, eVl = detU;,

and set
5:: (517"' 7£’n)t7 9:: (917"' aen)teRn' (5)

In particular, for two holomorphic vector bundles E, 4 .11, Er, 4,0y and two pairs (£,0), (&', 0') as-
sociated to E. 4 uu0), Erauury, respectively, B a ) = B oa ey if and only if € = ¢ (mod 277Z7),
6 = 0 (mod 27Z") hold (see [13]). We use these notations &, # when we define the mirror dual
objects corresponding to holomorphic vector bundles E;. 4. Therefore, when we give r, A, p
and U, the complex vector bundle E, 4,4 is defined, so next, we consider the condition such that
the complex vector bundle E, 4,1 becomes a holomorphic vector bundle. We define a connection
Vr.auu) o0 B a0 locally as

1 1
v(r,A,u,Z/{) =d-+ Wir, Apuld) = d— % < xt A 4 ,u ) dy - 1.,

where dy := (dy1,- -+ ,dy,)" and d denotes the exterior derivative. In fact, V(, 4, is compatible
with the transition functions and so defines a global connection. Then, its curvature form €2, 4,24
is
Q = —Ld PAtdy - I
(r,A,pU) 2y xz Y - Ly,

where dz := (dzy,--- ,dz,)". Here, we consider the condition such that E, 4,4 is holomorphic.
We see that the following proposition holds.

Proposition 2.1. For a given quadruple (r, A, ui,U), the complex vector bundle E, 4,1 is holo-
morphic if and only if AT is a symmetric matrix.



Proof. In general, a complex vector bundle is holomorphic if and only if the (0,2)-part of its
curvature form vanishes, so we calculate the (0,2)-part of €, 4 ,.). It turns out to be

0.2 i . — 1
0 = 5 dZ{T(T = T) Y AT~ T) dz - I,
where dz := (dzy,--- ,dz,)". Thus, QES:Z),;L,M) = 0 is equivalent to that {T(T —T) "} AYT — T)!
is a symmetric matrix, i.e., AT = (AT)". O
Next, we explain the symplectic geometry side. We consider a 2n-dimensional real torus 72" =
R?" /277%™ and of course, for each point (z!,--- 2" 4!, -+ y™) € T?", we identify 2° ~ 2% + 2,
y' ~ y'+ 27, where i = 1,--- ,n. We also denote by (x!,--- 2" ¢y -+  4™)! the local coordinates
in the neighborhood of an arbitrary point (z!,--- 2" y' .-+ y")" € T?". Furthermore, we use the

same notation (x',--- 2"y -+ y")! when we denote the coordinates of the covering space R?"

of T?". Here, for simplicity, we set

We define a complexified symplectic form @ on T?" by
Q= di' (=T 1)'dy,
where di = (dzt,--- ,daz™)t and dy := (dy*,--- ,dy™)!. We decompose @ into
© = di'Re(=T")'dy + idi'Tm(=T"1)"dy,
and define
w:=Im(=T71)", B:=Re(-T1)".

Sometimes we identify the matrices w and B with the 2-forms di'wdy and di'Bdy, respectively.
Then, w defines a symplectic form on T?". The closed 2-form B is often called the B-field. We
define the objects of the Fukaya category Fuk(T?",&) on (T?", &) corresponding to holomorphic
vector bundles (E(a 1, Virauw) on 72", namely, the pairs of Lagrangian submanifolds and
unitary local systems on them. For simplicity, we set

7,,/ /

p(0) == v q(§) == %q +¢&.

Here, since the values %,p — ¢ and %,q + & depend on (r,r") € N?| strictly speaking, the above
notations p(f) and ¢(§) are not precise. However, since the notations are complicated, we use
the above notations p(f) and ¢(¢) in this paper. Let us consider the following n-dimensional
submanifold fj(r’ Ap(e)) in R

- 11
L ap(0y) = {( p ) eER™|y= ;Aa:+ ;p(f))} :

We see that this n-dimensional submanifold f}(n Ap(6)) becomes a Lagrangian submanifold in R?" if

¢

and only if wA = (wA)" holds. Then, for the covering map m : R** — T?", L, 4 ,0)) := T(Lr, 4 p(0)))



defines a Lagrangian submanifold in (7%",&). Furthermore, we consider the trivial complex line
bundle L 4 p6),q¢)) — L(r,a,p6)) With the flat connection

i1,
Ve ap@ae =4 %;Q@) dz.

Note that ¢(§) € R" is the holonomy of Ly 4 p0).q¢) along L apey ~ T". By recalling the
definition of the Fukaya category, we have

= di'Bdy

QL a 00000 Ly, 4,00’

where QE(T,A,p(m,q(g)) is the curvature form of the flat connection VL an®).aten 1€ Qg(w’p(e),q(@) = 0.
Hence, we see

1
di' Bdj|, = —di'BAdi = 0,
(r,A,p(8)) r

so one has BA = (BA)'!. Note that wA = (wA)! and BA = (BA)" hold if and only if AT =
(AT)? holds, i.e., E(. 4,2 becomes a holomorphic vector bundle on 72" (Proposition 2.1). Here,
we give a remark. In the above construction, although two vectors &, 6 € R"™ are used in the
definition of the object (L 4 p(0)): L(rap(0).9())) Of the Fukaya category Fuk(T*",&), these vectors
¢, 0 € R™ are determined by the transition functions of the mirror dual holomorphic vector
bundle E. 4. Actually, we need to use these vectors §, € R" when we define the map
(Bt aumin) = [(Lirap0), Lo ap(0).a()]s where [Egau00] and [(Li,4,00)), £r,Ap(0) a(¢)))] denote the
isomorphism class of E(, 4,1 and the isomorphism class of (L 4p(0)), L(r4,p(0).9(¢))), T€SPeCctively.
This fact is found by us, and it will be discussed in [13].

We define the DG-category DG 2. consisting of holomorphic vector bundles (K., 4,000, Va1 )-
This definition is an extension of the case of ((T2,&),T?) to the higher dimensional case in the
paper [10] (see section 3). The objects of DG 2. are holomorphic vector bundles E, 4,1 with
U(r')-connections V(. a,0. Of course, we assume AT = (AT)". Sometimes we simply denote
(Bt auu)s Vapuy) bY Eg a - For any two objects

E(T,A,M,Z/{) - (E(T,A7/L7u)7 v(nA,u,Z/{))y E(S,B,V,V) = (E(S,B,I/7V)7 V(S,B,V7V))7

the space of morphisms is defined by
HOHIDGTQn (E(T,A,M,M)7 E(s,B,V,V)) = F(E(nA,M,M); E(s,B,u,V)) ®C°°(T2”) 907*(T2n>,

where Q%*(T%") is the space of anti-holomorphic differential forms, and I'(E( 4 u10), E(s.5..v)) is the
space of homomorphisms from F(, 4 ,,11) to E(s p1,v). The space of morphisms Hom DG on (Er,Apu),
E(s,B,v)) is a Z-graded vector space, where the grading is defined as the degrees of anti-holomorphic
differential forms. The degree r part is denoted Hom},GT . (Erapu), Es,Bwyv)). We decompose

V(r.a,uu) into its holomorphic part and anti-holomorphic part V(. 4, = Vgi’(j‘) i) T VES’;) lh)?
and define a linear map

HomTDGTQn (E(T,A,,u,l/{)a E(s,B,V,V)) — I—IOIHTD—FGIT271 (E(T,A,,u,l/{)a E(S,B,V,V))

by
Y (V0D )W) — (~1)w@VeY ).



We can check that this linear map is a differential. Furthermore, the product structure is defined
by the composition of homomorphisms of vector bundles together with the wedge product for anti-
holomorphic differential forms. Then, these differential and product structure satisfy the Leibniz
rule. Hence, DGz, forms a DG-category.

In general, for a given A, category (DG-category), we can construct a triangulated category
via the Bondal-Kapranov-Kontsevich construction [4], [15]. In this paper, we denote by T (%) the
triangulated category obtained by this construction from a given A, category (DG-category) €.
Thus, for the DG-category DG jen, we can consider the triangulated category Tr(DG jon ).

3 The projective flatness of £, 4, 1)

The main purpose of this section is to recall the results which are given in section 3 of [11]. More
precisely, in section 3 of [11], a one-to-one correspondence between holomorphic vector bundles
(Ea,apu)s Vrapuy) and a certain kind of projectively flat bundles is constructed explicitly, by
using the result of the classification of factors of automorphy of projectively flat bundles on complex
tori. The detail of these discussions is described in subsection 3.2.

3.1 Projectively flat bundles on complex tori

In this subsection, we recall the definition of projectively flat bundles and properties of them.

First, since we need to use in the later discussions, we recall the definition of factors of auto-
morphy for holomorphic vector bundles following [14]. Let M be a complex manifold such that
its universal covering space M is a topologically trivial (contractible) Stein manifold (C" is an
example of a Stein manifold). Let p : M — M be the covering projection and I' the covering
transformation group acting on M so that M = M /T. Let E be a holomorphic vector bundle
of rank r over M. Then its pull-back E = p*F is a holomorphic vector bundle of the same rank
over M. Since M is topologically trivial, £ is topologically a product bundle. Since M is Stein,
by Oka’s principle, E is holomorphically a product bundle, i.e., E = M x C". Having fixed this
isomorphism, we define a holomorphic map j : I' x M — GL(r;C) by the following commutative
diagram

B, ,=C J(7,x) /x ~ Cr
Ep(z) ;

where z € M, ~v € I'. Then, for x € M, v,7 € T, the following relation holds.

Jv+x) =30 +7) 0y, ).
The map 7 : ' x M — GL(r;C) is called the factor of automorphy for the holomorphic vector

bundle F.
Now, we recall the definition and some properties of projectively flat bundles.

Definition 3.1 (Projectively flat bundles, [8], [19], [14], [26]). Let E be a holomorphic vector
bundle of rank r over a compact Kdhler manifold M and P(FE) its associated principal GL(r;C)-
bundle. Then P(E) = P(E)/C*1, is a principal PGL(r; C)-bundle. We say that E is projectively
flat when P(E) is provided with a flat structure.

11



For a complex vector bundle E of rank r with a connection D over a compact Kéhler manifold
M, it is known that the following proposition holds.

Proposition 3.2 ([19], [14], [26]). Let R be a curvature of (E,D). Then, E is projectively flat
if and only if R takes values in scalar multiples of the identity endmorphism Ig of E, i.e., if and
only if there exists a complex 2-form o on M such that R = « - Ig.

There are many studies of projectively flat bundles on complex tori. Let C"/I" be a complex
torus, where I' is a nondegenerate lattice of rank 2n of C". Let us denote the coordinates of
C" by z = (21, -+, 2,)". Hereafter, we focus on projectively flat bundles which admit Hermitian
structures over a complex torus C*/I" . On the detail of the results which are described below,
for example, see [8], [19], [14], [26]. Now, we recall the following theorem (see Theorem 4.7.54 in
[14]) which plays an important role in our discussions in subsection 3.2.

Theorem 3.3. Let E be a holomorphic vector bundle of rank r over a complex torus C"/U. If E
admits a projectively flat Hermitian structure h, then its factor of automorphy j can be written as
follows :

02) = Uesp { 1REz0) + g RGO  (n9) €T x e,

where

(i) R is a Hermitian form on C" and its imaginary part satisfies
ImR(v,v) e nZ for ~,7 €T,
(i) U :T' = U(r) is a semi-representation in the sense that it satisfies
Uty +7') =UMU Q)™ 0D for 7.9/ €T,

Conversely, given a Hermitian form R on C™ with property (i) and a semi-representation U : T’ —
U(r), we can define a factor of automorphy j : ' x C* — CU(r) as above, where

CU(r):={cU | ceC*and UcU(r)}.
The corresponding vector bundle E over C"/T' admits a projectively flat Hermitian structure.
In Theorem 3.3, of course, by using a Hermitian matrix R, we can denote
R(z,w) = 2" R,

where z = (21, -+ ,2,)" and w = (wy, -+ ,w,)". Then, under the situation of Theorem 3.3, the
connection 1-form w of the Hermitian connection of (E, h) is expressed locally as

1
w=——dz'Rz- I, +dz'b- I,
r

where dz = (dzy,--- ,dz,)" and b := (by,--- ,b,)" € C" is a constant vector. Furthermore, the
curvature form 2 of the Hermitian connection of (E, h) is expressed locally as

1
Q= —-d'Rdz - I,.
r

Tn fact, since we do not mention about Hermitian structures explicitly in our main discussions, readers do not
have to consider about them so much in subsection 3.2.

12



3.2 The construction of an isomorphism E, 4,1y = £, a,u)

As mentioned in subsection 3.1, in general, the factors of automorphy of projectively flat bundles on
complex tori are classified concretely. Furthermore, by using this classification result, holomorphic
vector bundles (Eq .0, V(rapuu)) are characterized as a class of projectively flat bundles in
section 3 of [11]. The purpose of this subsection is to recall this result.

We consider the case 72" = C"/L = C"/2n(Z" ® TZ"), and discuss the relations between
holomorphic vector bundles (Eq. ), V(r,auu)) and projectively flat bundles. Note that the
curvature form €2, 4,4 of a holomorphic vector bundle E, 4, is expressed locally as

i

D (T — Ty Adz - 1.

Qe apan) = 2!

Now, we define
s
Ri= — (T —T)'}'A,

21
namely,

1
Q(T,A#M) = PdZthé . L«/.

Then, the matrix R is a real symmetric matrix of order n (see Lemma 3.3 in [11]). By using this
real symmetric matrix R of order n, we define a Hermitian bilinear form R : C* x C* — C by

R(Z,U)) = Z Rijziu_)j,
ij=1
where z = (21, -+, 2,)" w = (wy, -+, wy)".
relations (2) and (3), we see

Here, we give a remark on the matrix %/A. By the

al
1 ay
-AAB = % ,
r 0
0
where A, B € GL(n;Z). Therefore, one has
1y orial
T_IAAB _ T Ty O
r 0 ’

13



and since A, B € GL(n;Z), we see that

el

e B e M(n;Z)

holds. Thus, each component of the matrix %/A is an integer. In this situation, we can prove that
the following propositions hold (see Proposition 3.4 and Proposition 3.5 in [11]).

Proposition 3.4. For vy, v, and vy, 7, ImR(v;, ) = 0, ImR(v},7;) = 0, where j,k =
1, n.

Proposition 3.5. For~yy, -+, v, and vy, , 7, ImR(vj, 1) = W(—%,akj), ImR (v, 7v;) = ﬂ%akj,
where 3,k =1,--- n.

Here, we consider a projectively flat bundle &g 4,0 of rank " whose factor of automorphy

j: LxC"— GL(r';C) and connection @(r, Apgt) = A+ @@ a0 are expressed locally as follows
(see also Theorem 3.3).

02 = Uexp { R(0) + 5, R0

- 1 _ i — i —
(JJ(T’A,'U‘,L{) = —detRZ . Ir/ + %ﬂt(T — T) 1d,2 . Ir/ — %/Lt(T — T) 1dz : [r/-

In particular, U(v;), U(y;,) € U(r') (j,k =1,--- ,n) satisty the following relations (see also Propo-
sition 3.4, Proposition 3.5).

U)U(w) = Uv)U (), Ui U () = U(i)U (), U () U () = U(v)U ()

Note that these relations are equivalent to the cocycle condition of E(,. 4,11 (see also the definition
(4) of U). Therefore, we can denote

U ={U(),U(L) € UG) | UM () = UGU (), UGNU(R) = UGRT()),
UM () =U)UM), J. k=1, ”}

In fact, the purpose of this subsection is to recall the result that E,. 4,0 = & a0 holds, and
this result is given in Theorem 3.6. Similarly as in the case of E(, 4,1, when we give r, A, ;1 and
U, the projectively flat bundle &£, 4,z is defined. Tt is clear that the curvature form Q. 4, of
Er,auu) is expressed locally as

- 1
Q(TyAvuvu) = dethZ : L./.

Hence, we fix r, A, u (note that 7’ is uniquely defined by using r and A) and by comparing
the definition of F(,. 4, with the definition of &£ 4 ), We see that the cardinality of the set

14



{(Etapuy, Virauun)} is equal to the cardinality of the set {(Eqaputn), Vinauw)}. Thus, we
expect that there exists an isomorphism W : E(. 4 1) = Er,a,uuy Which gives a correspondence
between {(Eq, a1 Virauw)} and {(Eq a0, ﬁ(r, Ap))}- Actually, it is known that the following
theorem holds, and this is the main theorem in this subsection (see Theorem 3.6 in [11] 2).

Theorem 3.6. One has Eq. a1 = Erauu), where an isomorphism U 2 B 4 ) — Erapu) i
expressed locally as

i 2P Az + i 2 Az — i 2 Az — th{(T —T) "+ Lzt{(T ~ Ty Yup - I
47y’ dgr! 271! 27r r "

U(z,2) = exp{

A= %{(T — T)y "W ANT - T) .

4 Exact triangles consisting of stable vector bundles on 77

In this section, since we treat the case of 2-dimensional tori only, we may assume ged(r,a) = 1
in the definition of F(,, 1), namely, we may assume that the rank of F(,, 1) and the degree of
E(r.auu) are relatively prime. Furthermore, throughout this section, we fix the set

—a

01 1
U, =V = , Uy = . e U(r)
1 0 ¢t

consisting of unitary matrices when we consider the cocycle conditions (see also the definition
(4) of U). In the above definition of U,, a € Z is actually the degree of a holomorphic vector
bundle FE( 1) which is defined by using the set .. In this section, we take a mirror pair
(T%,& = —gdx* Ady') , T* = C/2n(Z & TZ)) and consider the exact triangle

— Y
. E(r’aﬂu’ur) — C(w) E— E(s,b,u,us) e TE(T,G,/L,Z/{T) —_> .. (6)

in Tr(DGyp2) under the assumptions

b
dmEXt' (B2t Eapan) =1, — < -
ro s
Here, C(v)) and T denote the mapping cone of a non-trivial morphism ¢ € Ext* (Esbwits> Earapu,))
and the shift functor in Tr(DGj2), respectively. In particular, it is known that the DG-category
DG generates the bounded derived category of coherent sheaves D’(Coh(1?)) on T? i.e.,

Tr(DGyg) = DY(Coh(T?))

holds (cf. [16], [1]). Then, we can check that E(, .4,y and E(sp,,1,) are stable, and by using the as-
sumption dimExt' (E(s pu00): Egrapu,)) = 1, we see that C(1) is also stable. Hence, we can say that

2In [11], since the definition of holomorphic vector bundles Er a,uu) 1 restricted to the cases r = 7’ only,
actually, Theorem 3.6 in [11] is the special case of Theorem 3.6 in this paper. However, we are going to revise [11]
in the future, and then, we are also going to treat not only the cases r = r’ but also the cases r # r’.

15



the exact triangle (6) is the most fundamental example of non-trivial exact triangles consisting of
stable vector bundles in Tr(DG2) = D*(Coh(T?)). On the other hand, the isomorphism classes of
indecomposable holomorphic vector bundles over an elliptic curve are classified by Atiyah [3]. This
result of Atiyah implies that the set of isomorphism classes of indecomposable holomorphic vector
bundles are parametrized by n € T? = C/2n(Z®TZ). Now, we see that C(v) is a holomorphic vec-
tor bundle whose rank and degree are r + s and a + b, respectively, so we expect that there exists a
n € T? such that C'(¥) = E(rysarbmi,.) Dy Atiyah’s result. Actually, in section 4 in [10], the value
n such that C(¢) = Egysatbnu,.,) is determined in the case dimExtl(E(&b,y,us),E(r7a7u7u7,)) = 1.
The purpose of this section is to recall this result. In particular, the Lagrangian submanifolds
corresponding to C'(1)) intersect at one point, and they become a single Lagrangian submanifold
corresponding to E(,4satbnu,,,) Dy an isomorphism C (v) = Etisarbnit.,)- We expect that this
can be regarded as an analogue of the Dehn twist (see [24], [1]). We also remark that the cases
without the assumption dimExt'(E(s 5,.v), Ea10) = 1 are studied in [5].

First, we mention the stability of £ q,,). As discussed in section 2, in DG 2, the differential

HomTDGT2 (E(r,a,u,l/{r)a E(s,b,l/,l/{s)) — HOTHTDJFGITZ (E(r,a,u,lxlr)y E(s,b,u,l/ls))

is defined by
0,1 r 0.1
b 2900 W) — (—1p@veD ).

We denote by H"(E( a0y, E(sppu,)) the r-th cohomology with respect to this differential, and in
particular, H*(E(.quu,), E(spvu,)) 18 the space of holomorphic maps. Then, for two holomorphic
vector bundles whose ranks and degrees are same, i.e., (r,a) = (s,b), the following proposition
holds (see Proposition 3.1 in [10]).

Proposition 4.1. Let r be a natural number and a an integer. We assume r and a are rela-
twely prime. Then for p and v (p,v € R ® TR), dimH*(E(0 1), Etrapu,)) = 1 if and only if
p=v (mod 27(Z @ TZ)), and, AmH (E0 10, Egravu,)) = 0 otherwise. Furthermore, in the
case AiIMH (B0 1) E(rawu,)) = 1, a non-trivial element in H(Eq.qu10), Erapy,)) gives an
isomorphism Ev.q 1) = Eravit,)-

Moreover, as a corollary of this proposition, we obtain the following (see Corollary 3.2 in [10]).

Corollary 4.2. For E(,.q,u,), @ holomorphic map @ : E.q,u,) — Epapu,) 15 expressed locally
as ¢ = cl,, where c € C.

Hence E(q,u,) is indeed a simple vector bundle, so it is indecomposable. Furthermore, it is
known that an indecomposable vector bundle E on an elliptic curve is stable if and only if the
rank of £ and the degree of £ are relatively prime (see [22], p.178). Thus, E(, 4 ,,) is also stable.
Moreover, for E.q ) and Eqp0,) with (r,a) # (s,b), the following proposition is known (see
[22], p.179).

Proposition 4.3. For E(.q ) and Egpou,, if br —as > 0 then AimH(Eq o001, Es b)) =
br —as and AimH"(E( 0 p04), Espou)) = 0, if br —as < 0 then dimH*(Eq14,): Es b)) = 0
and AimH " (Er.q 00, Esppu,)) = as — br.

Now, we consider the exact triangle (6), i.e.,
P
R — E(r,a,,u,lxlr) — C(¢) — E(s,b,u,Z/{S) — TE(r,a,,u,Z/{r) —
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in Tr(DGy) = D(Coh(T?)), where

. a b
dlmEth(E(sbeus), E(r,a,,u,lz{r)) =1, ; < g

In particular,
dimEth(E(s,b,u,us); E(ﬁa”u?ur)) = dimHl(E(&b,,,,us), E(?“,awﬂr)) =br—as=1

holds by Proposition 4.3. Then, without loss of generality, we may discuss the case (r,a) = (1,0),
(s,b) = (1,1) only, because we can consider the SL(2;Z) action on (72", &). This fact is explained
in section 6 of [10]. Thus, we may consider the following exact triangle in 77 (DG ).

P
- —— Euopuy —— C(¥) —— Eapu) —— TErapu) — - - (7)

Here, we recall Atiyah’s result on the classification of the isomorphism classes of indecomposable
holomorphic vector bundles over an elliptic curve.

Theorem 4.4 (Atiyah, 1957, [3]). The set of isomorphism classes of indecomposable holomorphic
vector bundles over an elliptic curve can be identified with the elliptic curve when the rank and
degree of holmorphic vector bundles are relatively prime.

We explain how to apply this Theorem 4.4 to our discussions. Since E.q,0) = Eravu,)
holds if and only if u = v (mod 27(Z & TZ)) by Proposition 4.1, the set of isomorphism classes
of Eapuu,) is parametrized by p € C/2m(Z @ TZ). Now, C(¢) is a holomorphic vector bundle
whose rank and degree are 2 and 1, respectively. So if C(¢) is indecomposable, we expect that
there exists an 7 € R @ TR such that C(v) = E21,,u,) by Theorem 4.4. In fact, for Eo 1), it
is known that C'(v)) = E(21 1) holds if and only if n = p+ v + 7+ 7T (mod 2n(Z & TZ)) (see
Theorem 4.10 in [10]). This is the main theorem which we recall in this section.

We discuss the conditions when there exist non-trivial holomorphic maps ¢ : Eoinu) — C)
and ¢ : C(¢) = E@1,5u,)- We apply the covariant cohomological functor

F := Homry(pgo) (Eamue, ) = H (Beinu): +)
and the contravariant cohomological functor

G = Homr,(pGo)( +  Enaw) = H(+, Eague)
to the exact triangle (7), and obtain the following long exact sequences.

FY)

i — F(E(l,o,u,ul)) — F(C(Y)) —— F(E(l,l,y,ul)) — F(TE(LO,,LL,Z/{I)) —_—

G —1
oy,

- —— G(Baivu) — GCW)) —— G(Ewouwn)) G(TilE(l,l,y,ul)) —_— -

Then, it is known that the following lemmas hold (see Lemma 4.2, Lemma 4.3 in [10]).
Lemma 4.5. If F(v) =0 then dimF(C(v)) =1 and if F(¢) # 0 then F(C(v)) = 0.
Lemma 4.6. If G(T'¢) =0 then dimG(C(¢)) =1 and if G(T'¢) # 0 then G(C(¢)) = 0.
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In particular, although we can consider the Fukaya category Fuk(T? &) in the symplectic
geometry side, the conditions F(¢)) = 0, G(T~*) = 0 in the above lemmas are equivalent to
the condition that an A, product msy in Fuk(T? &) vanishes. The detail of these discussions is
described in section 5 of [10].

In general, C'(¢)) does not depend on the choice of a non-trivial morphism . We explain the
local expression of the morphism ¢ = w(xl, y1)dz; briefly. For w(azl, Y1), it can be Fourier-expanded
as

1
() g Yp(x)e,

HeZ

and we see that g (z1) satisfies

V(1 +27) = Y (1)

by the conditions of transition functions of K ,0,) and E(11,,0,). So we need to define Yy ().
Here, as such a function, we take a bump functlon V(1) Wthh has values at the neighborhoods
of x; coordinates of the intersection points of Lagrangian submanifolds and their copies in the
covering space R? of T? corresponding to E10 uu4), E1,1,0u) (see also Figure 1 in [10]).

In the above situations, the following theorems hold (see Theorem 4.4, Theorem 4.6 in [10]).

Theorem 4.7. For K1 ,u,), dimF(C(¢)) = 1 holds if and only if n = p+v+n+nT (mod 27 (Z®
T7Z)).

Theorem 4.8. For E1,u,), dimG(C(¢)) = 1 holds if and only if n = p+v+7n+7T (mod 27 (Z®
TZ)).

Furthermore, the local expressions of the non-trivial morphisms ¢ : Eoinu)y — CM), ¢ :
C(¢) = E@21nu) are also given in Corollary 4.5, Corollary 4.7 in section 4 of [10], respectively,
and by using these local expressions, we see that the relation

¢6 = crly (8)

holds, where ¢y € C is a constant number. In particular, this ¢y is expressed as a derivative of a
theta function and is then shown to be nonzero by the Jacobi’s differential formula (see Lemma 4.9
in [10]). On the other hand, when we consider the relation (8) from the viewpoint of the symplectic
geometry side, the relation (8) is identified with an A, triple product ms in the Fukaya category
Fuk(T? &) (cf. [9]). Thus, by summarizing the above discussions, we can state the following
theorem, and this is the main theorem in this section (see Theorem 4.10 in [10]).

Theorem 4.9. The mapping cone C () is isomorphic to Eg1 yu,) withn = p+v+n+nT (mod 27(Z®
TZ)).

5 Exact triangles consisting of projectively flat bundles on
T2n

In this section, we consider exact triangles consisting of three projectively flat bundles and their
shifts on an n-dimensional complex torus 72", as a generalization of the discussions in section
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4 to the higher dimensional case. More precisely, in this section, we consider an exact triangle
associated to the mapping cone C(t) of a non-trivial morphism ¢ € Ext'(E 5.y, Ea.auu)) °,
and study the case such that C'(¢) becomes a simple projectively flat bundle, namely, consider an
exact triangle

e E(I,A,,u,u) —_— E(t,C’,n,W) — E(S,B,V,V) — TE(I,A,;LJ/I) —_— (9)

in Tr(DGj2n), where t' =14 ¢, ’%C = A+ %B, A— 1B # O and T denotes the shift functor
in Tr(DGjp2n). Then, we prove that the exact triangle (9) is obtained as the pullback of an exact
triangle consisting of three projectively flat bundles and their shifts in Tr(DG2) = D*(Coh(T?))
by a suitable holomorphic projection 7 : 72" — T2 (Theorem 5.6).

Here, we explain some notations. For a projectively flat bundle K p,v) — T?" with v =
u + Ttv, similarly as in the case of Eq 4,2 — T with p = p + T'q, we set

/ !/

5 s
U = —u—0, v = —v+T,
@)= Su=o, or) = Lv s

where s’ € N, and 0 := (01, ,0,)", 7:= (71, -+, 7n)" € R™ are defined by using the determinants

of unitary matrices in the set V. Moreover, we set
1 1
a:=A—--B 7£ 07 /B = —U(O') _p(e)a
S S
and assume
aij 7# 0.
5.1 Preparations in matrix calculations

The purpose of this subsection is to prove Proposition 5.1 and Proposition 5.2 which play an
important role in the proof of Theorem 5.6 (this theorem is the main theorem in section 5) in
subsection 5.2.

Proposition 5.1. Assume ranka = 1. Then, there exist two matrices A, D € SL(n;Z) such that
D'(sa)A = —NE;;,
where N € N and E;; denotes the matriz unit.
Proof. We may assume that there exists a k € Z (0 < k < n — 1) such that
W F ik F L gy 0,0 04,5 # 0.
For the matrix sa, we apply elementary row operations. Set
my = ged((sa)i, 4, (sa)iz).

Then, there exist a;;, o ; € Z such that

!
)

/

(s@)ij = miayy, (sa)i; = miag, ;.

3In fact, we can also obtain the condition such that Extl(E(syB%V), Eq,auu)) # 0 by a direct calculation. See
also the relations (33) and (36).
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Clearly, of; and o ; are relatively prime, so there exist K, Ly € Z such that
—Oé;jKl — C(;lel =1.

/

By using these four integers o, o ., K; and L;, we define the following matrix.
y g g ijr Qipj g

D’i1 = [n —+ (—OK;J — 1)E¢1i1 -+ (Kl — 1)E“ + LlEili + CY;U-EZ‘Z‘I.
Note
detDil = _Oé;'jKl —a -L1 =1.

117

Then, the (i1, m) component of Dj (sa) (1 < m < n) is calculated as

2
S
— 0 (80)iym + g (8Q)im = —m—l(az‘j%‘lm — Qi)

=0,

where the second equality follows from the assumption ranka = 1. Similarly, by using the fact
aij # 0, the (i,m) component of D} (sar) (1 < m < n) is calculated as

Ll (Sa)ilm + Kl(SC()im = L1 . Sczzlj Aim + Kl (SOé)im
ij
Qim
= —(L1(s@)ij + Ki(sa)y)

where the first equality follows from the assumption ranka = 1, and we put

Oégl) = —aﬂml.
Qi
As a result, D! (sa) is expressed as
0 0 0
D} (sa) = : ;
1) e e

where (0,---,0,---,0) is the 4;-th row of D! (sa). Next, we set

ms = ged((sa)iy;, al))),
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and apply an elementary row operation to D} (sc) similarly as above. Hence, by applying elemen-
tary row operations to sa for k times, we see that sa is transformed as

(D, -+ Dj)(sa) = (Dyy -+ - Dy, )' (sa)

0 0 0
0 0 0
o e |
0 0 0
0 0 0
where o
ag;) = ——"my, my € N.
Oél'j
Here, we define
D = Dil . 'Dilw
and since detD,;, = - - = detD;, = 1, clearly detD =1 holds.

We assume that there exists al € Z (0 <1 <n — 1) such that

jl%jf"ajl#j? 7,]1#0 Ul?éo'

For the matrix D(s«), we apply elementary column operations. Set

k
= ged(ey, alf)).
Namely, there exist azg ) ol m ) € Z such that
agf”) = nlaggk) ; ag-? = nlagyf).

Clearly, aggk) and a;yf) are relatively prime, so there exist My, Ny € Z such that

—a My — N, = 1.

l] 1

(k) o,/ (k)

By using these four integers Qg5 Qg

M and Ny, we define the following matrix.

Ajy =T+ (= = V) + (My = 1)Ej; + NiEj + oV By,

1) 271

Note 0 ®
/ k 1(k
detAjl = zg M1 741 N =1.
Then, the (4, j1) component of D(sa).A;, is calculated as
(0089 4 00/ — WO 9%
/ () J1
— Qi + Qi Qg = — Qg ny + @ij n
=0,
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and the (4, 7) component of D'(sa).A;, is calculated as

Oé(k)Nl + Oél(jk)Ml = —N.

11

As a result, D(sar)A;, is expressed as

0 0
B O
Dt(SOé)Ajl: .. 0 . Ny ... ,
0 0
0 ... 0

where 0 which is written in the left side of —ny is the (4, j;) component. Next, we set

Ng = gcd(ozl(z), —ny),

and apply an elementary column operation to D(sa).A;, similarly as above. Hence, by applying
elementary column operations to D'(s«a) for [ times, we see that D'(s«) is transformed as follows.

Dt(sa)Ajl .- "Ajl = —nlEij = —NEij, N :=n; €N.

Here, we define

A=A - Ay,
and since detA;, = --- =detA;, =1, clearly det.A = 1 holds. O

Proposition 5.2. We assume ranka = 1, and take a pair (A, D) of two matrices A, D € SL(n;Z)
which satisfy the statement of Proposition 5.1. Then,

(AMD);y =0 (1<i' #i<n)

and
Im(A_lTD)ji 7£ 0

hold.

Proof. We denote the (i, j) component of A, the (7,7) component of A~! and the (4, j) component
of D by A;;, AY and D;;, respectively.
First, we prove the following equality.

AjkOéij - .AjjOél'k =0 (1 S k S n) (10)

It is clear that the equality (10) holds in the case k = j, so we consider the case k # j. In order
to prove the equality (10), we should consider the following cases.

(k=j—1 (k=j—2 ({)k=j+1 (W) k=j+2 W1<k<j—3 M) j+3<k<n.
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However, since we can prove other cases similarly, we prove the case of (i), i.e.,

Ajj_IOéij - AjjOéij_l =0 (11)
only, here. By a direct calculation, one has
.Aj o .Ajj_l .Ajj_H e .Ajn
A ... Alj—l Alj—f—l oo A
.Ajjiloéij = Oél'j(—l)?)jigdet Aj_21 P .Aj_gj_l Aj_2j+1 Ce .Aj_zn
Ajpin 0 Ajrjor Ajpga - Ajrn
Anl e Anjfl Anj+1 o e Ann
and
.Aj_n ... .Aj_lj_l Aj—1j+1 e Aj—ln
A ... Alj—l A1j+1 oo A
—.Ajjozz-j_l = aij_l(—1)3j_3det Aj_zl ... .Aj_zj_l Aj_2j+1 ce .Aj_gn
.Aj+11 S Aj+1j71 .Aj+1j+1 ce .Aj+1n
Anl “e e ‘ATLJ—I ‘ATL]+1 “e e Ann

Therefore, by recalling the definition of the determinant of a matrix, the left hand side of the
equality (11) turns out to be

(—1)3j_3 Z Sgn<0'>(05ij-'4jll + az’j—lAj—lll)Allg t ’Aj—2l]-_1~’4j+1l]-+1 A,y (12)
o=(l1, li—1.lj41, 4ln)

where the sum is computed over all permutations ¢ of the set {1,---,j — 1,7+ 1,--- n}, and
sgn(o) denotes the signature of o. On the other hand, by Proposition 5.1, we see (aA)y, = 0

(lh #J), Le.,
Z aimAmll =0 (ll 7£ ])7
m=1
and clearly, this equality is equivalent to the following equality.
aijAj, + a1 Ajmu, = — Z Qi Ay - (13)
m#j—1, j
Hence, by using the equality (13), the formula (12) turns out to be
(=1 > sen()aimAmn Au, - Aoy Ay, e A, (14)
m#j—1, 5 o

For the formula (14), we fix m # j—1, j, and consider the sum of ¢ only. Then, if 1 <m < j—2
we focus on the following two terms.

sgn(ly, - s lngrs - s limn ) Amy - Aty - Ajat - A (15)
SEO(lpgrs - Sl Sl L) Aty - Aty Aoy A, (16)
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Here, we can check easily that

Sgn(lm+1,--- 7l17"' 7lj7].a"' ,ln):—sgn(11,~-- ’lerl’... 7lj717"' 7ln)

holds, so the two terms (15) and (16) are canceled. Similarly, if j + 1 < m < n, the following two
terms are canceled.

Sgn(lla e 7lj+17 e Jlmv T 7ln)Aml1 o 'Aj+llj+1 o 'Amlm © 'Anln7
Sgn<lm7“' 7lj+17 e >l17' o 7ln)-/4mlm o 'Aj+llj+1 : "Amll t 'Anln-

These facts indicate that the formula (14) vanishes. Thus, the equality (11) holds.
Now we calculate the the (j,4') component (A™'TD);» of A™'TD, where 1 < #i<n. By a
direct calculation, we see

(AT'TD);; Z (Z A tkl) Dy

=1 =
= Z (Z ./4] tkl) Dlz + ZA”t]lDlz + ZA]ktkz i1/ (17>
1#1 k#£j I#i

Since we may assume AT = (AT)', BT = (BT), i.e., T = (aT)", where a;; # 0, the formula
(17) turns out to be

Z (Z A tkl) Dy + Z A% (—— Z gl + — Z Oézﬂm) Dy + ZAJ i Dy

I#i \k#j 14 %ij k#j Yij
1 . .
=— Z Z (Ajkoh'j — AV ayy,) Dyt + Z < ZA“Dlz'Oélk + A Dy ) ki (18)
i i =1 \ Y 15

By Proposition 5.1, for ¢ # i,
(D' )y, = Zpli'alk =0

=1

holds, so the formula (18) is calculated as

i Z Z (A]k Ajjalk) Dll’tkl + Z <__AJ]DM’OC7,]€ + A Dzz > tkz

i 2 v i
= L Z Z (Ajkaij — Ajjaik> Dyt + L Z (Ajkaij - Ajjaik?) Diirti- (19)
Y5 5 Y

Therefore, by using the equality (10), one sees that the formula (19) vanishes. Thus,
(ATMTD);y =0 (1<d #i<n)

holds.
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Finally, we prove Im(A~'TD);; # 0. We assume Im(A~'TD);; = 0. We proved (A~'TD);is =0
(1 < i’ #1i < n) above, and this fact indicates Im(A~'TD);» = 0. Hence,

det(Im(A'TD)) = det(ImT) = 0
holds. However, this fact contradicts the positive definiteness of Im7". Thus,

Im(.AflTD)ji % 0.

5.2 Main result

In this subsection, as stated above, we consider the exact triangle (9), i.e.,
- Baapuy — Ewoaw) — Epey) — TEqapuy — =,

where ¢/ =1+ ¢, %C’ = A+ %B and T denotes the shift functor in Tr(DGj2.). In order to
study the above exact triangle, we use the following theorem (see Theorem 4.1 in [11]) which
plays an important role in our discussions. In particular, although we can check easily that
codim(L(1,0p(0)) N L(11,u(e)) = 1 holds in Theorem 4.9, this is actually the special case of the
following theorem.

Theorem 5.3. We take two projectively flat bundles E(, a 1), Es.pvy) (0 =p+T'q, v =u+T"v)
on T*", and consider the following exact triangle associated to the mapping cone of 1 : E(s v —
TE(T7A7M7U) m TT(DGT%),

’ ; E(T‘,A,M,Z/[) } C(w) 7 E(S,B,V,V) v ? TE(T,A,/L,Z,{) 7o, (2())

where T is the shift functor and C(1)) denotes the mapping cone of . Furthermore, we assume
that there exists a projectively flat bundle Ey cpnwy such that C(1) = Ey ¢y, namely, the ezact
triangle (20) becomes an exact triangle consisting of three projectively flat bundles and their shifts.
Then, COdim(L(TyAm(g)) N L(s,B,u(o))) < 1 holds.

Note that the exact triangle (9) satisfies the assumption in Theorem 5.3, and in particular, this
Theorem 5.3 states that codim (L ape)) N Ls,Bu(e))) = 1, i-e., ranka = rank(o, f) = 1 holds in
the case a # O (see the case 2 in the proof of Theorem 5.3). Thus, we may assume

ranka = rank(a, §) = 1.

In order to state the main theorem, first, we transform the exact triangle (9) to an exact
triangle which is easy to treat, by using Proposition 5.1 and Proposition 5.2, and so on. This
process consists of the following two steps.

Step 1.

In Step 1, we construct a biholomorphic map ¢ : TOQ” 5 T2 for an n-dimensional complex torus
72", and by using this ¢, we transform the exact triangle (9) which is defined on 7" to an exact
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triangle which is defined on TOQ”. In this transformation, we also consider the homological mirror
symmetry setting on a mirror pair ((72",d,), T¢"), where (T2",W,) is a mirror dual complexified
symplectic torus of T3".

In general, for two complex tori C"/2n(Z" & TZ"), C"/2n(Z" & T'Z"), C"/2m(Z" & TZ") and
C"/2n(Z" & T'Z"™) are biholomorphic if and only if 7" = (T'¢ + <) (T2 + B), where &, B, ¢,
2 € M(n;Z) and

¢ 9

Now, we assume ranka = 1, so by Proposition 5.1, we can take a pair (A4, D) of two matrices A,
D € SL(n;Z) such that

( s P > € GL(2n;Z).

Dt(SOZ)A = _NEZJ7
where N € N. We fix such a pair (A, D), and set

(4)-(88) commmcouna

namely,
!/ !/ . —1
In particular, by Proposition 5.2, we see that

;L ./ .
thy =0 (1< #i<n)

and
hold. We denote this n-dimensional complex torus C"/27(Z" @ T'Z") = C"/2m(Z" © A~'TDZL")
by 72". Let us denote the local complex coordinates of 73" by Z = X + T'Y = X + A™'TDY,

where
7= (Zy,- - ,Zn)t, X = (Xy, - ,Xn)t, Y = (Y, - ,Yn)t.

Then, a biholomorphic map ¢ : 72" = T?" is given by
w(Z)=AZ.

When we regard complex manifolds 72" and T3 as real differentiable manifolds R?" /277", the
biholomorphic map ¢ is regarded as the diffeomorphism ¢ : R?"/27Z*" = R?" /277" such that

X\ (A O\[X
A(7)-(52)(5)

We consider the complexified symplectic torus (7T°",dy := (=T""1)! = Al0(D71)!) as a mirror
partner of the complex torus 72". We denote the local coordinates of (7%",;) by (X!, --- X" Y1,
<, Y™ and define
X=X X" Y = (Y YY)

~

Here, we define a diffeomorphism ¢ : (T%",Jy) — (T%", &) by

o(7)=(5 o )(3):



By a direct calculation, we see

¢*(ditody) = dX'GedY,
where dX = (dX',--- ,dX™), dY := (dY"',--- ,dY™)!, so this diffeomorphism ¢ is a symplecto-
morphism.

Now, we explain the homological mirror symmetry setting on ((7%", ), 72"). By using the
biholomorphic map ¢ : 7" = T?* and complex vector bundles E(, 4,z — T%", we can consider
the pullback bundles *E(. 4 0) — TOQ" of rank 7'. Then, the connection ©*V(, 4,4 on each
©* B, auu) is expressed locally as

OV gzt = d — o (lXtAtAtD + luti?) dY - I,
2w \r T

where dY := (dYi,---,dY,)". In particular, by Proposition 2.1 and the biholomorphicity of the
map ¢ : 72" = T we see that a complex vector bundle ¢* E,. 4 200 — 12" is holomorphic if and
only if AT = (AT)" holds. These holomorphic vector bundles (¢*E(r a4 1), ¢*V (ra,u0)) again form
a DG-category DGygn. Furthermore, DGyen is equivalent to DGyan as DG-categories. Hereafter,
since we can also regard ©*E. 4 ,0) — T 02” as Eq.ptaaptuuy — T 02” by using a suitable set U’
(the definition of U’ depends on the data (U,.A,D)), we denote 0*E, a1y by Eptasptuu).-
Similarly, by the symplectomorphism ¢ : (7?7 ) — (7", @), we see that n-dimensional sub-
manifolds L. 4 () in (T°",©) and unitary local systems L. 4 p0).q¢)) — Lrap(0)) are mapped to
n-dimensional submanifolds

X | .1
¢ (Lrape)) = {( v ) € (T, ) | Y = ;DtAAX + ;Dtp(@}

and unitary local systems ¢*Lqap0).q¢) — ¢ (L(rap@)), respectively. In particular, a pair
(O (Lirap0)), 9" Lirapo).qie)) 1s an object of the Fukaya category Fuk(T?",w) if and only if
AT = (AT)" (and this is also the condition such that a pair (L. ap)), L, a.p(0),4())) is an object of
the Fukaya category Fuk(T?",®)). Hereafter, since we can also regard ¢~ (L, ap(0))) C (T*", o)
and "L ap@)ae) = ¢ (Linap©)) 8 Lepraappe) C (T77,@o) and L,peaapipe)aae) —
Ly Dt aapip(e)), Tespectively, we denote ¢*1(L(T7A7p(9))) and ¢* Ly, 4p0),q¢)) DY Lr.praapipe) and
L (rpt A4, Dtp(6),Atq(¢)), Tespectively. Hence, we obtain the following proposition.

Proposition 5.4. For a given quadruple (r, A, u,U), the complex vector bundle Eq ptaaptpuy —
T2 is holomorphic if and only if the pair (Lr Dt AADp(0)) s LDt AADE(0), Atg())) 1S an 0bject of the
Fukaya category Fuk(T?",dy).

Thus, when we set

N
A :=D'AA, B :=D'BA, C':=D'CA, o :=D'adA=—-—FE;,
S

W :=D'u, v =D, n =D,
p(8) :=D'p(8), q(&) = A'q(§), u(o)" :=D'u(0), v(r)" := A'v(7),
we may consider the exact triangle

- — Baoapuy — Ewcowwy — Esppy)y — TEqawuy — -+ (21)
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in Tr(DGyen), instead of the exact triangle (9) in T (DG 2. ). In the exact triangle (21), note that
the definitions U', V', and W depend on the data (U, A, D), (V, A, D), and (W, A, D), respectively.

Step 2.

In Step 2, we consider the SL(2n;Z) action on (T%", ) as follows. We take the matrix

I, O .
(A’ I ) € SL(2n;7),

and define the SL(2n;Z) action on (T%",w,) by

(5)emam (5 0) (§) e

By using this matrix, we define an automorphism ¢ : (72", o) = (T",) by

() 2)(F)

Since WpA' = (WpA’)!, we can check easily that the automorphism & preserves the complexified

symplectic form iy, i.e., ¢*wg = WJy. Therefore, the automorphism ¢ is a symplectic automorphism.

By using this symplectic automorphism ¢ : (12", o) = (72", ), we can map the objects

L4 p0y.a©)) = (La,apey): Lo, p0y.a©)))s LisBuloywir)y) = (LB u@)) LB uo) wr)))

of the Fukaya category Fuk(T?",w,) to the objects

L1057 a(e)) = (Lu,o,p(e)') = 0" (La.ason): La.opey.ae) = ¢*5<1,A',p<e>aq<5>/>> )

o _J-1
L. NEyj (o) w(r)) = (L(s NEyu(@)) = P (L(s,B'u(0))), L(s,NEij u(o) = "L (o5 U)’,U(T)’)) :

respectively (note o/ = A’ — 1B = —XE; ie, 1B = A + LE;). Hence, in Tr(Fuk(T*",d)),
the exact triangle associated to the mapping cone of a non-trivial morphism £ g/ u(o)y v(r)y) —
T L4 oy q(ey) (T denotes the shift functor in T'r(Fuk(T*",W))) is mapped to the exact triangle
assomated to the mapping cone of a non-trivial morphism Z(, x Eij (o) v(r)) = TZ1.0p0) 1y by
this SL(2n; Z) action. Note that the complex structure of the mirror dual complex torus 73 2” is also
preserved when we consider the SL(2n;Z) action on (T%",Wy). Thus, by using the homological
mirror symmetry Tr(Fuk(T?", W) = Tr(DGgzn) (ct. [7], [1] etc.), the exact triangle (21) is
mapped to the exact triangle

) E(1707M/7ul) E(t s't NE;jn' W) E(87NE’U7V/7VI) TE(LO”u/,Z,{/) U

st

in Tr(DGgzn). Here, note tt—,(z—;fN ) = S;/N € Z. Furthermore, for two holomorphic vector bundles
E(r,A,u,u)7 E(r,A,u’,u’) — Tozn, it is known that

Ewapu) = Eiaww)
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if and only if
T r
p—p =500+ T — ) (mod Zon(Z" @ T’tzn))

holds (see [13]). Here, note that &, 8 € R™ and &', ¢ € R"™ are vectors associated to U and U’,
respectively, in the sense of definition (5). By this result, there exist

p'= ) = o) T )
l/” = (l/i/’ ‘e y”)t’ 7’]” — (TIII,) e 777Z)t e R"™ sy T’tRn

r'n

such that

1%

Eaowuy = Eqow ), BN vy = EsNegvun B stnp,pwy = B dtne, )

and the definition of U, (r' € N) in these relations is given as follows. When we define a holo-
morphic vector bundle E.qg,, 40 by using a given data (r, af;, p) € N x M(n;Z) x (R" & T"R")

with the condition %/a € Z (note that we do not assume the condition ¢ = %, ged(r’,a’) = 1 here
), we can consider the following set as an example of U.

{Vi=V, Vi= 1, Ui = U5 Up=1, € UW) | 144, k# i} (22)
Here,
01 1
C/ / / 2mi
V= |v= U, ¢ =e%
1 0 (g/)r’fl

We denote by U, the set (22).
As a result, we may consider the exact triangle

- Baoww) — E — Eneyeruy) — TEoow ) — -

(23)

tEENE " Uy )

vl R

in Tr(DGyzn), instead of the exact triangle (21) in Tr(DGan).

Here, we give two remarks on the exact triangle (23).

First, we comment on the simplicity of a holomorphic vector bundle E. ., uu.,) — T()Q”. In
general, calculations on the simplicity of a given holomorphic vector bundle are not easy. However,
in the case of E(.qp,; uu.,), We can calculate morphisms in End(E( 4z, uu,,)) directly. We also note
that calculations in the proof of the following proposition are analogies of techniques which are
used in the proofs of Proposition 4.1 and Corollary 4.2.

Proposition 5.5. The holomorphic vector bundle E. 4, yu ) 15 simple if and only if gcd (7“’, %/a) =
1 holds.

“In this sense, the notation E.,p,, v,y does not seem precise (see also the relations (2) and (3)). However, we
will explain the detail of this problem in p.32, and then, we will also prove the validity of the notation E(, o, .0,
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Proof. We can compute locally a morphism ¢ = (¢k) € End(E(T,aEij,#,ur,)) as follows. First, for
each k = 1,--- n, by considering the transition functions of K qg;; 4 ) in the Yy direction, we
see that the morphism ¢ must satisfy

Uk'SO(le"' 7Xn7Y17"' ,Yn):@(le"' 7XmY17... 7Yk+277';"' 7Yn)'Uk‘

Therefore, each (K, L) component ¢k, of ¢ can be Fourier-expanded as

kr(X,Y) = L (X)elUken Tt AR e T )Y 24
¥ PKL,IL, I,

T I €2
Next, we consider the Cauchy-Riemann equation
A(p) = 0. (25)
By substituting the local expression (24) into the differential equation (25), we obtain the local
expression

_ i(IL e T =R YTl X
(PKL,I}“,M,I}"(L(X)*)‘KL,I}(L,M,[};Le(KL KLt fet) 5

where
AKL,I}“,--- ., € C

is an arbitrary constant. Finally, for each [ = 1,--- ,n, by considering the transition functions of
E(raB,; uu.) 0 the X; direction, we see that the morphism ¢ must satisfy

Vioo(Xy, o X, Vi, V) = o(Xy, -, X 421, X, Va0, Y) - Vi (26)

We consider the relation (26) in the case [ = j. Then, the relation (26) turns out to be
orn(Xe, - X+ 21, X, Y1, -, V) = oy (X, X, Ya, o0, Vo), (27)

and this implies

oL (X1, X 42 X Ve, V) = on (X, X, Ve, oo, V). (28)
On the other hand, the relation (26) in the case [ # j turns out to be

orn( Xt Xp+2m, X, Yi, oY) = orn(X, o X, Ve, o, Y. (29)
Therefore, by the relations (28), (29), we need to consider the condition

L—-K

VA
a,..-,]?(L)T"1€Z><---><Fx---xZCR”. (30)

(Ill(Lv T 71}‘(L +
However, since detIm7”’~! # 0 and the relation (27) need to hold, we may actually consider the

condition
L—1

([11L7"' aIiL—{_ Q.- 7I?L) =0 (31>
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for each L = 1,--- 7/, instead of the condition (30). Then, it is clear that I¥, = 0 holds for each
k # i, so we focus on the i-th component of the condition (31), i.e.,

L—-1

I, + a=0,

and this condition is equivalent to

/

r'I, 4+ (L—1)—a=0. (32)
T

Clearly, in the case L = 1, the condition (32) turns out to be I{; = 0. Hence, we need to set
Ay, = 0 for each (It,---,I%) #(0,--- ,0) € Z", and as a result, one sees

Y11 = Ai1,0,.0 = Aip € C.
Furthermore, by using the relation (27), we also have the local expressions

P22 = P33 = "+ = Qprpr = )\11.

We consider the case L # 1, i.e., L = 2,--- 7. Then, for each L = 2,--- 7/, if there exists an
I};, € Z such that the condition (32) holds, we need to set Ay s .. =0 for each (Ii;, -, If}) #

0,---,—1q, ... 0) € Z", and as a result, one sees

T

pYiL = )\1L,0 v _L=1, o=z €C.
K K r K b
Of course, the local expressions

Po(Lt1) = P3(L+2) = = Pr(L-1) = ALL

also follow from the relation (27). Similarly, for each L = 2, --- |7/, if there does not exist an I}, € Z
such that the condition (32) holds, we need to set Ay g1 .. = 0 for any (I, -, If;) € 2",
namely, one sees

w1 = 0.

Also in this case, we obtain the local expressions

Pa(L+1) = P3(Lt2) = = Pp(L—1) =0
by using the relation (27).
Thus, when we set

m = jj{2 < L < 7' | There exists an I}, € Z such that the condition (32) holds.},

we can conclude
End(E(r,aEij,u,MT/)) = Cl—i—m’

where X denotes the cardinality of a given set X.
We assume that E..g,;; 0, 18 simple, namely, m = 0. Then, we see

,r./ T/ T/
—ag&r'l, 2—a g r'Z,--- ,(r' = 1)—a &r'Z,
r r r
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and this fact implies

/
ged <7“’, T—a) =1.
r

Conversely, we assume ged (r’ , ’%a) = 1. Then, by the condition (32), we see
L—-1e7Z.

However, this relation contradicts the assumption 2 < L < /. This fact indicates m = 0, so we
can conclude

End(E(r,aEij,,u,UT/)) = C.
[

Here, for B nE,; 07 u,), We consider the relation between the value s € N and the value N € N
by using Proposition 5.5 and so on. When we denote E(, By U, SInce the rank of E, n Eij " Uy
is &', under the assumption

!

N N
—=—, 8 N €N, gcd(s",N') =1,
5 s

the relation

S// — Sl

should hold. Actually, we can prove that it is true as follows. First, we see %N = Ss—,l,N "e N, so
by the assumption ged(s”, N') = 1, there exists a k € N such that

s =ks".

Then, £N = B2 N’ = kN'. Thus, by Proposition 5.5, we have
/
gcd (s', S—N) = gcd(ks”" kN'") =k =1,
S

and this fact indicates s” = s’. Of course, the case of F ) is also the same as the case

(tLSENEjj 0" Uy
of E(&NEij,V”J/{S/)'

Second, we give a remark on the constants ", v”, n” € R* @ T"R". Hereafter, u”"* denotes the
constant vector obtained by eliminating the i-th component from p”. We also use the notations
V"Vt 1Vt in this sense. Furthermore, we denote by T]’Z the matrix obtained by eliminating the j-th

row and the i-th column from 7. By a direct calculation, we can check that

EXt1<E(s,NEij7V”,Z/{S/), Ea.opu)) = Hl(E(S,NEi]‘,I/",US/)7 Ea.owu)) #0

if and only if
i 1 i n— 2 n—
ut = gz/’v (mod 27 (Z"* @ TJ/fZ ) (33)

holds. Therefore, since we consider the case Extl(E(s’ NEy v U) Baopw)) # 0 only in this
paper, hereafter, we may assume that the relation (33) holds. Similarly, we also consider the
relation between %1/” and %7}” . In order to consider it, we apply the contravariant cohomological

functor
F = HomTr(DGTgn)( S B NE v u))
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to the exact triangle (23).
- — F(TE(LO,;L”,ZA)) —_— F<E(S’NEij7V”au5’))

—— F(E ——  F(Baouwmu) (34)

(t,%NEij,n”,ut/))
e
In (34), clearly, F(TE(l,O,u”,L{l)) = H_I(E(l,O,,u”,Z/{l)aE(S,NEij,l/”,Z/{s/)) = 0 holds. Furthermore, by

the SlmphClty of E(SvNEij:V”’us’)’ we see F(E(S,NE”',I/”,Z/{S/)) = HO(E(S,NEZ']',V”,Z/{SI)7E(S,NEij,I/”,uS/)> =
End(E nE,; v u,)) = C. These facts imply

0
F(E(m%NEi]’vn”v t’)> - H (E(L%NE“-J]”’Z/IH)’ E(S7NEij’V”7uS/)) # 07 (35>
and by a direct calculation, we can check that the condition (35) if and only if

NG
-V ¢ =

- 7™ (mod 2m(Z" ' @ THZ" ™)) (36)

S

holds.

Considering the above discussions, we now present the following theorem which is the main
theorem in this section. Although the undefined notations fi and U], are used in the statement of
the following theorem, the definitions of them are given in the proof of it.

Theorem 5.6. There exists a suitable one-dimensional complex torus T§ and a suitable holomor-
phic projection m : TZ" — T2 such that the ezact triangle (23) is equivalent to the following exact
triangle in Tr(DGgzn).

’ } 7T*E(LOMCLI{) ® E1,0,4u) — W*E(t,s’th</7ut/,) ® Eq,0,u)

st/ ’

— T BNy, ® Eaopw) — T TEwoumw) @ Eaouum)
—

Proof. Since the relations

r ./ . /

thw=0(1<d#i<n), Imt;, #0
hold by Proposition 5.2, we can define the holomorphic projection 7 : 73" — T3 := C/ 2n(Z®t,Z)
by
In particular, by the non—triviality of Eth (E(57NE1‘]‘,V”,U5/)7 E(1707p//7u1)) = Hl (E(S7NE7:‘]'7VN7M5/)7 E(LO,/A”,L&)),
we can actually check that Imt;-i > 0 holds. Now, E( LN ) and FE( Ng,; 07 u,) are simple by
the assumption, and the simplicity of these holomorphic vector bundles indicates

t/ /t /
ged (t', n (%N)) = gcd (s’, S;N) =1 (37)

by Proposition 5.5. Considering the above discussions, we focus on the exact triangle
- — Baowrupy — E — BN,y — TEoouruy) —

(38)

!
LN U)

st/

33



in Tr(DGr) = D*(Coh(T2)). Here, for a holomorphic vector bundle E,., ,.z0) — T2, we took
U, = {vj —V, U=U ¢ U('r’)}

as U. In the exact triangle (38), it is clear that E( 71 is simple, and since the relation (37)
holds, E(t’ SN ) and E(S,N,V{’,Zx{é,) are also simple (cf. Corollary 4.2). In general, for a given

vector bundle E — TO%, we can consider the pullback bundle 7*E — T2" by the holomorphic
projection 7 : Tg" — 1. Therefore, the following exact triangle in Tr(DGy2n) is induced from
the exact triangle (38).

* * * *
o T Eqouuy — T E sy ey — T Eenapu) —— T TE@ouuy ——

st/

In particular, 7 E10,2 1), 7T*E(
E

* .
LN ) and 7 E,, N, are also simple because Eaq o up)

Vst
(1,2 Nl U and E, Nuu,) are simple.

On the other hand, it is known that for two simple projectively flat bundles FE, E’ over a
complex torus C"/I" (I' C C" is a lattice) which satisfy (rankFE,c;(F)) = (rankE’, ¢;(E")), there

exists a line bundle L € Pic’(C"/T') such that
E'~E®L.

This fact is described in Theorem 6.1 of [19] (see also Proposition 6.17 (1) in [20]). Now, since the
relations (33) and (36) hold, we can actually check that

*
Ewowu) = 7 Eqouwu) @ Eq,0mu)
*
B NE 0u) =T B o) @ Eaopu),
~ * -
E(t,%NEi]‘,’r]”,ut/) =7 E(t,ﬁN,ng’,Z/lé,) ® E(lvovuvul)

st/

hold by considering the holomorphic line bundle

Eqonu) € Pic®(T5),

where

/1 = (p/1/7 e 7p;L17 Oup;'/+17 e 7px)t + T/t<q/1/7 T 7q;‘I717 07 Q;/+17 e 7qx)t'
This completes the proof. O
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