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Preface

The notion of commutative rings is important in singularity theory, and it is deeply re-
lated to various algebraic areas, say, algebraic geometry, representation theory, invariant
theory, and combinatorics. At the end of the 19th century, commutative ring theory was
originally established by D. Hilbert throughout the study of invariant algebras. After the
breakthrough of his work, E. Noether played a central role in the development of commu-
tative algebra. In the middle of the 20th century, the notion of the homological method
was innovated into commutative ring theory by many researchers, say, M. Auslander, D.
A. Buchsbaum, D. Rees, D. G. Northcott, J. -P. Serre and others. Since then, and up
to the present day, the study of Cohen-Macaulay rings and modules has been becoming
central subject of commutative ring theory.

The purpose of this dissertation is to stratify Cohen-Macaulay rings. As is well-known,
Cohen-Macaulay rings are stratified

regular ring = complete intersection = Gorenstein ring = Cohen-Macaulay ring

in terms of homological algebra. Among them, the notion of Gorenstein rings is defined
by the local finiteness of the self-injective dimension. Gorenstein rings are known to
have interesting properties such as total reflexivity and vanishing of cohomology. They
appear with beautiful symmetry in not only commutative algebra but also combinatorics,
algebraic geometry, invariant theory and so on. However, on the other hand, there is
a huge gap in whether the self-injective dimension is finite or not, and many Cohen-
Macaulay rings appearing in concrete examples are actually not Gorenstein rings. For
instance, although any normal semigroup rings are Cohen-Macaulay, a normal semigroup
ring is Gorenstein if and only if its interior coincides with itself after some shift (see [11,
Theorem 6.3.5]). Furthermore, if R is a Cohen-Macaulay local ring and M is a maximal
Cohen-Macaulay R-module, the idealization R x M is always Cohen-Macaulay local ring
again. However, R x M is Gorenstein if and only if M is isomorphic to the canonical
module of R (see, [35, 69]). Therefore, our problem is now stated as follows.

Problem. Give a new theory of rings between Gorenstein and Cohen-Macaulay.

One of the important results of the problem is about almost Gorenstein rings. The
basic papers [7, 36, 46] revealed the properties of the non-Gorenstein almost Gorenstein
rings such as G-Regularity and the Gorensteinness of the Blow-up algebra. On the other
hand, one also comes to feel cramped for almost Gorenstein rings. For instance, the almost
Gorenstein property is not preserved by flat base changes, that is, R — R[X]/(X™) is no
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longer almost Gorenstein if R is an almost Gorenstein local ring and n > 1. Besides the
almost Gorenstein theory, the study of non-Gorenstein Cohen-Macaulay rings has been
carried out under intense competition. One can also find other stratifications of Cohen-
Macaulay rings in [15, 55]. These theories have not been unified yet. The problem here
is not only inconvenience but also some questions cannot be answered in the individual
frameworks.

In this dissertation, we try to solve these problems by unifying these theories based
on the almost Gorenstein theory. That is, we defined the notion of generalized Gorenstein
rings as a generalization of almost Gorenstein rings, and solved the crippled problems of
the almost Gorenstein theory (Theorems 1.2.3 and 1.1.6). Furthermore, we established
theorems, which cannot be stated in the almost Gorenstein theory (Theorems 1.2.5, 2.1.2,
and 3.5.5). We also clarified the relation between almost Gorensteinness and nearly
Gorensteinness in the sense of [55] (see, Corollary 1.8.12).

The main themes of this dissertation are classified into the following three directions.

A. Formation of the theory of generalized Gorenstein rings
B. Ubiquity of Ulrich ideals and trace ideals
C. Auslander-Reiten conjecture

Direction A is written in Chapters 1 and 2. We further develop the almost Gorenstein
ring theory and give a new structure of rings, that is, generalized Gorenstein rings. Chap-
ter 1 and 2 are reproductions of the work [34] and [31], respectively. The final version of
the papers [34] and [31] will be submitted elsewhere for publication.

Direction B is written in Chapters 3 and 4. Ulrich ideals are a special class of trace
ideals. One can consult [67, 43] for basic properties of trace ideals and Ulrich ideals,
respectively. In these chapters, we study the ubiquity of Ulrich ideals and describe the
structure of rings from the ubiquity of trace ideals (Theorems 3.1.4 and 4.1.3). Chapter
3 and 4 are reproductions of the contents of [29] and [30], respectively. These papers [29]
and [30] were already published on the journals.

Direction C is written in Chapter 5. Based on the results of Directions A and B,
we embark on the Auslander-Reiten conjecture, which is a long-standing problem in the
representation theory. As a result, we obtain a new result on determinantal rings although
it is not a complete answer (Theorem 5.2.9). Chapter 5 is a reproduction of the work
[62]. The final version will be submitted elsewhere for publication. All co-authors have
already given reproduction permission.

February, 2020

Shinya Kumashiro



Chapter 1

On generalized GGorenstein rings

1.1 Introduction

Almost Gorenstein rings are one of the most interesting objects in the study of non-
Gorenstein Cohen-Macaulay rings. The notion of almost Gorenstein rings was originated
from V. Barucci and R. Froberg [7] for one-dimensional analytically unramified local rings.
After that, S. Goto, N. Matsuoka, and T. T. Phuong [36] developed the theory of almost
Gorenstein ring of dimension one. Nowadays the notion of almost Gorenstein rings is
defined in arbitrary Cohen-Macaulay local/graded rings by S. Goto, R. Takahashi, and
N. Taniguchi [46], through the notion of Ulrich R-modules. Let us recall their definition
of almost Gorenstein local rings.

Definition 1.1.1. Let (R, m) be a Cohen-Macaulay local ring of dimension d, possessing
the canonical module Kg. Then we say that R is an almost Gorenstein local ring, if there
exists an exact sequence

0—-R—->Kr—>C—=0

of R-modules such that either C'= (0) or C'is an Ulrich R-module with respect to m.

Here, for a finitely generated R-module C' and an m-primary ideal a, C is called an
Ulrich R-module with respect to a if the following three conditions are satisfied.

(1) C is a Cohen-Macaulay R-module (i.e. depthyp C' = dimpg C),
(2) eY(C) = lr(C/aC), and

(3) C/aC is an R/a-free module,

where (g(*) stands for the length and

(R(C/a™t1C)

-1

e)(C) = lim (d — 1)

a n—0o0 nd

denotes the multiplicity of C' with respect to a.
Almost Gorenstein rings admit many interesting properties. For instance, let R be
a non-Gorenstein almost Gorenstein local ring. Then, for a finitely generated R-module
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M, Ext'» (M, R) = 0 for all i > 0 implies that M is free. In particular, R is G-regular in
the sense of [74], that is, every totally reflexive module is free. In addition, all the known
Cohen-Macaulay local rings of finite representation type are almost Gorenstein local rings.
It is also studied that problems of when Rees algebras of ideals/modules, determinantal
rings, numerical semigroup rings are almost Gorenstein rings. The research on almost
Gorenstein rings is still in progress. On the other hand, one also comes to feel cramped
for almost Gorenstein local rings. For instance, let R be an almost Gorenstein local ring
but not a Gorenstein ring. Then, for any positive integer n > 1, R[z]/(z") is no longer an
almost Gorenstein local ring, where R[z| is a polynomial ring over R. Therefore it seems
to be natural to ask what rings contain almost Gorenstein local rings naturally.

The purpose of this chapter is to introduce the notion of generalized Gorenstein rings.
almost Gorenstein local rings are generalized Gorenstein rings and we regard theory of
almost Gorenstein local rings as a part of theory of generalized Gorenstein rings. Through
the notion of generalized Gorenstein rings, we not only solve some problems on almost
Gorenstein local rings, but also find many propositions which cannot be obtained without
the notion of generalized Gorenstein rings. Let us fix our notation to state the definition
of generalized Gorenstein rings and our main results precisely. Throughout this section,
let (R,m) be a Cohen-Macaulay local ring possessing the canonical module Kg. Then
generalized Gorenstein local rings are defined as follows.

Definition 1.1.2. We say that R is a generalized Gorenstein local ring, if there exist an
m-primary ideal a and an exact sequence

0—>R—>Kr—>C—=0
of R-modules such that
(i) C'is an Ulrich R-module with respect to a and
(ii) Kg/aKpg is R/a-free.

If R is a Gorenstein ring, then R is a generalized Gorenstein local ring by taking a
parameter ideal a = (a1, aq, ...,aq) a and a natural exact sequence

0—+RR— R/(a;) — 0.

We say that R is a generalized Gorenstein ring with respect to a, if R is a non-Gorenstein
generalized Gorenstein local ring possessing an m-primary ideal a which satisfies Definition
1.2.2, see Proposition 1.4.3. With this notation the notion of almost Gorenstein local rings
is the same as the notion of generalized Gorenstein local rings with respect to m if R is
not a Gorenstein ring. Let us explain the utilities of the notion of generalized Gorenstein
local rings. First of all, we have the following statement so-called characterizations of
non-zerodivisor and flat base change.

Theorem 1.1.3 (Theorem 1.4.6 and 1.4.7). The following assertions hold true.

(1) Suppose that R is a generalized Gorenstein local ring with respect to a. Suppose that
dim R > 2 and the residue field is infinite. Then we can choose a non-zerodivisor
f €aof R sothat R/(f) is a generalized Gorenstein local ring with respect to a/(f).
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(2) Let f € m be a non-zerodivisor of R and suppose R/(f) is a generalized Gorenstein
local ring with respect to [a+ (f)]/(f). Then R is a generalized Gorenstein local ring
with respect to a+ (f) and f & ma.

(3) Letv : R — S be a flat local homomorphism of Noetherian local rings such that S/mS
is a Cohen-Macaulay local ring. Let J C S be a parameter ideal in S/mS. Consider
the following two conditions.

(i) R is a generalized Gorenstein local ring with respect to a and S/mS is a Goren-
stein ring.

(ii) S is a generalized Gorenstein local ring with respect to aS + J.
Then (i) = (ii) holds true. (ii) = (i) also holds true if R/m is infinite.

In particular, if R is a generalized Gorenstein local ring, then so is R[z]/(z") for every
n > 0. One can find some other constructions of generalized Gorenstein local rings.
For instance, every Cohen-Macaulay local ring whose multiplicity is at most three is a
generalized Gorenstein local ring, if the residue field is infinite (see Proposition 1.5.14).
We will construct generalized Gorenstein local rings from numerical semigroup rings,
idealizations, and determinantal rings, see Section 1.5 and 1.7.

The notion of generalized Gorenstein local rings provides a deeper understanding for
the trace of the canonical module. Here the trace of the canonical module is the image of
the following R-linear map

t : Homg(Kg, R) ®r Kr — R,

where t(f ® x) = f(z) for all f € Homg(Kg, R) and = € K. One of the most important
facts of the trace of the canonical module tr(Kg) is to describe non-Gorenstein locus of
R. Since many properties of generalized Gorenstein local rings are condensed into the
one-dimensional case by Theorem 1.2.3, for a while, we focus on the case where dim R = 1.
Then, once R is a generalized Gorenstein local ring with respect to a for some ideal a,
we have a = trgr(Kg). Furthermore, if R has maximal embedding dimension, we have the
following.

Theorem 1.1.4 (Theorem 1.5.18 and 1.8.14). Suppose that dim R = 1 and R has mazimal
embedding dimension. Assume that there exist a canonical ideal I C R and its minimal
reduction (a) C I. Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring but not an almost Gorenstein local ring.

(2) B = Hompg(m, m) is a generalized Gorenstein local ring but not a Gorenstein ring and

v(B) = e(B) = e(R).

When this is the case, there exists an element o € m such that m®> = am and we have the
following.

(i) R/m=B/n,



(11) EB(B/U"B(KB)) = €R<R/U'R(KR)) — 1, and
(iii) n? = an.

Heren denotes the unique mazimal ideal of B and v(R) (resp. e(R)) denotes the embedding
dimension of R (resp. the multiplicity of R).

On the other hand, S. Goto, N. Matsuoka, and T. T. Phuong proved that R is an almost
Gorenstein local ring possessing maximal embedding dimension if and only if Homg(m, m)
is a Gorenstein ring (see [36, Theorem 5.1.]). Combining to these two results, generalized
Gorenstein local rings possessing maximal embedding dimension finally reach Gorenstein
rings by the action taking the endomorphism of the maximal ideal.

We can also find the relation between generalized Gorenstein local rings and Ulrich
ideals. Here the notion of Ulrich ideals is introduced by the S. Goto, K. Ozeki, R.
Takahashi, K. Watanabe, and K. Yoshida [43] and they showed that Ulrich ideals enjoy
very interesting properties. One can consult [43, 47] and Theorem 1.8.1 for the basic
properties of Ulrich ideals. Here let us note the definition of Ulrich ideals.

Definition 1.1.5. [43, Definition 2.1.] Let (R,m) be a Cohen-Macaulay local ring of
dimension d. Let I be an m-primary ideal of R and assume that I contains a parameter
ideal @) of R as a reduction. We say that [ is an Ulrich ideal of R, if the following
conditions are satisfied.

(1) I #Q, but 12 = QI.
(2) I/I?*is a free R/I-module.

Assume that R is a non-Gorenstein generically Gorenstein ring, that is, the total ring
Q(R) of fractions of R is a Gorenstein ring. Then we see that there is no Ulrich ideal
which proper contained in trg(Kg) if dim R = 1 (see Theorem 1.5.27). Conversely, every
Ulrich ideal which can not be generated by dim R + 1 elements contain trgz(Kg) (see
Theorem 1.8.4). These observations provide the question of when trg(Kg) is an Ulrich
ideal. We will answer the question by using the notion of generalized Gorenstein local
rings (see Theorem 1.8.7 and Corollary 1.8.10). As a Corollary, we give a generalization
of the theorem of J. Herzog, T. Hibi, and D. I. Stamate [55, Theorem 7.4.]. Furthermore,
we completely determined the set of all Ulrich ideals for one-dimensional generalized
Gorenstein local rings possessing maximal embedding dimension as following.

Theorem 1.1.6 (Theorem 1.8.18). Suppose that R is not a Gorenstein ring and dim R =
1. Set v = v(R) and N = (r(R/trr(Kgr)) > 0. Then the following conditions are
equivalent.

(1) R is a generalized Gorenstein local Ting possessing mazimal embedding dimension.
(2) trr(Kg) and m are Ulrich ideals.

(3) R is G-regular and a length of a mazimal chain of Ulrich ideals is N — 1.



(4) There exist elements o, x9, T3, . .., T, € m which satisfy the following two conditions.

(i) m = (a,z2,23,...,2,) and

(i) Xr = {(a’,29,73,...,27,) | 1 <i < N}
Here X denotes the set of all Ulrich ideals.
Let us give one more result of generalized Gorenstein local rings.

Theorem 1.1.7 (Corollary 1.6.5). Let (S,n) be a Gorenstein local ring and (R, m) a one-
dimensional Cohen-Macaulay local ring but not a Gorenstein ring. Let ¢ : S — R be a
surjective ring homomorphism and suppose the projective dimension of R over S is finite.
Let a be an ideal of S such that a O Kery and set n = pg(a) and a = (x1,z2,...,2,).
Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring with respect to aR.

(2) There exists a minimal S-free resolution

0o 5% Lg% ... 4,8 R0
of R such that

*% *

T1 Ty ... Tp

M: r1 g ... Ty 0

0 Tr1 T2 ... Tp

where all components of xx and % are in a.

Theorem 1.2.8 has applications for determinantal rings and the Rees algebras of pa-
rameter ideals over Gorenstein local rings (see Theorem 1.7.3 and Corollary 1.7.5).

We now explain how this chapter is organized. In Section 1.3 we give a brief survey
on Ulrich modules with respect to a, which we need throughout this chapter. In Section
1.4 we explore basic properties of generalized Gorenstein local rings which contain non-
zerodivisor characterization and flat base change. In Section 1.5 we focus our attention
on the one-dimensional case. We see that the notion of generalized Gorenstein local
rings is important to study that Ulrich ideals and the endomorphism of the maximal
ideal. Numerous examples of generalized Gorenstein local rings are given via numerical
semigroup rings and idealizations. Furthermore, we will see that many results in the
case of dimension one can be extended for the higher-dimensional case, through Theorem
1.2.3. The purpose of Section 1.6 is to show Theorem 1.2.8. In Section 1.7 we construct
the examples of higher-dimensional generalized Gorenstein local rings by using Theorem
1.2.8. In Section 1.8 we again consider Ulrich ideals by using the trace of the canonical
module.

10



Let us fix our notation throughout this chapter. In what follows, unless otherwise
specified, let R denote a Noetherian local ring with maximal ideal m. For each finitely
generated R-module M, let pgr(M) (resp. (r(M)) denote the number of elements in a
minimal system of generators of M (resp. the length of M). If M is a Cohen-Macaulay
R-module, rg(M) denotes the Cohen-Macaulay type of M.

Let a be an m-primary ideal of R and set s = dimg M. Then we have the integers
{el(M)}o<i<s such that the equality

taotfaran) =0 (") <o (") e (apean

holds for all n > 0. ¢! (M) is called the ith Hilbert coefficient of M with respect to a. Let
e(R) = % (R) (resp. v(R)) denote the multiplicity of R (resp. the embedding dimension
of R). r(R) = rg(R) denotes the Cohen-Macaulay type of R if R is a Cohen-Macaulay
local ring.

Let Q(R) be the total ring of fractions of R. For R-submodules X and Y of Q(R), let

X:Y={acQR)|aY C X}
For ideals I, J of R, weset [ :g J={a € R|aJ C I}, whence [ :x J=(1:J)NR.

1.2 Introduction

Almost Gorenstein rings are one of the most interesting objects in the study of non-
Gorenstein Cohen-Macaulay rings. The notion of almost Gorenstein rings was originated
from V. Barucci and R. Fréberg [7] for one-dimensional analytically unramified local rings.
After that, the first author, N. Matsuoka, and T. T. Phuong [36] developed the theory of
almost Gorenstein ring of dimension one. Nowadays the notion of almost Gorenstein rings
is defined in arbitrary Cohen-Macaulay local/graded rings by the first author, R. Taka-
hashi, and N. Taniguchi [46], through the notion of Ulrich R-modules. Let us recall their
definition of almost Gorenstein local rings.

Definition 1.2.1. ([46, Definition 1.1]) Let (R, m) be a Cohen-Macaulay local ring of
dimension d, possessing the canonical module Kz. Then we say that R is an almost
Gorenstein local ring, if there exists an exact sequence

0—-R—-Kr—>C—=0

of R-modules such that either C' = (0) or C is an Ulrich R-module with respect to m.

Here, for a finitely generated R-module C' and an m-primary ideal a, C' is called an
Ulrich R-module with respect to a if the following three conditions are satisfied (cf. [43,
Definition 1.2]) .

(1) C is a Cohen-Macaulay R-module (i.e. depthy, C' = dimpg C),
(2) eY(C) = lr(C/aC), and

11



(3) C/aC is an R/a-free module,

where ((x) stands for the length and

ed(C) = lim (d — 1)!,w

“ n—oo nd—1

denotes the multiplicity of C' with respect to a.

Almost Gorenstein rings admit many interesting properties. For instance, let R be a
non-Gorenstein almost Gorenstein local ring. Then, for a finitely generated R-module M,
Exth (M, R) = 0 for all i > 0 implies that M is free ([46, Corollary 4.5], [3, Corollary 4.6)).
In particular, R is G-regular in the sense of [74], that is, every totally reflexive module
is free. In addition, all the known Cohen-Macaulay local rings of finite representation
type are almost Gorenstein local rings ([46]). It is also studied that problems of when
Rees algebras of ideals/modules, determinantal rings, and numerical semigroup rings are
almost Gorenstein rings. On the other hand, one also comes to feel cramped for almost
Gorenstein local rings. For instance, let R be an almost Gorenstein local ring but not a
Gorenstein ring. Then, for any positive integer n > 1, R[z]/(z") is no longer an almost
Gorenstein local ring, where R[z] is a polynomial ring over R.

Besides the almost Gorenstein theory, the study of non-Gorenstein Cohen-Macaulay
rings has been carried out under intense competition. One can also find other stratifi-
cations of Cohen-Macaulay rings, say, nearly Gorenstein rings and 2-almost Gorenstein
local rings (see [15, 55]). These theories have not been unified yet. The problem here
is not only inconvenience but also some questions cannot be answered in the individual
frameworks.

In this chapter, we try to solve these problems by unifying these theories based on
the almost Gorenstein theory. That is, we introduce the notion of generalized Gorenstein
rings and we regard the theory of almost Gorenstein local rings as a part of the theory
of generalized Gorenstein rings. As a result, we solve the crippled problems of the almost
Gorenstein theory (Theorems 1.4.6 and 1.4.7). Furthermore, we establish propositions,
which cannot be stated in the almost Gorenstein theory (Corollary 1.5.12 and Theorems
1.8.14 and 1.8.18). These results make the relations among almost Gorenstein local rings,
2-almost Gorenstein local rings, and nearly Gorenstein rings easier to understand.

Let us fix our notation to state the definition of generalized Gorenstein rings and our
main results precisely. Throughout this section, let (R, m) be a Cohen-Macaulay local
ring possessing the canonical module K. Then generalized Gorenstein local rings are
defined as follows.

Definition 1.2.2. We say that R is a generalized Gorenstein local ring, if there exist an
m-primary ideal a and an exact sequence

0—-R—-Kr—-C—=0

of R-modules such that

(i) C'is an Ulrich R-module with respect to a and

12



(11) KR/QKR is R/a—free.

If R is a Gorenstein ring, then R is a generalized Gorenstein local ring by taking a
parameter ideal a = (a, ag, ...,aq) and a natural exact sequence

0—+R™R— R/(a;) — 0.

We say that R is a GGL ring with respect to a, if R is a non-Gorenstein generalized
Gorenstein local ring possessing an m-primary ideal a which satisfies Definition 1.2.2, see
Proposition 1.4.3. With this notation, the notion of non-Gorenstein almost Gorenstein
local rings is the same as the notion of generalized Gorenstein local rings with respect to
m. Let us explain the utilities of the notion of generalized Gorenstein local rings. First
of all, we have the following statement so-called characterizations of non-zerodivisor and
flat base change.

Theorem 1.2.3 (Theorem 1.4.6). The following assertions hold true.

(1) Suppose that R is a generalized Gorenstein local ring with respect to a. Suppose that
dim R > 2 and the residue field is infinite. Then we can choose a non-zerodivisor
f€aof R sothat R/(f) is a generalized Gorenstein local ring with respect to a/(f).

(2) Let f € m be a non-zerodivisor of R and suppose R/(f) is a generalized Gorenstein
local ring with respect to [a+ (f)]/(f). Then R is a generalized Gorenstein local ring
with respect to a+ (f) and f & ma.

Theorem 1.2.4 (Theorem 1.4.7). Let v : R — S be a flat local homomorphism of
Noetherian local rings such that S/mS is a Cohen-Macaulay local ring. Let J C S be a
parameter ideal in S/mS. Consider the following two conditions.

(1) R is a generalized Gorenstein local ring with respect to a and S/mS is a Gorenstein
Ting.

(2) S is a generalized Gorenstein local ring with respect to aS + J.
Then (1) = (2) holds true. (2) = (1) also holds true if R/m is infinite.

By Theorem 1.2.4, if R is a generalized Gorenstein local ring, then so is R[z]/(z"™) for
every n > 0. One can find some other constructions of generalized Gorenstein local rings.
For instance, every Cohen-Macaulay local ring whose multiplicity is at most three is a
generalized Gorenstein local ring, if the residue field is infinite (see Proposition 1.5.14).
We will construct generalized Gorenstein local rings from numerical semigroup rings,
idealizations, and determinantal rings, see Sections 1.5 and 1.7.

The notion of generalized Gorenstein local rings provides a deeper understanding for
the trace of the canonical module. Here the trace of the canonical module is the image of
the following R-linear map

t: HOIHR(KR, R) QR KR — R,
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where t(f ® x) = f(x) for all f € Homg(Kg, R) and z € Kg. One of the most important
facts of the trace of the canonical module tr(Kg) is to describe non-Gorenstein locus of R,
see for instance [55, Lemma 2.1]. Since many properties of generalized Gorenstein local
rings are condensed into the one-dimensional case by Theorem 1.2.3, for a while, we focus
on the case where dim R = 1. Then, once R is a generalized Gorenstein local ring with
respect to a for some ideal a, we have a = trgr(Kg) (Theorem 1.5.8 and Remark 1.8.3(2)).
Furthermore, if R has maximal embedding dimension, that is, the embedding dimension
of R is the multiplicity of R, then we have the following. Let v(R) (resp. e(R)) denote
the embedding dimension of R (resp. the multiplicity of R).

Theorem 1.2.5 (Theorem 1.8.14). Suppose that dim R = 1 and R has mazimal embedding
dimension. Assume that there exist a canonical ideal I C R and its minimal reduction
(a) C 1. Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local Ting but not an almost Gorenstein local ring.

(2) B = Hompg(m, m) is a generalized Gorenstein local ring with v(B) = e(B) = e(R),
but not a Gorenstein ring.

In particular, B is a Cohen-Macaulay local ring with the maximal ideal w. When this is
the case, there exists an element o € m such that m?> = am and we have the following.

(i) R/m= B/n,
(11) gB(B/tI'B<KB)) = £R<R/U"R(KR)) - 1, and
(iii) n? = an.

On the other hand, the first author, N. Matsuoka, and T. T. Phuong proved that R is
an almost Gorenstein local ring possessing maximal embedding dimension if and only if
Hompg(m, m) is a Gorenstein ring (see [36, Theorem 5.1.]). Combining to these two results,
generalized Gorenstein local rings possessing maximal embedding dimension finally reach
Gorenstein rings by the action taking the endomorphism of the maximal ideal.

We can also find the relation between generalized Gorenstein local rings and Ulrich
ideals. Here the notion of Ulrich ideals is introduced by the first author, K. Ozeki, R.
Takahashi, K. Watanabe, and K. Yoshida [43] and they showed that Ulrich ideals enjoy
very interesting properties. One can consult [43, 47] for the basic properties of Ulrich
ideals. Here let us note the definition of Ulrich ideals.

Definition 1.2.6. (|43, Definition 2.1.]) Let (R, m) be a Cohen-Macaulay local ring of
dimension d. Let I be an m-primary ideal of R and assume that I contains a parameter
ideal @) of R as a reduction. We say that [ is an Ulrich ideal of R, if the following
conditions are satisfied.

(1) T#Q, but I2 = QI
(2) I/I?is a free R/I-module.
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Let R be a non-Gorenstein generically Gorenstein ring, that is, R, is Gorenstein for
all minimal prime p. Then we see that there is no Ulrich ideal which is strictly contained
in trg(Kg) if dimR = 1 (see Theorem 1.5.27). Furthermore, every Ulrich ideal which
can not be generated by dim R + 1 elements contain trg(Kg) (see Theorem 1.8.4). These
observations provide the question of when trgz(Kg) is an Ulrich ideal. We will answer the
question by using the notion of generalized Gorenstein local rings (see Theorem 1.8.7 and
Corollary 1.8.10). As a corollary, we give a generalization of the result of J. Herzog, T.
Hibi, and D. I. Stamate [55, Theorem 7.4.]. Furthermore, we completely determined the
set of all Ulrich ideals for one-dimensional generalized Gorenstein local rings possessing
maximal embedding dimension as follows.

Theorem 1.2.7 (Theorem 1.8.18). Suppose that R is not a Gorenstein ring and dim R =
1. Set v =v(R). Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring possessing mazximal embedding dimension.
(2) trr(Kg) and m are Ulrich ideals.

(3) R is G-regular and a length of a mazimal chain of Ulrich ideals is (r(R/trr(Kg)) —1.
(4)

There exist elements «, xa,x3,...,T, € m which satisfy the following two conditions.
(i) m = (o, x9,23,...,2,) and
(i) {(a, w9, 23,...,2,) | 1 <i < Llr(R/trr(Kg))} is the set of all Ulrich ideals.
Let us give one more result of generalized Gorenstein local rings.

Theorem 1.2.8 (Corollary 1.6.5). Let (S,n) be a Gorenstein local ring and (R, m) a one-
dimensional Cohen-Macaulay local ring but not a Gorenstein ring. Let ¢ : S — R be a
surjective ring homomorphism and suppose the projective dimension of R over S is finite.
Let a be an ideal of S such that a 2 Kery and set n = ug(a) and a = (x1,z2,...,2,).
Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring with respect to aR.

(2) There exists a minimal S-free resolution
088 Mgo ... 555 R0

of R such that

kk *

T1 g ... Tp

M = xT1 Ty ... Tp 0

0 r1 T2 ... Tp

where all components of xx and x are in a.
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Theorem 1.2.8 has applications for determinantal rings and the Rees algebras of pa-
rameter ideals over Gorenstein local rings (see Theorem 1.7.3 and Corollary 1.7.5).

We now explain how this chapter is organized. In Section 1.3 we give a brief survey
on Ulrich modules with respect to a, which we need throughout this chapter. In Section
1.4 we explore basic properties of generalized Gorenstein local rings which contain non-
zerodivisor characterization and flat base change. In Section 1.5 we focus our attention
on the one-dimensional case. We see that the notion of generalized Gorenstein local rings
is important to study that Ulrich ideals and the endomorphism algebra of the maximal
ideal. Numerous examples of generalized Gorenstein local rings are given arising from
numerical semigroup rings and idealizations. Furthermore, we will see that several results
in the case of dimension one can be extended for the higher-dimensional case, through
Theorem 1.2.3. The purpose of Section 1.6 is to show Theorem 1.2.8. In Section 1.7 we
construct the examples of higher-dimensional generalized Gorenstein local rings by using
Theorem 1.2.8. In Section 1.8 we again consider Ulrich ideals by using the trace of the
canonical module.

Let us fix our notation throughout this chapter. In what follows, unless otherwise
specified, let R denote a Noetherian local ring with maximal ideal m. For each finitely
generated R-module M, let pur(M) (resp. €r(M)) denote the number of elements in a
minimal system of generators of M (resp. the length of M). If M is a Cohen-Macaulay
R-module, rr(M) denotes the Cohen-Macaulay type of M.

Let a be an m-primary ideal of R and set s = dimg M. Then we have the integers
{el(M)}o<i<s such that the equality

tatotfar i) = o (") = ebon (" TI T e cayon

holds for all n > 0. e’ (M) is called the ith Hilbert coefficient of M with respect to a. Let
e(R) = €2 (R) (resp. v(R)) denote the multiplicity of R (resp. the embedding dimension
of R). r(R) = rg(R) denotes the Cohen-Macaulay type of R if R is a Cohen-Macaulay
local ring.

Let Q(R) be the total ring of fractions of R. For R-submodules X and Y of Q(R), let

X:Y={aeQ(R)|aY C X}.

For ideals I, J of R, weset [ :p J ={a € R|aJ C I}, whence [ :r J=(I:J)NR.
For a matrix M and positive integer ¢, I;(M) denotes the ideal of S generated by the
t x t minors of the matrix M.

1.3 Survey on Ulrich modules with respect to a
In this section, we summarize some preliminaries on Ulrich R-modules, which we need

throughout this chapter. Suppose that (R, m) and (S, n) are Noetherian local rings and
M is a nonzero finitely generated R-module. For an ideal I of R and a finitely generated
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R-module X, we denote
gr;(R) =@ 1"/1"*" and
n>0
gr(X) =P rx/rx.

n>0

Note that gr;(X) is a Z-graded gr;(R)-module. Our goal in this section is Proposition
1.3.5. We start with the following lemma.

Lemma 1.3.1. Let ¢ : R — S be a flat local homomorphism such that S/mS is a Cohen-
Macaulay local ring of dimension €. Let gi1,92,...,9¢ € S be a system of parameters
of S/mS and set J = (g1,92,-..,9¢). Then git, got, ..., get is a grrg, ;(S ®p X)-regular
sequence for any ideal I of R.

Proof. First of all, we show that g1, ga, . . ., g is a gr; ¢ (S® g X)-regular sequence. Actually,
the exact sequence 0 — S 25 S — S /1.5 — 0 of S-modules induces the exact sequence

02 SQRI"X L SQpI"X — (S/g15) @r I"X — 0

as S-modules for all n > 0 since R — S/¢,5 is a flat local homomorphism. This induces
the exact sequence

0 — gr;g(L) * grrs(L) — gry5((S/018) @r X) — 0

as graded gr;¢(S)-modules, where L = S ®p X. Hence g; is a gr;¢(L)-regular element.
By induction on ¢, g1, s, ..., g is a gr;q(L)-regular sequence. Hence

JLN(IS + DL = JLN ML+ J(IS + J)*L) = JLNITM L + J(IS + J)FL
= JI" L+ JIS + J)FL=J(IS + J)FL

for all £ > 0. Therefore git, got, ..., git is a gr;g, ;(L)-regular sequence by [76]. O

Definition 1.3.2. (cf. [43, Definition 1.2.]) Let M be a nonzero finitely generated R-
module and a be an m-primary ideal. We say that M is an Ulrich R-module with respect
to a if M satisfies the following three conditions.

(1) M is a Cohen-Macaulay R-module (i.e. depthy M = dimg M),
(2) (M) ={lr(M/aM), and

a

(3) M/aM is an R/a-free module.

Remark 1.3.3. (1) The notion of Ulrich R-modules with respect to a is a natural gener-
alization of the notion of maximally generated mazximal Cohen-Macaulay (MGMCM
for short) R-modules (see [10]). In fact, for an R-module M, M is a MGMCM R-
module if and only if M is an Ulrich R-modules with respect to the maximal ideal m
with dimp M = d.
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(2) We can replace the condition (3) of Definition 1.3.2 to the equality
(r(M/aM) = pr(M)-Lr(R/a)
since there is a surjection (R/a)®*&M) — M /aM.
We can also rephrase the condition (2) of Definition 1.3.2 as following.

Lemma 1.3.4. Let a be an m-primary ideal. Suppose that R/m is infinite and M is a
Cohen-Macaulay R-module. Set s = dimgr M. Then the following conditions are equiva-
lent.

(1) eq(M) = Lr(M/aM).
(2) aM = (f1, fay .-, fs)M for some elements f1, fa,..., fs € a.

When this is the case, fi, fa,..., fs form a system of parameters of M and a part of
minimal system of generator of a.

Proof. Set R = R/[(0) :r M] and @ = aR. For a € R, @ denotes the image of a in R.
~ (1) = (2) Since R/m is infinite, there exists a parameter ideal q = (f1, fo, ..., fs) of
R as a reduction of @, where fi, fo,..., fs € a. Hence

(r(M/aM) = eq(M) = eq(M) = eq(M) = l5(M/qM) = (r(M/(f1, f, .-, fs)M).

We have aM = (f1, fa, ..., fo)M since (f1, fa, ..., fs) € a. B
(2) = (1) Since aM = (fi, f2,...,fs)M and M is a faithful R-module, q =

(f1, fa, ..., fs) is a reduction of @. Hence
eq(M) = eg(M) = e)(M) = (M /qM) = Lr(M/aM).

When this is the case, fi, fa,..., fs form a system of parameters of M since M/aM
has finite length and s = dimg M. Assume that fi, fo,..., fs is not a part of minimal
system of generator of a. Then we have (fi, fa,..., fs) +am = (fi, fo, ..., fo-1) + am

after renumbering of f1, fo,..., fs. Hence (f1, fo,..., fs—1) is a reduction of @. This is a
contradiction for s = dim R. O

Now we can prove the basic properties of Ulrich R-module with respect to a.

Proposition 1.3.5. (cf. [46, Proposition 2.2]) Let M be a nonzero finitely generated R-
module and set s = dimg M. Let a be an m-primary ideal. Then the following assertions
hold true.

(1) Suppose s =0. Then M is an Ulrich R-module with respect to a if and only if aM = 0
and M is R/a-free.

(2) Suppose that s > 0 and M is a Cohen-Macaulay R-module. Assume that f € a is
a superficial element for M with respect to a. Then M is an Ulrich R-module with
respect to a if and only if M/ fM is an Ulrich R/(f)-module with respect to a/(f).
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(3) Let ¢ : R — S be a flat local homomorphism such that S/mS is a Cohen-Macaulay
local ring of dimension (. Let gi,9a,...,90 € S be a system of parameters of S/mS.
Then M is an Ulrich R-module with respect to a if and only if S ®r M s an Ulrich
S-module with respect to aS + (g1, 92, - - -, ge)-

(4) Suppose that f € m is M-reqular and M/ fM is an Ulrich R/(f)-module with respect
to la+ (f)]/(f). Then M is an Ulrich R-module with respect to a+ (f) and f & ma.

Proof. (1) This follows from e2(M) = (r(M).

(2) Set M = M/fM, R = R/fR, and @ = aR. Then we have the equalities e(M) =
(M), lp(M/aM) = ((M/aM), ur(M) = ur(M), and lr(R/a) = (x(R/a) since f is
M-regular. Therefore we have the equivalence by Remark 1.3.3 (2).

(3) By Lemma 1.3.1 and (2), S ®g M is an Ulrich S-module with respect to aS +
(91,92, --.,g¢) if and only if S ®p M is an Ulrich S-module with respect to aS, where
S =S5/(g1,92,...,9¢). Hence, by passing to R — S/(g1, g2, ..., ge¢), we may assume £ = 0.
Then, since (g(S@rM/a(SRrM)) = ls(S/mS) - Lr(M/aM) and pug(S@r M) = ur(M),
M is an Ulrich R-module with respect to a if and only if S ®g M is an Ulrich S-module
with respect to aS by Remark 1.3.3 (2).

(4) By passing to R — R[X|mpg[x] if necessary, we may assume that R/m is infinite.
To prove that M is an Ulrich R-module with respect to a+ (f), we have only to show that
eg+(f)(M) = (r(M/[a+(f)]M). By Lemma 1.3.4, we have [a+(f)]-M/fM = (fo,..., fs)-
M/ fM for some elements fo,..., fs € [a+ (f)], whence [a+ (f)]M = (f, fa, ..., fs)M.
Therefore M is an Ulrich R-module with respect to a + (f) and f ¢ ma. O

1.4 generalized Gorenstein local rings

In this section, we introduce the notion of generalized Gorenstein local rings which is
the main object of this chapter. We also study about basic properties of generalized
Gorenstein local rings. Throughout this section, let (R, m) be a Cohen-Macaulay local
ring of dimension d > 0, possessing the canonical module K. Let a be an m-primary
ideal. First, we note some remarks which might be known.

Lemma 1.4.1. The following assertions hold true.

(1) R is a generically Gorenstein ring, that is, R, is a Gorenstein ring for all p € Min R
if and only if there exists a short eract sequence 0 - R — Kr — C — 0.

(2) Suppose that there exists a short exact sequence
0>>R3Kr—C—0.
Then the assertions hold true.
(i)
(i)

46, Lemma 3.1 (3)]) If d = 0, then C = (0). Hence R is a Gorenstein ring.

(1
([46, Lemma 3.1 (2)]) C is a Cohen-Macaulay R-module of dimension d — 1 if
C #(0).
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(iii) (cf. [46, Corollary 3.10]) Suppose that C' is an Ulrich R-module with respect to
a. If o(1) € aKg, then R is a Gorenstein ring and a is a parameter ideal of R.

Proof. (1) Suppose that R is a generically Gorenstein ring. Then, since Kg has a rank,
there exists a canonical ideal I, that is, I = Kgr and I C R. Since [ contains a non-
zerodivisor of R, R can be embedded into I. Conversely, suppose that there exists a short
exact sequence

0—>R—>Kr—>C—0.

Then, C, = (0) for all p € Min R since {g,(R,) = {g,(Kg,). Hence R is a generically
Gorenstein ring.

(2) (i) Since ¢r(R) = (r(Kg), we have C' = (0).

(ii) Suppose C' # (0). Then, since C, =0 for all p € Min R, dimzpC' < d — 1. On the
other hand, we have depth C' > d — 1 by the depth lemma.

(iii) Thanks to Proposition 1.3.5(3), we may assume that the residue field R/m is
infinite. We know that d > 0 by (i). Assume d = 1 and take a canonical ideal I C R. We
may assume that the given exact sequence has the following form:

0=R3ZT—C—0.

Set a = (1) € I. Then C = I/(a). Since C is an Ulrich R-module with respect to a,
al C (a) because of Proposition 1.3.5(1), whence al = (a) by assumption. Hence a and
I are cyclic since R is a local ring. Therefore R is a Gorenstein ring and a is a parameter
ideal of R. Suppose d > 2 and take f € a so that f is R-regular and superficial for C'
with respect to a. We get

0= R/(f) 5 Knyp) — C/fC — 0,

where C/fC' is an Ulrich R/(f)-module with respect to a/(f) since Proposition 1.3.5(2).
Therefore we have R/(f) is a Gorenstein ring and pg/s)(a/(f)) = d — 1, thus this com-
pletes the proof. O

We are now in a position to define generalized Gorenstein local rings.

Definition 1.4.2. We say that R is a generalized Gorenstein local ring, if there exist an
m-primary ideal a and an exact sequence

0—-R—->Kr—>C—=0
of R-modules such that
(i) C is an Ulrich R-module with respect to a and
(ii)) Kg/aKpg is R/a-free.

By definition, the notion of generalized Gorenstein local rings is a natural generaliza-
tion of the notion of almost Gorenstein local rings, that is, we have the implications:
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Gorenstein ring = almost Gorenstein local ring = generalized Gorenstein local ring.
The notion of generalized Gorenstein local rings is rephrased as follows.

Proposition 1.4.3. R is a generalized Gorenstein local ring if and only if one of the
following conditions is satisfied.

(1) R is a Gorenstein ring.

(2) R is not a Gorenstein ring but there exist an exact sequence
0 >R5Kr—C—0

of R-modules and m-primary ideal a such that

(i) C is an Ulrich R-module with respect to a and
(ii) the induced homomorphism R/a &g ¢ : R/a — Kg/aKpg is injective.

Proof. (if part) If R is a Gorenstein ring, then we regard R as a generalized Gorenstein
local ring by a natural exact sequence

0—+RSR— R/(a)) =0,

where (aq,aq,...,aq) is a parameter ideal of R. Suppose that Case (2) occurs. Then we

have

0 Rfa 9% K p/aKy — ClaC — 0

and C/aC is R/a-free. Hence so is Kg/aKg.
(only if part) Let
05> RBKr—C—0

be a defining exact sequence. If ¢(1) € mKg, then ug(C) = up(Kg) — 1 =1r(R) — 1. We

have

0 — Ker(R/a ®p @) = R/a “22%% Kp/aKp — (R/a)?C0-1 - 0,

Hence R/a ®p ¢ is injective since {g(Ker(R/a ®p ¢)) = 0. Suppose that ¢(1) € mKg.
Then we have
R/a
R/a 98 K JaK g — (R/a)®® 5 0,

whence R/a ®p ¢ is the zero map. Thus ¢(1) € aKg, and R is a Gorenstein ring and a
is a parameter ideal of R by Lemma 1.4.1(2)(iii). O

Definition 1.4.4. When Case (2) in Proposition 1.4.3 occurs, we especially say that R
is a GGL ring with respect to a.

Let us give some examples of generalized Gorenstein local rings.

Example 1.4.5. Let k£ be a field. Then the following assertions hold true.
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1. Let k[[t]] be the formal power series ring over k. Then, Ry, = k[[t°,t% %] is a
generalized Gorenstein local ring of dimension one but not an almost Gorenstein
local ring.

2. Let S = k[[X1, Xo, X35,Y1, Y, Y3]] be the formal power series ring over k. Then,
Ry = S/I is a generalized Gorenstein local ring of dimension one, where

2 X2 Xy X X? Xy X
1=y + L (V0 )+ 6 () + 2 (0 )

3. Let Ry = k[[X,Y,Z, W]]/I; (ifj ’g; )Z{QQ), where k[[X,Y, Z, W]| denotes the formal
power series ring over k. Then Rj is a generalized Gorenstein local ring of dimension

two. However, R3 is not an almost Gorenstein local ring.
4. If R/m is infinite and e(R) < 3, then R is a generalized Gorenstein local ring.

5. If R is a generalized Gorenstein local ring, then R[X]/(X") is also a generalized
Gorenstein local ring for all n > 1, where R[X] denotes the polynomial ring over R.

Proof. (1) See Corollary 1.5.35.

(2) Let A = E[[t3,¢",t%]] and set T = (¢°,¢",t%). A is a generalized Gorenstein local ring
with respect to I by Corollary 1.5.12. Furthermore, by computations, we have Ry = Ax [.
We will see that A x I is a generalized Gorenstein local ring due to Corollary 1.5.26.

(3) By Corollary 1.7.4, Rj3 is a generalized Gorenstein local ring. If Rj is an almost
Gorenstein local ring, then so is k[[X,Y, Z]|/ 15 (if; }Z/s )Z(Z) by Theorem 1.4.6. This is a
contradiction for Proposition 1.8.8.

(4) See Proposition 1.5.14.

(5) R — R[X]/(X™) is a flat local ring homomorphism such that the fiber is isomorphic
to (R/m)[X]/(X™). Hence R[X]|/(X") is a generalized Gorenstein local ring by Theorem
1.4.7. O

We note that the assertions (4) and (5) of Example 1.4.5 do not hold true for the case
of almost Gorenstein local rings (see [46, Proposition 3.12.]). Thanks to the argument
of Section 1.3, we have the following which called the non-zerodivisor characterization of
generalized Gorenstein local rings.

Theorem 1.4.6. Suppose R is not a Gorenstein ring. Then the following assertions hold
true.

(1) Suppose that R is a generalized Gorenstein local ring with respect to a and d > 2.
Toke a defining exact sequence

0>R5Kr—C—0

of R-modules. If f € a is a superficial element for C with respect to a and a non-
zerodivisor of R, then R/(f) is a generalized Gorenstein local ring with respect to

a/(f)-
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(2) Let f € m be a non-zerodivisor of R and suppose R/(f) is a generalized Gorenstein
local ring with respect to [a+ (f)]/(f). Then R is a generalized Gorenstein local ring
with respect to a+ (f) and f & ma.

Proof. (1) Since f is a non-zerodivisor of R, we have the exact sequence
0—+R5Kyz—C/fC =0

as R-modules, where R = R/(f). Since C/fC is an Ulrich R-module by Proposition
1.3.5, R is a generalized Gorenstein local ring.

(2) Set R = R/(f) and @ = aR. Choose an exact sequence 0 — R N Kz — D —0of

R-modules such that D is an Ulrich R-module with respect to @ and 0 — R/[a + (f)] &
Kgr/[a+(f)]Kg is exact. Take & € Ky such that £ = ¢(1), and consider the exact sequence

RELEKr—>C =0

of R-modules, where ¢(1) = £. Note that C/fC = D and dim D = d — 2. Thus ¢ is
injective since Assp Ker o C Ass R and C, = 0 for all p € Ass R. Therefore C' is an Ulrich
R-module with respect to a and f ¢ ma by Proposition 1.3.5 and Lemma 1.4.1. O]

Theorem 1.4.7. Let ) : R — S be a flat local homomorphism of Noetherian local rings
such that S/mS is a Cohen-Macaulay local ring of dimension €. Let J C S be a parameter
ideal in S/mS. Consider the following two conditions.

(1) R is a generalized Gorenstein local ring with respect to a and S/mS is a Gorenstein
Ting.

(2) S is a generalized Gorenstein local ring with respect to aS + J.
Then (1) = (2) holds true. (2) = (1) also holds true if R/m is infinite.

Proof. (1) = (2) Note that R is not a Gorenstein ring and d > 0 by the definition that R
is a generalized Gorenstein local ring with respect to a and Lemma 1.4.1. Take a defining

exact sequence
0 3>RS5Kr—C—=0

of R-modules. Then, we get the exact sequence

0822 Ko 3 S@pC =0

as S-modules. Here, S®pg C'is an Ulrich S-module with respect to aS + J by Proposition
1.3.5. Moreover, since R — S/J is a flat local homomorphism, we have the injection

S/(aS+J)®s (S ®@r @) : S/(aS+ J) = Kg/(aS + J)Ks.
O

To prove the implication (2) = (1), we need more preliminaries for the case of dimen-
sion one. We later prove the implication (2) = (1), see after Proposition 1.5.13.
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1.5 One-dimensional case

In this section we investigate the case of dimension one. By Theorem 1.4.6, some of
the properties hold in arbitrary dimension. On the other hand, as specific arguments
of dimension one, the analysis of the endomorphism algebra of the maximal ideal and
relationship to Ulrich ideals are given. We also study generalized Gorenstein local rings
arising from numerical semigroups and idealizations.

1.5.1 Omne-dimensional generalized Gorenstein local rings

Let us recall the definition of generalized Gorenstein local rings in dimension one.

Remark 1.5.1. Let (R, m) be a one-dimensional Cohen-Macaulay local ring possessing
the canonical module K. Then, by Proposition 1.3.5(1), R is a generalized Gorenstein
local ring if and only if there exist an m-primary ideal a and an exact sequence

0—-R—-Kr—-C—=0

of R-modules such that C' and Kp/aKp are an R/a-free module.

Suppose that a is an m-primary ideal and R is a generalized Gorenstein local ring with
respect to a with dim R = 1. Take a defining exact sequence

0 >R5Kr—C—=0

of R-modules. Then, there exists a canonical ideal / C R since Lemma 1.4.1. Replace Kg
to I in the short exact sequence and set a = (1) € I. Since C' = [/(a) is an R/a-free
module, we have al C (a). On the other hand, since R/a ®g ¢ : R/a — I/al is injective
by Proposition 1.4.3, we have al N (a) = aa. Hence al = aa. Therefore (a) is a minimal
reduction of I, that is, I"*! = aI™ for some n > 0. Set

I
K:—:{fyxef}

a a

as an R-submodule of Q(R). Then K is a fractional ideal of R such that R C K C R and
K = Kp since K™ = K", where R denotes the integral closure of R. It follows that the
short exact sequence 0 — R % I — C' — 0 induces the exact sequence 0 — R — K —
C — 0, where R — K is the embedding.

As a conclusion, we have the following.

Lemma 1.5.2. Suppose that R is a generalized Gorenstein local ring with respect to a with
dim R = 1. Then there exists a fractional ideal K which satisfies the following conditions.

(1) RCK CR and K = Kg.
(2) aK C R and K/R is an R/a-free module.

In particular, a = R : K.
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From now on, throughout this section, we maintain the following setting unless oth-
erwise noted.

Setting 1.5.3. Suppose (R, m) is a one-dimensional Cohen-Macaulay local ring possessing
the canonical module Kr. We assume that there exists a fractional ideal K such that
R C K C R and K = Kp, where R denotes the integral closure of R.

We denote S = R[K] and ¢ = R : S. Note that S = K™ for all n > 0. Hence we have
cCRCKCS.

Let us note some remarks on Setting 1.5.3.

Remark 1.5.4. (1) Suppose that (R, m) is a Cohen-Macaulay local ring of dimension
one. If R is a generically Gorenstein ring and R/m is infinite, then R satisfies Setting
1.5.3.

(2) Assume that Setting 1.5.3. Then the following assertion hold true.

(i

R[K] is independent of the choice of K.

) S
(ii) Let I and J be fractional ideals. If J C I, then (x(I/J) = lr((K : J)/(K : I)).
Proof. (1) Since there exists a canonical ideal I and we can choose minimal reduction of
I as a parameter ideal (a), we can take K = 2

(2)(i) Although this is proven in [15, Theorem 2.5], let us give a brief proof for the sake
of completeness. Take R C L C R so that L = Kg. There is an element o € Q(R) such
that L = aK. Hence, since R[K| = K" = K" for all n > 0, a-R[K] = aK-R[K] =
L-R[K]. Since 1 € L-R[K], there is an element € R[K] such that a5 = 1, that is, « is
a unit of R[K]. Therefore R[L] = L™ = o"-K" = o-R[K] = R[K] for all n > 0.

(ii) Consider the exact sequence 0 — J <> I — I/J — 0, where i is the embedding.
By applying the functor Homg(—, K), we have

0 K:IT5K:J—Exth(I/J,K)—0

since K : I = Hompg(I, K) naturally. Hence (K : J)/(K : I) = Exty(I/J, K), whence we
have the conclusion. Il

With this notation there are characterizations of the Gorenstein property.

Theorem 1.5.5. ([36, Theorem 3.7]) The following conditions are equivalent.

(1) R is a Gorenstein ring. (2) R=K. (3) R=2S.
(4) K=S. (5) K = K*. (6) ¢ = R.
(7) ej(R) = Lr(R/c). (8) er(R) = 0.

Here, e}(R) denotes the first Hilbert coefficient of a canonical ideal I.
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Proof. The implications (1) < (2), (2) = (3) = (4) = (5), and (3) < (6) are trivial.
(5) = (2) This follows from K C K : K = R.
Hence the conditions from (1) to (6) are equivalent. Note that e}(R) = ¢g(S/R) and
(r(R/¢) = (r(S/K) by [36, Lemma 2.1 and Lemma 3.5(2)]. Hence we have (2) < (7)
and (3) < (8). O

Hence ¢ € R C K C S if R is not a Gorenstein ring. It seems that the difference
between R and S (or other inclusions) describes the distance of Gorensteinness of R. From
this observation, let us consider such a kind of characterizations of generalized Gorenstein
local rings in dimension one.

Lemma 1.5.6. Suppose that R is not a Gorenstein ring. Then K/R and K/¢ = K/cK
are independent of the choice of K up to isomorphism.

Proof. Take L such that R C L C R and L = Kg. There is an element o € Q(R) such
that L = aK since L = K. « is a unit of S because of S = L™ = a" K" = o™ for enough
large n > 0 by Remark 1.5.4(2)(i). Therefore

Lic=aK/c =2 K/a'¢=K/c
since ¢ = ¢S. Hence L/R = K/R. O

Lemma 1.5.7. Set a = R: K. Then the following conditions are equivalent.
(1) K? = K*. (2) a=c. (3) aK = a.

Proof. (1) & (2) Sincea=(K:K): K=K:K?andc¢= (K :K):S=K:S, we have
(r(R/a) = lr(K?/K) and {g(R/¢) = {r(S/K) by Remark 1.5.4. Hence, a = ¢ if and only
if K2=.

(2) = (3) Since ¢S = ¢, we have aK = a.

(3) = (2) Since aK™ = a for all n > 0, aS =a C R. Hence a = c. O

In Section 1.8 we see that aK is exactly the trace of canonical ideal trg(Kg), see
Remark 1.8.3. Now let us give characterizations of generalized Gorenstein local rings.

Theorem 1.5.8. Suppose that R is not a Gorenstein ring. Then the following conditions
are equivalent.

(1) R is a generalized Gorenstein local ring. (2) K/R is an R/c-free module.
(3) K/c= K/cK is an R/c-free module. (4) S/R is an R/c-free module.
(5) S/e = S/cS is an R/c-free module. (6) e;(R) = lr(R/c)1(R).

When this is the case, we have the following.

(i) K* = K°. (ii) R/c is a Gorenstein ring.
(iii) S/K = R/c.  (iv) R is a generalized Gorenstein local ring with respect to c.
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Proof. (2) < (3) and (4) < (5) follow from the exact sequences
0—>R/c—>K/c—>K/R—-0 and 0— R/c— S/c—S/R—0

since R/c¢ is an Artinian ring.

(1) = (2), (i), and (iv) Suppose that R is a generalized Gorenstein local ring with
respect to a. By the argument of the proof of Lemma 1.5.2, we may assume that a defining
short exact sequence has the following form

0—-R—K—K/R—0.

Hence K/R is R/a-free and 0 — R/a — K/aK is exact. The latter condition says that
aK = K since aK C R, thus a = ¢ and K? = K* by Lemma 1.5.7.
(2) = (1) Since K/R is an R/c-free module and K /¢ = K/cK,

0>R—->K—>K/R—0

is the exact sequence as desired.
Hence (1), (2), and (3) are equivalent. To prove (2) = (6), we need to show that (ii)
and (iii).
(ii) Let r = r(R) be the Cohen-Macaulay type of R. Since K/R = (R/c)®~Y we
have
0= R—K— (R/¢)°1 0.

By taking K-dual, we have
0= R— K — Exth(R/c, K)®—1 0.

Thus we have R/c & Extp(R/c, K) = Kg/., whence R/c is a Gorenstein ring.
(iii) We have

(0) :g/x m = [K :gm]/K C [K : m]/K =~ Extyp(R/m, K)

in general. Hence S/K is a Cohen-Macaulay faithful R/c-module with rg/(S/K) = 1,
that is, the canonical R/c-module Kp/.. Therefore we have S/K = R/c by (ii).

(3) = (5) Consider the exact sequence 0 — K/¢ — S/¢ — S/K — 0. Since K /¢ and
S/K are R/c-free, S/c is also R/c-free.

(2) = (6) Thanks to (iii), S/R is R/c-free of rank r. Hence e}(R) = (g(S/R) =
lr(R/c)-r(R) by [36, Lemma 2.1].

(6) = (2) Suppose that e}(R) = (g(S/R) = (r(R/c)r(R). Then, (r(K/R) =
(r(S/R) — lr(S/K) = (r — 1)-4g(R/c) since S/K = Kgj.. Therefore K/R is an R/c-
free module since there is a surjection (R/¢)®0~Y) — K/R.

(5) = (3) Note that ¢Sy = Kg,, for all M € Max .S since ¢ = K : S = Hompg(S, Kg).
Hence S/c is a Gorenstein ring. Since R/c — S/c is flat, R/c is also a Gorenstein ring.
Thus we have S/K = Kg/ = R/c and K/c is an R/c-free module since the exact sequence
0— K/c— S/¢c— S/K — 0. O
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Remark 1.5.9. The conditions (i), (ii), and (iii) of Theorem 1.5.8 do not imply that
the ring is a generalized Gorenstein local ring. For example, set R = k[[t*,¢7, ¢ 9] C
k[[t]], where k[[t]] denotes a formal power series ring over a field k. Then R satisfies the
conditions (i), (ii), (iii), however, R is not a generalized Gorenstein local ring (see [15,
Example 3.5.]). This example also shows that 2-almost Gorenstein local rings need not

be a generalized Gorenstein local ring in the sense of [15, Theorem 1.4], that is, K* = K3
and (p(K?*/K) = 2.

Corollary 1.5.10. Let (Ry, my) be a Cohen-Macaulay local ring of dimension one and let
v : R — Ry be a flat local homomorphism of local rings such that Ry /mR; is a Gorenstein
ring. Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring.

(2) Ry is a generalized Gorenstein local ring.

Proof. By [15, Proposition 3.8], for each n > 0 the following assertions hold true.
(1) K = K" if and only if K™ = K" and

(2) Lr, (KT /KT) = lr, (Ry/mBy)-Lr(K" T /K™),

where K| = R;-K = Kg,. Hence, K? = K3 if and only if K? = K} and K/R is
R/(R : K)-free if and only if K,/R; is Ry/(R; : Ky)-free. Therefore, R is a generalized
Gorenstein local ring if and only if R; is a generalized Gorenstein local ring by Lemma
1.5.7 and Theorem 1.5.8. O

Corollary 1.5.11. Suppose that r(R) = 2. Then, R is a generalized Gorenstein local ring
if and only if K? = K3.

Proof. Since r(R) = 2, we have K/R = R/(R : K). Hence, R is a generalized Gorenstein
local ring if and only if K? = K? by Lemma 1.5.7. [

Corollary 1.5.12. If e(R) < 3, then R is a generalized Gorenstein local ring.

Proof. We may assume that R is not a Gorenstein ring and R/m is infinite. Then, since
v(R) = e(R) = 3, we have K? = K3 and r(R) = 2. O

1.5.2 Applications for higher dimension

Thanks to the characterization of generalized Gorenstein local rings in dimension one,
by induction on dim R, we have some properties of generalized Gorenstein local rings in
arbitrary dimension, which includes Theorem 1.4.7 (2) = (1). For a while, let (R, m) be
a Cohen-Macaulay local ring possessing the canonical module K. Let a be an m-primary

ideal. Set d = dim R > 0.

Corollary 1.5.13. If R is a generalized Gorenstein local ring with respect to a, then R/a
1s a Gorenstein ring. In particular, a is not a parameter ideal.
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Proof. By Theorem 1.4.7 (1) = (2), we may assume that R/m is infinite. The case where
d =1 is proven in Theorem 1.5.8. Let d > 1 and assume that our assertion holds true for
d — 1. Then we can choose f € a such that R/(f) is a generalized Gorenstein local ring
with respect to a/(f) by Theorem 1.4.6. Hence R/a is a Gorenstein ring by induction
hypothesis. O]

Now we reach to prove the rest of Theorem 1.4.7.

Proof of Theorem 1.4.7 (2) = (1). Note that S is not a Gorenstein ring and dim .S > 0.
Set b = aS+ J. S/b is a Gorenstein ring by Corollary 1.5.13 and so is S/aS. Hence R/a
and S/mS are also Gorenstein rings since @ : R/a — S/aS is a flat local homomorphism.
It remains to show that R is a generalized Gorenstein local ring with respect to a. Assume
that £ = dim .S/mS > 0. If dim S = 1, then d = 0 and ¢ = 1 since d + ¢ = 1. Thus there
exists p € Min S such that p O mS. Since pN R =m, R — 5, is flat local homomorphism.
Since S, is a Gorenstein ring, so is R. This concludes that S is also a Gorenstein ring.
This is a contradiction. Hence dim S > 1. Choose an exact sequence

0—>S3>K5—>D—>0

of S-modules such that D is an Ulrich S-module with respect to b and 0 — S/b SN
Kg/bKg is exact. Set A = S/((0) :¢ D) and B = S/aS. Then, dimA = dimS — 1 =
d+ /¢ -1, dmB = dimR/a+ ¢ = ¢, and bB = JB. Hence we can choose
hisho, ... he, &1, E, ..., &q—1 € b which satisfy the following conditions.

(1) (hl, hz, ey hg)B = bB and
(2) (hi,hay ... he, &1, 80, ... €q-1)A is a minimal reduction of bA.
Set q = (hy,ha, ..., he,&1,8,...,&1) as an ideal of S. Then b"D = q"D for all n > 0

since

(s(D/aD) = (4(D/qD) = eg(D) = ey4(D) = &;(D) = L5(D/bD).
Furthermore, hy,ha, ..., h, &1, &, ..., &1 s a D-regular sequence and qD N 6" D =

qb™ D for all n > 0, whence hy, ho, ..., hy, &1, &9, ..., &g s a super regular sequence for D
with respect to b in the sense of [52], that is, hit, haot, ... het, &1t &ty ... €41t is a gry(D)-
regular sequence. In particular, hy, ho, ..., hy, &, &, ..., &1 is a superficial sequence for

D with respect to b. On the other hand, since (hi,ha,...,h)B = bB, hy,ho, ... hy
is a system of parameter of B = S/aS and S/mS. Hence, by passing to R — S —
S/(hi, ho, ..., hy), without loss of generality, we may assume that ¢ = 0 by Theorem
1.4.6. Choose an exact sequence

O%SgKS%D—m

of S-modules such that D is an Ulrich S-module with respect to aS and 0 — S/aS LN
Ks/aKg is exact. If d > 1, then we can take an element f € a such that f is R-regular
and ¢(f) is superficial for D with respect to aS. Hence, by passing to R/fR — S/fS,
we may assume d = 1. However, the case where dim R = dim S = 1 are already proven
in Corollary 1.5.10. Therefore we have proven Theorem 1.4.7. O]
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Proposition 1.5.14. Suppose that R/m is infinite. If e(R) < 3, then R is a generalized
Gorenstein local ring.

Proof. We may assume that R is not a Gorenstein ring. The case where d = 1 is proven in
Theorem 1.5.12. Let d > 1 and assume that our assertion holds true for d—1. Take f € m
so that f is superficial for R with respect to m. Then, since e(R/(f)) = e(R) < 3, R/(f)
is a generalized Gorenstein local ring by induction hypothesis. Since f is a non-zerodivisor
of R, R is also a generalized Gorenstein local ring by Theorem 1.4.6. ]

1.5.3 The endomorphism algebra of the maximal ideal

Let us consider again the case where dimension one. Throughout this sebsection, suppose
Setting 1.5.3. Set B = m: m = Hompg(m, m). Let J(B) denote the Jacobson radical of B.
Our next purpose is to explore the generalized Gorenstein local property of the algebra
B in connection with that of R. Let us begin with the following.

Proposition 1.5.15. Suppose that R is a generalized Gorenstein local ring but not an
almost Gorenstein local ring. Then we have the following assertions.

(1) B is a local ring and J(B) = mS N B.
(2) R/m= B/J(B).

Proof. Set r = r(R). By Theorem 1.5.8, we can take elements fi, fo,..., f-1 € K, g € S5,
and v € m such that K = R+ (f1, fo,..., fr-1), S = K+ (g), and ¢ : m = ¢ + (v). We
show that

B=R+ <Uf17vf27 s anT—1> + <Ug> :
In fact, since (g([(R:m)N K]|/R) =1p(K/R) =r —1and K/R = (R/c)®"~Y we have

BmK:(Rim)mK:R—f—<’Uf1,1)f2,...,2]f7~_1>.

On the other hand, since R/¢c =2 S/K and g is a free basis of S/K, vg ¢ K and
vg € K : m C B. Hence we have the equality B = R+ (vfi,vfa,...,vfr 1) + (vg)
since (r((R : m)/R) = r. Therefore, since (vfi,vfs,...,vfrz1) + (vg) C mS, we get
B =R+mSNB. We have mSN B € Max B since R/m = B/(mS N B). Therefore, since
mS N B C J(B), B is alocal ring and the unique maximal ideal is J(B) =mSNB. O

Let us note that Proposition 1.5.15 does not hold true without the assumption that
R is not an almost Gorenstein local ring. Let us give an example.

Example 1.5.16. ([15, Example 5.10]) Let V' = Kk[[t]] be the formal power series ring
over an infinite field k. We consider the direct product A = k[[t3,t4,°]] x k[[t3,t4,?]] of
rings and set R = k-(1,1) + J(A) where J(A) denotes the Jacobson radical of A. Then
R is a subring of A and a one-dimensional Cohen-Macaulay complete local ring with
the maximal ideal J(A). We have the ring R is an almost Gorenstein local ring and
v(R) = e(R). However

m:m=VxV

which is not a local ring.
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The following lemma is known. For a convenience to readers, we include the proof.

Lemma 1.5.17. Let A be a Cohen-Macaulay local ring with mazimal ideal m. Set d =
dimA > 0 and e(A) > 1. Then r(A) < e(A) — 1 and equality holds true if and only if A
has mazximal embedding dimension, that is, v(A) = e(A) +d — 1.

Proof. We may assume A/m is infinite. Then we can take a parameter ideal @) as a
reduction of m. Hence e(A) —1 = l4(A/Q) —la(A/m) > (4(Q : m/Q) = r(A). Hence the
equality holds true if and only if m = @) : m. This is equivalent to saying that m? = Qm
by [16, Theorem 2.2.]. O

Now we reach the theorem which is a goal of this subsection.

Theorem 1.5.18. Suppose that there is an element o € m such that m®> = am. Set
n=J(B) and L = BK. Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring but not an almost Gorenstein local ring.

(2) B is a generalized Gorenstein local ring with v(B) = e(B) = e(R), but not a Goren-
stein Ting.

When this is the case, we have the following.
(i) R/m = B/n.

(i) (5(B/(B : BIL)) = (r(R/<) — 1.

(iii) n* = an.

Proof. Since m? = am and R is not a regular local ring, by [15, Proposition 5.1], we have
the following.

(a) B=R:m="2.
(b) BCLCBand L =K :m2Kg as a B-module.
(c) S = B[L].

Furthermore, we have {g(L/K) = 1 since (K : m)/K = R/m by Remark 1.5.4. Set
a=B:B[L|=B:S.
(1) = (2) We have the natural commutative diagram

0 B/R S/R S/B——=0

Lk

0— (R/m)® = (R/c)®" —= S/B ——=0

as R-modules. Since R/c is an Artinian Gorenstein ring, Ime = ([c :x m]/¢)®". Hence
S/B = (R/[c :rp m])®" as R-modules. We show that R/[c :zp m] = B/a as R-modules.
Note that anN R = ¢ :g m since

accasesamS CR&Sacc:gm
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for an element a € R. Therefore we have an exact sequence 0 — R/[c :p m] = B/a. On
the other hand, we have

ZR(B/a) = KR(S/L) = fR(S/K) —1= KR(R/C) —1= KR(R/[C ‘R m]),

where the first and third equalities follow by the facts Kp/s = S/L and Kg/. = S/K
(see the proof of Theorem 1.5.8(iii)). Hence S/B = (B/a)®" as R-module and so as B-
module since (B/a)®" — S/B — 0 is exact as B-modules. Therefore B is a generalized
Gorenstein local ring, ¢5(B/a) = (r(R/¢) — 1, and r(R) = r(B) by Theorem 1.5.8. We
need to show that an = n?. In fact, since a.S is a reduction of mS, we have

mSNB _mS _

C—CS=B8,
(6% (6%

B C

where * stands for the integral closure of x. Hence aB C mS N B = n is a reduction and
1(B) =r(R) =e(R) — 1 =e(B) — 1, where the last equality follows from

e(R) = el(R) = (B = (p(B/aB) = (5(B/aB) = e(B)

by Proposition 1.5.15. Therefore, by Lemma 1.5.17, we have e(B) = v(B) = e(R), whence
an = n?,
(2) = (1) Consider the following exact sequences

0—L/K—S/K— S/L—0,

0—B/R— S/R— S/B—0, and
0—K/R—S/R— S/K —0.

Note that r(R) =e(R) — 1 =e(B) —1=1(B), S/K = Kg/, and S/L = Kp/,. Hence
(r(K/R) + (r(R/¢c) = (r(S/R) = Lr(B/R) + Lr(S/B) = r(R)-({r(B/a) + 1) = r(R)-Lr(R/c),

where the last equality follows from (r(B/a) = (r(S/L) = (r(S/K) — 1 ={lg(R/c) — 1.
Therefore K/R is an R/c-free module. O

On the other hand, it is known that R is an almost Gorenstein local ring possessing
maximal embedding dimension if and only if Homg(m, m) is a Gorenstein ring (see [36,
Theorem 5.1.]). Therefore, by combining to Theorem 1.5.18 and [36, Theorem 5.1.],
generalized Gorenstein local rings possessing maximal embedding dimension finally reach
Gorenstein rings by the action taking the endomorphism of the maximal ideal.

Corollary 1.5.19. Suppose that R is a generalized Gorenstein local ring but not a Goren-
stein ring and v(R) = e(R). Then S is a Gorenstein ring.

Proof. After enlarging the residue class field of R, we may assume that R/m is infinite.
We prove by induction on N = ¢r(R/c). If N =1, then R is an almost Gorenstein local
ring. Therefore S = B is a Gorenstein ring by [36, Theorem 5.1]. Suppose N > 1 and
our assertion holds true for N — 1. Then B is a generalized Gorenstein local ring such
that g(B/(B : B[BK])) = N — 1 by Theorem 1.5.18. Hence S = B[BK] is a Gorenstein
ring. O
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1.5.4 Ulrich ideals and idealizations

Next we study about Ulrich ideals in connection with the generalized Gorenstein local
property. The notion of Ulrich ideals is defined over arbitrary Cohen-Macaulay local rings,
and enjoy many interesting properties (Definition 1.2.6 and [43, 47]). We will summarize
and study more detail in Section 1.8. Here we focus on the one-dimensional case. Let a
be an m-primary ideal. At this moment, we focus on the case where a C ¢. We start with
the following.

Lemma 1.5.20. Suppose that a is an Ulrich ideal. Assume that a Cc¢. Thena=R:T
and K CT, where T'=a: a.

Proof. Take a non-zerodivisor a € a of R so that a* = aa. Then, T'= £ and a = (o) ;g a
since [43, Corollary 2.6.]. Therefore a = R : £ = R : T. Furthermore, we have the
following equalities:

a (a) ‘R Q

T:—:
« «

Here, the last equality follows from ¢ = K : S. Hence K C T. O]

=R:aDR:¢c=(K:K):c=K:c=85.

By Lemma 1.5.20, to investigate Ulrich ideals contained in ¢, we may assume that a
is an m-primary ideal of R satistying the following conditions:

(1) T is a subring of Q(R) and a finitely generated R-module,
(2) K C T, and
(3) a=R:T.
In this subsection, let a be an m-primary ideal satisfying the above conditions (1), (2),
and (3).
Lemma 1.5.21. The following assertions hold true.
(1) aTy is isomorphic to the canonical module Kr,, for all M € MaxT.

(2) The following conditions are equivalent.

(i) T is a Gorenstein ring.

)

(ii) a = aT for some a € a.

(iii) a® = aa for some a € a.
(

Proof. (1) Since a = K : S = Hompg(S,Kg), aTy = Kp,, for all M € MaxT.

(2) (i) = (ii) If T is a Gorenstein ring, then aTy, = Ty, for all M € MaxT by (1).
Hence, since T' is a semilocal ring, a = T and a = o/ for some a € a.

(ii) = (iii) This is trivial.

(iii) = (i) Assume that a*> = aa for some a € a and set L = 2. Then T C L C T
because of L2 = L. Hence Ty; C Ly € Ty and Ly = Kr,, for all M € MaxT'. Therefore,
since L2, = Ly, Ty is a Gorenstein ring by Theorem 1.5.5. [
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Proposition 1.5.22. Suppose that R is not a Gorenstein ring. Then the following con-
ditions are equivalent.

(1) a is an Ulrich ideal of R.
(2) T is a Gorenstein ring and T/ R is R/a-free.
When this is the case, R/a is a Gorenstein ring and pr(a) = pr(T).

Proof. By Lemma 1.5.21, we have only to show that T/R is R/a-free if and only if so is
a/a?. In fact, since a = aT for some « € a, we have a/a? = T'/a. Therefore we have the
equivalence since the exact sequence 0 — R/a — T/a — T /R — 0.

When this is the case, T'//a = T'/aT is a Gorenstein ring since « is a non-zerodivisor of
T. Since T'/a is R/a-free, we have R/a — T'/a is a flat homomorphism. Hence we get R/a
is a Gorenstein ring. The latter equality pgr(a) = pgr(7") is now trivial since a = 7. [

Next we give a characterization of generalized Gorenstein local rings obtained by
idealization. It will relate the notion of Ulrich ideals. First, let us recall basic properties
of idealizations. For a moment let R be an arbitrary commutative ring and M an R-
module. Let A = R x M be the idealization of M over R, that is, A = R® M as an
R-module and the multiplication in A is given by

(a,x)(b,y) = (ab, bz + ay)

where a,b € R and x,y € M. Let K be an R-module and set L = Homg(M, K)® K. We
consider L to be an A-module under the following action of A

(a,2) o (f,y) = (af, f(x) + ay),
where (a,z) € A and (f,y) € L. Then it is standard to check that the map
Hompg(A, K) - L, a— (o j,a(l))

is an isomorphism of A-modules, where j : M — A, z — (0,z) and 1 = (1,0) denotes
the identity of the ring A.

We are now back to our Setting 1.5.3. The problem here is, for an R-module M, when
the idealization R x M becomes a generalized Gorenstein local ring. It is known that
R x M is Gorenstein if and only if M = K ([69]). Since a generalized Gorenstein local
ring is generically Gorenstein by Lemma 1.4.1(1), we may assume that, for all p € Ass R,
either M, = R, or M, = 0. With this observation, we concentrate the case where M is
an ideal a. Furthermore we assume that a satisfies the conditions (1), (2), and (3) stated
after Lemma 1.5.20.

Remark 1.5.23. The following assertions hold true.
(1) a=K:T.

(2) SCTand aCec.
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Proof. (1) R:T=(K :K):T=K:KT=K:T.
(2) Since K C T, we have S = R[K| C T. By taking K-dual, a C c. O

Set A= Rxaand L =T x K. Then A is a one-dimensional Cohen-Macaulay local
ring and
Ka =2 Hompg(A, K) 2 Hompg(a, K) x K = L

as A-modules by Remark 1.5.23. Therefore
A=RxaCL=TxKCRxQ(R),

where R denotes the integral closure of R. Since Q(A) = Q(R)x Q(R) and A = Rx Q(R),
our idealization A = R X a satisfies the same assumption in Setting 1.5.3. We pose the
question of when A is a generalized Gorenstein local ring.

Lemma 1.5.24. The following assertions hold true.
(1) A[L)]=L*=TxT.

(2) A:A[L] =axa.

(3) v(A) =v(R) + pr(a) and e(A) = 2-e(R).

Proof. (1) Since L" = (T x K)" =T" x T" 'K for n > 2, we have A[L] = L* =T x T.
(2) This is straightforward, since A[L] =T x T.
(3) First equality follows from the facts that m x a is the maximal ideal of A and
(m x a)? = m? x ma. Second one follows from the facts that mA is a reduction of m x a
and A = R® a as an R-module. O

By Lemma 1.5.24 we have the following.

Proposition 1.5.25. Suppose that R is not a Gorenstein ring. Then the following con-
ditions are equivalent.

(1) A is a generalized Gorenstein local ring.

(2) R is a generalized Gorenstein local ring and S =T .
(3) T/R is R/a-free.

When this is the case, a = c.

Proof. (1) < (2) follows from

A is a generalized Gorenstein local ring < L/A is A/(A : A[L])-free
< T/R x K/ais R/a-free
< T/R and K/R are R/a-free
< T/R and K/R are R/a-free and a = ¢

& R is a generalized Gorenstein local ring and S =T
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Here, the forth equality follows from a = Ann(K/R) = R: K 2 ¢=R: S DO a and
the fifth equality follows from K : T'=a=¢= K : S.
(1) & (3) follows from

A is a generalized Gorenstein local ring < A[L]/A is A/(A : A[L])-free by Theorem 1.5.8
< T/R xT/ais R/a-free
< T/R is R/a-free.
[

Corollary 1.5.26. Suppose that R is not a Gorenstein ring. Then the following conditions
are equivalent.

(1) R is a generalized Gorenstein local ring.

(2) R % ¢ is a generalized Gorenstein local ring.
Combining Propositions 1.5.22 and 1.5.25, we have the following.

Theorem 1.5.27. Suppose that R is not a Gorenstein ring. Let T be a subring of Q(R)
such that T is a finitely generated R-module. Set a = R : T and assume that a C ¢. Then
the following conditions are equivalent.

(1) ais an Ulrich ideal of R.
(2) T is a Gorenstein ring and T /R is R/a-free.
(3) T is a Gorenstein ring and A = R X a is a generalized Gorenstein local ring.

(4) T is a Gorenstein ring, R is a generalized Gorenstein local ring, and S =T

When this is the case, a = ¢ and pgr(c) = ug(S) = r(R) + 1. In particular, there is no
Ulrich ideal which proper contained in c.

Proof. The equality pg(S) = r(R) + 1 follows from the fact that S/cS is an R/c-free
module of rank r(R) + 1 by Theorem 1.5.8. O

The followings are the direct consequences of Theorem 1.5.27.

Corollary 1.5.28. Suppose that R is not a Gorenstein ring. Then the following conditions
are equivalent.

(1) ¢ is an Ulrich ideal of R.

(2) S is a Gorenstein ring and R is a generalized Gorenstein local ring.

Corollary 1.5.29. Suppose that v(R) = e(R) > 3. Then R is a generalized Gorenstein
local ring if and only if ¢ is an Ulrich ideal.

Proof. Note that v(R) = e(R) if and only if m?> = am for some a € m by [67, Corollary
1.10]. Therefore, by Theorem 1.5.27 and Corollary 1.5.19, we come to the conclusion. [

This result is related to the result of J. Herzog, T. Hibi, and D. I. Stamate [55, Theorem
7.4.]. Thus, in Section 1.8, we again consider this result, see Theorem 1.8.7 and Corollary
1.8.12.
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1.5.5 Numerical semigroup rings

Next we study about generalized Gorenstein local property of numerical semigroup rings.
If R is a numerical semigroup ring, then the algebra B = m : m is also a numerical
semigroup ring. Hence we have the structure theorem for generalized Gorenstein local
rings having maximal embedding dimension by Theorem 1.5.18. We also have numerous
examples of generalized Gorenstein local rings via numerical semigroup rings. First of all,
we fix some notations of numerical semigroup rings.

Setting 1.5.30. Let 0 < ay,a9,...,a0 € Z (¢ > 0) be positive integers such that
GCD (aq,ag,...,as) = 1. We set

¢
Hz(al,a27...,a4>:{Zcz-ai|0§ci€Zfora111§i§€}

i=1

and call it the numerical semigroup generated by the numbers {a;}1<;<,. Let V = kl[t]]
be the formal power series ring over a field k. We set

R = k{[H)) = k[t £%,.... %]

in V' and call it the semigroup ring of H over k. The ring R is a one-dimensional Cohen-
Macaulay local domain with R =V and m = (¢%,¢%, ... t*).

Recall some basic notion on numerical semigroups. Let
c¢(H) =min{n € Z | m € H for all m € Z such that m > n}

be the conductor of H and set f(H) = ¢(H) — 1. Hence f(H) = max (Z \ H), which is
called the Frobenius number of H. Let

PF(H)={n€Z\H|n+a € Hforalll <i</}

denote the set of pseudo-Frobenius numbers of H. Therefore f(H) equals the a-invariant
of the graded k-algebra k[t*,t®, ... t*] and §PF(H) = r(R) ([49, Example (2.1.9), Def-
inition (3.1.4)]). We set f = f(H) and write PF(H) = {¢; < ca < --- < ¢, = f}, where

r=r(R). Set
K= Y Rt/

cePF(H)

in V. Then K is a fractional ideal of R such that R C K C R and
K~Kp= » Rt

cePF(H)

as an R-module ([49, Example (2.1.9)]). Hence R satisfies Setting 1.5.3. Note that
m:m=R:m=R+> ppu Rt iERCV.

Proposition 1.5.31. Suppose that R is not a Gorenstein ring. Set r = r(R). Then the
following conditions are equivalent.
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(1) R is a generalized Gorenstein local ring.

(2) R/c is a Gorenstein ring and f +b = c; + c,_; for all 1 <i <r —1, where t* is the
element in [c:p m] \ c.

Proof. (1) = (2) By Theorem 1.5.8 R/c is a Gorenstein ring and the R-linear map
(R/¢)®—Y) — K /R, where e; — t/=¢ is an isomorphism. Here, ej, es, ..., e,_; denotes a
free basis of (R/c)®~Y. Hence t/ =4t ¢ R and m-t/ =%+ C R, whence f—c;+b € PF(H)
foral1<i<r—1 Thus PF(H)={f—-¢_1+b,f—c,a+b,....,f —c1+b, f}, and
f—c_i+b=cforalll <i<r—1.

(2) = (1) Consider the surjection ¢ : Y = (R/c)®~) — K/R, where e; — tf=¢ for
all 1 <i¢<r—1. Then

R is a generalized Gorenstein local ring < Soc(Ker ¢) = (0) < ¢ |socy 1s injective.

Let us show that ¢ |gocy is injective. In fact, if the map is not injective, we have t*-e; +— 0
for some 1 < i < r—1since SocY = ([¢ :z m]/c)®"~Y. This implies that ¢,_; = f—c;+b €
H, a contradiction. O

Corollary 1.5.32. Suppose that R is not a Gorenstein ring. Let ny,no,...,ny be integers
and set J = (tmHha gnatlas 0 ynetar)y - Syppose that

(1) J Ccand
(2) f+b=ci+cr foralll <i<r-—1,

where b =S

=1 T Then R is a generalized Gorenstein local ring, J = ¢, and ¢ :r m =
¢+ ().

Proof. Since b+ f —¢; = ¢,_; for all 1 <i <r —1, we have t* € R : t/~¢. On the other
hand, t* € J :z m by the form of J. We show that R/J is a Gorenstein ring. In fact, take
th € [J :g m]\ J and write h = mya; + maay + - - - + mya, for some non negative integer
mi, Mg, ...,my. Then m; < n; for all 1 < 5 < ¢. Hence t=th . t*"hand b—h € H.
Since t°,t" € [J ;g m]\ J, we get h = b, that is, r(R/J) = 1. We also have J = ¢. In fact,
if J C ¢, then t* € J :xp m C ¢. This is a contradiction since t* ¢ R:t/=% D R: K D «¢.
Hence R is a generalized Gorenstein local ring by Proposition 1.5.31. O

Corollary 1.5.33. Assume e < hy < hy < ... < hey and let H = (e, hy,ha, ..., he_1).
Set R = k[[H]]. Suppose that e = e(R) = v(R) > 3. Then the following conditions are
equivalent.

(1) R is a generalized Gorenstein local ring.

(2) There exists an integer ng > 0 such that ¢ = (to+De ¢h tha - ghe-1) gnd
he—1+ (no+De=h;+he 1 foralll <i<e-—2.
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Proof. (2) = (1) By Corollary 1.5.32.

(1) = (2) Since K/R is R/c-free and K = Zf;ll Rt/=¢ we have ¢ = R : t/=¢ for
all 1 < i < e—2. Hencetht = t9t¢ ¢ ¢ forall 1 < i < e — 2. Furthermore, since
f—cither=f—(hi—€)+he1=f+e+(he1—h1) > f, wehavethet € R:t/~ =

Hence ¢ = (t(mothe ¢hi ¢h  the-1) for some integer ng > 0. Therefore we have nge +
f—ci € PF(H)sincec=R:t/ ¢ forall1 <i<e—2. Thus he_i+ (no+1)e = hj+he_1_;
foralll <i<e-—2. O

Let us give more concrete examples. With the notation of Setting 1.5.30 suppose that
¢ = 3 and set T' = k[t*,t*,t*] in the polynomial ring k[t]. Let P = k[X;, X5, X;3] be
the polynomial ring over k. We consider P to be a Z-graded ring such that Py = k and
deg X; = a; for i =1,2,3. Let

@ : P = k[X17X27X3] — T = k[tal,ta2,ta3]

denote the homomorphism of graded k-algebras defined by ¢(X;) = t% for each i = 1,2, 3.
Let us write X = X4, Y = X, and Z = X3 for short. If T" is not a Gorenstein ring, then

by [51] it is known that Ker p = I (})f;, ;’B, f;) for some integers a, 3,7, o', 3,7 > 0.

We use a result of [36, Section 4]. Let A} = 277 — X¥VF Ay = Xt —yF 77,
and Ay = Y — X277 Then Kerp = (Ay, Ay, Ag) and thanks to the theorem of
Hilbert-Burch ([20, Theorem 20.15]), the graded ring 7" possesses a graded minimal P-

free resolution of the form

xo ys' ] P(=d1)
P(—m) [Yﬁ Z"/,} D
0— @ X Iprg)ym M p e Ly,
P(—n) ®
P(—ds)

where d; = deg A1 = az(y +7), do = deg Ay = a1(a+ ), d3 = deg Az = as(B + '),
m=aia+d; = ayS+dy = agy+ds, and n = a1’ +ds = a3’ +dy = azy’ +dy. Therefore

n—m=ay —aia=asy — a8 = a1’ — azy. (1.5.33.1)

Let Kp = P(—d) denote the graded canonical module of P where d = a; + as + a3. Then,
taking the Kp—dual of the above resolution, we get the minimal presentation

P(dy — d)
NIRRT

P(dy — d) - @ — Ky —0 (1.5.33.2)
@ P(n —d)

P(ds — d)

of the graded canonical module Ky = Ext%(T,Kp) of T. Therefore, because Ky =
> cerroy 117¢ ([49, Example (2.1.9)]), we have £,([Kr];) < 1 for all i € Z, whence m # n.
After the permutation of as and as if necessary, we may assume without loss of generality

39



that n > m. Then the presentation (1.5.33.2) shows that PF(H) = {m — d,n — d} and
f=n—d.

We set a = n—m. Hence a > 0, f = a+ (m —d), and K = R+ Rt*. With this
notation we have the following. Remember that R is the MT);-adic completion of the
local ring Ty, where M = (t% | i = 1,2, 3) denotes the graded maximal ideal of 7. Then
we have the following.

Theorem 1.5.34. Suppose that H is 3-generated. Assume that R = k[[H]] is not a
Gorenstein ring and a > 0. Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring.

(2) 3a € H.

B) a<d, BB, andy <.

When this is the case, ¢ = (t*4 P92 $793) and (p(R/c) = aBy.

Proof. (1) = (3) By (1.5.33.2), we get Ky/P¢ = P/(X®, YP Z7), where £ = ¢(}). By
K/R = R/c since r(R) = 2, we have ¢ = (X Y? Z")R = (t°® tP%2 $7%)  On the
other hand, by applying the functor — ®p P/(X, Y? Z7) to (1.5.33.2), we get the exact
sequence

P/(X*YB, Z7)(dy — d)

® [Wﬁ ﬁ] P/(X*YP,Z7)(m — d)
P/(XYP, 2 (dy — d) Y Z5X° B = Ky /(X Y, 2Ky — 0
@ P/(X*, YR, ZV)(n — d)

P/(X*,YP Z7)(d3 — d)
as P/(X®,YP, Z7)-modules, where ¥ denotes image of * € P in P/(X®, Y?,Z7). We get

[%%%} = 0 since K/cK = (R/¢)®?, whence (Y?, 27, X) C (X, Y?, Z7), that is,

a<d,p<fFand vy <7.

(3) = (2) Because 3a = (a2’ — a1a) + (azy’ — a2f) + (a1¢/ — azy) = ar(a — ') +
az(f — ') + as(y — ') € H by the equality (1.5.33.1).

(2) = (1) By Corollary 1.5.11 and K = R + Rt“. O

When H is 3-generated and e(R) = min{ay, as, a3} is small, we have the following
structure theorem of H for R to be a generalized Gorenstein local ring.

Corollary 1.5.35. Let £ = 3. Then the following assertions are true.
(1) If min{ay,az, a3z} = 3, then R is a generalized Gorenstein local ring.
(2) Suppose that min{ay, as, a3} = 4. Then the following conditions are equivalent.

(a) R is a generalized Gorenstein local ring, but not an almost Gorenstein local ring.
(b) H = (4,3a+2d/,a + 2¢/) for some o' > a > 3 such that o # 0 mod 2.

(3) Suppose that min{ay, as, a3} = 5. Then the following conditions are equivalent.
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(a) R is a generalized Gorenstein local ring, but not an almost Gorenstein local ring.

(b) (i) H = (5,2a + o/, + 3a) for some o/ > o > 2 such that 2a+a’ # 0 mod 5 or
(il) H = (5,4a + 3/, a + 2) for some o/ > «a > 2 such that a+2a’ # 0 mod 5.

Proof. (1) This is followed by Corollary 1.5.12.

Suppose that R is a generalized Gorenstein local ring but not an almost Gorenstein
local ring. Then, by [36, Corollary 4.2], after a suitable permutation of ay, as, a3 we may
assume that a > 2. Note that

ar = py+ 8 + 8",

since a; = (r(R/t"R) = (p(P/[(X) + Kery]) = u(k[Y, Z]/ (YO, Y5 Z, Z7+). We
similarly have that

ay=ay+ay +a'y >6, az=df +dB+aB>6

since o/ > o > 2. Therefore e(R) = ay = v+ 'y + f/vand =y =1if e(R) < 5.

(2) (a) = (b) Since a; = 'Y+ +1 = 4, we have f/ = 1 and 7/ = 2. Hence
as = 3a+ 2a’ and a3 = a + 2a’. Note that a # 0 mod 2 since GCD (ay, az, a3) = 1.

(3) (a) = (b) Since a; = f'v'+ '+ 1 = 5, we have either the case where f' =2, ' =1
or the case where §' = 1, 4/ = 3. For the former case, we get H = (5,2a + o/, a 4 3/)
for some o > o > 2 such that 2a + o/ #Z 0 mod 5 since GCD (5,2a + o/, + 3a’) = 1.
For the latter case, we get H = (5,4a + 3a/, e + 2¢/) for some o/ > a > 2 such that
a+ 20’ # 0 mod 5 since GCD (5,4a + 3¢/, a + 2a/) = 1.

(2) (b) = (a) Since we have a = I ();a ;2 XZQ/), this is a generalized Gorenstein
local ring by Theorem 1.5.34. However, R is not an almost Gorenstein local ring by [36,
Corollary 4.2].

(3) (b) = (a) For the case (i) we have a = I, ();Z }Z/ XZa/ ), and for the case (ii) we have

a=1, ();a ;3 XZa/ ) Therefore R is a generalized Gorenstein local ring but not an almost
Gorenstein local ring. O

Let 0 < e € H and set a; = min{h € H | h =i mod e} for each 0 <i < e — 1. Then
the set
Ap.(H)={a; |0<i<e—1}={heH|h—e¢ H}

is called the Apery set of H mod e. With the notation, the following result is known.

Theorem 1.5.36. (cf.[15, Theorem 6.9.]) Let H be a numerical semigroup and assume
that H is symmetric, that is, R = k[[H]] is a Gorenstein ring. Take an element (0 < e € H
and consider Ap.(H) ={0 < hy < hy <--- < he_1}. Set

H, = {(e,hy +ne,hy +mne,... he1 + ney and R, = k[[H,]]

for alln > 0. Let K,, denote a fractional canonical ideal of R,, such that R, C K, C R,,.
Then we have the following.

(1) R, is a generalized Gorenstein local ring,
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(2) v(R,) =e(R,), and
(3) ERn(Rn/Cn) =n,
where ¢, = R, : R,[K,].

Due to Theorem 1.5.18, we get the following which is the converse of [15, Theorem
6.9.].

Proposition 1.5.37. Let e < hy < hy < ... < he_1 be positive integers such that

GCD (e, hy,ha, ... he—y) =1. Set H = (e, hy, ha,..., he—1) and R = k[[H]]. Assume that
R is a generalized Gorenstein local ring with e = e¢(R) = v(R) > 3. Set n = {r(R/c) >0
and H = {(e,hy —ne,hy —ne, ... he_1 —ne). Then the following assertions hold true.

(1) R' = k[[H']] is a Gorenstein ring.
(2) Ap.(H') ={0,hy —ne,hy —ne, ..., he_y —ne}.
Hence R is reconstructed by Ap.(H') and n > 0.

Proof. Suppose that n > 1, that is, R is not an almost Gorenstein local ring. Set Ry = R
and my = (t¢,tM th2 . the-1). Define that

Rj =m,_1 im;_g and m; = mj_lS N Rj—l

for 0 < j < n inductively. Note that R; = k[[H;]] for all 0 < j < n, where H; =
(e,hy — je,hg — je,... he_1 — je) since Theorem 1.5.18. Furthermore, we have

(i)
(ii) Cr,(R;/c;) =n—7,

(ii}) v(R,) = e(R,) = ¢, and

(iv) Ape(H;) = {0,hy — je, hy — je, ... he_y — je}

for all 0 < j <n, where ¢; = R; : S. Hence we may assume n = 1. This is the case where
R is an almost Gorenstein local ring but not a Gorenstein ring, whence this is proven in
(36, Theorem 5.1]. O

R; is a generalized Gorenstein local ring but not a Gorenstein ring,

1.6 Minimal free resolutions of generalized Goren-
stein local rings

We are now back to the arbitrary dimensional case. Throughout this section, let (R, m)
be a Cohen-Macaulay local ring possessing the canonical module Kz. Set d =dim R > 0
and r = r(R). In this section, we consider the following condition.
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Condition. There exists an exact sequence

0= R—Kp— PR/t >0

=2
of R-modules, where a; is an ideal of R for all 2 < i <.
Remark 1.6.1. With the notation of above Condition the following assertions are true.

(1) Suppose that R has an exact sequence of Condition. Then R/a; is a Gorenstein local
ring of dimension d — 1 for all 2 <1 <.

(2) If R is a generically Gorenstein ring with = 2, then Condition holds true.

(3) If R is a generalized Gorenstein local ring with d = 1, then Condition holds true.

Proof. (1) By Lemma 1.4.1, R/a; is a Cohen-Macaulay local ring of dimension d
1. By applying the functor Hompg(*,Kg), we get the isomorphism €, R/a;
@D,_, Extp(R/a;,Kg). Since Extp(R/a;,Kr) = Kg/q,, we conclude R/a; is a Gorenstein
ring.
(2) By assumption, there exists a canonical ideal generated by two elements.
(3) This follows from Theorem 1.5.8.

|

U

We have the following which is a natural generalization of [46, Theorem 7.8].

Theorem 1.6.2. Let (S,n) be a Gorenstein local ring and I, as,as, ..., a, be ideals of S.
Suppose that R = S/I # 0 and R is a Cohen-Macaulay ring but not a Gorenstein ring.
Assume that the projective dimension of R over S is finite. Then the following conditions
are equivalent.

(1) There exists an exact sequence

0= R—Kp— PS/a—0

i=2
of S-modules.

(2) There exist a minimal S-free resolution

0 5% % 8% ... 49§ R0
of R and a non-negative integer m, such that

Y21 Y22 -+ Y2up Y31 Y32 -+ Y3uz -+ Yr1 Yr2 - Yru, | 21 22 .. Z;m
To1 To2g ... ZEQU2

M — T31 T32 ... T3ug 0

0 ,

0 Tyl Ly .« Tpy,

where pg(a;) = w;, a; = (T, Tigy - -+, Ti, ), and dim S/a; = dim R—1 for all2 < i <r.
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Furthermore, if xi1, o, ..., T, 15 an S-reqular sequence for all 2 < i < r, then we
have the equality:

Tl Ti2 ... Ty,

=1 <y“ Yiz e yi“i>+(z1,22,...,zm). (1.6.2.1)
1=2

Proof. This result is essentially proven in the paper [46, Theorem 7.8]. However, we
include a proof for the sake of completeness.
(1) = (2) Choose the exact sequence

O—>Rﬁ>KR—>@S/ai—>O
i=2
of S-modules and set f; = ¢(1). We have Kg/fiS = @;_,S/ai. Choose elements
fa,..., [ € Kgr such that f; corresponds to (0,...,0,1g/,,0,...,0), where f; denotes
the image of f; in Kg/f;S . Then we have a surjective homomorphism

w : SEBT%KR, eir—>fi,

where {e;}1<;<, denote the standard basis of S#". Set L = Kervy and w; = pg(a;).
Take z;; € S so that a;, = (241, %2, ..., Ts,) forall 2 < ¢ < rand 1 < j < u. We
explore a minimal basis of L. Since Kg/fiS = ;_, S/a, we have z;;f; € f1.S, that is,
x5 fi+i; f1 = 0 for some y;; € S. Therefore we get z;;€;+y,;;e; € L. Set a;; = x;;€;+y;€;
forall2 <i<rand1<j<w;. Let a€ L and writea =) _,_, b;e; with b; € S. Then
b € a; for all 2 < i <rsince Y. ,b;-(0,...,0,15/4,,0,...,0) = 0 in P;_, S/a;. Write
b = Z;":l ciji; with ¢;; € S. Then we have

r r Us;
a — b1e1 + E bz-e,; = b161 + E E cijxijei
=2 =2 j=1
T Uq
=bie; + E E cij(ai; — yijei)-
i=2 j=1

Hence we havea—) ", Z;“:l ci;a;; € LNSe;, whence L is generated by {a;; fa<i<r, 1<j<u;U
{zre1}1<k<m for some integer m > 0 and 2z, € S for 1 < k < m. Thus, with ¢ =
> i, u; +m, we have an S-free resolution

goa M ger Yk 50 (1.6.2.2)

of Kg, where the matrix ™M has required form. We have to show that we may assume that
(1.6.2.2) is minimal, that is, {a;; }a<i<r, 1<j<u,; is a part of minimal system of generators
of L. Since {a;;}o<i<r, 1<j<u; U {2k€1}1<k<m generates L, we can choose minimal system
of generator of L in them. Assume that a;; is not a part of minimal system of generators
of L for some 2 <7 <rand 1 <j <w; . Then, we can construct an S-free resolution

S@q%S@TgKR—}O
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of Kg, where ™' is a matrix such that the columns corresponding to a;; is excepted from
M. Hence we have

P S/m = Kp/fiS =S¥ /(ImM + Sey)
=2
~ Slay®---®S/a;_ 1D S/d B S/a; 1D S/a,,

where o' = (24, %i2, ..., Tij—1,Tij+1, - - -, Tiy;)- Lhis is a contradiction for u;, = pg(a;).
Hence we may assume that (1.6.2.2) is minimal. Then the S-module Ky possesses a
minimal free resolution

0—>S— =595 8% 3 Kr—0

with ¢ = Y7, u; +m. Therefore, by taking S-dual, Assertion (2) holds.
(2) = (1) By taking S-dual, we have the exact sequence (1.6.2.2). Set f; = ¢(e;) for
all 1 <1i <r, where {e;}1<i<, denotes the standard basis of S®". We then have

Kgr/fiS =S¥ /(Im™ + Se;) = éS/ai.
i=2
Hence we have an exact sequence
RﬁKR%éS/ai—M)
i=2
of R-modules, where (1) = f;. Since dimS/a; = dim R — 1 for all 2 < i < r, ¢ is
injective.

Now we prove the equality (1.6.2.1). Suppose that z;1,x;9, ..., T4, is an S-regular
sequence for all 2 < i < r. Note that for a € S we get the equivalences

acel & afi=0 <& ae €l

m
& aep = E Cijai; + E dyzre;  for some ¢;;,d, € S
2<i<r, 1<j<u; k=1 (1.6.2.3)
m
= a= E CijYij —+ E dek and 0= E CijTij,
2<i<r, 1<j<u; k=1 2<i<r, 1<j<uy;

where the first equivalence follows from ¢ is an injective map and the second equivalence
follows from L = Ker. For the third equivalence, this follows from

L= Z Sal-j+i5e1.
k=1

2<isr, 1<j<u,

The fourth equivalence follows from a;; = z;;€; + y;je;.

45



(D) By (1.6.2.3), we obtain I D (z1,22,...,2p). Forall3<i<rand 1 <a < f <,
we get

(Qiz‘ﬁyia - xmyiﬁ)el = l’iﬁ(aia - xmez‘) - SUz'a(aw - xiﬁei) = TipQjo, — Tindig € L,

whence z;3Yia — Tiayip € I by (1.6.2.3).
(C) Let a € I. By (1.6.2.3), it is enough to show that, for any 2 <i <,

if Zlgjgui cijxi; = 0. Let

Ky(x) 2 Ki(x) 2 Ko(x) and  Ka(y) 2 Ki(y) 2 Ko(y)

be the parts of Koszul complexes of the sequences x = z;1,%,...,24, and y =
Yi1s Yis - - - » Yy, Yespectively. Let T, ..., T, be a basis of K;(x) = K;(y). Then, since
81(21§j§ui ciily) = Z1§jgui cijzi; =0, Z1§jgui ¢ijYi; € 01(Ker ;). On the other hand,

since the sequence x = x;1, %o, ..., Ty, 1S an S-regular sequence, Imd, = Ker ;. Hence

> i<j<u, CijYi; € Tm(0100,). It follows that D, cijyij € Iz (Z;zl Zx/i2 zwz) since
<j<ui SIsui il Tig oo Ty,

Im(0] o 0y) is generated by 0] 0 02(Tw13) = TiglYia — TiaYip for all 1 < a < f < w;. O

Corollary 1.6.3. Let (S,n) be a regular local ring and I,as,as,...,a,. be ideals of S.
Suppose that R = S/I # 0 and R is a Cohen-Macaulay ring but not a Gorenstein ring.
Assume that there exists an eract sequence

0—>R—>KR—>@S/ai—>O
i=2

of R-modules. If S/a; is a complete intersection, then

. - Yix Y2 - Yiu
I= Z;IQ (Iil Tig ... xzu) a2 Fn)
for some yi1, Yio, ..., Yiu, € S and 21,29, ...,2m € S, where a; = (Ti1, Tia, . .., Tiw,) and
ps (i) = u;.
Proof. a; is generated by an S-regular sequence, see [11, Theorem 2.3.3.]. [

Corollary 1.6.4. With the notation of Theorem 1.6.2 suppose that Condition (1) holds
true. Set n = dim S — dim R. We then have the following.

(1) If n=2, thenr =2, ¢ =3, and m = 0.

(2) Suppose that S is a regular local ring, I C n?, and R has mazimal embedding dimen-
sion. Thenr =mn, ¢=n?>—1, and m = 0.
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Proof. Note that

q:ZumLmZ (r=1(n+1)+m
i=2
since n + 1 = htga; < u,.

(1) Since a minimal S-free resolution of R has the form 0 — S®" — SeU+) 5 §
R—0,wehave q=7r+12> (r—1)(2+ 1) + m. Since R is not a Gorenstein ring, we get
r=2¢g=3and m = 0.

(2) Set e = e(R). By [71, Theorem 1.(iii)], n = e— 1, r = e — 1, and ¢ = (e — 2)e.
Therefore we have ¢ = (e — 2)e > (e — 2)e + m, whence m = 0. O

As a corollary, we have a characterization of one-dimensional generalized Gorenstein
local rings in terms of minimal free resolution, which will be used in Section 1.7.

Corollary 1.6.5. Let (S,n) be a Gorenstein local ring and (R,m) a one-dimensional
Cohen-Macaulay local ring but not a Gorenstein ring. Let ¢ : S — R be a surjective ring
homomorphism and suppose the projective dimension of R over S is finite. Let a be an
ideal of S such that a O Kery and set n = pg(a) and a = (z1,x9,...,2,). Then the
following conditions are equivalent.

(1) R is a generalized Gorenstein local ring with respect to aR.

(2) There exists a minimal S-free resolution

0850 Lgd ... 58 R0
of R such that

%k *

Ty Ty ... Tp

M = Ty Ty ... Ty 0

0 r1 T2 ... Tp

where all components of xx and x are in a.

Proof. (1) = (2) By definition of generalized Gorenstein local rings with respect to aR,
there exists an exact sequence

0— R — Kg — (S/a)®t=1 0.

Hence we can apply Theorem 1.6.2 and get the minimal S-free resolution of R which
stated in Assertion (2). We have only to show that all components of #* and * are in

a. In fact, by taking S-dual, we have S®¢ Moger Kgr — 0. Hence, by applying the
functor S/a ®gs —, we get the following exact sequence

(5/a)% X (S/0)® 5 Kn/aKg — 0.
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Therefore M is forced to be the zero matrix since (S/a)®" = (R/aR)®" = Kg/aKg.
(2) = (1) Thanks to Theorem 1.6.2, there exists a exact sequence

0— R5 Kg— (S/a)®=Y 0.

Hence ¢(1) ¢ mKg. Furthermore, similarly to the above proof, we get the exact sequence

(5/a)® ™ (S/a)® 5 Kr/aKg — 0.

Since ™M is a zero matrix, we have (S/a)®" = Kg/aKg. Hence R is a generalized Goren-
stein local ring with respect to aR. O]

1.7 Construction of determinantal generalized Goren-
stein local rings

In this section we study how to construct generalized Gorenstein local rings obtained by
determinantal ideals. Throughout this section, let (S,n) be a Noetherian local ring of
d = dimS > 0. For an ideal I of S and a finitely generated S-module M, grade(l, M)
denotes the grade of M in I in the sense of [11, Definition 1.2.6.], that is, the length of the
maximal M-regular sequence in I. We start at the following lemma which is well-known.

Lemma 1.7.1. Let I be an ideal of S and x € n be a non-zerodivisor of S. Then
grade(1, 5) < grade([I + (x)]/(x), 5/(x)) < grade(, 5).

Proof. Set g = grade(/, S). By applying the functor Homg(S/1, ) to the exact sequence
085S —S/(x) =0, we have Ext%(S/I,S/(x)) =0 for all i < g — 2 and

0 — Ext% '(S/I,S/(x)) — BExt%(S/I,S) 5 Ext%(S/I,S) — Ext%(S/1,S/(x)).
By Nakayama’s lemma, at least either Ext% '(S/I,S/(z)) or Ext%(S/I,S/(x)) does not

vanish. Therefore g — 1 < grade(I, S/(z)) = grade([{ + (z)]/(x), S/(z)) < g. O
Lemma 1.7.2. For a positive integer n > 0, the following assertions hold true.
(1) Let 0 < ayg,as,...,an, 01, Pa, ..., By be positive integers and x1,2s,...,x, € N an
S-regular sequence. Set
oy o adtt aon
I =1 1 2 n—1 n )
2 (x@? P ab g

Then grade(I,S) =n — 1.

(2) Let x1,x9, ..., Tn,Y1,Y2,---,Yn € N be an S-reqular sequence. Set
J:IQ(‘II To ... In>
Yi Y2 - Un
Then grade(J, S) =n — 1.
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Proof. The hight of I and J are at most n — 1 in general, thus we have only to show that
the converse inequality.

0 x5 ... at aon
(1) Note that I + (z;) = I (x§2 $§3 :135”1 0 ) + (1).
Set I' = I 0 ap® oyt We show that o, x z, € VI by in
= . W T, -
2 x§2 1’§3 R e | 2 Y

duction on 2 < ¢ < n. The cases where i = 2 and ¢ = n are clear. For the case of

Qj—1 (o7

2 < i < n, suppose the assertion holds true for i — 1. Then since det ( 1}1 giH) elr,
T Lit1

1)7 S/(l’1)> < grade(lv S)

1). Then, we have

we have 227 € I Hence n — 1 < grade([I’ + (21)]/(
(2) Set yo=yp and Q = (z; —y;i—1 | 1 <i < n)+(

[J+ Q]/Q - [(ZEQ,J/’g, s ’xn)Q + Q]/Q

T
i

Hence n — 1 < grade([J + Q]/Q, S/Q) < grade(J, S). O
Theorem 1.7.3. Let S be a Gorenstein local ring and n be a positive integer with 3 <
n < dimS = d. Assume that x1,xs,...,xq is a system of parameters of S. Set ) =
(x1,x9,...,x,) and take elements yi,ys, ..., Yy, € Q. Set
I:IQ<£IZ'1 Ty ... ilj'n)
Y Y2 - Un

If grade(1,S) = n — 1, then R = S/I is a generalized Gorenstein local ring with respect
to (z1,x9,...,24)R.

Proof. We reduced the case where n = d. Assume that n < d. Then S/(zn, Tpi1, ..., %a)
and R/(xn, Tpi1,...,2q)R satisfy the same assertions of S and R. Hence, thanks to
Theorem 1.4.6, we may assume that n = d. Then, by hypothesis, the Eagon-Northcott
complex [18] gives a minimal S-free resolution of R. Remember that the Eagon-Northcott
complex has the form

0— 5% M gentn=2) ... 9 s R0

of R such that

Y
X

s

-

X

Y
X
where X = (z; — a9 3 ... (=1)"'z,) and Y = (y; —y2 y3 ... (—1)""y,) are
submatrices of ™. Since y; € @ for all 1 < i < n, by taking fundamental transformation,
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we have

M ~ 0=

0 X

where all components in * are in (). After replacing the basis of S®™("~2) we may assume
that ™M = N. Therefore R is a generalized Gorenstein local ring with respect to QR by
Corollary 1.6.5 O

Corollary 1.7.4. Let S be a Gorenstein local ring and n be a positive integer with 3 <
n < dim S = d. Then the following assertions hold true.

(1) Let 0 < oy, 9, ..., 1, Ba, - . ., B be positive integers and

X1, X9y v vy Ty 21, 22, - -+, 2d—n € N a system of parameters of S. Set
[ AR g
-2 x§2 x?B . xbn xfl )

Then, Ry = S/I is a generalized Gorenstein local ring with respect to

(292, a8 2, 29, . ..y Za—n) Ry if and only if a; < B; for all 1 < i <n.
(2) Let 1,29,y Ty Y1, Y2y« -+ s Yny 215 225 - - -, Zd—2n € N be a system of parameters of S.

Set

J — 5 1 2 n .
Yi Y2 .- Un

Then, Ry = S/J is a generalized Gorenstein local ring with respect to
(T1, @0, oo s Ty Y15 Y2, -+ s Yy 215 225 -« - Zd—on ) Ra.

Proof. (1) Thanks to Theorem 1.7.3 and Lemma 1.7.2, we have only to show that the
only if part. By Lemma 1.7.2, the Eagon-Northcott complex induces the exact sequence

genn-2) M, gor _, Kg — 0, where

Y
X

<

0 x v

X

Here, X and Y denotes the submatrices of ™ such that
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X = (2t —a5? x5® ... (=1)"1z%") and

Y = (a5 —a ayt . (=) 2l (1)),

Set a = (af*, 292, ..., 28", 21, 29,...,2q-n). Take the functor S/a ®g —. Then, since
Kgr/aKg is S/a-free, we get all components in M are in a. Thus we come to the conclusion.
(2) Set yo = y, and q = (x; —y;.1 | 1 < @ < n). Note that {x; — y;1 |

1 < i < n} is a regular sequence of S and Ry. Hence S/(J + q) is a general-

ized Gorenstein local ring with respect to (z1,a,...,%n, 21, 22, .. ., 24-n)-S/(J + q) by
(1). This implies that Ry is also a generalized Gorenstein local ring with respect to
(X1, T2y« oy Ty Y1, Y2y« -+ s Yny 215 225 - - + 5 Zd—2n ) Ro by Theorem 1.4.6. O

We close this section with an application for Rees algebras which is a generalization
of [46, Theorem 8.3.].

Corollary 1.7.5. (cf. [46, Theorem 8.3.]) Let (S,n) be a Gorenstein local ring and
1 <n < dimS =d. Let ay,as,...,a, be a subsystem of parameters of S. Set Q) =
(ay,aq,...,a,). We denote that

R = R(Q) = S[alta a2t7 ce >adt] - S[t]

is the Rees algebra of Q), where S[t| is the polynomial ring over S. Then Ry is a gener-
alized Gorenstein local ring, where M = wR + R is the unique graded mazimal ideal.

Proof. By [6], R = S[Th, Ty, ..., T,] /I (1t I2 - T) This shows that Ry is a generalized

ay az ...
Gorenstein local ring. O

1.8 Ulrich ideals and generalized Gorenstein local
rings

As we showed in Corollary 1.5.28, there are relations between the notion of Ulrich ideals

and the notion of generalized Gorenstein local rings. The purpose of this section is to

study about Ulrich ideals again and generalize previous results. Throughout this section,

let (R, m) be a Cohen-Macaulay local ring of dimension d > 0, possessing the canonical

module Kg. Let us summarize the some basic properties of Ulrich ideals, as seen in
43, 47].

Theorem 1.8.1 ([43, 47]). Let I be an Ulrich ideal of R and set n = pugr(I). Let
s FBESF 5 5 R 3F=R—>R/II=0

be a minimal free resolution of R/I. Then r(R) = (n — d)-r(R/I) and the following

assertions hold true.

(1) 1(0;) =1 fori>1.
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(2) Fori>0, 5; =3 (9) +(n—d)Bis (1<i<d),
1 i =0).
(0) (1 <d),
(3) Fori € Z, Extiy(R/I,R) = { (R/1)®(—9) (i =d),

(R/])@{(nfd)2—1}-(n—d)i—(d+1> (Z > d).

Here 1(0;) denotes the ideal of R generated by the entries of the matriz 0;, and B; =
rankpF;.

Next, let us introduce the notion of trace ideals.

Definition 1.8.2. For an R-module M, let
tyr s Homp(M, R) @ g M — R

denote the R-linear map defined by ty(f ® m) = f(m) for all f € Homg(M, R) and
m € M. Then, trr(M) = Imty, is called the trace of M.

In this chapter, we focus on the trace of the canonical module trg(Kg). Let us note
some properties of the trace of the canonical module.

Remark 1.8.3. The following assertions are true.

(1) trr(Kg) describes non-Gorenstein locus, that is, for p € Spec R, R, is not a Gorenstein
ring if and only if trg(Kg) C p.

(2) If there exists a canonical ideal L, then trp(Kg) = (R : L)L. In particular, if R
is a generalized Gorenstein local ring with respect to a of dimension one, then a =

tl"R(KR).

Proof. (1) For instance, see [55, Lemma 2.1.].

(2) Since canonical ideal L contains a non-zerodivisor of R, we have a natural isomor-
phism Hompg(L, R) = R : L. Therefore trgp(Kg) = Imt;, = (R : L)L. Latter statement
follows from Lemma 1.5.7 and Theorem 1.5.8. ]

Let us give the relation between Ulrich ideals and the trace of the canonical module.

Theorem 1.8.4. Suppose that (R, m) is a generically Gorenstein local ring but not a
Gorenstein ring. Let I be an Ulrich ideal such that pgr(l) > d+ 1. Then trr(Kg) C I.

Proof. Since R is a generically Gorenstein local ring, there exists a canonical ideal L C R.
For any R-regular element f € L, we get an exact sequence

0O—-R—>L—L/(f)—0
of R-modules. Thanks to Theorem 1.8.1, by applying the functor Homg(R/I, ), we have

Extyp(R/1,L/(f)) = Extyy '(R/I, R) = (R/1)*"
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for i > d, where u; = {(ur(l) — d)? — 1}(ur(I) — d)"=¢"1 > 0. This implies that

Z (f):rLCI.

f € L R-regular

We show that

tI‘R(KR) = Z (f) ‘R L.

f € L R-regular

In fact, by Davis’s lemma, we can take non-zerodivisors fi, fo,..., f, of R such that
L=(f1,fo,..., [fr), where r = r(R). Therefore, since (f) :g L = f(R: L), we have

' HwL = Y f(R:L)

f € L R-regular f € L R-regular

— L(R:L) = tra(Kp).

Combining [47, Theorem 2.8.] and Theorem 1.8.4 yields the following the result.

Corollary 1.8.5. Suppose that R is G-regular, that is, every totally reflexive module is
free. If I is an Ulrich ideal, then trp(Kg) C 1.

Corollary 1.8.5 provides the question when trgz(Kg) is an Ulrich ideal. Corollary 1.5.28
and Remark 1.8.3 say that trg(Kg) is an Ulrich ideal if R is a non-Gorenstein generalized
Gorenstein local ring of dimension one and S is a Gorenstein ring. For a while, we focus
the case where dim R = 1. We assume that Setting 1.5.3 unless otherwise noted. Note
that trp(Kgr) = aK by Remark 1.8.3.

Lemma 1.8.6. Suppose that trr(Kg) is stable, that is, trg(Kgr)* = a-trp(Kg) for some
non-zerodivisor a € trp(Kg) of R. Then trgr(Kg) = c¢.

Proof. Since trr(Kgr) = aK, trg(Kg) : trg(Kg) = aK : aK = (aK)" : (aK)" for all
n > 0. Since a™S = (aK)" for n > 0, we have trg(Kg)S C trg(Kg). This shows that
trp(Kg) is an ideal of S, whence trg(Kg) C ¢. The converse inclusion is clear. O

The following improves Corollary 1.5.28.

Theorem 1.8.7. Suppose that R is not a Gorenstein ring. Then the following conditions
are equivalent.

(1) trr(Kg) is an Ulrich ideal of R.
(2) ¢ is an Ulrich ideal of R.
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(3) R is a generalized Gorenstein local ring and S is a Gorenstein ring.

In particular, if trgr(Kg) is an Ulrich ideal of R, then R is a generalized Gorenstein
local Ting with respect to trr(Kg).

Proof. (2) < (3) is proven in Corollary 1.5.28.

(2) = (1) This follows from the fact of trg(Kg) = ¢ by Lemma 1.5.7 and the equivalence
(2) & (3).

(1) = (2) This follows from Lemma 1.8.6. O

Let us give examples of Theorem 1.8.7.

Proposition 1.8.8. Let (S,n) be a Gorenstein local ring and 3 < n = dimS. Take
T1,%a, ..., Ty €N a system of parameters of S and set

-1, (arl Ty c Tpoy xn)
o T3 -+ -- Ty, sl
and R = S/I. Then we have the following.

(1) R is a one-dimensional generalized Gorenstein local ring with respect to
(.CEl,.fL'Q,...,Q?n)R.

(2) trr(Kgr) = (1, x2,...,2,)R is an Ulrich ideal of R.

Proof. (1) This follows from Corollary 1.7.4.
( ) By (1), we have the equality trg(Kgr) = (21,22, ..., 2,)R since Lemma 1.5.7. Set
= trr(Kg). Then, we have

S =T + (12,73, ..., T)” = T1J

since T;T; = T;_12;41 for all 2 < ¢ < j < n, where T denotes the image of x € S in R and
ZTpnr1 = 1. Therefore, by Lemma 1.5.21 and Theorem 1.8.7, we have J is an Ulrich ideal
of R. O

Proposition 1.8.9. Let R = k[[t™, 1, t*]] be a numerical semigroup ring over a field k.
With the notation of Theorem 1.5.34 suppose that a > 0. Then the following conditions
are equivalent.

(1) trr(Kg) is an Ulrich ideal.
(2) Two of the three pairs (o, '), (B,0'), and (v,7') are equal.
When this is the case, after renumbering, we have the equalities:

a; = 307, as = y(2a + '), and a3 = f(2¢/ + «).
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Proof. (2) = (1) After suitable permutation of a1, as, and ag if necessary, we may assume
that « < o/, 8 = f',7=1". Then R is a generalized Gorenstein local ring and trg(Kg) =
(toar tPaz 793) by Theorem 1.5.34. It is straightforward that trr(Kg)? = ttrr(Kpg).
Hence trr(Kg) = R : R[K] by Lemma 1.8.6, where K = R + Rt®. Hence R[K] is a
Gorenstein ring by Lemma 1.5.21. Therefore trgr(Kg) is an Ulrich ideal by Theorem
1.8.7.

(1) = (2) We have the equalities

a<do,B<B, v <7, and trg(Kg) = (t2, thez 793)

by Theorem 1.5.34. We may assume that (¢**'*) is a reduction of trr(Kg) after renum-
bering. Then,

trr(Kg) B B
_ 172 a 32a\ __ YYR\IMR) az-B—ay1-a jazy—ar-o
R[K]—K—<1,t,t >_t(lT_<1’t2 o gasy—a >’
. — . —= 2 . _ . —
by Theorem 1.5.8. Therefore {a2 f-ara a or asf —a-a=a

Assume the former case. Then, since a =n —m = a1/ — azy by (1.5.33.1), we have
2-a3y = ar(a+ ') = a8’ + azv,

where the last equality follows from X°t® — Y% Z7 € Kery. Therefore a.ff = asy,
whence Y# — Z7 € Kery. This is a contradiction for the construction of 5 and ~
since R is not a Gorenstein ring (see [51]). Hence the latter case holds. Then, since
as-f —arra = a = ayff — aya, f = [F'. Similarly, we have v = 7/ since

azy —ar-a = 2a = (a8 — aya) + (azy — axf8).
Equalities for aq, as, and a3 follow from the general equalities that
ar = Py + '+ ', a2 = ay+ oy’ + /7, and az = o' + o/ f + af,
see the proof of Corollary 1.5.35. O

Now we are back to the setting that (R, m) is an arbitrary Cohen-Macaulay local ring,
possessing the canonical module Kg. Set d = dim R > 0.

Corollary 1.8.10. Suppose that the residue field R/m is infinite. If trr(Kg) is an Ul-

rich ideal of R with pr(trr(Kgr)) > d + 1, then R is a generalized Gorenstein local ring

with respect to trr(Kgr). When this is the case, R/trgr(Kg) is a Gorenstein ring and
).

pr(trr(Kr)) = d + (R

Proof. Set J = trr(Kg). We prove by induction on d. The case where d = 1 is proven
in Theorem 1.8.7. Let d > 1 and assume that our assertion holds true for d — 1. Since
R/m is infinite, we can choose a parameter ideal Q = (f = fi, fo2,..., fa) as a minimal
reduction of J. Set ¥ = R/(f) ®p *. Then tx, : Homp(Kg, R) ®r Kg — R induces

E : HOII]R(KR, R) 2y KE — }_%
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Hence trp(Kg)R = Imfg, C ZfeHomﬁ(Kﬁ,ﬁ) Imf = trz(Ks). On the other hand, JR is

an Ulrich ideal of R since [43, Lemma 3.3.] and pg(JR) > (d — 1) — 1. Hence, thanks to
Theorem 1.8.4, JR = tr5(Kg). Therefore R is a generalized Gorenstein local ring with
respect to tre(Kg), whence R is also a generalized Gorenstein local ring with respect to
trp(Kg) by Theorem 1.4.6. Thus R/trr(Kg) is a Gorenstein ring by Corollary 1.5.13 and
pur(trr(Kg)) = d + r(R) by Theorem 1.8.1. O

Let us give an application for nearly Gorenstein local rings which is defined by J.
Herzog, T. Hibi, and D. I. Stamate.

Definition 1.8.11. ([55, Definition 2.2.]) Let (R,m) be a Cohen-Macaulay local ring
possessing Kg. Then R is called a nearly Gorenstein local ring if trp(Kg) 2 m.

As a direct consequence of Corollary 1.8.10, we have the following which generalizes
the result of J. Herzog, T. Hibi, and D. I. Stamate ([55, Theorem 7.4.]).

Corollary 1.8.12. Suppose that R is a nearly Gorenstein ring and R has maximal em-
bedding dimension. Then R is an almost Gorenstein local ring if the residue field R/m is
infinite.

Proof. We may assume that R is not a Gorenstein ring. Then, trgr(Kg) = m is an Ulrich
ideal and v(R) = e(R) = d+1(R) > d+ 1 by Lemma 1.5.17. Therefore R is a generalized
Gorenstein local ring with respect to m, that is, an almost Gorenstein local ring. O]

We give examples of Corollary 1.8.10.

Example 1.8.13. Let (S, n) be a Gorenstein local ring of dim S = 4 and 1, x9, r3, 74 € 0
a system of parameters of S. Set

I = 12 (1’1 ) .I’g)
Ty T3 X4
and R = S/I. Then trg(Kg) = (21,22, 23, 24) R is an Ulrich ideal of R. Therefore R is a
generalized Gorenstein local ring with respect to trg(Kg).

Proof. By [55, Corollary 3.4.] and Hilbert-Burch’s theorem, we have trg(Kgr) =
(21, T2, w3, 24)R. Set J = (x1, x5, x3,24) R and * denotes the image of x € S in R. Then
J2 = (z1,72) ] + (72, 73)° = (T1,70) .

Furthermore, we have
¢§(R) =lr(R/(x1,24)R)
=ls(S/I + (x1,24))
=Ls(S/[(w2,3)* + (21, 24)])
=l (S (29, 23)%5") where 5" = S/(x1, x4)
=3-Lg (S (22, 23)5")
—3Ln(R/JR),

where the fifth equality follows from the fact that (xs,23)S’ is a parameter ideal of S’.
Hence [ is an Ulrich ideal of R by [43, Lemma 2.3.]. O
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Next purpose is to determine the set of all Ulrich ideals of generalized Gorenstein local
rings of dimension one. Let us remember Theorem 1.5.18, which rephrased in terms of
the trace of the canonical module.

Theorem 1.8.14 (Theorem 1.5.18). Let (R, m) be a Cohen-Macaulay local ring possessing
the canonical module Kg. Assume that dim R = 1 and Setting 1.5.3. Then the following
conditions are equivalent.

(1) R is a generalized Gorenstein local ring but not an almost Gorenstein local ring and
v(R) =e(R).

(2) B = Homg(m,m) is a generalized Gorenstein local ring with v(B) = e(B) = e(R),
but not a Gorenstein ring.

When this is the case, there exists an element such that m®> = am and we have the
following.

() R/m= B/,
(ii) €5(B/trp(Kg)) = (r(R/trr(Kgr)) — 1, and
(iii) n? = an.

Here n denotes the unique maximal ideal of B.

Proof. Note that the existence of a minimal reduction («) of m follows from [67, Corollary
1.10]. O

We are now back to the case of dimension one. In what follows, we assume Setting
1.5.3. Due to Theorem 1.8.14, we have the following which is the heart of Theorem 1.8.18.

Proposition 1.8.15. Suppose that R is a generalized Gorenstein local ring but not a
Gorenstein ring. Assume that m?> = am for some element « € m. Set v = v(R) and
N = lp(R/trr(Kg)) > 0. Then there exist elements xq,x3, ..., T, € m which satisfies the
following two conditions.

(1) m = (a,z2,23,...,2y).
(2) trr(Kgr) = (Y, 29, 23,...,2,) and () is a minimal reduction of trr(Kg).

Proof. We prove by induction on N > 0. The case where N = 1 is trivial since trg(Kg) =
m. Let N > 1 and assume that our assertion holds true for N — 1. Then, B = m : m is
also a generalized Gorenstein local ring but not a Gorenstein ring. Let n be the unique
maximal ideal of B. Then due to Theorem 1.8.14 and induction hypothesis, there exist
elements yo,ys, ..., Yy, € n which satisfy the following conditions:

(1) n=Ba+ 277;}:2 By;.

(2) trp(Kp) = Ba¥ "'+, By; and Ba™~! is a minimal reduction of trz(Kp).
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We need to prove the following.

Claim. The following assertions hold true.
(1) tI"B(KB) = étrR(KR).
(ii) m = Ra+ Y., , Roy;.

Proof of Claim. (i) Since B is a generalized Gorenstein local ring and due to [15, Propo-
sition 5.1.], we have trg(Kg) =B:S=2:5=2(m:S). Notethat c=R:S=¢:5
since ¢ = ¢S. Therefore trg(Kp) = 2¢ = ~trp(Kg).

(ii) Since n* = an C B = m, n/m is a B/n-vector space, whence n/m =" , B/n-y;.
Due to Theorem 1.8.14, we have a natural isomorphism R/m = B/n, thus n/m =
ooy R/mey;. We have n = >0 , Ry; +m, and an = ., Ray; + am. On the other
hand, since m/an = B/n =2 R/m and o € m\an, we have m = an + aR. Therefore
m=>", Ray; + am + Ra. This concludes the claim by Nakayama’s lemma. O]

Set J = Ra™ + Y7 , Ray;. By Claim, trg(Kg) = Ba™ + 37, Bay; 2 J and
(r(R/J) < N. Hence we have trg(Kgr) = J. It remains to show that oV R is a reduction
of trp(Kg). In fact, o 'R C oV 'B C trp(Kp) = trp(Kg) € oV 'B = o 'R. Hence
VR C trr(Kgr) C @™ RN R, this implies that oV R is a reduction of trp(Kg). O

As a corollary, we have the following.

Corollary 1.8.16. Suppose that R has a mazimal embedding dimension. If R is a gen-
eralized Gorenstein local ring with respect to a, then v(R/a) < 1. In particular, R/a is a
complete intersection.

Note that Corollary 1.8.16 not necessarily true without the assumption that R has
maximal embedding dimension. For instance, see Proposition 1.8.8.

Lemma 1.8.17. Let A be a commutative ring. Suppose that Qo, Q, and J are ideals of
A. Set
]0:Q0+J and I:Q+J

Assume that Qo C Q. Then, If""" = Qoli® implies I™™ = QI™.

Proof. Since IJ"*t = Qoly™ + J™! = Qoly"", we have J™* C Qoly™ C QI™. Therefore
[ = QI+ = QI 0

We are now reach one of the main results of this chapter, which completely determines
the set of Ulrich ideals via the notion of generalized Gorenstein local rings. Let X' denote
the set of all Ulrich ideals.

Theorem 1.8.18. Suppose that R is not a Gorenstein ring. Set v = v(R) and N =
(r(R/trg(Kg)) > 0. Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring possessing maximal embedding dimension.

(2) trr(Kg) and m are Ulrich ideals.
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(3) R is G-regular and a length of a mazimal chain of Ulrich ideals is N — 1.
(4) There exist elements o, xs, 3, ..., x, € m which satisfy the following two conditions.

(i) m = (a,z2,23,...,2,) and
(H) XR: {(Oéi,.I'Q,ZCg,...,ZC,U) | 1 SZS N}

Proof. (4) = (3) Set I, = (o', x5, 23,...,7,) and R; = R/I; for 1 < i < N. We need
to show that I,;7 € [; for all 1 < ¢ < N — 1. Assume that I; = I;;; for some 1 <
i <N —1. Then, o' = ;o' + 377, cja; for some ¢y, ¢9,...,¢, € R. This shows that
a' € (wg,23,...,1,) since 1 — cjv is an unit element in R. On the other hand, R; is a
complete intersection by Corollary 1.8.16. Therefore we have

pr(li) =1+1(R) = e(R) = v
by Lemma 1.5.17 and Theorem 1.8.1. This is a contradiction. Therefore
INg_IN—l gg[lzm

is a chain of Ulrich ideals, and R is G-regular since m € X by [81, Corollary 2.5.].

(3) = (2) Take Jo, J1,...,J y-1 € Xrsothat R D Jy 2 J;1 2 -+ 2 Jy_1. Then
(r(R/Jn-1) > N. Remember that Jy_; 2 trg(Kg) by Corollary 1.8.5, whence we have
JN,1 = tI‘R(KR> and Jo =m.

(1) < (2) This follows from Corollary 1.5.29 and Theorem 1.8.7.

(1) = (4) By Proposition 1.8.15, there exist elements s, x3, ..., z, € m which satisfy
the following conditions.

(a) m = (a, z9,23,...,2,) and
(b) trr(Kg) = (o, 9,13, ..., 2,) and (V) is a minimal reduction of trr(Kg).
Therefore, since R has maximal embedding dimension, we have

X C {(ai,xQ,xg,...,xv) |11<i< N}

by Corollary 1.8.5 and [81, Corollary 2.5.]. Set I; = (o', x3,23,...,2,) for 1 < i < N.
Note that I;11 € I; and pug(l;)) = v for all 1 < ¢ < N — 1 since Iy = trg(Kg) and
pr(trr(Kg)) = 1 +1(R) = v by Theorem 1.5.27. By Lemma 1.8.17, I? = o’I;. To show
that I; is an Ulrich ideal for all 1 <4 < N, we have only to show that I;/I? is an R/;-free
module for 1 <7 < N. This is equivalent to showing that I;/(a’) is an R/I;-free module

for 1 < i < N since the following exact sequence
0— (a')/I? = L)1} — I;/(a") = 0

and (o) /I? = (a')/a'l; 2 R/I;. We show R/I;-freeness of I;/(a’) by descending induction
on 1l <3 < N. The case where ¢+ = N is trivial. Let 1 < ¢ < N and assume that our
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assertion holds true for 7 + 1. Then

Cr(i/(0')) =Cr(R/ (")) = Lr(R/T;) — (r((a’) /("))
=[Cr(R/Iis1) + Lr(Tiva /()] = Lr(R/ L) — (r(R/(a))
=[G+ + G+ 1)(v—1)]—i—e(R)
=i(v—1).
Thus I;/(a?) is an R/I-free module since there is a surjection (R/L;)®®~Y — I;/(a?). O

Corollary 1.8.19. Suppose that e(R) = v(R) = 3 and set v = v(R). Then there exist
elements o, To, x3, ..., 1, € m which satisfy the following two conditions.

(i) m = (o, 29, 23,...,2,) and
(11) XR = {(O[i,l’g,l‘g, ce ,l'v) | 1 S 1 S KR(R/)CI'R(KR))}

Proof. By Corollary 1.5.12; R is a generalized Gorenstein local ring if e(R) = v(R)
3.

o

We close this chapter with the following examples.

Example 1.8.20. Let k be a field and 0 < ay,as,...,a;, € Z (£ > 0) be positive integers
such that GCD (ay,as,...,a;) = 1. Then R = k[[t™,t*,...,t*]] is a Cohen-Macaulay
local ring with dim R = 1, and the following assertions hold true.

(1) Let Ry = k[[t*,1%,t%]]. Then trg, (Kg,) = (¢',t% %) is an Ulrich ideal of R;. But R;
does not have maximal embedding dimension.

(2) Let Ry = k[[t°, 18,426 ¢31 ¢%2]]. Then trg,(Kg,) = (¢t1°,¢'8,¢26 ¢34 ¢12) is an Ul-
rich ideal of R,. Moreover R, has maximal embedding dimension. Hence Xp, =
{trRz (KRQ )7 m}
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Chapter 2

A Characterization of generalized
Gorenstein rings

2.1 Introduction

The notion of generalized Gorenstein local ring is one of the generalizations of Gorenstein
rings. Similarly for the almost Gorenstein local rings, the notion is given in terms of a
certain specific embedding of the rings into their canonical modules (see the article [34]).
However, the research of almost Gorenstein local rings developed by the article [36] of S.
Goto, N. Matsuoka, and T. T. Phuong [36] for arbitrary one-dimensional Cohen-Macaulay
local rings is based on the investigation of the relationship between the two invariants;
the first Hilbert coefficient of canonical ideals and the Cohen-Macaulay type of the rings.
Therefore, it seems natural to ask for a possible characterization of almost Gorenstein
local rings of higher dimension, and also that of generalized Gorenstein local rings, in
terms of their canonical ideals and some related invariants. As for almost Gorenstein
local rings, it has been done by S. Goto, R. Takahashi, and N. Taniguchi. They have
already given a satisfactory result [46, Theorem 5.1]. The present purpose is to perform
the task for generalized Gorenstein local rings of higher dimension.

Originally, the series of researches [15, 25, 36, 39, 40, 41, 42, 45, 46, 47, 48, 74] aim
to find a new class of Cohen-Macaulay local rings, which contains the class of Gorenstein
rings. almost Gorenstein local rings are one of the candidates for such a class. Historically,
the notion of almost Gorenstein ring in our sense has its root in the article [7] of V. Barucci
and R. Froberg in 1997, where they dealt with one-dimensional analytically unramified
local rings. They explored also numerical semigroup rings, starting a very beautiful theory.
In [36], S. Goto and N. Matsuoka and T. T. Phuong relaxed the notion to arbitrary Cohen-
Macaulay local rings of dimension one, based on a different point of view. Repairing a gap
in the proof of [7, Proposition 25|, they opened frontiers in the study of one-dimensional
Cohen-Macaulay local rings. Among various results of [36], the most striking achievement
seems that their arguments have prepared for a possible definition [46, Definition 3.3] of
almost Gorenstein rings of higher dimension. We now have two more notion; 2-almost
Gorenstein local ring ([15]) and generalized Gorenstein local ring ([34]), both of which are
candidates of reasonable generalizations of Gorenstein rings and almost Gorenstein rings
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as well.

As is stated above, the present purpose is to find a characterization of generalized
Gorenstein local rings in terms of canonical ideals and related invariants. To state our
motivation and the results more precisely, let us review on the definition of generalized
Gorenstein local rings. Throughout this article, let (R, m) be a Cohen-Macaulay local
ring with d = dim R > 0, possessing the canonical module Kg. For simplicity, let us
always assume that the residue class field R/m of R is infinite. Let a be an m-primary
ideal of R. With this notation the definition of generalized Gorenstein local ring is stated
as follows.

Definition 2.1.1 ([34, Definition 1.2]). We say that R is a generalized Gorenstein local
ring, if one of the following conditions is satisfied.

(1) R is a Gorenstein ring.

(2) R is not a Gorenstein ring but there exists an exact sequence
0>RS5Kr—C—0

of R-modules such that

(i) C is an Ulrich R-module with respect to a and
(ii) the induced homomorphism R/a ®g ¢ : R/a — Kgr/aKpg is injective.

When Case (2) occurs, we especially say that R is a generalized Gorenstein local ring
with respect to a.

Let us explain a little about Definition 2.1.1. Let M be a finitely generated R-module
of dimension s > 0. Then we say that M is an Ulrich R-module with respect to a, if the
following three conditions are satisfied.

(i) M is a Cohen-Macaulay R-module,
(i) e%(M) = Lr(M/aM), and

(iii) M/aM is a free R/a-module,

where () stand for the length and

n+1
(M) = lim s!-gR(M/a M)

a
n—00 ns

denotes the multiplicity of M with respect to a ([43]). The notion of Ulrich R-module
with respect to an m-primary ideal is a generalization of maximally generated maximal
Cohen-Macaulay R-module (that is, maximal Ulrich R-module with respect to m; see
[10]). One can consult [34, 43, 44, 46] for basic properties of Ulrich modules in our sense.
Here, let us note one thing. In the setting of Definition 2.1.1, suppose that there is an
exact sequence

0—+>R—>Kr—>C—0
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of R-modules such that C' # (0). Then C is a Cohen-Macaulay R-module of dimension
d — 1 ([46, Lemma 3.1 (2)]), and C' is an Ulrich R-module with respect a if and only if

aC' = (fa, f3,..., fa)C

for some elements f, fs,..., fq € a ([34, Proof of Proposition 2.4, Claim]). Therefore, if
a = m, Definition 2.1.1 is exactly the same as that of almost Gorenstein local rings given
by [46, Definition 3.3]. In [34], S. Goto and the author investigate generalized Gorenstein
local rings, and one can find a report of basic results on generalized Gorenstein local rings,
which greatly generalizes several results in [46], clarifying what almost Gorenstein local
rings are.

The present purpose is to give a characterization of generalized Gorenstein local rings.
Let r(R) stand for the Cohen-Macaulay type of R. We then have the following, which is
the main result of this article.

Theorem 2.1.2. Let (R,m) be a Cohen-Macaulay local ring with d = dim R > 0 and
infinite residue class field, possessing the canonical module Kg. Let I C R be an ideal of
R such that I =2 Kg as an R-module. We choose a parameter ideal Q = (f1, fa,-- -, fa) of
R so that fi € I and set J =1+ Q. Let a be an m-primary ideal of R. Suppose that R
1s not a Gorenstein ring. Then the following conditions are equivalent.

(1) R is a generalized Gorenstein local ring with respect to a.

(2) The following three conditions are satisfied.
(1) a = Q ‘R J.
(ii) aJ = a@.
(iii) ej(R) = (r(R/a)x(R).

When this is the case, R/a is a Gorenstein ring, and the following assertions hold
true.

(a) J3=QJ% but J* + QJ.

(b) So(J) = (T /aT)(—1) as a graded T-module, where Sg(J) (resp. T = R(Q)) denotes
the Sally module of J with respect to Q (see [77]) (resp. the Rees algebra of Q).

(c) fo, fa,---, fa forms a super-reqular sequence of R with respect to J, and
depthgr;(R) = d — 1, where gr;(R) = @,,5,J"/J"t" denotes the associated graded
ring of J.

(d) The Hilbert function of R with respect to J is given by

Cr(R)T"T) = w»("ﬁ)wm —(x(R/J) + tr(R/a)] (" ; ! | 1) +€R(R/a).(” g ! N 2>

for n > 1. Hence, ¢%(R) = (gr(R/a) if d > 2, and e;(R) = 0 for all 3 < i < d if
d> 3.
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The study of generalized Gorenstein local rings is still in progress, and our theorem
2.1.2 now completely generalizes the corresponding assertion [46, Theorem 5.1] of almost
Gorenstein local rings to arbitrary generalized Gorenstein local rings of higher dimension,
certifying not only that the notion of generalized Gorenstein local ring is a reasonable
generalization of almost Gorenstein local rings but also that of generalized Gorenstein
local ring is one of the candidates of broader notion which generalizes Gorenstein rings.

We now briefly explain how this chapter is organized. The proof of Theorem 2.1.2 shall
be given in Sections 3 and 4. In Section 2 we summarize some of the known results given
by [34], which we throughout need to prove Theorem 2.1.2. We will explore in Section 5
an example in order to illustrate Theorem 2.1.2.

2.2 Preliminaries

In this section we summarize some of the results in [34, Section 4] about one-dimensional
generalized Gorenstein local rings, which we need to prove Theorem 2.1.2. Let (R, m) be
a Cohen-Macaulay local ring of dimension one, admitting the canonical module Kz. Let
I C R be an ideal of R such that I = Ky as an R-module. We assume that I contains a
parameter ideal (a) of R as a reduction. We set

xel }

a

in the total ring Q(R) of fractions of R. Hence K is a fractional ideal of R such that
RCKCRand K Kg, where R denotes the integral closure of R in Q(R). We set
S = R[K] in Q(R). Hence S is a module-finite birational extension of R. Note that the
ring S = R[K] is independent of the choice of canonical ideals I and reductions (a) of
I ([15, Theorem 2.5]). We set ¢ = R : S. We then have the following, which shows the
m-primary ideal a which appears in Definition 2.1.1 of a generalized Gorenstein local ring
R is uniquley determined, when dim R = 1.

Proposition 2.2.1. Suppose R is not a Gorenstein ring but R is a generalized Gorenstein
local ring with respect an m-primary ideal a of R. Then a = c.

Proof. We choose an exact sequence
0R5T—C—0

of R-module such that C'is an Ulrich R-module with respect to a and the induced homo-
morphism R/a ®pg ¢ : R/a — I/al is injective. We set f = (1) and identify C = I/(f).
Then al C (f) since a-(I/(f)) = (0), while (f) Nal = af since the homomorphism
R/a®pg e is injective. Consequently, al = af, whence (f) is a reduction of I. We consider
L= J{ and set S = R[L]. Then aL = a since al = af, so that aS = a since S = L™ for all
n > 0. Therefore, a Cc= R: S, so that a = ¢, because c C R: L = (f) (g [ = a. m

In general we have the following.
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Fact 2.2.2 ([34, Lemma 4.4]). Let a = R : K. Then the following conditions are equiva-
lent.

(1) K* = K3,
(2) a=c¢
(3) aK =a

The key in the theory of one-dimensional generalized Gorenstein local rings is the
following, which we shall freely use in the present article. See [34, Section 4] for the proof.

Theorem 2.2.3 ([34]). Suppose that R is not a Gorenstein ring. Then the following
conditions are equivalent.

When this is the case, the following assertions hold true.
(i) K? = K3.
(ii) R/c is a Gorenstein ring.

(iil) S/K = Rle.

2.3 A Characterization of generalized Gorenstein lo-
cal rings

Let (R, m) be a Cohen-Macaulay local ring with d = dim R > 0 and infinite residue class
field, possessing the canonical module Kg. Let I C R be an ideal of R such that I = Kg
as an R-module. We choose a parameter ideal @ = (f1, f2, ..., fa) of R so that f; € I.
We set q = (fa, f3,..., fa) and J = I + q. Let a be an m-primary ideal of R. In Sections
3 and 4 we throughout assume that R is not a Gorenstein ring. The purpose is to prove
the equivalence between Conditions (1) and (2) in Theorem 2.1.2.

Let us begin with the following.

Proposition 2.3.1. qN I =ql and J # Q.
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Proof. We get q NI = ql, since q is a parameter ideal of the Gorenstein ring R/I. If
J=Q,then I =QNI=(f)+(qNnI), whence I = (f) by the first equlaity. Therefore,
R is a Gorenstein ring, which is impossible. [

Theorem 2.3.2. The following conditions are equivalent.
(1) a=Q :g J, aJ = aQ, and e4(R) = (r(R/a)r(R).
(2) aJ = a@Q and the R/a-module J/Q is free.

When this is the case, R/q is a generalized Gorenstein local ring with respect to a/q,
whence so is the ring R with respect to a.

Proof. We may assume aJ = a@). Hence, @ is a reduction of J. Because J/Q # (0) by
Proposition 2.3.1, we get a = @ :g J, once J/Q is R/a-free. Consequently, we may also
assume that a = Q) :g J. First, suppose that d = 1. Hence J = I. We set K = % in the
total ring of fractions of R. Then, since aK = a, we have a = R : R[K] by Fact 2.2.2.
Consequently, by Theorem 2.2.3, R is a generalized Gorenstein local ring (necessarily with
respect to ¢; see Proposition 2.2.1) if and only if e}(R) = ¢g(R/a)-r(R). By Theorem 2.2.3,
the former condition is also equivalent to saying that I/Q (= K/R) is a free R/a-module,
whence the equivalence of Conditions (1) and (2) follows.

Let us consider the case where d > 2. Assume that Condition (2) is satisfied. Let us
check that R = R/q is a generalized Gorenstein local ring. Set

R=R/q, Q=Q/q, J=J/q, and @=a/q.

We then have J = (I +q)/q = I/q] = Kg, since [ 2 Kg and fa, f3,.. ., f1 is a regular
sequence for the R-module I. Consequently, because a-J = a@-Q and J/Q is R/a-free,
from the case of d = 1 it follows that R is a generalized Gorenstein local ring (Fact 2.2.2
and Theorem 2.2.3), whence so is R with respect a ([34, Theorem 3.3 (2)]).

We now assume that the implication (2) = (1) holds true for d — 1. Since @ is a
reduction of J and the field R/m is infinite, there exist elements hy, ho, ..., hy € @ such
that (i) hy € I, (ii) @ = (h1, ha, ..., hq), and (iii) hy is superficial for R with respect to
J. This time, we consider the ring R = R/(hs) and let ¥ denote the reduction mod (hy).
Then I = [I + (hy)]/(ha) = I/hol = Kz and hy € I. Condition (2) is clearly satisfied for
the ring R as for the ideals @, @, and J. Therefore, by the hypothesis of induction on d
we get

e(R) = (5 (R/a) x(R).

J
Consequently, e}(R) = (r(R/a)x(R), because e}(R) = eL(R) (remember that h; is su-
perficial for R with respect to J).
The reverse implication (1) = (2) also follows by induction on d, chasing the above
argument in the opposite direction. O

With the same notation as Theorem 2.3.2, suppose that the equivalent conditions of
Theorem 2.3.2 are satisfied. Then we have the following.

Proposition 2.3.3. J C a. Hence J? C Q.
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Proof. Suppose d = 1. We set K = f—Il, S = R[K], and ¢ = R : S. Then since R is a
generalized Gorenstein local ring with respect a, we get a = ¢ by Proposition 2.2.1 and
¢ = R: K (see Fact 2.2.2 and Theorem 2.2.3). Therefore, I C ¢, because ¢ is an ideal of S
and f; € ¢ (note that I = fiK C R). If d > 1, then passing to R/q, we have J/q C a/q,
whence J C a. Therefore J? C @, because a = Q :r J. O

We are now ready to prove the equivalence of Conditions (1) and (2) in Theorem 2.1.2.

Proof of the main part in Theorem 2.1.2. See Theorem 2.3.2 for the implication (2) =
(1). To see the implication (1) = (2), we consider the exact sequence

0=REZT—-C—=0

of R-modules such that C' is an Ulrich R-module with respect to a and the induced
homomorphism R/a ®g ¢ : R/a — I/al is injective. Let fi = (1) € I. Then f; is a
non-zerodivisor of R. Choose elements fs, f3,..., f4 € a so that in the ring R' = R/(f1)
these elements generate a reduction of a-R’. Then fi, fo,..., fq is a system of parameters
of R with fi € I. Set q = (fa, f3,...,f4), @ = (f1) +q, and J = [ +q. Then, qis a
parameter ideal of R/I, and because

(r(C/aC) = & (C) = &A(C) = ta(C/aC),

we get aC' = qC'. Therefore, since a"C = q"C for all n € Z, fs, f3,..., f; forms a super-
regular sequence of C' with respect to a, whence it is a superficial sequnece of C' with
respect to a. Consequently, by [34, Theorem 3.3 (1)] the ring R = R/q is a generalized
Gorenstein local ring with respect to a/q, so that a-J = a@-Q and .J/Q is R/a-free, where

a=a/q, J=J/q, and Q@ = Q/q.
Hence J/@ is R/a-free, and aJ C a@ + q. Therefore
aJ=(aQ+qg)NaJ=aQ+[gNaJ]=aQ +[qNal] CaQ + [qNI] =aQ + ql,

where the third equality follows from the fact that aJ = al4+aq. Hence aJ = a@),as [ C a
by Proposition 2.3.3. Therefore, Theorem 2.3.2 certifies that Condition (2) in Theorem
2.1.2 is satisfied for the ideals a, ), and J. This completes the proof of the equivalence
of Conditions (1) and (2) in Theorem 2.1.2. O

2.4 The Sally modules of J in generalized Gorenstein
local rings

Let us show the last assertions of Theorem 2.1.2. In what follows, assume that our ideals
Q@ and J satisfy the equivalent conditions in Theorem 2.3.2. Hence R (resp. R/q) is a
generalized Gorenstein local ring with respect to a (resp. a/q), and R/a is a Gorenstein
ring by [34, Corollary 4.9]. To prove the last assertions of Theorem 2.1.2, we need some
preliminaries. Let us maintain the same notation as in the proof of Theorem 2.3.2.

We begin with the following.
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Lemma 2.4.1. qN J% = q/J.

Proof. Remember that J? = qJ+I?, since J = [ +q. We then have qNJ? = qJ + (qN1I?),
so that qN J? = qJ, because qNI*2 C qNI =ql. O

Proposition 2.4.2. We set L = () :gp a. Then the following assertions hold true.

Proof. (1), (2), (3) First, consider the case where d = 1. Let us maintain the notation
of the proof of Proposition 2.3.3. Then @ :g ¢ = [ :g ¢ = f1S. In fact, we have
¢=K:S5=R:K (see Fact 2.2.2 and Theorem 2.2.3) and hence f; € ¢. Let x € R. Then
x-¢ C I if and only if %-c C K. The latter condition is equivalent to saying that % es,
since K:¢c=K:(K:8)=S. Thus I :g ¢ = f1S. Because f1S-¢ = fic C Q = (f1), we
get [ :rec= f1S CQ:gc. Hence Q :gc=1:5c¢= f1.5. Consequently

(Q:r¢)* = fif15) € Q = (f1),

and [Q :g¢]/I = f1S/fiK = S/K = R/c by Theorem 2.2.3, which proves Assertions (1)
and (2), because a = ¢. Assertion (3) is now clear, since

P/l =2 K*/K = R/c

by Theorem 2.2.3. Now consider the case where d > 2. To show Assertions (1) and
(2), passing to the ring R/q, we can safely assume that d = 1, and we have already
done with the case. Consider Assertion (3). We set R = R/q and denote by ¥ the
reduction mod q. Let ¢ : J2/QJ — 7 /fiJ be the canonical epimorphism. We then have
Ker o = [J2N (q+ f1J)]/QJ. Hence, because J> Nq = qJ by Lemma 2.4.1, we have

J0(a+ fJ) =T+ (2Nq) = fid +9] = QJ,

whence the required isomorphism J2/QJ = R/a follows.

(4) Suppose d = 1. Then ¢L = ¢-f1S = fi-¢, whence the assertion follows. Suppose
that d > 2 and that Assertion (3) holds true for d — 1. Note that Q = (f1, f1 + f2) +
(fsy..., fa). Then, because R/(f + f2) and R/(f2) are generalized Gorenstein local rings
with respect to a/(f1 + f2) and a/(f2) respectively, thanks to the hypothesis of induction
on d, we get

al C[aQ + (f1 + fo)] N [aQ + (f2)] = aQ + {(f1 + f2) N [a@ + (f2)]} -
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Since a@ + (f2) C a-(f1 + f2) + (fo, f3,- - -, fa), we furthermore have that

al C aQ+{(fi + f2) N[a-(fr + f2) + (f2, f3, - o, fo)l} = aQ+(fr+f2)-(fo, f3r -, fa) = a@.

Hence al = a@.
(5) Let z € L?. Then, x € Q, since L? C @ by Assertion (1). We write z = Z?Zl fix;
with z; € R. Let a € a. Then, because

d
ar = Z filax;) € al® C Q?

i=1

by Assertion (3), we get ax; € @ for all 1 < i < d, whence z; € Q :g a = L. Thus
L? = QL.

(6) The equality J* = @QJ? is a direct consequence of [38, Proposition 2.6], since
pur(L/J) = 1 by Assertion (2). Suppose that J? = QJ and let ¥ denote the reduction
mod q. Then since J = Kz and 7= Q-J, by [36, Theorem 3.7] R is a Gorenstein ring,
which is impossible. Hence J? # QJ. O

Proposition 2.4.3. The sequence fs, f3,..., fa 1S a super-reqular sequence of R with
respect to J. Hence depthgr;(R) =d — 1.

Proof. To see the first assertion, it suffices to show that g N J"™ = aJ" for all n > 1.
By Lemma 2.4.1 we may assume that n > 2 and that our assertion holds true for n — 1.
Then, since J"™ = QJ" = qJ" + f1J" by Proposition 2.4.2 (5), we have

qNJ" M =qJ"+ (qN fLJ7).

Consequently, because q N fiJ" = fi-(q N J") (remember that fi, fo,..., fy is an R-
regular sequence), by the hypothesis of induction on n we have q N f;J" C qJ". Hence
qgN J*™ = qJ". Consequently, depthgr,(R) > d — 1. Suppose that depthgr;(R) = d.
Then, f1, fa, ..., f4 is a super-regular sequence of R with respect to .J, so that Q N J? =
QJ. Therefore, J> = QJ, because J?> C Q by Proposition 2.4.2 (1), which contradicts
Proposition 2.4.2 (6). Hence depthgr;(R) =d — 1. O

Let T =R(Q) and R = R(J) be the Rees algebras of @ and J respectively. We now
consider the Sally module Sg(J) = JR/JT of J with respect to @ (see [77]).

Theorem 2.4.4. Sg(J) = (T /aT)(—1) as a graded T -module.

Proof. Weset S = Sg(J) and denote, for each n € Z, by [S],, the homogeneous component
of § of degree n. Then [S]; = J?/QJ ([37, Lemma 2.1]) and S = T-[S];. Hence by
Proposition 2.4.2 (3), we get an epimorpism ¢ : (7 /aT)(—1) — S of graded T-modules.
Let X = Kery and assume that X # (0). We choose an element p € Assy X. Then,
since p € Assr T /aT, and T/aT = (R/a)[ X1, Xo,...,X,] is the polynomial ring over
R/a (remember that 7 is isomorphic to the symmetric algebra of @ over R), we have
p =m7. Then ¢, ((T/aT),) = {r(R/a), while by [37, Proposition 2.2] we have

(5(8,) = &4(R) — ta(J/Q).
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Therefore, (7,(S,) = (r(R/a), because e}(R) = lr(R/a)r(R) by Theorem 2.3.2 and
(r(J/Q) = Lr(R/a)-(x(R) — 1) by Theorem 2.2.3. Thus ¢7,((T/aT),) = {7,(S,), which
forces X, = (0). This is absurd. Thus (7 /a7)(—1) = S as a graded T-module. O

Because

tatr) 7 = ("5 1) = e — ety ( 1T - eatisl

for all n € Z (see [37, Proposition 2.2]), by Theorem 2.4.4 we readily get the following.
Corollary 2.4.5. The Hilbert function of R with respect to J is given by

Cr(R/T™Y) =€) (R)- (“ ji' d) — [€5(R) — €r(R/J) + Lr(R/a)] (” ji‘f; 1) + Cr(R/a)- (n Zil N 2)

forn > 1. Hence, e4(R) = lr(R/a) if d > 2, and ¢,(R) =0 for all3 <i <d if d > 3.

2.5 Example

Let S = k[[X,Y, Z, V]] be the formal power series ring over an infinite field k£ and let b =
(X2 YtV )fg ) denote the ideal of S generated by 2 x 2 minors of the matrix ()}(,2 YJZ“V )?3 ).
We set R = S/b. We denote by z,y, z,v the images of X, Y, Z, V in S, respectively. Then

we have the following.
Example 2.5.1. The following assertions hold true.

(1) R is a two-dimensional generalized Gorenstein local ring with respect to a =

(22,9, 2,0).
(2) r(R) =2 and I = (2?%,y) is a canonical ideal of R.
(3) Set Q = (22,v) and J = I + Q. Then Q is a parameter ideal of R with x? € I.
(4) We have a = Q :g J, aJ = a@Q, and e} (R) = (r(R/a)1(R) = 4.

Proof. Since
R/(U) = k[[X7 Yv ZH/]IZ(X2 vz ) = k[[t37t77t8]]

Y Z X3

where t denotes an indeterminate over k, we have dim R/(v) = 1. Hence htgb > 2,
so that R is a Cohen-Macaulay ring with dim R = 2. Because R/vR = k[[t3,t7,¢%]] is
a generalized Gorenstein local ring with respect to (¢5,¢7,1%) and v is a non-zerodivisor
of R, by [34, Theorem 3.3] R is a generalized Gorenstein local ring with respect to a.
To see that I = Kg, note that (¢5,¢7) is a canonical ideal of k[[t?,¢",t%]]. Since R/I =
S/(X?)Y,Z?), the element v acts on R/I as a non-zerodivisor, so that (v)NI = vI. Hence
J/(v) = [I + (v)]/(v) = I/vI. Because the ideal J/(v) corresponds to (¢%,¢") under the
identification
R/(v) = K[[X, Y. Z)|/L( ) &) = K[, ¢, ¢°]),

X3
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we see rg([/vl) = 1, where rg(x) stands for the Cohen-Macaulay type. Therefore rg(I) =
1, whence I = Kg because (0) :g I = (0). Since

R/Q = k[X,Y, Z, V]/(XZ,YQ,ZQ,YZ, V),
we get Q g J = Q gy = (2%y,2z,v) = a D J. It is direct to check that aJ = aQ.

The equality e} (R) = (gr(R/a)r(R) = 4 follows from the fact that (gr(R/(2% vy, z,v)) =
r(R) = 2. O
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Chapter 3

The structure of chains of Ulrich
ideals in Cohen-Macaulay local rings
of dimension one

3.1 Introduction

The purpose of this chapter is to investigate the behavior of chains of Ulrich ideals, in a
one-dimensional Cohen-Macaulay local ring, in connection with the structure of birational
finite extensions of the base ring.

The notion of Ulrich ideals is a generalization of stable maximal ideals, which dates
back to 1971, when the monumental paper [67] of J. Lipman was published. The mod-
ern treatment of Ulrich ideals was started by [43, 44] in 2014, and has been explored in
connection with the representation theory of rings. In [43], the basic properties of Ulrich
ideals are summarized, whereas in [44], Ulrich ideals in two-dimensional Gorenstein ra-
tional singularities are closely studied with a concrete classification. However, in contrast
to the existing research on Ulrich ideals, the theory pertaining to the one-dimensional
case does not seem capable of growth. Some part of the theory, including research on the
ubiquity as well as the structure of the chains of Ulrich ideals, seems to have been left
unchallenged. In the current chapter, we focus our attention on the one-dimensional case,
clarifying the relationship between Ulrich ideals and the birational finite extensions of the
base ring. The main objective is to understand the behavior of chains of Ulrich ideals in
one-dimensional Cohen-Macaulay local rings.

To explain our objective as well as our main results, let us begin with the definition
of Ulrich ideals. Although we shall focus our attention on the one-dimensional case, we
would like to state the general definition, in the case of any arbitrary dimension. Let
(R,m) be a Cohen-Macaulay local ring with d = dim R > 0.

Definition 3.1.1 ([43]). Let I be an m-primary ideal of R and assume that I contains a

parameter ideal Q) = (aj, ag, ..., aq) of R as a reduction. We say that I is an Ulrich ideal
of R, if the following conditions are satisfied.
1) I#Q,
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(2) I* =QI, and
(3) I/I?is a free R/I-module.

We notice that Condition (2) together with Condition (1) are equivalent to saying that
the associated graded ring gr;(R) = @, -, ["/I"*" of I is a Cohen-Macaulay ring and
a(gr;(R)) = 1 — d, where a(gr;(R)) denotes the a-invariant of gr;(R). Therefore, these
two conditions are independent of the choice of reductions @) of I. In addition, assuming
Condition (2) is satisfied, Condition (3) is equivalent to saying that //Q is a free R/I-
module ([43, Lemma 2.3]). We also notice that Condition (3) is automatically satisfied if
I = m, so that the maximal ideal m is an Ulrich ideal of R if and only if R is not a regular
local ring, possessing minimal multiplicity ([70]). From this perspective, Ulrich ideals are
a kind of generalization of stable maximal ideals, which Lipman [67] started to analyze
in 1971.

Here, let us briefly summarize some basic properties of Ulrich ideals, as seen in [43, 47].
Although we need only a part of them, let us also include some superfluity in order to
show what specific properties Ulrich ideals enjoy. Throughout this chapter, let r(R) denote
the Cohen-Macaulay type of R, and let Syz’(M) denote, for each integer i > 0 and for
each finitely generated R-module M, the i-th syzygy module of M in its minimal free
resolution.

Theorem 3.1.2 ([43, 47]). Let I be an Ulrich ideal of a Cohen-Macaulay local ring R of
dimension d > 0 and set t =n —d (> 0), where n denotes the number of elements in a
minimal system of generators of I. Let

s FBEASF s 5 RS =R R/II—0

be a minimal free resolution of R/I. Then r(R) = t-r(R/I) and the following assertions
hold true.

(1) 1(0;) = I fori>1.

el 1) (i > d),
(2) Fori>0, 5= () +tB1 (1<i<a),
1 (i = 0).

(3) Syzi '(R/T) = [Syzp(R/T)]* fori > d.

(0) (i
(4) Forie€ Z, Ext%(R/I,R) =~ { (R/I)® )
(R/T)EE-DA-ED

NS
Vol A
S

Here 1(0;) denotes the ideal of R generated by the entries of the matriz 0;, and B; =
rankp F;.
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Because Ulrich ideals are a very special kind of ideals, it seems natural to expect that,
in the behavior of Ulrich ideals, there might be contained ample information on base rings,
once they exist. As stated above, this is the case of two-dimensional Gorenstein rational
singularities, and the present objects of study are rings of dimension one.

In what follows, unless otherwise specified, let (R, m) be a Cohen-Macaulay local ring
with dim R = 1. Our main targets are chains [, C I,,-1 € --- C I (n > 2) of Ulrich
ideals in R. Let I be an Ulrich ideal of R with a reduction ) = (a). Weset A =1:1
in the total ring of fractions of R. Hence, A is a birational finite extension of R, and
I = aA. Firstly, we study the close connection between the structure of the ideal I and
the R-algebra A. Secondly, let J be an Ulrich ideal of R and assume that I C J. Then, we
will show that pgr(J) = pr(l), where ug(*) denotes the number of elements in a minimal
system of generators, and that J = (b) 4 I for some a,b € m with = abA. Consequently,
we have the following, which is one of the main results of this chapter.

Theorem 3.1.3. Let (R, m) be a Cohen-Macaulay local ring with dim R = 1. Then the
following assertions hold true.

(1) Let I be an Ulrich ideal of R and A = I : I. Let ay,as,...,a, € m (n > 2) and
assume that [ = ayas---a,A. For 1 <i<mn, let I, = (ajay---a;) + I. Then each I,
is an Ulrich ideal of R and

[:[ng[nflggll

(2) Conwversely, let Iy, I, ..., 1, (n>2) be Ulrich ideals of R and suppose that
I,CI, 1 C-- C1.

We set I =1, and A =1 :1. Then there exist elements ay,as,...,a, € m such that
I =aay---a,A and I; = (ajag---a;) + 1 forall1 <i<mn-—1.

Let I and J be Ulrich ideals of R and assume that I C J. We set B = J : J. Let us
write J = (b) + I for some b € m. We then have that J? = bJ and that B is a local ring
1 I '
with the maximal ideal n = m + 7 where 7= {% | i€ ]} (= b~'I). We furthermore
have the following.

I
Theorem 3.1.4. 7 1s an Ulrich ideal of the Cohen-Macaulay local ring B of dimension

. a . .
one and there is a one-to-one correspondence a — 5 between the Ulrich ideals a of R such

1
that I C a C J and the Ulrich ideals b of B such that 7 Cb.

These two theorems convey to us that the behavior of chains of Ulrich ideals in a given
one-dimensional Cohen-Macaulay local ring could be understood via the correspondence,
and the relationship between the structure of Cohen-Macaulay local rings R and B could
be grasped through the correspondence, which we shall closely discuss in this chapter.
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We now explain how this chapter is organized. In Section 2, we will summarize some
preliminaries, which we shall need later to prove the main results. The proof of Theorems
3.1.3 and 3.1.4 will be given in Section 3. In Section 4, we shall study the case where the
base rings R are not regular but possess minimal multiplicity ([70]), and show that the
set of Ulrich ideals of R are totally ordered with respect to inclusion. In Section 5, we
explore the case where R is a generalized Gorenstein local ring ([34]).

In what follows, let (R, m) be a Cohen-Macaulay local ring with dim R = 1. Let
Q(R) (resp. Xg) stand for the total ring of fractions of R (resp. the set of all the Ulrich
ideals in R). We denote by R, the integral closure of R in Q(R). For a finitely generated
R-module M, let ur(M) (resp. ¢r(M)) be the number of elements in a minimal system
of generators (resp. the length) of M. For each m-primary ideal a of R, let

(R) = lim /T

a
n—oo n

stand for the multiplicity of R with respect to a. By v(R) (resp. e(R)) we denote the

embedding dimension pr(m) of R (resp. €2 (R)). Let R denote the m-adic completion of
R.

3.2 Preliminaries

Let us summarize preliminary facts on m-primary ideals of R, which we need throughout
this chapter.

In this section, let I be an m-primary ideal of R, for which we will assume Condition
(C) in Definition 3.2.2 to be satisfied. This condition is a partial extraction from Definition
3.1.1 of Ulrich ideals; hence every Ulrich ideal satisfies it (see Remark 3.2.3).

Firstly, we assume that I contains an element a € I with 12 =al. Weset A=1:1

and I
—:{§|$€I}:a_1[
a a

in Q(R). Therefore, A is a birational finite extension of R such that R C A C R, and
1
A = =, because I? = al; hence I = aA. We then have the following.
a
Proposition 3.2.1. If [ = (a) :g I, then A=R: 1 and I = R: A, whence R: (R: 1) =
I.
[R : I] and we have A = R : I, because

Proof. Notice that I = (a) :g I = (a) : [ =
:— =a[R: I] = dA. O

I=aA Weget R: A=1,since R: A=R

2 l~gq

Let us now give the following.

Definition 3.2.2. Let [ be an m-primary ideal of R and set A = I : I. We say that [
satisfies Condition (C), if

(i) A/R = (R/I)®" as an R-module for some ¢t > 0, and
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(ii)) A=R: I
Consequently, I = R : A by Condition (i), when I satisfies Condition (C).

Remark 3.2.3. Let I € Xg. Then [ satisfies Condition (C). In fact, choose a € I so
that I? = al. Then, I/(a) = (R/I)* as an R/I-module, where t = up(I) —1 > 0 ([43,
Lemma 2.3]). Therefore, I = (a) :g I, so that I satisfies the hypothesis in Proposition
3.2.1, whence A = R : I. Notice that A/R = 1/(a) = (R/I)®, because I = aA.

We assume, throughout this section, that our m-primary ideal I satisfies Condition
(C). We choose elements {f;}1<i<; of A so that

t
A=R+Y Rf.
i=1
Therefore, the images {f;}1<i<; of {fi}1<i<; in A/R form a free basis of the R/I-module
A/R. We then have the following.

Lemma 3.2.4. cANRC (a)+ I foralla € R.

Proof. Let x € aAN R and write x = ay with y € A. We write y = ¢¢ + 21;:1 cifi
with ¢; € R. Then, ac; € I for 1 < i < t, since x = acy + Zzzl(aci)fi € R. Therefore,
(acy))fi € IA =1 for all 1 <i <t sothat x € (a) 4+ [ as claimed. O

Corollary 3.2.5. Let J be an m-primary ideal of R and assume that J contains an
element b € J such that J*> =0bJ and J = (b) :g J. If [ C J, then J = (b) + I.

Proof. Weset B=J :J. Then B = R : J and J = bB by Proposition 3.2.1, so that
B=R:JCA=R:I, since I CJ. Consequently, J =bB CbANR C (b) + I by
Lemma 3.2.4, whence J = (b) + I. O

In what follows, let J be an m-primary ideal of R and assume that J contains an
element b € J such that J> = bJ and J = (b) :g J. Weset B = J : J. Then

J
B=R:J= 3 by Proposition 3.2.1. Throughout, suppose that I C J. Therefore, since
J = (b) + I by Corollary 3.2.5, we get

J 1
B=—=R+ —.
b +b

1
Let a = e Therefore, a is an ideal of A containing I, so that a is also an ideal of B with
R/(aNR) = B/a.
With this setting, we have the following.

Lemma 3.2.6. The following assertions hold true.

(1) A/B = (B/a)® as a B-module.
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(2) aﬂR:]R J.
(3) a([l :r JI/T) = Lr(R/J).
(4) I =1[b:(I:gJ)]A.
Proof. (1) Since A= R+ "._| Rfi, we get A/B = >"'_| Bf; where f; denotes the image
of f; in A/B. Let {b;}1<i<: be elements of B = % and assume that 22:1 b;f; € B. Then,
since Z';:l(bbi)fi € R and bb; € R for all 1 < i < ¢, we have bb; € I, so that b; € é = a.
Hence A/B = (B/a)%" as a B-module.

(2) This is standard, because J = (b) + [ and a = é

(3) Since J/I =[(b) + I]/1 = R/[I :g J], we get

Cr([] :p J]/T) = Lr(R/T) = LR(R/[I :r J]) = Lr(R/1) — Lr(J/1) = Lr(R/J).

(4) We have [b-(I :g J)|A C I, since b-(I :g J) C I and IA = I. To see the reverse
inclusion, let x € I. Then z € J =bB C bA. We write x = b[cy + 22:1 ¢; fi] with ¢; € R.
Then be; € I for 1 < i < tsince x € R, so that (be;)f; € I for all 1 < i < ¢, because
I is an ideal of A. Therefore, bcy € I, since © = bcy + Zle(bci) fi € I. Consequently,
c; €l :gb=1:gJforall 0 <i<t sothat z € [b-(] :g J)]A as wanted. O

Corollary 3.2.7. J/(b) = ([I :r J|/I)®" as an R-module. Hence (r(J/(b)) = t-lr(R/J).
Proof. We consider the exact sequence
0—B/R—A/R— A/B—0

of R-modules. By Lemma 3.2.6 (1), A/B is a free B/a-module of rank ¢, possessing the
images of {fi}1<i<: in A/B as a free basis. Because A/R is a free R/I-module of rank
t, also possessing the images of {fi}i<i<t in A/R as a free basis, we naturally get an
isomorphism between the following two canonical exact sequences;

0 B/R————=A/R A/B 0

O

0—([aN R|/1)* —— (R/D)* — (B/a)* —0

Since B/R = %/R = J/(b) and aNn R =1 : J by Lemma 3.2.6 (2), we get

J/(0) = (I :r J]/D)*".
The second assertion now follows from Lemma 3.2.6 (3). [

The following is the heart of this section.
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Proposition 3.2.8. The following conditions are equivalent.
(1) J € Xg.

(2) pr(ll R J]/1) =1.

(3) [ :g J|/I = R/J as an R-module.

When this is the case, ur(J) =1t + 1.

Proof. The implication (3) = (2) is clear, and the reverse implication follows from the
equality (g([{ :g J]/I) = (r(R/J) of Lemma 3.2.6 (3).

(1) = (3) Suppose that J € Xr. Then J/(b) is R/J-free, so that by Corollary 3.2.7,
[I :g J]/I is a free R/J-module, whence [I :g J]/I = R/J by Lemma 3.2.6 (3).

(3) = (1) We have J/(b) = ([I :g J]/1)®" = (R/J)®" by Corollary 3.2.7, so that by
Definition 3.1.1, J € X with ug(J) =t + 1. O

We now come to the main result of this section, which plays a key role in Section 5.
Theorem 3.2.9. The following assertions hold true.

(1) Suppose that J € Xgr. Then there exists an element ¢ € m such that I = bcA.
Consequently, I € Xg and pur(I) = pr(J) =t+ 1.

(2) Suppose thatt > 2. Then I € Xg if and only if J € Xg.

Proof. (1) Since J € Xy, by Proposition 3.2.8 we get an element ¢ € m such that [ :p
J = (¢) + 1. Therefore, by Lemma 3.2.6 (4) we have

I=[b-(I 5 J)JA=[b-((c)+ I)]A=bcA+bIA =bcA+bl,

whence I = bcA by Nakayama’s lemma. Let a = be. Then I? = (aA)? = a-aA = al, so
I
that (a) is a reduction of I; hence A = —. Consequently, I/(a) = A/R = (R/I)®, so

a
that [ € X with pugr(l) =t + 1. Therefore, ur(I) = pgr(J), because pugr(J) =t + 1 by
Proposition 3.2.8.

(2) We have only to show the only if part. Suppose that I € Xz and choose a € I so

1

that I? = al; hence A = =. We then have ugr(I) =t + 1, since I/(a) 2 A/R = (R/I)*".
a

Consequently, since J = (b) 4+ I, we get

pr(J/ (b)) = pr(((b) + 11/(b) < pr(l) =t + 1.

On the other hand, we have ug(J/(b)) = t-ug([I :r J]/I), because J/(b) = ([I :g J]/1)®*
by Corollary 3.2.7. Hence
E(un(T s J)/T) — 1) < 1,

so that ugr([I :g J]/I) = 1 because t > 2. Thus by Proposition 3.2.8, J € X as
claimed. []

78



3.3 Chains of Ulrich ideals

In this section, we study the structure of chains of Ulrich ideals in R. First of all, remember
that all the Ulrich ideals of R satisfy Condition (C) stated in Definition 3.2.2 (see Remark
3.2.3), and summarizing the arguments in Section 2, we readily get the following.

Theorem 3.3.1. Let I,.J € X and suppose that I C J. Choose b € J so that J*> = bJ.
Then the following assertions hold true.

(1) J=(b)+1.

(2) wur(J) = pr(l).

(3) There exists an element ¢ € m such that I = bcA, so that (bc) is a reduction of I,
where A=1:1.

We begin with the following, which shows that Ulrich ideals behave well, if R possesses
minimal multiplicity. We shall discuss this phenomenon more closely in Section 4.

Corollary 3.3.2. Suppose that v(R) = e(R) > 1 and let I € Xg. Then ugr(I) = v(R)
and R/1 is a Gorenstein ring.

Proof. We have m € Xy and r(R) = v(R) — 1, because v(R) = e(R) > 1. Hence
by Theorem 3.3.1 (2), pr(l) = pur(m) = v(R). The second assertion follows from the
equality r(R) = [ur(l) — 1]-x(R/I) (see [47, Theorem 2.5]). O

For each I € X, Assertion (3) in Theorem 3.3.1 characterizes those ideals J € Xg
such that I C J. Namely, we have the following.

Corollary 3.3.3. Let I € Xr. Then
{JeXr | I CJ}={(b)+1]bem such that (bc) is a reduction of I for some c € m} .

Proof. Let b,c € m and suppose that (bc) is a reduction of /. We set J = (b) + 1. We
shall show that J € Xr and I C J. Because bc € mI, we have b,c ¢ I, whence I C J.
If J = (b), we then have I = bcA C J = (b) where A = I : I, so that cA C R. This is
impossible, because ¢ € R : A = I (see Lemma 3.2.1). Hence, (b) C J. Because I% = bel,
we have J? = bJ + I* = bJ + bel = bJ. Let us check that J/(b) is a free R/J-module.
Let {fi}1<i<t (t = pr(I) — 1> 0) be elements of A such that A= R+ Y., Rf;, so that
their images {f;}1<i<; in A/R form a free basis of the R/I-module A/R (remember that
I satisfies Condition (C) of Definition 3.2.2). We then have

J=(b)+1=(b)+bcA=(b)+> R(be)f.

Let {ci}i<i<: be elements of R and assume that >'_, ¢;-(bef;) € (b). Then, since
Z§=1 cic-f; € R, we have ¢;c € I = bcA, so that ¢; € bAN R for all 1 < ¢ < t. Therefore,
because bAN R C (b) + I = J by Lemma 3.2.4, we get ¢; € J, whence J/(b) = (R/J)%".
Thus, J = (b) + I € Xp. O
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The equality pr(l) = ur(J) does not hold true in general, if I and J are incomparable,
as we show in the following.

Example 3.3.4. Let S = k[[ X1, X2, X3, X4]] be the formal power series ring over a field
k and consider the matrix M = (%! {2 §*). We set R = S/[a + (X3)], where a denotes
the ideal of S generated by the 2 x 2 minors of M. Let z; denote the image of X; in R
for each i = 1,2,3,4. Then, (x1, 2y, x3) and (x1,z4) are Ulrich ideals of R with different
numbers of generators, and they are incomparable with respect to inclusion.

We are now ready to prove Theorem 3.1.3.

Proof of Theorem 3.1.3. (1) This is a direct consequence of Corollary 3.3.3.

(2) By Theorem 3.3.1, we may assume that n > 2 and that our assertion holds true
for n — 1. Therefore, there exist elements ay, as, ..., a,_; € m such that (ajas---a,_1) is
a reduction of I,,_; and I; = (ajas - - a;)+ I, for all 1 <7 < n—2. Now apply Theorem
3.3.1 to the chain I,, C I,, 1. We then have I,, 1 = (ajas - a,_1) + I, together with one
more element a,, € m so that (ajas---a,_1)-a,A = I,. Hence

Iz = (a1a2"-ai)+1n—1 = (a1a2.az)+ln
forall 1 <i<n-—1. -

In order to prove Theorem 3.1.4, we need more preliminaries. Let us begin with the
following.

Theorem 3.3.5. Suppose that I,J € Xr and I C J. Let b € J such that J> = bJ and
B = J:J. Then the following assertions hold true.

I I
(1) B:R+g cde:I:J.

I
(2) B is a Cohen-Macaulay local ring with dim B =1 and n = m + 7 the mazimal ideal.
Hence R/m = B/n.

3) 1 € X5 and us(}) = (7).
(4) r(B) =1(R) and e(B) = e(R). Therefore, v(B) = e(B) if and only if v(R) = e(R).

Proof. We set A =1:1. Hence R C B C A by Proposition 3.2.1. Let t = ug(I) — 1.
J I I
(1) Because J = (b) + [ and B = 30 e get B=R+ 7 We have [ : J C 7 since

1
b € J. Therefore, 7= I : J, because
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I
(2) It suffices to show that B is a local ring with maximal ideal n = m + b Let

1
a=. Choose ¢ € m so that I = bcA. We then have a = cA C mA C J(A), where J(A)

denotes the Jacobson radical of A. Therefore, n = m+ cA is an ideal of B = R+ cA, and
n C J(B), because A is a finite extension of B. On the other hand, because R/m = B/n,
n is a maximal ideal of B, so that (B, n) is a local ring.

(3) We have a? = ca, since a = cA. Notice that a # ¢B, since A # B. Then, because
a/cB>~ A/B = (B/a)® by Lemma 3.2.6 (1), we get a € Xp and pp(a) =t + 1 = pugr(l).

(4) We set L = (¢) + I. Then, since bcA =1, L € Xp and ug(L) = pr(l) =t +1 by
Corollary 3.3.3 and Theorem 3.3.1 (2). Therefore, r(R) = t-r(R/L) by [47, Theorem 2.5],
while r(B) = t-r(B/a) for the same reason, because a € Xp by Assertion (3). Remember
that the element c is chosen so that I :p J = (¢) + I (see the proof of Theorem 3.2.9 (1)).
We then have r(B/a) = r(R/[I :r J]), because B = R + a and

R/L=R/[aNnR] = B/a
where the first equality follows from Lemma 3.2.6 (2). Thus
1(B) =tr(B/a) =tr(R/L) =1(R),

as is claimed. To see the equality e(B) = e(R), enlarging the residue class field of R, we
may assume that R/m is infinite. Choose an element o € m so that («) is a reduction of
m. Hence aB is a reduction of mB, while mB is a reduction of n, because

nA=(m+cA)A=mA= mB)A.
Therefore, aB is a reduction of n, so that
e(B) = p(B/aB) = (r(B/aB) = eqp(B) = eyp(R) = e(R),

where the second equality follows from the fact that R/m = B/n and the fourth equality
follows from the fact that {g(B/R) < co. Hence e(B) = e(R) and r(B) = r(R). Because
v(R) = e(R) > 1 if and only if r(R) = e(R) — 1, the assertion that v(B) = e(B) if and
only if v(R) = e(R) now follows. O

We need one more lemma.

Lemma 3.3.6. Suppose that I,J € Xg and [ C J. Let « € J. Then J = () + I if and
only if J* = aJ.

Proof. Tt suffices to show the only if part. Suppose J = (o) +1. Weset A =1 : I,
B = J : J, and choose b € J so that J> = bJ. Then J = bB and B C A, whence
JA = bA, while JA = [(a) + I]A = aA + I. We now choose ¢ € m so that [ = bcA (see
Theorem 3.3.1 (3)). We then have bA = JA = aA+bcA, whence bA = oA by Nakayama's
lemma. Therefore, JA = aA, whence («) is a reduction of J, so that J? = a.J. O

We are now ready to prove Theorem 3.1.4.
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Proof of Theorem 3.1.4. Let I,J € Xgpsuchthat I C J. Weset A=1:7and B=J:J.
Let b € J such that J = (b) + I. Then J? = bJ by Lemma 3.3.6 and B is a local ring

I
with n=m+ 7 the maximal ideal by Theorem 3.3.5.
Let a € X' such that I C a C J. First of all, let us check the following.

Claiml.%EXB and%:a:J.

Proof of Claim 1. Since be J, a: J C %. On the other hand, since
B=R:JCR:a=a:a

by Lemma 3.2.1, we get

J -

S

=a-—=aBCa(a:a)=aqa,

a
da:J=—-.
! and a 2
to show that 3 € Xp, we may assume I C a. We then have, by Theorem 3.1.3 (2),

>l Tla

1
so that % is an ideal of B = Since 7 € X by Theorem 3.3.5 (3),

1
elements ay, ay € m such that I = bajasA and a = (bay) + I; hence % =g R+ 7 We get
a

1
7= a1 B + 7 since % is an ideal of B. Therefore, % € Xp by Corollary 3.3.3, because

1
aiasB 1s a reduction of 7 = aasA. O

a
We now have the correspondence ¢ defined by a — —, and it is certainly injective.

b
I
Suppose that b € Xp and 7 C b. We take a € b so that b> = ab. Then, since B is a

I
Cohen-Macaulay local ring with maximal ideal m + 7 we have b = aB + 7 by Theorem

I I
3.3.1. Let us write « = a+x with a € m and = € 7 We then have b = aB + 7 so that

I
b? = ab by Lemma 3.3.6. Set L = 7 Then, since A=1:1=L: L, by Theorem 3.3.1 we

have an element 5 € n = m+ L such that L = afA; hence af € L. Let us write f = c+y
with ¢ € m and y € L. We then have ac = a8 — ay € L and yA C L, so that because

L=aBACacA+ayACacA+mL,

we get L = acA by Nakayama’s lemma. Therefore, I = abcA. On the other hand, since
I I I

aB = aR + ay, we get b = aB + 7= aR + 7 Hence, because bb = (ab) + I and

I = (ab)cA, we finally have that bb € X'r and

I'=abcACbb=(ab)+1CJ

by Theorem 3.1.3 (1). Thus, the correspondence ¢ is bijective, which completes the proof
of Theorem 3.1.4. O
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3.4 The case where R possesses minimal multiplicity

In this section, we focus our attention on the case where R possesses minimal multiplicity.
Throughout, we assume that v(R) = e(R) > 1. Hence, m € X and pg(I) = v for all
I € X by Corollary 3.3.2, where v = v(R). We choose an element o € m so that
2 _
m’ = am.
Let I,J € XR such that I C J and assume that there are no Ulrich ideals contained

strictly between I and J. Let b € J with J? = bJ and set B = J : .J. Hence B = %, and

J = (b) + I by Theorem 3.3.1. Remember that by Theorem 3.3.5, B is a local ring and
v(B) = e(B) = e(R) > 1. We have n* = an by the proof of Theorem 3.3.5 (4), where n
denotes the maximal ideal of B.

We furthermore have the following.

Lemma 3.4.1. The following assertions hold true.

(1) tr(J/I)=1.

(2) I =bn= Jn. Hence, the ideal I is uniquely determined by J, and I : I =n :n.
(3) (ba) is a reduction of I. If I = (ba) + (22, x3,...,3y), then J = (b, xa, x3,...,Ty).

Proof. By Theorem 3.1.4, we have the one-to-one correspondence
0 1 a
{aEXR|I§a§J}—>{b€XB|g§b}, CU-)E,

where the set of the left hand side is a singleton consisting of I, and the set of the right
1
hand side contains n. Hence n = 5 that is I = bn = Jn, because J = bB. Therefore,

I? = v’n? = ba-bn = ba-1, so that (ba) is a reduction of I. Because
J/I =bB/bn = B/n

and R/m = B/n by Theorem 3.3.5 (2), we get {g(J/I) = 1. Assertion (3) is clear, since
J=(b)+1. O

Since (r(R/I) < oo for all I € Xg, we get the following.

Corollary 3.4.2. Suppose that I,J € X and I C J. Then there exists a composition
series I = 1, C I,y C --- C I = J such that I; € Xg for all 1 < i < [, where
C="(r(J/I)+1.

The following is the heart of this section.

Theorem 3.4.3. The set X s totally ordered with respect to inclusion.
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Proof. Suppose that there exist I, J € X such that I ¢ J and J € I. Since I C m and
J C m, thanks to Corollary 3.4.2, we get composition series

]:]g_g_]g_lg_-"g_flzm and J:Jnan_lgngzm

such that I;,J; € Xgp forall 1 <¢ < /fand 1 < j <n. We may assume ¢ < n. Then
Lemma 3.4.1 (2) shows that I; = J; for all 1 <14 < ¢, whence J C J, =1, C I. Thisis a
contradiction. O

Remark 3.4.4. Theorem 3.4.3 is no longer true, unless R possesses minimal multiplicity.
For example, let k be a field and consider R = k[[t3,¢7]] in the formal power series ring
k[[t]]. Then, Xr = {(t® — ct™,#'°) | 0 # ¢ € k}, which is not totally ordered, if k > 2. See
Example 3.5.7 (3) also.

Let us now summarize the results in the case where R possesses minimal multiplicity.

Theorem 3.4.5. Let [ € Xi and take a composition series
(B) I=LCL G Ch=m

so that I; € Xg for every 1 < i < { = {lg(R/I). We set By = R and B; = I; : I; for
1 <i</{ and let n; = J(B;) denote the Jacobson radical of B; for each 0 < i < {. Then
we obtain a tower

R=ByCBi G CB1CBCR

of birational finite extensions of R and furthermore have the following.

1) (o) is a reduction of I; for every 1 <i <.

2) Bi=mn;_1:n;_1 for every 1 <1 < /.

(1)
(2)
(3) For0<i</{—1, (B;,n) is alocal ring withv(B;) = e(B;) = e(R) > 1 and n? = an,.
(4)

Choose T, 3,...,7, € I so that [ = (af,xy,...,2,). Then I; = (o, 29, 23,...,1,)
for every 1 < i < (. In particular, m = (o, z3,x3,...,%,), So that the series (E) is a
unique composition series of ideals in R which connects I and m.

(5) Let J be an ideal of R and assume that I C J Cm. Then J = I; for some 1 <i <.

Proof. The uniqueness of composition series in Assertion (4) follows from the fact that
the maximal ideal m/I of R/I is cyclic, and then, Assertion (5) readily follows from the
uniqueness. Assertions (1), (2), (3), and the first part of Assertion (4) follow by standard
induction on /. O

Corollary 3.4.6. Suppose that there exists a minimal element I in Xr. Then §tXg =1 <
oo with { = lr(R/I).

Proof. Since Xy is totally ordered by Theorem 3.4.3, I is the smallest element in Xg, so
that I C J for all J € Xg. Therefore, by Theorem 3.4.5 (5), J is one of the I;’s in the
compoosition series [ =1, C I, 1 C--- C [ =m. [l
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Corollary 3.4.7. [fﬁ 18 a reduced ring, then Xg is a finite set.

Proof. Since by Theorem 3.4.5 (r(R/I) < {r(R/R) < oo for every I € X, the set Xx
contains a minimal element, so that X’r is a finite set. Il

Here let us note the following.

Example 3.4.8. Let (S,n) be a two-dimensional regular local ring. Let n = (X,Y") and
consider the ring A = S/(Y?). Then v(A) = e(A) = 2 and

Xa={@"y) |n=1}
where x,y denote the images of X, Y in A, respectively. Hence §X4 = oo.

Proof. Let I,, = (2", y) for each n > 1. Then (z") C [,, and I? = z"I,. Let J(A) = (z,y)
be the maximal ideal of A. We then have J(A)? = xJ(A), whence v(A) = e(A4) = 2.
Because I, = (z") :4 y, we get I,,/(z™) = A/I,. Therefore, I, € X4 for all n > 1. To
see that X4 consists of these ideals I,’s, let I € X4 and set ¢ = £4(A/I). Then I C I,
or I D I, since X4 is totally ordered. In any case, I = I, because ¢4(A/1;) = ¢. Hence

Xa={(2",y)|n>1}. O

We close this section with the following. Here, the hypothesis about the existence
of a fractional canonical ideal K is equivalent to saying that R contains an m-primary
ideal I such that I = Kg as an R-module and such that I possesses a reduction @ = (a)
generated by a single element a of R ([36, Corollary 2.8]). The latter condition is satisfied,
once Q(R) is a Gorenstein ring and the field R/m is infinite.

Theorem 3.4.9. Suppose that there exists a fractional ideal K of R such that RC K C R
and K = Kg as an R-module. Then the following conditions are equivalent.

(2) e(R) =2 and R is not a reduced ring.

(3) The ring R has the form R = S/(Y?) for some regular local ring (S,n) of dimension
two with Y € n'\ n%.

Proof. (1) = (2) The ring R is not reduced by Corollary 3.4.7. Suppose R is not a
Gorenstein ring; hence R C K and e¢(R) > 2. Weset a = R: K. Let [ € Xx. Then, since
ur(I) = v =e(R) > 2 by Corollary 3.3.2, we have a C I by [47, Corollary 2.12], so that
(r(R/I) < lgr(R/a) < co. Therefore, the set Xg contains a minimal element, which is a
contradiction.

(3) = (1) See Example 3.4.8 and use the fact that there is a one-to-one correspondence
I+ IR between Ulrich ideals of R and ﬁ, respectively. R

(2) = (3) Since v(R) = e(R) = 2, the completion R has the form R = S/I, where
(S,n) is a two-dimensional regular local ring and I = (f) a principal ideal of S. Notice
that e(S/(f)) = 2 and /(f) # (f). We then have (f) = (Y?) for some Y € n\ n?,
because f € n?\ n3. O
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Remark 3.4.10. In Theorem 3.4.9, the hypothesis on the existence of fractional canonical
ideals K is not superfluous. In fact, let V' denote a discrete valuation ring and consider
the idealization R = V' x F' of the free V-module F = V%" (n > 2). Let ¢ be a regular
parameter of V. Then for each n > 1, I,, = (t") x F is an Ulrich ideal of R (|43, Example
2.2]). Hence Xp is infinite, but v(R) = e(R) =n+1 > 3.

Higher dimensional cases are much wilder. Even though (R, m) is a two-dimensional
Cohen-Macaulay local ring possessing minimal multiplicity, the set X is not necessarily
totally ordered. Before closing this section, let us note examples.

Example 3.4.11. We consider two examples.

(1) Let S = k[[Xo, X1,...,X,]] (n > 3) be the formal power series ring over a field k.
Let £ > 1 be an integer and consider the 2 x n matrix

(X Xy o X,
M_(Xg Xy .- an)'

We set R = S/I3(M), where Io(M) denotes the ideal of S generated by the 2 x 2
minors of the matrix M. Then, R is a Cohen-Macaulay local ring of dimension two,
possessing minimal multiplicity. For this ring, we have

Xr = {(z), 01, 79,...,2,) | 1 <i < 1},

where z; denotes the image of X; in R for each 0 < i < n. Therefore, the set X is
totally ordered with respect to inclusion.

(2) Let (S,n) be a regular local ring of dimension three. Let F,G, H,Z € n and assume
that n = (F,G,Z) = (G,H,Z) = (H,F,Z). (For instance, let S = k[[X,Y, Z]] be
the formal power series ring over a field k with chk # 2, and choose F = X,G =
X +Y,H=X-Y.) We consider the ring R = S/(Z*> — FGH). Then R is a two-
dimensional Cohen-Macaulay local ring of minimal multiplicity two. Let f, g, h, z de-
note, respectively, the images of F, G, H, Z in R. Then, (f, gh,z), (g, fh, 2), (h, fg, z)
are Ulrich ideals of R, but any two of them are incomparable.

3.5 The case where R is a generalized Gorenstein lo-
cal ring

In this section, we study the case where R is a generalized Gorenstein local ring. The
notion of generalized Gorenstein local rings is given by [34]. Let us briefly review the
definition.

Definition 3.5.1 ([34]). Suppose that (R, m) is a Cohen-Macaulay local ring with d =
dim R > 0, possessing the canonical module Ki. We say that R is a generalized Gorenstein
local ring, if one of the following conditions is satisfied.
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(1) R is a Gorenstein ring.

(2) R is not a Gorenstein ring, but there exists an exact sequence
0>RB5Kr—C—=0

of R-modules and an m-primary ideal a of R such that

(i) C'is an Ulrich R-module with respect to a and
(ii) the induced homomorphism R/a ®r ¢ : R/a — Kg/aKg is injective.

When Case (2) occurs, we especially say that R is a generalized Gorenstein local ring
with respect to a.

Since our attention is focused on the one-dimensional case, here let us summarize a
few results on generalized Gorenstein local rings of dimension one. Suppose that (R, m) is
a Cohen-Macaulay local ring of dimension one, admitting a fractional canonical ideal K.
Hence, K is an R-submodule of R such that K = K as an R-module and R C K C R.
One can consult [36, Sections 2, 3] and [54, Vortrag 2] for basic properties of K. We set
S = R[K] in Q(R). Therefore, S is a birational finite extension of R with S = K™ for all
n > 0, and the ring S = R[K] is independent of the choice of K ([15, Theorem 2.5]). We
set ¢ = R : S. First of all, let us note the following.

Lemma 3.5.2 (cf. [36, Lemma 3.5]). c=K:Sand S=c:c=R:c.

Proof. Since R = K : K ([54, Bemerkung 2.5 a)]), we have ¢ = ( K):S=K:KS=
K:S whileR:c=(K:K):¢c=K:Kc¢=K:c Hence R: K c=K:(K:S5)=
S ([54, Definition 2.4]). Therefore, ¢c:c=(K:S5):¢=K : Sc = =5. O

We then have the characterization of generalized Gorenstein local rings.

Theorem 3.5.3 ([34]). Suppose that R is not a Gorenstein ring. Then the following
conditions are equivalent.

(1) R is a generalized Gorenstein local ring with respect to some m-primary ideal a of R.
(2) K/R is a free R/c-module.
(3) S/R is a free R/c-module.
When this is the case, one necessarily has a = ¢, and the following assertions hold true.
(i) R/c is a Gorenstein ring.
(ii) S/R= (R/¢)®®) as an R-module.

The following result is due to [34, 47]. Let us include a brief proof of Assertion (1) for
the sake of completeness.
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Theorem 3.5.4 ([34, 47]). Suppose that R is not a Gorenstein ring. Let I € Xg. Then
the following assertions hold true.

(1) If I Cc, then I =c.
(2) If ur(I) # 2, then ¢ C I.

(3) ¢ € Xg if and only if R is a generalized Gorenstein local ring and S is a Gorenstein
ring.

Proof. (1) Let I € Xg and assume that I C ¢. We choose an element a € I so that
I? = al. We then have I # (a) and I/I? is a free R/I-module. Let A = I : I; hence
I = aA. On the other hand, because ¢ C I, by Lemmata 3.2.1 and 3.5.2 we have

A=R:IDR:¢=S5D2OK.
Claim 2. A is a Gorenstein ring and A/K is the canonical module of R/I.

Proof of Claim 2. Taking the K-dual of the canonical exact sequence 0 — [ — R —
R/I — 0, we get the exact sequence

0— K5 K:I—Extp(R/I,K)—0,
where ¢ : K — K : I denotes the embedding. On the other hand, K : [ = A, because
I=R:A=(K:K):A=K:KA=K:A

(remember that K C A). Therefore, since I = K : A is a canonical ideal of A ([54,
Korollar 5.14]) and I = aA = A, A is a Gorenstein ring, and A/K = Extp(R/I,K). O

We consider the exact sequence 0 — (a)/al — I/al — I/(a) — 0 of R/I-modules.
Then, because I = aA, we get the canonical isomorphism between the exact sequences

0 R/T——~ AJI A/R 0

oo e

0— (a)/al ——~1/al —=1/(a) —=0

of R/I-modules, where A/ is a Gorenstein ring, since A is a Gorenstein ring and I = aA.
Therefore, since A/I (= I/al) is a flat extension of R/I, R/I is a Gorenstein ring, so
that A/K = R/I by Claim 2. Consequently, the exact sequence

0—-K/R—A/R—A/K -0

of R/I-modules is split, whence K/R is a non-zero free R/I-module, because so is A/R (=
I/(a)). Hence, c=R:SCR: K =R:g K=1,s0that I =c. O

Thanks to Theorem 3.5.4, we get the following.
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Theorem 3.5.5. Let R be a generalized Gorenstein local ring and assume that R is not
a Gorenstein ring. Then the following assertions hold true.

(1) {IeXg| cCI}={(a)+c | a€msuch that c = abS for some b € m}.
In particular, ¢ € Xg, once the set {I € Xg| ¢ C I} is non-empty.

(2) pr(I) =1(R)+ 1 for all I € X such that ¢ C I.

(3) {I € Xg| ¢ S I} ={I € Xr| pr(l) #2}.

Therefore, if R possesses minimal multiplicity, then the set Xg is totally ordered, and ¢
is the smallest element of Xg.

Proof. (1) Let us show the first equality. First of all, assume that ¢ € Xz. Then since
S =c: ¢, for each a € ¢, (@) is a reduction of ¢ if and only if ¢ = .S, so that the required
equality follows from Corollary 3.3.3. Assume that ¢ ¢ Xr. Hence, by Theorem 3.5.4 (3),
S is not a Gorenstein ring, because R is a generalized Gorenstein local ring. Therefore,
since ¢ = K : S is a canonical module of S (Lemma 3.5.2 and [54, Korollar 5.14]), we have
¢ # aS for any a € ¢, whence the set {(a) + ¢ | @ € m such that abS = ¢ for some b € m}
is empty. On the other hand, since S = ¢ : ¢ = R : ¢ and S/R = (R/¢)®" (see
Theorem 3.5.3 (ii)), the m-primary ideal ¢ of R satisfies Condition (C) in Definition 3.2.2.
Therefore, if the set {I € X | ¢ C I} is non-empty, then ¢ € Xg by Theorem 3.2.9 (2),
because r(R) > 2. Thus, {I € Xz | ¢ C I} = 0.

(2) By Assertion (1), we may assume ¢ € Xg. Then, ¢ = aS for some a € ¢, and
therefore, ip(c) = r(R) + 1, since ¢/(a) & S/R = (R/c)®*®. Thus, by Theorem 3.3.1,
pur(l) = ur(c) =r(R) + 1 for every I € X with ¢ C I.

(3) The assertion follows from Assertion (2) and Theorem 3.5.4 (3).

The last assertion follows from Assertion (3), since ug(I) = v(R) > 2 for every I € Xy
(see Corollary 3.3.2). O

Combining Theorems 3.1.3 and 3.5.5, we have the following.

Corollary 3.5.6. Let R be a generalized Gorenstein local ring and assume that R is not
a Gorenstein ring. Then the following assertions hold true.

(1) Let ay,ag,...,an,b € m (n > 1) and assume that ¢ = ajas---a,bS. We set I; =
(arag---a;) + ¢ for each 1 < i <n. Then ¢ € Xg and I, € Xg for all 1 < i < n,
forming a chain ¢ C I, C 1, 1 C ... C I} in Xp.

(2) Conversely, let Iy, I, ..., I, € Xg (n > 1) and assume that ¢ C I, C I,_1 C ... C .
Then ¢ € Xr and there exist elements a1, ao, ..., a,,b € m such that ¢ = aias - - - a,bS
and I; = (ajag - -a;) + ¢ for all 1 <i <n.

Concluding this chapter, let us note a few examples of generalized Gorenstein local
rings.

Example 3.5.7. Let k[[t]] be the formal power series ring over a field k.
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(1)

Let H = (5,7,9,13) denote the numerical semigroup generated by 5,7,9,13 and R =
E[[t?,t7, %, t'3]] the semigroup ring of H over k. Then, R is a generalized Gorenstein
local ring, possessing S = k[[t3,t5,¢7]] and ¢ = (¢7,¢,¢1°,¢13). For this ring R, S is
not a Gorenstein ring, and Xp = (.

Let R = k[[t*,t°,t'%]]. Then, R is a generalized Gorenstein local ring, possessing
S = k[[t?,t*]] and ¢ = (¢°,¢'2,t'%) = t°S. For this ring R, Xr = {c}.

Let R = Kk[[t%,¢13,¢*]]. Then, R is a generalized Gorenstein local ring, possessing
S = k[[t?, t*3]] and ¢ = (t**,¢*0,¢®) = t**S. For this ring R, the set {I € Xg | ¢ C I}
consists of the following families.

(1) {(t°+at®) +c|a €k},

(i) {(t"? +at"® +0t") + ¢ | a,b € k}, and
(iii) {(t"® 4+ at*®) + ¢ | a € k}.
For each a € k, we have a maximal chain

cC(t®+at®) +cC (P +at') +c C (t° +at®®) +c
in Xr. On the other hand, for a,b € k such that a # 0,
¢ C (" +at™ +bt") + ¢

is also a maximal chain in Xj.

Let H = (6,13,28). Choose integers 0 < o« € H and 1 < € Z so that o &
{6,13,28} and GCD(«, 8) = 1. We consider R = k[t~ ¢55 135 +280]]. Then, R is
a generalized Gorenstein local ring with v(R) = 4 and r(R) = 2. For this ring R,
S = k[[t~, 1?7, #13F]], and ¢ = t?*S. For instance, take a = 12 and 3 = 5n, where
n > 0and GCD(2,n) = GCD(3,n) = 1. Then, ¢ = 1?5 = (t12)1G 5o that the set
{I € X | ¢ C I} seems rather wild, containing chains of large length.
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Chapter 4

Correspondence between trace ideals
and birational extensions with
application to the analysis of the
Gorenstein property of rings

4.1 Introduction

This chapter aims to explore the structure of (not necessarily Noetherian) commutative
rings in connection with their trace ideals. Let R be a commutative ring. For R-modules
M and X, let

T™,X - HOIDR(M,X) ®R M— X

denote the R-linear map defined by 7y x(f ® m) = f(m) for all f € Hompg(M, X) and
m € M. We set 7x(M) = Im 7y x. Then, 7x (M) is an R-submodule of X, and we say
that an R-submodule Y of X is a trace module in X, if Y = 7x(M) for some R-module
M. When X = R, we call trace modules in R, simply, trace ideals in R. There is a recent
movement in the theory of trace ideals, raised by H. Lindo and N. Pande [64, 65, 66].
Besides, J. Herzog, T. Hibi, and D. I. Stamate [55] studied the traces of canonical modules,
and gave interesting results. We explain below our motivation for the present researches
and how this chapter is organized, claiming the main results in it.

The present researches are strongly inspired by [64, 65, 66]. In [65] Lindo asked when
every ideal of a given ring R is a trace ideal in it, and noted that this is the case when
R is a self-injective ring. Subsequently, Lindo and Pande [66] proved that the converse is
also true if R is a Noetherian local ring. Our researches have started from the following
complete answer to their prediction, which we shall prove in Section 4.

Theorem 4.1.1 (Theorem 4.4.1). Suppose that R is a Noetherian ring and let X be an
R-module. Then the following conditions are equivalent.

(1) Every R-submodule of X is a trace module in X.

(2) Ewvery cyclic R-submodule of X is a trace module in X .
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(3) There is an embedding
0+X— @ Er(R/m)
meMax R

of R-modules, where for each m € Max R, Eg(R/m) denotes the injective envelope of
the cyclic R-module R/m.

However, the main activity in the present chapter is focused on the study of the
structure of the set of regular trace ideals in R. Let I be an ideal of a commutative ring
R and suppose that I is reqular, that is I contains a non-zerodivisor of R. Then, as is
essentially shown by [65, Lemma 2.3], I is a trace ideal in R if and only if R: [ =1 : 1,
where the colon is considered inside the total ring Q(R) of fractions of R. We denote by
X the set of regular trace ideals in R, and explore the structure of Xz in connection with
the structure of Vg, where Vi denotes the set of birational extensions A of R such that
aA C R for some non-zerodivisor a of R. We also consider the set Zg of regular ideals I of
R such that I? = al for some a € I. We then have the following natural correspondences

£:ZR_>yR7 6(1):[[7
7713}1%—>XR7 W(A):RAa
p:Xr— Vg, pI)=1:1

among these sets. The basic framework is the following.

Proposition 4.1.2 (Proposition 4.2.9, Lemma 4.2.6 (1)). The correspondence & : Zr —
Vr is surjective, and the following conditions are equivalent.

(1) p: Xr — Vg is surjective.
(2) n:Yr — Xr is injective.
(3) A=R:(R:A) for every A € YVg.

Our strategy is to make use of these correspondences in order to analyze the structure
of commutative rings R which are not necessarily Noetherian (see, e.g., [28]). This ap-
proach is partially inspired by and originated in [27], where certain specific ideals (called
good ideals) in Gorenstein local rings are closely studied. Similarly, as in [27] and as is
shown later in Sections 2 and 3, the above correspondences behave very well, especially
in the case where R is a Gorenstein ring of dimension one. We actually have nop = 1x,
and pon = 1y, in that case (Lemma 4.2.6). Nevertheless, being different from [27], our
present interest is in the question of when the correspondence p : Xr — Vg is bijective.
As is shown in Section 2 (Example 4.2.10), in general there is no hope for the surjectivity
of p in the case where dim R > 2, even if R is a Noetherian integral domain of dimension
two. On the other hand, with very specific, so to speak extremal exceptions (Proposi-
tion 4.5.1), the surjectivity of p guarantees the Gorenstein property of R, provided R is
a Cohen-Macaulay local ring of dimension one. In fact, we will prove in Section 5 the
following, in which let us refer to [36] for the notion of almost Gorenstein local ring.
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Theorem 4.1.3 (Theorem 4.5.2). Let (R, m) be a Cohen-Macaulay local ring of dimension
one. Let B =m:m and let J(B) denote the Jacobson radical of B. Then the following
assertions are equivalent.

(1) p: Xr — Vg is bijective.
(2) p: Xr — Vg is surjective.
(3) Either R is a Gorenstein ring, or R satisfies the following two conditions.

(i) B is a DVR and J(B) = m.
(ii) There is no proper intermediate field between R/m and B/J(B).

When this is the case, R is an almost Gorenstein local ring in the sense of [36].

Therefore, p is surjective if and only if R is a Gorenstein ring, provided R is the semigroup
ring of a numerical semigroup over a field.

In Section 6, we introduce the notion of anti-stable and strongly anti-stable rings. We
say that a commutative ring R is anti-stable (resp. strongly anti-stable), if Homg(I, R)
is an invertible module over the ring Endg/ (resp. Hompg (I, R) = Endg! as an Endgl-
module), for every reqularideal I of R. The purpose of Section 6 is to provide some basic
properties of anti-stable rings and strongly anti-stable rings, mainly in dimension one.

Here, let us remind the reader that R is said to be a stable ring, if every ideal I of R
is stable, that is I is projective over Endg/ ([73]). The notion of stable ideals and rings
is originated in the famous articles [6] and [67] of H. Bass and J. Lipman, respectively,
and there are known many deep results about them ([73]). Our definition of anti-stable
rings is, of course, different from that of stable rings. It requires the projectivity of the
dual module Homg(I, R) of I, only for regular ideals I of R, claiming nothing about the
projectivity of I itself. Nevertheless, with some additional conditions in dimension one,
R is also a stable ring, once it is anti-stable, as we shall show in the following.

Theorem 4.1.4 (Theorem 4.6.10). Let R be a Cohen-Macaulay ring with dim Ry = 1
for every M € Max R. If R is an anti-stable ring, then R is a stable ring.

The results of Section 6 are obtained as applications of the observations developed in
Sections 2, 3, and 5. One can also find, in the forthcoming paper [28], further developments
of the theory of anti-stable rings of higher dimension.

Similarly as [61], our research is motivated by the works [64, 65, 66] of Lindo and Pande,
so that the topics of Section 6 are similar to those of [61], but these two researches were
done with entire independence of each other. In [66], Lindo and Pande posed a problem
what kind of properties a Noetherian ring R enjoys, if every ideal of R is isomorphic to a
trace ideal in it. In [61], T. Kobayashi and R. Takahashi have given complete answers to
the problem. We were also interested in the problem, and thereafter, came to the notion of
anti-stable ring. If the ideal I considered is regular, the condition (C) that I is isomorphic
to a trace ideal is equivalent to saying that Hompg (7, R) = Endgl as an Endg/-module
(Lemma 4.6.2). Therefore, if we restrict our attention, say on integral domains R, the
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condition that every regular ideal satifies condition (C) is equivalent to saying that R
is a strongly anti-stable ring. However, in general, these two conditions are apparently
different (e.g., consider the case where every non-zerodivisor of the ring is invertible in
it, and see [61, Theorem 3.2]). It must be necessary, and might have some significance,
to start a basic theory of anti-stable and strongly anti-stable rings in our context, with a
different viewpoint from [61], which we have performed in Section 6.

In what follows, unless otherwise specified, R denotes a commutative ring. Let Q(R)
be the total ring of fractions of R. For R-submodules X and Y of Q(R), let

X:Y={acQR)|aY C X}
If we consider ideals I, J of R, we set I :p J ={a € R |aJ C I}; hence
I'gJ=(I:J)NR.

When (R, m) is a Noetherian local ring of dimension d, for each finitely generated R-
module M, let ur(M) (resp. £r(M)) denote the number of elements in a minimal system
of generators (resp. the length) of M. We denote by

n+1
o(M) = Tim B/ ™M)

n— 00 nd

the multiplicity of M. Let r(R) = {z(Ext%(R/m, R)) stand for the Cohen-Macaulay type
of R, where we assume the local ring R is Cohen-Macaulay.

4.2 Correspondence between trace ideals and bira-
tional extensions of the base ring

Let R be a commutative ring and let M, X be R-modules. We denote by 7a/x :
Hompg(M,X) ®p M — X the R-linear map such that 7y x(f ® m) = f(m) for all
f € Homg(M, X) and m € M. Let 7x (M) = Im 7y x. Then, 7x(M) is an R-submodule
of X, and we say that an R-submodule Y of X is a trace module in X, if Y = 7x (M) for
some R-module M. When X = R, we simply say that Y is a trace ideal in R. With this
notation we have the following.

Proposition 4.2.1 ([65, Lemma 2.3]). For an R-submodule Y of X, the following con-
ditions are equivalent.

(1) Y is a trace module in X .
(2) Y =7x(Y).

(3) The embedding v : Y — X induces the isomorphism v, : Homg(Y,Y) — Hompg(Y, X)
of R-modules.

(4) f(Y)CY forall f € Homg(Y, X).
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We denote by W the set of non-zerodivisors of R. Let Fg be the set of reqular ideals
of R, that is the ideals I of R with TNV # (). We then have the following, characterizing
trace ideals.

Corollary 4.2.2. Let I € Fg. Then the following conditions are equivalent.
(1) I is a trace ideal in R.

(2) I=(R:1)I.

3) I:I=R:1.

Proof. Since I N W # (), we have natural identifications R : I = Homg(/,R) and I : I =
Hompg(7, I), so that the equivalence of conditions (1) and (3) follows from Proposition
4.2.1. Suppose that [ = (R :I)I. Then R: 1 C I : 1, whence R: 1 =1:1. Conversely,
if I :1=R:1,then (R:I)[=([:1)I C1I,whilel C(R:I)I,sincel € R:I. Thus
(R:D)I =1. O

We now consider the following sets:

Xg={I € Fr| I is a trace ideal in R},
Yr={A| RC ACQ(R), Ais asubring of Q(R) such that aA C R for some a € W},
Zp={l€ Fr|I*=al for somea€l}.

If R is a Noetherian ring, then Vg is the set of birational finite extensions of R. In what
follows, we shall clarify the relationship among these sets. We begin with the following.

Proposition 4.2.3. The following assertions hold true.
(1) Let X be an R-submodule of Q(R) and setY = R:X. ThenY =R:(R:Y).
(2) Let I € Zp and assume that I* = al witha € I. Thena € W and I : [ = a™'1I.

Proof. (1) Since X CR:Y, Y=R: X2DOR:(R:Y),sothat Y =R:(R:Y).
(2) We have a € W, because I € Fg. Sincea € I, [ : I Ca ‘I, whilea™' I C T :1,
because a 'I[-I =a 'I* =a"Yal)=1. Hence I : [ =a~'I. O

Lemma 4.2.4. The following assertions hold true.

(1) Let I € Xg anda € INW. We set J = (a) :r I. Then, J C I and J*> = aJ, so that
J € Zp.

(2) Let I € Zg and write I* = al witha € I. We set J = (a) :g I. Then, I C J and
J € Xg.

Proof. (1) Weset A=1:1. Then, A= R : I by Corollary 4.2.2. Hence, J = (a) :gp I =
(a) : I =a(R:I)=aA, where the second equality follows from the fact that a € I NW.
Therefore, J? =aJ and J =a(l : I) C I,
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(2) Notice that J = (a) : I =a(R: ). Let A=1:1. Then, I = aA, since A =a"'I
by Proposition 4.2.3 (2), so that R: I = R: aA = a '(R : A). Therefore, J = R : A,
whence

J:J=(R:A):(R:A)=R:AR:A)=R:(R:A)=R:J
Thus, J € Xi. Il

Let I € Fr. We say that I is a good ideal of R, if I? = al and I = (a) :x I for some
a € I (cf. [27]). Let Gr denote the set of good ideals in R. We then have the following,
characterizing good ideals.

Proposition 4.2.5. X NZr=Gr={l € Xr | (a) :(g [ € Xg for somea € INW}.

Proof. Let I € Xp N Zr and set A = I : I. We write I? = al with a € I. Then, since
I =aA and A = R : I (see Proposition 4.2.3 and Corollary 4.2.2), (a) :gp [ = (a) : [ =
a(R: 1) =aA =1, so that I is a good ideal of R. Conversely, suppose that I is a good
ideal of R and assume that > = al and I = (a) :g [ with @ € I. Then I € Zp, while
(a) :r I € Xr by Lemma 4.2.4 (2). Hence I € Xr N Zpg.

Assume that I € Xr and that (a) :g [ € Xg for some a € INW. Weset J = (a) :g I.
Then, J? = aJ and J C I, by Lemma 4.2.4 (1). For the same reason, we get (a) :g J C J,
because J € Xi and a € J. Therefore, I C (a) :g J C J C I; hence [ = J. Thus, I? = al
and I = (a) :g I, that is I € Gg. O

Let us consider three correspondences
5:ZR_>yR7 €(I>:Ija

n:Yr— Xp, n(A)=R:A,
p:XR—>)}R, p([):[[

Here, we briefly confirm the well-definedness of 1. Let A € Vi and set I = R : A. Since
I'is an ideal of A, we get [ : [ = (R: A): [ =R: Al = R: I. Therefore, I € X, which
shows 7 is well-defined.

With this notation, we have the following, which plays a key role in this chapter.

Lemma 4.2.6. The following assertions hold true.

(1) The correspondence & : Zp — Vg is surjective. For each I,J € Zg, £(I) = &(J)
if and only if I = J as an R-module, so that Yr = Zr/ =, that is the set of the
1somorphism classes in Zg.

(2) n(p(I))=R:(R: 1) for every I € Xp.
(3) p(n(A)) =R:(R: A) for every A € YVg.

Consequently, p(Xr) ={A € VYr|A=R:(R:A)}, n(Vr)

= Xr|I=R:(R:I)},
and we have a bijective correspondence n(Yg) — p(Xg), I —

{I €
I:1.
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Proof. (1) Let A € Vg and choose a € W so that aA C R. We set I = aA. We then have
I?=aland I :]=aA:aA=A: A=A, whence I € Zp, and ¢ is surjective, because
E(I) = A. Let I,J € Zg and choose a € I,b € J so that I? = al and J? = bJ. Then,
I:I=a"'Tand J:J=0"'J. Hence, if £(I) = £(J), then a='1 = b1, so that [ = J
as an R-module. Conversely, suppose that I,J € Zg and I = J. Then J = al for some
invertible element o of Q(R), whence §(J)=J:J=al :al =1:1=¢(1).

(2) (3) Notice that n(p(I))=R:(I:1)=R:(R:1I) for every I € X and

pn(A)=(R:A):(R:A)=R:AR:A)=R:(R:A)

for every A € Vi.
The last assertions follow from the fact that R : (R :Y) =Y for every R-submodule
Y of Q(R), once Y = R : X for some R-submodule X of Q(R) (see Proposition 4.2.3

(1)). 0

Corollary 4.2.7. The correspondence p induces a bijection
Gr—>{A€Yr|aA=R: A for someac W}, I+~ 1:1.

Proof. Let I € Ggr. We then have, by Proposition 4.2.5, I? = al and I = (a) :z [
for some a € I. Since I = (a) : I = R:a ', I = R: (R : I) by Proposition 4.2.3
(1). Therefore, setting A = I : I (= a 'I), because A = R : I by Corollary 4.2.2, we
get R: A= R: (R:1)=1=aA. Hence, p(I) = A belongs to the set of the right
hand side. By Lemma 4.2.6, the induced correspondence is automatically injective, since
I=R:(R:1I)forevery I € Gp=XgpN Zp.

To see the induced correspondence is surjective, let A € Vg and assume that aA =
R : A for some a € W. Let I = aA; hence I = n(A) € Xr. We then have I? = al and
I:I=aA:aA= A, sothat [ € XrN 2 and p(I) = A. O

If R is a Gorenstein ring of dimension one, L = R : (R : L) for every finitely generated
R-submodule L of Q(R) such that Q(R)-L = Q(R). Therefore, by Lemma 4.2.6 we readily
get the following.

Corollary 4.2.8. Suppose that R is a Gorenstein ring of dimension one. Then, nop =
lx, and pon = 1y,, so that the correspondence p : Xr — Vg s bijective.

We note the following.
Proposition 4.2.9. The following conditions are equivalent.
(1) p: Xr — Vg is surjective.
(2) n:Yr — Xr is injective.
(3) A=R:(R:A) for every A € Vg.
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Proof. (1) < (3) See Lemma 4.2.6.

(2) = (3) Let A€ Yrand set L =R: (R:A). Therefore, L = p(n(A)) € Vg, while
n(A) =R: A= R: L =n(L), where the second equality follows from Proposition 4.2.3
(1). Hence, A = L, because 7 is injective.

(3) = (2) We have pon =1y, by Lemma 4.2.6, so that p is surjective. O

We explore one example, which shows that when dim R > 2, in general we cannot
expect the bijectivity of the correspondence p.

Example 4.2.10. Let S = Ek[X,Y] be the polynomial ring over a field k. We
set R = E[X4 X3V, XY3 Y1 and T = k[X* X3, X2Y2, XY3 Y4 in S. Let m =
(X4, X3Y, XY3 YH)R. Then T = Rand m = R : T. We have dimR = 2 and
depth R,, = 1, whence R, is not Cohen-Macaulay. With this setting the following as-
sertions hold true.

(1) Xp = {I|Iis an ideal of R with htp I >2, and [ Z mor IT = I}. Hence, m‘ €
Xp for all £ > 0.

(2) Yr ={T, R}, and the correspondence 7 : Yr — X is injective.

(3) The isomorphism classes in Zp are [(X*, X®Y?)] and [R], where for each I € Zg, [I]
denotes the isomorphism class of [ in Zx.

Proof. T = > ., San is the Veronesean subring of S with order 4, whence 7' is a
normal ring with dim7 = 2. We get m = T, N R, where T, is the maximal ideal
(X4 X3Y, X2V XY3 YHT of T. Because T = R+ kX?Y? and m-X?Y? Cm, T = R,
the normalization of R, and mT = m. Hence, R : T' = m, and dim R = dim R, = 2.
However, because T'/R = R/m, depth R, = 1, whence Ry, is not Cohen-Macaulay. We
get Yr = {T, R}, since {g(T/R) = 1. Therefore, since m = R : T, the correspondence
n : Yr — X is injective, and by Lemma 4.2.6 (1) the isomorphism classes in Zp are
exactly [(X* X®Y?)] (notice that (X*, X6Y?) = XT) and [R).

Let us check Assertion (1). Firstly, let I be an ideal of R with htgl > 2 such that
I & mor IT = 1. We will show that I € Xz. We may assume [ # R. Suppose that
I € m and let p € Spec R such that I C p. Then, R, = T}, since p # m, so that R, is
a Cohen-Macaulay ring with dim R, = 2. Therefore, gradep/ = 2, and hence I € X by
Proposition 4.2.1.

Suppose that [T = I and let f € Hompg(I, R). Let ¢ : R — T denote the embedding.

Then, the composite map g : [ L RS Tis T-linear, because it is the restriction of the
homothety of some element of Q(R) = Q(T), while grade,;I = hty! = 2, since htgl = 2.
Consequently, because T : [ = T, we have g(I) C I, so that f(I) C I. Thus, I € X by
Proposition 4.2.1.

Conversely, let I € Xg. Therefore, I is a non-zero ideal of R with R : I = I : I.
Hence, R: I = Ror R: I =T, because Yr = {R,T}. If R: I = R, then gradepl > 2.
Therefore, htgl > 2, and I € m, because depth R,, = 1. Suppose that R : I =T. Then, [
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is an ideal of T'. We have to show htgl > 2. Assume the contrary and choose p € Spec R
so that I C p and htgp = 1. We then have R, = T}, and

Ry IR,=[R:I|,=[I:1], =T, = R,.

This is impossible, because I R, is a proper ideal in the DVR R, = T,,. Therefore, htgl > 2,
which completes the proof of Assertion (1). O

4.3 The case where R is a Gorenstein ring of dimen-
sion one

We now concentrate our attention on the case where R is a Gorenstein ring of dimension
one.

Proposition 4.3.1. Assume that R is a Gorenstein ring of dimension one. We then have
the following.

(1) I:1 is a Gorenstein ring for every I € Gg.

(2) Let A € Vg and suppose that A is a Gorenstein ring. Then, A = I : I for some
I € Gg, if R is semi-local.

Consequently, when R is semi-local, the correspondence p induces the bijection
Gr — {A € Yr | A is a Gorenstein ring}.

Proof. (1) Let A=1:1. Then, by Corollary 4.2.7, R : A = aA for some a € W, so that
A is a Gorenstein ring (see [54, Satz 5.12]; remember that Hompg(A, R) = R : A.)

(2) We have R : A = aA for some a € W, because R : A is a canonical ideal of A and
A is semi-local. Hence, by Corollary 4.2.7, A =1 : I for some I € Gp. m

When (R, m) is a Gorenstein local ring of dimension one, we furthermore have the
following, which characterizes Gorenstein local rings of dimension one, in which every
regular trace ideal is a good ideal. The problem of when A is a Gorenstein ring for
every A € Yy is originated in the paper of H. Bass [6], where one can find many deep
observations related to the problem. The equivalence of Assertions (1) and (3) in the
following theorem is essentially due to [6, (7.7) Theorem)].

Theorem 4.3.2. Let R be a semi-local Gorenstein ring of dimension one. Then the
following conditions are equivalent.

(1) Every A € Yg is a Gorenstein ring.
(2) Xr = Gr.

When (R,m) is a local ring, one can add the following.
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(3) e(R) <2.

Proof. (2) = (1) We have by Lemma 4.2.6 A = [ : I for some I € X, so that by
Proposition 4.3.1 (1) A is a Gorenstein ring.

(1) = (2) Every good ideal of R belongs to Xz by Proposition 4.2.5. Conversely, let
I € Xr and set A =1 : 1. Then, by Proposition 4.3.1 (2), A = J : J for some J € Gg,
since A is a Gorenstein ring. Therefore, I = J, because I, J € Xr and the correspondence
p is bijective (Corollary 4.2.8).

Suppose that (R, m) is a local ring.

(3) = (1) See [46, Lemma 12.2].

(2) = (3) We may assume that R : m = m: m; otherwise, R is a DVR, since zm = R
for some z € R : m. Therefore, m € Xr = G, whence m? = am for some a € m. Thus,
e(R) = 2, because R is a Gorenstein ring. O

We close this section with a few examples. To state Example 4.3.3, we need the notion
of idealization, which we now briefly explain. Let R be a commutative ring and M an
R-module. We set A = R@ M as an additive group, and define the multiplication in A
by (a,z)-(b,y) = (ab,ay + bx) for (a,z),(b,y) € A. Then, A forms a commutative ring,
which is denoted by A = R x M, and called the idealization of M over R.

Example 4.3.3. Let V be a DVR with t a regular parameter. Let R =V x V denote the
idealization of V' over itself. Then, R is a Gorenstein local ring with dim R = 1, e(R) = 2,
and Xp = {t"V x V | n > 0}.

Proof. Because R = V[X]/(X?) where X denotes an indeterminate, R is a Gorenstein
local ring with dim R = 1, e(R) = 2. Let K = Q(V). Then, Q(R) = K x K, and
R =V x K. Consequently

Yr={V x L| L is a finitely generated V-submodule of K such that V' C L}.

Therefore, Xr = {t"V x V | n > 0} by Corollary 4.2.8, because R is a Gorenstein local
ring with dimR = 1 and R : [V x L] = Anny(L/V) x V for every finitely generated
V-submodule L of K such that V C L. O

Example 4.3.4. Let k be a field.
(1) Let R = K[[t*,#°,t%]]. Then R is a Gorenstein ring, possessing
Xp = {567, ¢0,¢"), (¢°, %, 8%), (¢°,2°,¢%), (¢*,°,¢%), R}U{ (t* — at®,t°) | a € k} and
Vr = {k[[t]], k[[t2, ], k[[£*, t*, 1), k[[t*, £, 45, ¢7]], R} U {k[[t* + at®,t°]] | a € K},
and the correspondence p : Xr — Vg is bijective.
(2) Let R = K[[t?,t*,t%]]. Then R is not a Gorenstein ring, possessing
Xp={(,¢",¢°),R} and Yr = {k[[t],k[[t*,¢’]], R},

and the correspondence p : Xr — Vg is not surjective.
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Proof. (1) We set V' = k[[t]] (the formal power series ring) and S = k[[t*, ¢°,¢5,¢7]]. We
will show the set Vi consists of the rings in the list. Let m and mg denote the maximal
ideals of R and S, respectively. We begin with the following.

Claim 3. The following assertions hold true.

(1) Set B, = k[[t* + at?,t°]] for each a € k. Then S C B, C k[[t*,#3]], B, = S + S-(t* +
at), and ls(B,/S) = 1.

(2) Let a,b € k. Then B, = By if and only if a = b.

Proof. (1) We set T = k[[(t* + at®)?,t°, (t* + at®)?, (t* + at®)-t°]]. Then, T C B,, and
T C S, since S =k + t*V. Because

mpS 4+ mz D (¢4, ¢°,45 1) = mg = 'V

we get mpS = mg, whence T' = § (remember that T'/my = S/mg = k). Consequently,
T =S C k[[t%t*]], and B, = S + S-(t* + at®), because t° € mg. Therefore, us(B,) = 2,
and lg(B,/S) =1, since mgB, = mg C S.

(2) Suppose B, = By. Then, since the k-space B,/mgB, (resp. B,/mgB;) is spanned
by the images of 1 and #* + at® (resp. 1 and t* + bt3), we have

t* +at® = a+ B2+ bt?) + v
for some o, 3 € k and v € t*V. Hence, « =0, 8 = 1, and a = bf, so that a = b. Il

By this claim, we see R, S, k[[t*,t*,t°]], B, (a € k), k[[t*,t%]],V € Yr. The relation of
embedding among these rings is the following. v

k[, £°]]

/

\
B, = k[ + at®, 7] k[[%, ¢4, %))
\\\\\\\\\\\\\\ ////////////

K[[t*, 5,5 ¢7]]

R

We have to show that Vg consists of these rings. To see it, let A € Vg and assume that
R C A C V. Then, because R is a Gorenstein local ring with R: m = R+kt” and R C A,
we get S = R+ kt” C A. Let us assume that S C A and set £ = {g(A/S). Then ¢ = 1,2,
since lg(V/S) = 3. We write msV = t"V with an integer n > 0. We then have n < 4,
since t* € my. Because A = k+my € S =k + 'V and A # V, we furthermore have
n=2or 3.
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Suppose that ¢ = 1. If n = 3, then choosing an element f = t3+ g with ¢ € t*V = mg,
we see t3 € A, so that k[[t3,t,t°]] C A. Therefore, k[[t3,t*,t°]] = A, because ¢5(A/S) =1
and S C Kk[[t3,t1,#5]] C A. Let n = 2 and choose an element f = t*> + at® € A with a € k.
Then, B, C A, and (5(B,/S) = 1 by Claim (1), whence A = B,. Suppose now that
¢ =2. Then £4(V/A) =1, whence my = A : V ="V, so that

A=Fk+t"V = Ek[[t" "t 2]

with n = 2 or 3. This proves that Yz = {R, S, k[[t?, t*,t?]], B. (a € k), k[[t?,t3]], V}.

Because Xp = {R : A | A € Yr} by Corollary 4.2.8 it is direct to show that X
consists of the following ideals R : V = (¢3¢0 t'1) R : K[[t?,t3]] = (¢5,5,1°), R :
E[[t3, ¢4, ¢°]] = (5,¢5,¢%), R : S = (t4,#5,t°) =m, R, and R : B, = (t* — at®,1%) with a € k.
Let us note a proof for the fact that R : B, = (t* — at®,5). We set I = R : B,. Firstly,
notice that B, = R + R-(t* + at?), since t°, (t* + at®)? € m. We then have t° € I, since
R:V =tV C I. Let ¢ € I and write p = at* + St5 + 4t + § with o, 8,y € k and
d € R:V. Then, at*+5t° € I, and (at* + Bt°)(t* + at®) € R if and only if (ca+3)t” € R
if and only if 8 = —aa, which shows I = (t* — at®, t°).

(2) The fact Yg = {k[[t3,t*, 5], k[[t?, t3]], V} readily follows from Assertion (1). The
assertion on X’p is a special case of the following. O]

Proposition 4.3.5. Let (R, m) be a one-dimensional Cohen-Macaulay local ring and let
V' = R denote the integral closure of R in Q(R). Assume that R #V but mV C R. Then
XR = {m, R}

Proof. Because R # V', we have R : m = m : m, whence m € X, so that {m, R} C Xg.
Let ] € Xpandset A=1:1(=R:1I). If R= A, then gradeg/ > 2, and I = R.
Suppose that R C A. Then, I Cm, whence VC R mCA=R:[1=1:1CYV.
Therefore, A = V. Consequently, I is an ideal of V', whence I = V = m as V-modules
(remember that V' is a direct product of finitely many principal ideal domains). Therefore,
Tr(I) = Tr(m) = m, because I = m as an R-module. Hence Xr = {m, R}. O

We will use Proposition 4.3.5 later in Section 5, in order to prove Proposition 4.5.1.

4.4 Modules in which every submodule is a trace
module

In this section, we are interested in the question of, for a given R-module X, when every
R-submodule of X is a trace module in it. As is shown in [65], this is the case when
X = R and R is a self-injective ring. Our goal is the following, which is known by [66,
Theorem 3.5 in the case where R is a Noetherian local ring and X = R.

Theorem 4.4.1. Suppose that R is a Noetherian ring and let X be an R-module. Then
the following conditions are equivalent.

(1) Every R-submodule of X is a trace module in X .
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(2) Ewvery cyclic R-submodule of X is a trace module in X .

(3) There is an embedding
0-X— P Er(R/m)

meMax R

of R-modules, where for each m € Max R, Egr(R/m) denotes the injective envelope of
the cyclic R-module R/m.

To prove Theorem 4.4.1, we need some preliminaries. The following is a direct conse-
quence of Proposition 4.2.1.

Proposition 4.4.2. The following assertions hold true.

(1) Let Y be an R-submodule of X. If every cyclic R-submodule of Y is a trace module
i X, then' Y is a trace module in X.

(2) Let Z and Y be R-submodules of X and assume that Z CY. If Z is a trace module
m X, then Z 1s a trace module in Y .

(3) ([65]) If R is a self-injective ring, then every ideal of R is a trace ideal in R.
We begin with the following.

Lemma 4.4.3. Let Y be an R-submodule of X and assume that'Y is a finitely presented
R-module. Then the following conditions are equivalent.

(1) Y is a trace module in X.

(2) Yu is a trace module in Xy, for all m € Max R.
(3) Y} is a trace module in X, for all p € Spec R.
Proof. Let 1 : Y — X denote the embedding and let

te : Homg (YY) — Hompg(Y, X)

be the induced homomorphism. We set C' = Coker ¢,. By Proposition 4.2.1, Y is a trace
module in X, if and only if C' = (0), that is C, = (0) for all p € Spec R. On the other
hand, since Y is finitely presented, we have

S~ [Hompg(Y, Z)] = Homg-1(S7'Y, S Z)

for every R-module Z and for every multiplicatively closed subset S in R. Hence, the
condition that Y is a trace module in X is a local condition. ]

For each R-module X, let Eg(X) stand for the injective envelope of X. We firstly
consider the case where R is a local ring.

Theorem 4.4.4. Let (R, m) be a Noetherian local ring and set E = Egr(R/m). Let X be
an R-module. Then the following conditions are equivalent.
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(1) Every R-submodule of X is a trace module in X .

(2) There is an embedding 0 — X — E of R-modules.

Proof. (1) = (2) We may assume that X # (0). Let V = (0) :x m. We want to show
that Er(X) = FE, that is, {z(V) = 1 and V is an essential R-submodule of X. To do
this, it suffices to show that for every non-zero finitely generated R-submodule M of
X, lr(M) < oo and lr((0) :py m) = 1. First of all, we show depth, M = 0. In fact,
suppose that depthp M > 0, and let @ € m be a non-zerodivisor on M. We then have
by Proposition 4.2.1 aM = 7x(aM) and M = 7x(M), since both aM and M are trace
modules in X, while 7x(aM) = 7x(M), because aM = M. Hence, aM = M, which is
impossible because M # (0). We now fix one socle element 0 # = € (0) :py m of M.
Let N be an arbitrary non-zero R-submodule of M. Then, since R/m is a homomorphic
image of N/mN and since R/m = Rx, we get a homomorphism f : N — M such that
f(N) = Rz, which implies © € N, because N is a trace module in X (see Proposition
4.2.1). Therefore, if dimg M > 0, then z € m"M for all n > 0, because m"M # (0),
so that v € (),.,m"M = (0), which is a contradiction. Hence, dimp M = 0, that is
(r(M) < co. The above observation also shows that € Ry for every 0 # y € (0) :py m,
whence (g ((0) :py m) = 1, and therefore, X is an R-submodule of E.

(2) = (1) By Proposition 4.4.2 (2), we may assume X = E. Let Y be an R-submodule
of E. It suffices to show that f(Y) C Y forall f € Hompg(Y, E). We take a homomorphism
g:E — Esothat f =gou, where t: Y — E denotes the embedding. Let R denote the
m-adic completion of R, and remember that F is an R-module such that

Hompg(E, E) = Homz(E, E) = R.

Choose a € R so that g is the homothety by a. We then have oY C Y, because every
R-submodule of E is actually an R-submodule of E. Therefore

fY)=g(Y)=aY CY,
and hence Y is a trace module in E. O

We are now ready to prove Theorem 4.4.1.

Proof of Theorem 4.4.1. (1) < (2) See Proposition 4.4.2 (1).
(3) = (1) Let m € Max R. We then have the embedding 0 — X, — Eg, (Rn/mRy),
since
[ @ Er(R/n)]n = Eg,(Rn/mRy).
neMax R
Therefore, by Theorem 4.4.4, for every cyclic R-submodule Y of X Y,, is a trace module
in X, for all m € Max R, so that Lemma 4.4.3 guarantees that Y is a trace module in X.
Hence, by Proposition 4.4.2 (2), every R-submodule of X is a trace module in X.
(1) = (3) Let m € Max R. Since every cyclic Ry-submodule of X, is a localization of
a cyclic R-submodule of X, by Lemma 4.4.3 every R,-submodule of X, is a trace module
in X,. Therefore, by Theorem 4.4.4, for every m € Max R we have

ASSRm Xm - {mRm} and me ((0) X mRm) <1
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Consequently, Assg X € Max R and ¢ ((0) :x m) < 1 for all m € Max R, so that

ER(X) = @ ER(R/m)@“(‘“)

meMax R
with u(m) € {0,1} for each m € Max R. O

The following is a direct consequence of Theorem 4.4.1.

Corollary 4.4.5 (cf. [66, Theorem 3.5]). For a Noetherian ring R, the following condi-
tions are equivalent.

(1) Every ideal of R is a trace ideal in R.
(2) R is a self-injective ring.

For the implication (1) = (2) in Corollary 4.4.5, we cannot remove the assumption
that R is a Noetherian ring. To explain more precisely about this phenomenon, let R be a
commutative ring. We say that R is a Von Neumann regular ring, if for each a € R, there
exists an element b € R such that a = aba (cf. [68]). Here, we need only the definition,
but interested readers can find in [22] a basic characterization of Von Neumann regular
rings.

Lemma 4.4.6. Let R be a Von Neumann reqular ring. Then tr(I) = I for every ideal I
of R.

Proof. Let ¢ : I — R be an R-linear map and a € I. Then, a = aba for some b € R, so
that ¢(a) = ap(ba) € I. Thus, ¢(I) C I. O

We have learned the following example from M. Hashimoto.

Example 4.4.7. Let K be a commutative ring and assume that there exists an integer
p > 2 such that a” = a for every a € K. We consider the direct product S = [, K; of
infinitely many copies {K; = K}icp of K, and set R = Z-1+ @, K; in S. Then, Ris a
subring of S, and R is Von Neumann regular, since a”? = a for every a € S. We have that
S is an essential extension of R, but R # S, because A is infinite. Therefore, R is not a
self-injective ring.

Let us note one more example. The following fact is known, when chk = 2 and a; = 1
for every i € A. Indeed, with the same notation as Example 4.4.8, if chk =2 and «o; = 1
for all # € A, then R = k[{T;}ical/(T? — 1| i € A) where T; = X; — 1 for each ¢ € A, so
that R = k[G], the group algebra of the direct sum G = @, C; of infinitely many copies
of the cyclic group C; = Z/(2). Therefore, thanks to [24, Theorem], R is not self-injective.
We have learned this result from K. Kurano, and we are grateful to him, since the method
of proof given in [24] works also in the setting of Example 4.4.8, as we will briefly confirm
below.
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Example 4.4.8. Let A = {1,2,3,...} be the set of positive integers. Let {X;}icn be a
family of indeterminates and {; }ien a family of positive integers. We set S = k[{ X }ical
over a field k, a = (X% | i € A), and consider the ring R = S/a. Then, R is not a
self-injective ring, but 7z(I) = I for every ideal I of R.

Proof. Let x; denote, for each ¢ € A, the image of X; in R. For each n € A, we set
R, = k[z1,x9,...,x,] in R. Then, R=1J,__, R,, and

neA

Rn = ]{J[XhXQ, c.. ’Xn]/(X?1+17X2062+17 o ,Xf;n+1>’

so that R, is a self-injective ring for every n € A. Let a € R and assume that a € R,.

Then
(0) ‘R [(0) ‘R a] - U {(O) “Ry [(0) “Ry (IH,
>n
whence (0) :g [(0) :g a] = (a), because (0) :g, [(0) :g, a] = a-R, for all £ > n (here we
use the fact that R, is a self-injective ring). Therefore, 75(I) = I for every ideal I of R,
because Tg((a)) = (0) :g [(0) :g a] = (a) for each a € R.
To see that R is not self-injective, we set for each n € A

1, ifn=1
a, = )
1+ 21+ 2129 + 212023+ ...+ 2120 - Tppq, ifn>1

and set [, = (27", 25°,...,20"). Then, I, C I,41, and I = |J,,cp In, where [ = (27" | i €
A). We then have a,.1x = a,z for every z € I,, which one can show by a simple use
of induction on n, since "' = 0 for all i € A. Therefore, we may define the R-linear
map ¢ : I — R so that p(z) = a,x if x € I,,, We now assume that R is a self-injective
ring. Then, there must exist an element a € R such that ax = ¢(x) for every = € I,
namely ar = a,x for every x € I,. Choose n € A so that a € R,. Then, because
(@ = apio)z, 52 =0, we get a — apio € (0) i 2,15 = (Tnta). Let f € k[X1, X, ..., X,
such that a is the image of f in R. Then

=1+ X+ X X0+ + X1 X - Xy + Xppog + 1

for some g € S and h € a. Substituting X; by 0 for all ¢ > n 4+ 2, we may assume that
g=0and h e (XM Xg2 XY where T = k[Xy, X, ..., X,p1], that is

n+1
F=14Xi+ XX+ .+ X1 X Xy + X0 Dy

i=1

with h; € T. This is, however, impossible, because f € k[X7, Xs, ..., X,] and the mono-
mial X X5--- X, 41 is not involved in the polynomial Z?jll Xf”“hi. Thus, R is not a
self-injective ring. O

It seems interesting, but hard, to ask for a complete characterization of (not necessarily
Noetherian) commutative rings, in which every ideal is a trace ideal.
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4.5 Surjectivity of the correspondence p in dimension
one

In this section, let (R,m) be a Cohen-Macaulay local ring of dimension one. We are
interested in the question of when the correspondence p : Xr — Vg is bijective. The
second example in Example 4.3.4 seems to suggest that R is a Gorenstein ring, if dim R = 1
and p is bijective. Unfortunately, this is still not the case, as we show in the following.
Here, we say that a one-dimensional Cohen-Macaulay local ring (R, m) has maximal
embedding dimension, if m?* = am for some a € m ([67]). We refer to [36, 46] for the
notion of almost Gorenstein local ring.

Proposition 4.5.1 (cf. [60, Example 4.7]). Let K/k be a finite extension of fields. As-
sume that k # K and there is no intermediate field F such that k C F C K. Let
B = K|[t]] be the formal power series ring over K and set R = k[[Kt]| in B. Set
n = [K : k]. We then have the following.

(1) R is a Noetherian local ring with B = R and m = tB, where m denotes the maximal
tdeal of R. Hence B=m :m =R :m.

(2) R is an almost Gorenstein local ring, possessing mazimal embedding dimension n > 2.
(3) R is not a Gorenstein ring, if n > 3.
(4) Xr ={m, R} and Y = {B, R}, so that p: Xr — Vg is a bijection.

Proof. Let wy = 1,ws,...,w, be a k-basis of K. Then R = k[[wit,wst, ..., w,t]], whence
R is a Noetherian complete local ring. Since B/mB = K, B = Y " | Rw;, so that
tB = m. Hence, m is also an ideal of B, m = mB = tB, and m? = tm. Because
B is a module-finite extension of R and w; = Zl’; € Q(R) for all 1 < i < n, we have
B = R. Therefore, R is an almost Gorenstein ring by [36, Corollary 3.12], possessing
maximal embedding dimension e(R) = n. Consequently, R is not a Gorenstein ring, if
n > 3. We get Xp = {m, R} by Proposition 4.3.5, because R # B but mB C R. The
assertion that Vg = { B, R} is due to [60, Example 4.7]. Let us note a brief proof for the
sake of completeness. Let A € Vg and let n denote the maximal ideal of A. We then
have n = m, because n = mp N A = mN A = m. Consequently, we have an extension
k=R/m C A/m C K = B/m of fields, so that R/m = A/m, or A/m = B/m by the
choice of the extension K /k. Hence, R = A or A = B, and thus Vg = {R, B}. Therefore,
because m : m = tB : tB = B and R : R = R, the correspondence p : Xg — Vg is a
bijection. Il

In what follows, we intensively explore the question of when the correspondence p :
Xr — Vg is bijective. The goal is the following, which essentially shows that except the
case of Proposition 4.5.1, the surjectivity of p implies the Gorenstein property of the ring
R.
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Theorem 4.5.2. Let (R,m) be a Cohen-Macaulay local ring of dimension one. We set
B =m:m and let J(B) denote the Jacobson radical of B. Then the following assertions
are equivalent.

(1) p: Xr — Vg is bijective.
(2) p: Xr — Vg is surjective.
(3) Either R is a Gorenstein ring, or the following two conditions are satisfied.

(i) B is a DVR and J(B) = m.
(ii) There is no proper intermediate field between R/m and B/J(B).

When this is the case, R is an almost Gorenstein local ring.

We set B =m : m. Let J(B) be the Jacobson radical of B. To prove Theorem 4.5.2,
we need some preliminaries. Let us begin with the following.

Lemma 4.5.3. Suppose that R is not a DVR. Then R # B and (g (B/R) = r(R).

Proof. We have R : m = m : m, since R is not a DVR. The second assertion is clear, since
lr((R:m)/R) =r(R). m

Proposition 4.5.4. Suppose that R #+ B and that p : Xr — Vg is surjective. Then there
18 no proper intermediate ring between R and B.

Proof. We have m, R € Xz and B,R € )Yr. Let A be an extension of R such that
R C AC B. Wewrite A =p(I) = R: I with I € Xr. Then I C m, since A # R.
Therefore, A=R: 12 R:m= B, sothat A= B. m

The following is the heart of our argument.

Theorem 4.5.5. Let (R, m) be a non-Gorenstein Cohen-Macaulay local ring of dimension
one. Assume that R is m-adically complete and there is mo proper intermediate Ting
between R and B. Then the following assertions hold true.

1) B=R, and B is a DVR with J(B) = m.

3) There is no proper intermediate field between R/m and B/m.

(1)

(2) [B/m:R/m]=1(R)+12>3.

(3)

(4) Xr = {m, R} and the correspondence p is bijective.

Proof. We have mB = m, and R # B, since R is not a DVR (Lemma 4.5.3). Let z € B\ R.
Then B = R[z] and B/m = k[z], where k = R/m and T denotes the image of x in B/m.
Let n (> 0) be the degree of the minimal polynomial of T over k. We then have

B=R+Rr+Rz®>+ -+ Rax"!
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and n = ug(B), so that n — 1 = r(R) by Lemma 4.5.3. Therefore, n > 3 since R is not a
Gorenstein ring, so that 22 € R since the elements 1,z,...,2" ! form a minimal system
of generators of the R-module B. Hence

B = R[l’2] =R+ joz + RSE’4 + .. 4+ sz(nfl).

Let us write # = Y0 ¢;a? with ¢; € R. We then have (1 — ax) = ¢y, where a =

S a2 We will show that 2 & J(B). If ¢g ¢ m, then z is a unit of B, whence
x ¢ J(B). Assume that ¢y € m. Then, if z € J(B), 1 — ax is a unit of B, so that z =
(1 — az)"tcy € mB = m, which is a contradiction. Therefore, z ¢ J(B) for all z € B\ R,
which shows J(B) C R, whence J(B) = m. Therefore, we have B=m :m = J(B) : J(B).
Hence, Byy = M By : M By, for all M € Max B, which implies the local ring By, is a
DVR (see Lemma 4.5.3). Therefore, because B is integrally closed in Q(B) = Q(R), we
get B=DB=R.
Since R is m-adically complete, we have a decomposition

B:le.BQX'“XBg

of B into a finite product of DVR’s {B;}1<j<,. We want to show that ¢ = 1. Let
ej =(0,...,0,15,,0,...,0) in B and set e = Z§=1 e;. Assume now that ¢ > 2. We then
have B = R[ey], since e; ¢ R and since there is no proper intermediate ring between R
and B. Hence B = Re + Re, since €? = e;. This is however impossible, because

pur(B) = lr(B/mB) = 1 +1(R) > 2.

Thus, ¢ = 1, that is B = R is a DVR with the maximal ideal J(B) = m. It remains
the proof of Assertions (3) and (4). Assume that there is contained a field F' such that
R/m C F C B/m. We consider the natural epimorphism ¢ : B — B/m of rings. Then,
since e ! (F') is an intermediate ring between R and B, either e '(F) = R, or e ' (F) = B,
which shows either F' = R/m, or F' = B/m.

Let I € Xk and assume that I # R. Then, since I C m, we have

B=m:m=R:-mCR:I=1:1CR=B,

whence [ : I = B, so that [ is an ideal of B. Let us write [ = aB with 0 £ a € B. We
then have
B=R:I=R:aB=a"'(R:B)=a'm,

since m = R : B, so that m = aB = I. Thus, Xg = {m, R}, which shows the correspon-
dence p is bijective. This completes the proof of Theorem 4.5.5. [

We are now ready to prove Theorem 4.5.2.

Proof of Theorem 4.5.2. (1) = (2) This is clear.

(3) = (1) See Lemma 4.2.6, Proposition 4.5.4, and Theorem 4.5.5 (4).

(2) = (3) We may assume that R is not a Gorenstein ring. Passing to the m-adic
completion R of R, without loss of generality we may also assume that R is m-adically
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complete. Then by Proposition 4.5.4, there is no proper intermediate ring between R and
B, so that the assertion follows from Theorem 4.5.5.

If p is bijective but R is not a Gorenstein ring, we then have B =m : mis a DVR, so
that R is an almost Gorenstein ring by [36, Theorem 5.1]. O

We note the following, which is a direct consequence of Theorem 4.5.2.

Corollary 4.5.6. Let (R, m) be a Cohen-Macaulay local ring of dimension one. Suppose
that one of the following conditions is satisfied.

(i) The field R/m is algebraically closed.
(ii) R is a local ring, and R/m = R/n, where n denotes the mazimal ideal of R.
Then the following assertions are equivalent.
(1) R is a Gorenstein ring.
(2) The correspondence p : Xp — Vg is bijective.
(3) The correspondence p : Xr — Vg is surjective.

When R is a numerical semigroup ring over a field, Condition (ii) of Corollary 4.5.6 is
always satisfied.

4.6 Anti-stable rings

Let R be a commutative ring and let Fr denote the set of regular ideals of R. Then,
because (R : I)-(I : I) € R : I, for every I € Fgr the R-module R : I has also the
structure of an (I : I)-module. Keeping this fact together with the natural identifications
R: 1 =Homg(I,R) and [ : I = Endg! in our mind, we give the following.

Definition 4.6.1. We say that R is an anti-stable (resp. strongly anti-stable) ring, if R : [
is an invertible / : I-module (resp. R: 1 =1 :1 as an (I : I)-module) for every I € Fp.

Therefore, every Dedekind domain is anti-stable, and every UFD is a strongly anti-stable
ring. Notice that when R is a Noetherian semi-local ring, R is anti-stable if and only if it
is strongly anti-stable. Indeed, let I € Fg, andset A=1:1, M = R: 1. Then, A is also
a Noetherian semi-local ring, and therefore, because M has rank one as an A-module, M
must be cyclic and free, once it is an invertible module over A.

Let us recall here that R is said to be a stable ring, if every ideal I of R is stable, that is
projective over its endomorphism ring Endg/ ([73]). When R is a Noetherian semi-local
ring and I € Fg, I is a stable ideal of R if and only if I € Zy, that is I? = al for
some a € I ([67], [73, Proposition 2.2]). Our definition of anti-stable rings is, of course,
different from that of stable rings. However, we shall later show in Corollary 4.6.10 that
the anti-stability of rings implies the stability of rings, under suitable conditions.

First of all, we will show that R is a strongly anti-stable ring if and only if every
I € Fpg is isomorphic to a trace ideal in R.
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Lemma 4.6.2. Let I € Fr and set A = I : I. Then the following conditions are
equivalent.

1) I =J as an R-module for some J € Xg.

2) I = 71x(I) as an R-module.

4

(1)
(2)
(3) R: 1= A as an R-module.
(4) R: 1= A as an A-module.
(5)

5) R:I=aA for some unit a of Q(R).

Proof. (1) < (2) Since 7r(I) € Xg, the implication (2) = (1) is clear. Since J = 75(J)
for every J € X (Proposition 4.2.1), we have 7r(I) = J, if J € Xr and I = J as an
R-module, whence the implication (1) = (2) follows.

(4) = (3) This is clear.

(3) = (4) Because the given isomorphsim R : I — A of R-modules is the restriction
of the homothety of some unit a of Q(R), it must be also a homomorphism of A-modules,
whence R : I =2 A as an A-module.

(4) < (5) This is now clear.

(1) = (3) We have I = aJ for some unit a of Q(R), whence R : [ = R : aJ =
a'(R:J),and I : [ =aJ :aJ =J:J. Thus, R: [ = [ : 1 as an R-module, because
R:J=J:J.

(5) = (2) We have 75(I) = (R : I)] = aA-I = al, whence Tg(I) = I as an R-
module. ]

For a Noetherian ring R, we set Ht1(R) = {p € Spec R | htgp = 1}. Let us note the
following example of strongly anti-stable rings. We include a brief proof.

Example 4.6.3 ([61, Corollary 3.10]). For a Noetherian normal domain R, R is a strongly
anti-stable ring if and only if R is a UFD.

Proof. Suppose that R is a strongly anti-stable ring and let p € Ht;(R). Then, since R is
normal, the R-module p is reflexive with p : p = R, while R : p = p : p by Lemma 4.6.2.
Hence, p = R, so that R is a UFD. Conversely, suppose that R is a UFD and let [ € X.
Then, I = J for some ideal J of R with gradepJ > 2, so that I = 75(I), since J € X by
Corollary 4.2.2. Thus, R is a strongly anti-stable ring. O]

We explore one example of anti-stable rings which are not strongly anti-stable.

Example 4.6.4. Let k be a field and S = k[t] the polynomial ring. Let ¢ > 2 be an
integer and set R = k[t?,t**1]. We consider the maximal ideal I = (> — 1,#**! — 1) in
R. Then, 7r(I) = R, and I % J as an R-module for any J € Xg. Therefore, R is not a
strongly anti-stable ring, while R is an anti-stable ring, because dim R = 1 and for every
M € Max R, Ry, is an anti-stable local ring. See Theorem 4.6.9 for details.
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Proof. Let p € SpecR. If I € p, then IR, = R,. If I C p, then t* ¢ p = I, whence
R, = S, is a DVR, because R : S = (t*,t***1)R, so that IR, = R,. We now notice that
I C 7r(I) C R. Hence, either I = 7g([) or 7p(I) = R. If I = 7x(I), then setting p = I,
we get R, is a DVR and IR, = 75,(IR,) C Ry, while 75, (/R,) = R,, because IR, = R,.
This is absurd. Hence 7x(I) = R. Consequently, I 2 J for any J € Xg. In fact, if I = J
for some J € Xpg, then J = 75(J) = 7r(I) = R, so that ur(l) = 1. We write I = fR
with some monic polynomial f € R. Let k denote the algebraic closure of k& and choose
a € k so that f(a) = 0. Then, since a®> = a®**' = 1, we get a = 1, whence f = (t — 1)"
with 0 < n € H, where H = (2,2 + 1) denotes the numerical semigroup generated by
2,20+ 1. Therefore, 2 —n, (20+1) —n € H, because t> — 1,t>**' —1 € fR. Hence, n = 2,
and 20+ 1 € 2+ H, which is impossible. Thus, I is not a principal ideal of R, and I 2 J
for any J € Xg. O]

The key in our argument is the following, which plays a key role also in [28].

Lemma 4.6.5. Let R be a strongly anti-stable ring. Then the correspondence p : Xgr — Vg
is surjective. More precisely, let A € Yr and set J =R : A. Then J € G = Xr N Zg.

Proof. Let A € Vg and choose b € W so that bA C R. Then, since bA € Fg, by Lemma
4.6.2 bA = J as an R-module for some J € Xg. Let us write J = aA with a a unit
of Q(R) (hence a € JNW). We then have J : J = aA : aA = A: A= A, whence
A=J:J=R:J=R:aA=a'R:A),sothat R: A=aAd=J € XrN Zg.
Therefore, p(J) = J : J = A, and the correspondence p : Xr — Vg is surjective. O

Let us recall one of the fundamental results on stable rings, which we need to prove
Theorem 4.6.7.

Proposition 4.6.6 (|73, Lemma 3.2, Theorem 3.4]). Let R be a Cohen-Macaulay semi-
local ring and assume that dim Ry, = 1 for every M € Max R. If e(Ry) < 2 for every
M € Max R, then R is a stable ring.

We should compare the following theorem with [11, Theorem 3.6].

Theorem 4.6.7. Let R be a Cohen-Macaulay local ring of dimension one. Then, R is
an anti-stable ring, if and only if e(R) < 2.

Proof. Suppose that e(R) < 2. Let I € Fg and set A =1 : I. Then, by Proposition 4.6.6
R is a stable ring. Hence, I? = al for some a € I, whence A = a~*I. Therefore, I = A
as an R-module. We now consider J = (R : I)I. Then, J = 7x([) € X, whence

J:J=R:J=R:(R:NI=[R:(R:1)]:1=1:1,

where the last equality follows from the fact that R is a Gorenstein ring. Consequently,
A=J:J=J (since J € Fg), so that I = J = 7x(J). Thus, R is an anti-stable ring.
Conversely, suppose that R is an anti-stable ring. First of all, we will show that R
is a Gorenstein ring. Assume the contrary. Then, passing to the m-adic completion of
R, by Proposition 4.5.4 and Theorem 4.5.5 we get Xr = {m, R}. Consequently, either
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I 2 mor I =R, for every ideal I € Fgr. We set n = ur(m) and write m = (x1, xo, ..., x,)
with non-zerodivisors x; of R. Then, n > 2 since R is not a Gorenstein ring, and setting
I = (z1,29,...,2,_1), we have either I = m or I = R, both of which violates the fact
that n = pr(m) > 2. Thus R is a Gorenstein ring. We want to show e(R) < 2. Assume
that e(R) > 2 and consider B = m : m. Then, B € Vi and R # B, because R is not
a DVR. Consequently, because m = R : B, by Lemma 4.6.5 m? = am for some a € m,
which implies e(R) = 2, since R is a Gorenstein ring. O
We say that a Noetherian ring R satisfies the condition (S;) of Serre, if depth R, >
inf{1,dim R, } for every p € Spec R.
Corollary 4.6.8. Let R be a Noetherian ring and suppose that R satisfies (S1). Then,
e(Ry) <2 for every p € Ht1(R), if R is an anti-stable ring.

Proof. Let p € Ht;(R) and set A = R,. Hence A is a Cohen-Macaulay local ring of
dimension one. Let I € F4 and set J = I N R. We will show that A : I is a cyclic
(I : I)-module. We may assume that I # A. Hence, J is a p-primary ideal of R, since
I is a pR,-primary ideal of A = R,. Hence, because J € Fp (remember that R satisfies
(Sy)), R : J is a projective (J : J)-module. Therefore, A: I = [R: J], is a cyclic module
over [ : I =[J : J], since it has rank one over the semi-local ring I : I. Thus, e(A) < 2
by Theorem 4.6.7. [

We now come to the main results of this section.

Theorem 4.6.9. Let R be a Noetherian ring and suppose that R satisfies (S1). Let us
consider the following four conditions.

(1) R is anti-stable.
(2) R is strongly anti-stable.
(3) Every I € Fg is isomorphic to Tr(I).

(4) e(Ry,) <2 for every p € Hty(R).
Then, we have the implications (3) < (2) = (1) = (4). If R is semi-local (resp. dim R =
1), then the implication (1) = (2) (resp. (4) = (1)) holds true.
Proof. (3) < (2) = (1) = (4) See Lemma 4.6.2 and Theorem 4.6.8.

If R is semi-local, then every birational module -finite extension of R is also semi-local,
so that the implication (1) = (2) follows.

Suppose that dim R = 1. Let [ € Fr and set A = [ : I. Then, by Theorem 4.6.7
Ry : IRy = [R : Iy is a cyclic Ay-module for every M € Max R, so that R : I is an
invertible A-module. Hence, the implication (4) = (1) follows. O

Theorem 4.6.10. Let R be a Cohen-Macaulay ring with dim Ry, = 1 for every M €
Max R. If R is an anti-stable ring, then R is a stable ring.

Proof. For every M € Max R, e(Ry;) < 2 by Corollary 4.6.8. Let I be an arbitrary ideal
of R and set A = Endg/. Then, because R, is a stable ring by Proposition 4.6.6, for
every M € Max R IR, is a projective Ap;-module, so that [ is a projective A-module.
Thus, R is a stable ring. O]
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Chapter 5

The Auslander-Reiten conjecture for
non-Gorenstein Cohen-Maaulay
rings

5.1 Introduction

The purpose of this chapter is to study the vanishing of Ext modules. The vanishing of
homology plays a very important role in the study of rings and modules. The Auslander-
Reiten conjecture and several related conjectures are problems about the vanishing. For
a guide to these conjectures, one can consult [17, Appendix A] and [14, 50, 79, 80]. These
conjectures originate from the representation theory of rings. However, interesting results
also have been developed from the theory of commutative rings; see, for examples, [2, 57,
58, 59]. Let us recall the Auslander-Reiten conjecture over a commutative Noetherian
ring R.

Conjecture 5.1.1. [5] Let M be a finitely generated R-module. If Extl (M, M @ R) = 0
for all ¢ > 0, then M is a projective R-module.

Although a lot of partial results on the Auslander-Reiten conjecture are known, in
this chapter, we are especially interested in the following one; see [2, Theorem 3.], [4,
Proposition 1.9.], and [57, Theorem 0.1].

Theorem 5.1.2. (Araya, Auslander-Ding-Solberg, Huneke-Leuschke) Suppose that R is a
Gorenstein ring which is a complete intersection in codimension one. Then the Auslander-
Reiten conjecture holds for R. In particular, the Auslander-Reiten conjecture holds for
complete intersections and Gorenstein normal domains.

As is well-known, non-zerodivisors preserve the Auslander-Reiten conjecture (Propo-
sition 5.2.1). Hence, through Theorem 5.1.2, many Gorenstein rings which satisfy the
Auslander-Reiten conjecture are given. Even if a given local ring is not Gorenstein, the
conjecture still holds if the ring is Golod or almost Gorenstein ([59, Proposition 1.4.] and
[46, proof of Corollary 4.5.]). However, Golod rings and almost Gorenstein rings do not
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form the best possible classes of rings that satisfy the Auslander-Reiten conjecture. In
fact, if a local ring (R, m) is a Golod ring (resp. a non-Gorenstein almost Gorenstein
ring) and & € m is a non-zerodivisor of R, then the ring R/(z") is no longer Golod (resp.
almost Gorenstein), where n > 1 (|46, Theorem 3.7.] and [74, Proposition 4.6.]). Mo-
tivated by these results, in this chapter, we study the Auslander-Reiten conjecture for
non-Gorenstein rings.

In Section 5.2, we study the Auslander-Reiten conjecture for the residue ring R/Q* in
connection with that for R, where () is an ideal of R generated by a regular sequence on
R and /¢ is a positive integer. As a result, we have the following which is one of the main
results of this chapter.

Theorem 5.1.3. (Theorem 5.2.2) Suppose that R is a Gorenstein local ring. Let QQ =
(1,22, ...,x,) be an ideal of R generated by a reqular sequence on R. Then the following
conditions are equivalent.

(1) The Auslander-Reiten conjecture holds for R.
(2) There is an integer £ > 0 such that the Auslander-Reiten conjecture holds for R/Q°.
(3) For all integers 1 < £ < n, the Auslander-Reiten conjecture holds for R/Q".

As is well-known, unlike localizations and dividing by non-zerodivisors, homological
properties do not necessarily preserve through dividing by the powers of parameter ideals.
In fact, letting R be a Gorenstein ring and ) = (x1, z9, ..., z,) be an ideal of R generated
by a regular sequence on R, R/Q* is no longer Gorenstein if n > 2 and ¢ > 2. Therefore
Theorem 5.1.3 gives a new class of rings which satisfy the Auslander-Reiten conjecture.

The powers of parameter ideals are related to determinantal rings. Let s, ¢ be positive
Assume s < t and let I4(X) denote the ideal of A[X] generated by the maximal minors
of the s x t matrix (Xj;;). With these assumptions and notations, we have the following.

Theorem 5.1.4. (Theorem 5.2.9) Suppose that 2s < t + 1 and A is a Gorenstein ring
which is a complete intersection in codimension one. Then the Auslander-Reiten conjec-
ture holds for the determinantal ring A[X]/I(X).

In Section 5.3, we study a new class of rings arising from Theorem 5.1.3, that is, the
class of rings R that there exist a parameter ideal q of R, a complete intersection S, and a
parameter ideal @ of S such that R/q = S/Q? as rings. We will see that the condition is
characterized by an ideal condition and strongly related to the existence of Ulrich ideals.
Here the notion of Ulrich ideals is given by [43] and a generalization of maximal ideals
of rings possessing maximal embedding dimension. It is known that Ulrich ideals enjoy
many good properties, see [43, 47| and [29, Theorem 1.2]. The ubiquity and existence of
Ulrich ideals are also studied ([29, 44, 47]). In the current chapter, we study the existence
of Ulrich ideals whose residue rings are complete intersections in connection with a new
class of rings. As a goal of this chapter, we have the following.
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Theorem 5.1.5. (Corollary 5.3.8) Let (R,m) be a Cohen-Macaulay local ring of dimen-
sion d. Suppose that there exists an Ulrich ideal of R whose residue ring is a complete
intersection. Let v (resp. r) denotes the embedding dimension of R (resp. the Cohen-
Macaulay type of R). Then the following assertions are true.

(1) The Auslander-Reiten conjecture holds for R.
(2) r+d<w.

(3) There exist a parameter ideal q of R, a local complete intersection S of dimension r,
and a parameter ideal Q of S such that R/q = S/Q? as rings.

(4) Assume that there are a reqular local ring T of dimension v and a surjective ring
homomorphism T — R. Let 0 — F,_ 4 — --- — Fy — Fy =& R — 0 be a minimal
T-free resolution of R. Then

v—r—d
—r—d
vankrFy =1 and rankpF, = 3 ﬁ”..(v r )

7=0 J
1 ifk=0
for1 <i<wv—d, where B, = k(;ﬂ) if1<k<r
0 otherwise.

Theorem 5.1.5 (3) claims that an Ulrich ideal determines the structure of the ring.
Furthermore, Theorem 5.1.5 (4) recovers the result of J. Sally [71, Theorem 1.] by taking
the maximal ideal m as an Ulrich ideal.

Let us fix our notations throughout this chapter. In what follows, unless otherwise
specified, let R denote a Cohen-Macaulay local ring with the maximal ideal m. For each
finitely generated R-module M, let ugr(M) (resp. ¢r(M)) denote the number of elements
in a minimal system of generators of M (resp. the length of M). If M is a Cohen-
Macaulay R-module, rg(M) denotes the Cohen-Macaulay type of M. Let v(R) (resp.
r(R)) denote the embedding dimension of R (resp. the Cohen-Macaulay type of R). For
convenience, letting M and N be R-modules, Ext;’(M, N) = 0 (resp. Tor%,(M, N) = 0)
denotes Ext’ (M, N) = 0 for all i > 0 (vesp. Tor® (M, N) = 0 for all i > 0).

5.2 Powers of parameter ideals and determinantal
rings
The purpose of this section is to prove Theorem 5.1.3. First of all, let us sketch a brief

proof that non-zerodivisors preserve the Auslander-Reiten conjecture since Theorem 5.1.3
is based on the fact.

Proposition 5.2.1. Let (R, m) be a Noetherian local ring and a € m be a non-zerodivisor
of R. Then the Auslander-Reiten conjecture holds for R if and only if it holds for the
residue ring R/(a).
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Proof. (if part) Let M be a finitely generated R-module such that Ext7,’(M, M @ R) = 0.
Take an exact sequence 0 — X — F — M — 0, where F is a free R-module of rank
ur(M). By applying the functors

Hompg(—, R), Homg(M, —), and Hompg(—, X)

to the above short exact sequence, we have Extz’(X, X@®R) = 0. Thus Ext>*(X, X®R) =
0 since a € m is a non-zerodivisor of X and R, where % denotes R/(a) ®p *. Therefore
the R-module X is free and so is the R-module X. Hence the R-module Homg(M, R) is
free and so is the R-module M = Homg(Hompg(M, R), R).

(only if part) Let N be a finitely generated R-module such that Ext%O(N ,NOR) =
0. Then there exists a finitely generated R-module M such that M/aM = N and
Tor?,(M, R) = 0 by [4, Proposition 1.7.]. Hence, by the exact sequence 0 — M %

M — N — 0, Ext;°(M,M @ R) = 0. Therefore the R-module M is free and so is the

R-module N. O]
Theorem 5.2.2. Let (S,n) be a Gorenstein local ring and x1,xs,...,x, be a reqular
sequence on S. Set Q = (x1,a,...,x,). Then the following conditions are equivalent.

(1) The Auslander-Reiten conjecture holds for S.

(

2)
(3) There is an integer £ > 0 such that the Auslander-Reiten conjecture holds for S/Q°.
4)

(

Proof. The implications (1) < (2) follow from Proposition 5.2.1 and the implication
(4) = (3) is trivial. Hence we have only to show that (1) = (4) and (3) = (1). First of
all, we reduce our assertions to the case where @ is a parameter ideal. Set R = S/Q°.
Note that R is a Cohen-Macaulay local ring with dim R = dim S — n since Q* is perfect.
In fact, Q° is generated by ¢ x f-minors of the £ x (n + £ — 1) matrix

The Auslander-Reiten conjecture holds for S/Q.

For all integers 1 < ¢ < n, the Auslander-Reiten conjecture holds for S/Q°.

Ty Tz T3 r Tp-1  Tp
xl l’2 DY DY 'Tn—l l’n
)
x T2 xs3 crr Tp—1 Tp

whence the projective dimension of S/Q° over S is n, see [18] or [13, (2.14) Proposition).
Suppose dim R > 0. Then we can take a € S so that a is a non-zerodivisor of R and S/Q.
By replacing R and S by R/aR and S/aS, we finally may assume that R is an Artinian
local ring, that is, () is a parameter ideal of S. We may also assume that n > 2 and ¢ > 2
by Proposition 5.2.1.

(1) = (4) Assume 1 < ¢ < n. Suppose that M is a finitely generated R-module such
that Extz’(M, M @ R) = 0. We will show that Eth;)Q(M/QM, M/QM & S/Q) = 0 in
several steps. Note that we have an exact sequence

0—Q Q" — S/Q"— S/Q"! =0 (%)
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of R-modules for all 2 < i < £ and Q'/Q™" is an S/Q-free module of rank (*/"") for all
1> 0.

Claim 4. Ext3"(M, S/Q) = 0.
Proof of Claim 4. By applying the functor Homg(M, —) to the exact sequence (x), we
have the following exact sequence and isomorphism

i—1+4n i71+n71)

Bxtd, (M, $/Q)(nI) 5 Bxtd, (M, S/Q7) — Bxtd, (M, S/Q'™1) — Ext/ (M, §/@)®(

l*l«kﬂ*l)

Ext)y (M, $/Q"1) 2 Bxt}, (M, 5/Q)*( ) (i)

of R-modules for all 2 < i </¢—1and j > 0. Set E; = ER(Ext%(M, S/Q)) for j > 0.
Then, by (i),

TN ¢ a0, 570

Ej{(_“"_l) + (€_3+n_1>}—I-ER(EX‘E;%(M,S/QE3)) <

n—1 n—1

-2 .
i+n—1 {—24+n
< FE;- =F;-
< (00) =m0

Ej1 <£ —; T_LI 2> = (r(Bxt (M, S/Q"1)) < Ej’(

IN

that is,
l+n—2 0 —1
Ej+1 S E“—Z_% ‘Ej = o -Ej
n—1

for all j > 0. Hence, for enough large integer m > 0,
¢—1\"
Emi1 < (—) Ey <1
n

since ¢ < n. Hence Ext},(M,S/Q) = 0 for all j > m. On the other hand, for j > 0,
Ext); ™ (M, S/Q) = 0 implies that Ext},(M, S/Q") = 0 for all 1 < i < {—1 by above isomor-
phism and exact sequence (i). Hence, by using descending induction, Ext% (M, S/Q) = 0
for all 7 > 0. m

Let -+ — Fy — Fy - M — 0 be a minimal R-free resolution of M. Then, by
applying the functor Homg(—, S/Q) to the minimal free resolution, we have the following
commutative diagram;

0

Homp(M, S/Q) Hompg(Fp, S/Q) Homp(F1,S/Q)

! : :

0 —— Homg,(M/QM, S/Q) — Homgq(Fo/QFy, S/Q) — Homg,o(F1/QF1, S/Q) —

The upper row is exact by Claim 4 and so is the lower row. Since S/@Q is self-injective,
the sequence - -+ — F1/QF, — Fy/QFy — M/QM — 0 is a minimal S/Q-free resolution
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of M/QM. Hence Torf (M,S/Q) = 0. Moreover, by applying the functor M ®z — to
the sequence (%),

Torf (M, S/Q") =0 forall 1 <i</{—1. (ii)
Apply the functor M ®p — to (x) again. Then we get the exact sequence
0 — (M/QM)*("5) 5 MJQM — M/QT'M = 0 (%)

of R-modules for all 2 < i < ¢ by (ii). Therefore, by applying the functor Homg(M, —)
to (#x), we get the following exact sequence and isomorphism

Ext), (M, M/QM)®( 2507 s Extd, (M, M/Q'M) — Extly(M, M/Q™ M)
if1+n71)

= Bxtd (M, /a5

Ext’, (M, M/Q“"' M) = ExtH (M, My 5
of R-modules for all 2 <7 <¢—1and j > 0. By setting E} = (r(Ext), (M, M/QM)) for
all j > 0 and calculation as the proof of Claim 4, we have Ext;" (M, M/QM) = 0. This

induces that Extg/OQ(M JQM, M/QM) = 0. In fact, we have the commutative diagram

Homp (M, M Homp(Fo, M) Homp(F1, M)

- - -

0—— Homs/Q(M,M) D HOIHS/Q(F()/QF(),M) D HOHIS/Q(Fl/QFl,M) —_—

0

where M = M/QM, and both of rows are exact. Since --- — F/QF —
Fo/QFy, — M/QM — 0 is a minimal S/Q-free resolution of M/QM by (ii),
ExtE/OQ(M/QM, M/QM) = 0. Thus we have

Extgig (M/QM, M/QM & $/Q) =0

since S/Q is self-injective, whence M/QM is S/Q-free by Proposition 5.2.1. This shows
that M is R-free because Torf(M, S/Q) = 0 by (ii).

(3) = (1) Let N be a finitely generated S-module and suppose that Extg"(N, N®S) =
0. Then, by applying the functor Homg(N, —) to the exact sequence 0 — S 2 S —
S/x1S — 0 of S-modules, Extz’(N, S/x1S) = 0. Hence

ExtZ%(N, S/Q) =0 (iii)

by induction on n. Similarly, Extz’(N, N/QN) = 0 since N is a maximal Cohen-Macaulay
S-module by Ext3’(N,S) = 0.

Let --- — G; - Gy — N — 0 be a minimal S-free resolution of N. Then, by applying
the functor Homg(—, S/@) to the minimal free resolution, we see that the sequence - - - —
G1/QG, — Gy/QGy — N/QN — 0 is a minimal S/Q-free resolution of N/QN since (iii)
and S/Q is self-injective. Hence Tor? (N, S/Q) = 0. Moreover, by applying the functor
N ®g — to the sequence (),

Tor? (N, S/Q) =0 forall1<i</. (iv)
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Therefore, for all 1 <14 </, the sequence - -+ — G1/Q'Gy — Go/Q'Gy — N/Q'N — 0 is
a minimal S/Q’-free resolution of N/Q'N and

1+

0 — (N/QN)2(T25) o N/QIN — NJQ'IN — 0 (v)
is exact as S-modules. Hence, by applying the functor Homg(N, —) to (v),
ExtZ?(N,N/Q'N) =0 forall1<i</

since Extg®(N,N/QN) = 0. Thus ExtZp,(N/QN,N/Q'N) = 0. Similarly,

Ext3°(N,5/Q) = 0, whence Extg,(N/Q'N,S/Q" @ N/Q‘N) = 0. Hence N/Q'N
is §/Q*free, whence N is S-free by (iv). O

The following assertions are direct consequences of Theorem 5.2.2.

Corollary 5.2.3. Let S be a Gorenstein local ring and () be a parameter ideal of S
generated by a reqular sequence on S. Then the Auslander-Reiten conjecture holds for S
if and only if it holds for S/Q?.

Corollary 5.2.4. Let S be either a complete intersection or a Gorenstein normal do-
main. Let x1,2s, ..., x, be reqular sequence on S and set Q@ = (x1,xa,...,2,). Then the
Auslander-Reiten conjecture holds for S/Q° for all 1 < ¢ < n.

Corollary 5.2.5. Let R be a Cohen-Macaulay local ring. Suppose that there exist a
parameter ideal q of R, a local complete intersection S, and a parameter ideal Q) of S
such that R/q = S/Q? as rings. Then the Auslander-Reiten conjecture holds for R.

In Section 5.3, we will characterize rings obtained in Corollary 5.2.5 by the existence of
ideals in R. In the remainder of this section, we explore the Auslander-Reiten conjecture
for determinantal rings. We start with the following.

Proposition 5.2.6. Let s, t be positive integers and assume that 2s < t + 1. Suppose

77777

I be an ideal of S generated by s x s minors of the s X t matriz (z;;’), where au; is a

positive integer for all1 <i < s and1 < j<t. Set R=S/I. Then the Auslander-Reiten
conjecture holds for S if and only if it holds for R.

Proof. First of all, we show the case where j; =1 forall 1 <i<sand1<j <t Set
A={0l,))€eZdZ|1<i<s,1<j<t},
B= |J {(i+k)eA|0<k<t-s}, and

1<i<s—1
C=BU{(s,s+k)ec A|0<k<t-—s}.

Then
{zij — iv1je [ (4,7) € BYU{zy | (4,5) € A\ C}

forms a regular sequence on S/(x11, 12, ..., %1,-s+1) and R, whence our assertion reduces

to the case of Theorem 5.2.2. In fact, letting () be an ideal of S generated by the above
regular sequence,
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R/QR = S/(I +Q) = S/[(z11, 12, ..., T1t-s41)° + Q] and s <t — s + 1.

Set D = {(i,j) € A| a;; > 1}. We prove our assertion by induction on N = §D.

Assume that N > 0 and our assertion holds for N — 1. Take (¢,7) € D. We may assume
that (7,7) = (1,1). Let J be an ideal of S generated by sx s minors of the sx matrix (:vf]]),
where ;; = o for all (4, j) € A\{(1,1)} and 8;; = 1. Noting that zy; is a non-zerodivisor
of R, S/J, and S, we have the conclusion since R/x11 R = S/(x11S+1) = S/(x1:.5+J]). O

Let H C Z be a numerical semigroup and k be a field. Then the numerical semigroup
ring k[[H]] often have the form obtained in Proposition 5.2.6; see, for examples, [32, 52].
In particular, the Auslander-Reiten conjecture holds for all three generated numerical
semigroup rings. Let us note another concrete example.

Example 5.2.7. Let n be a positive integer. Let k[[t]] and S = k[[X,Y, Z, W]| be formal
power series rings over a field k. Set R = E[[t'°, ¢! !0 ¢*"*1]] and assume that n > 6.
Then there exists an element f € (X) such that

R=S/(¥ % &)+ (W2 =[],

Y 72 x?

where I (M) denote the ideal of S generated by 2x 2-minors of the matrix M. In particular,
the Auslander-Reiten conjecture holds for R.

Proof. Let ¢ : S — R be a ring homomorphism such that
X =t Y=t Z = t% and W 2+,

Then, by a standard argument, Ker p = I,(X Y} Z,) + (W? — f), where

Y 72 X?

(Xxm.ym=l7Z  ifn=6m
xmt2. zm=1 ifn=6m+1
f* Xmtlym if n=6m+2
) xmy ! if n=6m+3
xmym-1.722  ifn=6m+4
\X"H‘Q-Ym_l-Z ifn=6m+5

for some positive integer m. [

Let us consider determinantal rings, which are not local rings. From now on until
the end of this section, let s, t be positive integers. Let A be a commutative ring and
A[X] = A[Xj]1<i<s,1<j<t be a polynomial ring over A. Suppose that s < ¢ and I4(X) is
an ideal of A[X] generated by s x s minors of the s x ¢ matrix X = (X;;). The following
lemma is well-known.

Lemma 5.2.8. With the above assumptions and notations, suppose that A is a Gorenstein
ring which is a complete intersection in codimension one. Then A[X] is also a Gorenstein
ring which is a complete intersection in codimension one.

Theorem 5.2.9. Suppose that 2s < t+1 and A is a Gorenstein ring which is a complete
intersection in codimension one. Then the Auslander-Reiten conjecture holds for the
determinantal ring A[X]/I4(X).
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Proof. The case where s = 1 is trivial. Suppose that s > 1. Let 91 be a maximal ideal of
A[X] such that 9 D I(X). It is sufficient to show that the Auslander-Reiten conjecture
holds for (A[X]/I,(X))y,. For integers 1 <p < sand 1 < ¢ <t, let

My, = (X | 1<i<p1<j<q)

denote a monomial ideal of A[X]. The case where M, C N follows from Proposition 5.2.6
and Lemma 5.2.8. Suppose that My € 91 and take a variable X;; so that X;; & 9. We
may assume that X;; = X;. Then the matrix X = (X;;) is transformed to

0
Xit-Xsj
X’L_X—st .
0
0 - 0]1

by elementary transformation in A[X]y. By [13, (2.4) Proposition|, we have the isomor-
phism ¢ : A[X][X;'] = A[X][X'] of A-algebras, where

Xij — Xi)t('fj it Xy € M40

X otherwise.

p(Xij) = {
Therefore we have the commutative diagram

AX]g —— AX]y
Ul O Ul
Hs (X)‘J'I - ]1371 (Xst)‘ﬁ>

where X is the (s — 1) x (t — 1) matrix that results from deleting the s-th row and
the ¢t-th column of X and I, ;(Xy) is an ideal of A[X] generated by (s — 1) x (s — 1)
minors of Xy Hence (A[X]/L(X))n = (A[X]/Li—1(Xst))m as rings. If Ms_1:,09 C N,
the Auslander-Reiten conjecture holds for (A[X]/I;—1(Xst))n by Proposition 5.2.6 and
Lemma 5.2.8 since 2(s — 1) < (t — 1) + 1. If M,_1,-1 € N, repeat the above argument.
Then, after finite steps, we finally see that the Auslander-Reiten conjecture holds for
(A[X] /H371<Xst))‘ﬁ- O

5.3 Ulrich ideals whose residue rings are complete
intersections

In this section, we study rings obtained in Corollary 5.2.5 in connection with the existence

of ideals. Throughout this section, let (R, m) be a Cohen-Macaulay local ring of dimension
d.

Lemma 5.3.1. Let I be an m-primary ideal of R and q = (1,2, ...,x4) be a parameter
ideal of R. Set n = pgr(I). Suppose the following two conditions.
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(1) q €I and z1,xs,...,24 18 a part of minimal generators of I.
(2) I? C q and I/q is R/I-free.

Then r(R) = (n —d)-xr(R/I). In particular, n = d+r(R) if R/I is a Gorenstein ring.
Proof. Since 1/q = (R/1)®"9 [ =q:zI. Hence I/q=(q:rI)/q = Homg(R/I, R/q).
Therefore
Hompg(R/m, (R/I)®"9) = Homg(R/m, Homg(R/I, R/q)) = Homg(R/m Q5 R/I, R/q),
whence we have the conclusion by comparing the lengths of them. O

For a moment, let (R,m) be an Artinian local ring. Then there are a regular local
ring (5, n) and a surjective local ring homomorphism ¢ : S — R. We can take S so that
the dimension of S is equal to the embedding dimension of R. Set v = v(R) = dim S and
r =r(R). With these assumptions and notations, we have the following.

Proposition 5.3.2. Let (R, m) be an Artinian local ring and S be as above. The following
conditions are equivalent.

(1) r < v and there exists a reqular sequence X1, Xs,..., X, € n on S such that
RS/ [(X1, Xa, ... X))+ (X1, Xogas oo, Xu)]
as Tings.
(2) There exists a nonzero ideal I of R such that
(i) I* =0 and I is R/I-free.

(ii) R/I is a complete intersection.

Proof. (2) = (1) Let : S % R — R/I be a surjective local ring homomorphism. Set
a = Kerp and J = Kerp. Since R/I = S/J is a complete intersection, J is generated
by a regular sequence w1, xs,...,2, € non S, see [11, Theorem 2.3.3.(c)]. Hence, after
renumbering of z1, xs, ..., T,

I=JR=(T1,T3,...,%y) = (T1, T2, .., Ty)

by Lemma 5.3.1, where T denotes the image of x € S to R. Thus J = (z1,z9,...,2,) +
a. Forall r +1 < ¢ < v, take y; € a and ¢j,,¢j,,...,¢5, € R so that z; = y; +
Z;Zl c;,xj. Then J = (x1,29,. .., %) + (Yrt1, Y2, - - -, Yo). St X = (21, 29,...,2,) and
Y = (Yrs1,Yra2s- -, Yo), where Y denotes (0) if » = v. We then have inclusions

J+Y CacCJ
where the first inclusion follows from I? = 0. On the other hand, setting S’ = S/Y,
ls(J) [P +Y]) =ls(XS /XS = Ls(S')XS")r = Lr(R/I)r = Lp(I) = ls(J]a),

where the forth equality follows from the fact that I is an R/I-free module. Thus a =

T2+ Y = (z1, 9, 0) 2+ (Yoot Yrazs -5 Yo)-
(1) = (2) Let X = (X1, Xo, ..., X,) and Y = (X, 41, Xppo,. .., X,) be ideals of S. Set
I=XR Then I?=0and [ = [X +Y]/[X?+ Y] 2 [S/(X + V)| = (R/T)?". O
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We are now back to the Setting that (R, m) is a Cohen-Macaulay local ring. Let us
generalize Proposition 5.3.2 to arbitrary Cohen-Macaulay local rings.

Theorem 5.3.3. Let (R,m) be a Cohen-Macaulay local ring. Then the following condi-
tions are equivalent.

(1) There exist a parameter ideal q of R, a local complete intersection S of positive di-
mension, and a parameter ideal Q of S such that R/q = S/Q? as rings.

(2) There exist a parameter ideal q of R, a local complete intersection S of dimension

r(R), and a parameter ideal Q of S such that R/q = S/Q? as rings.
(3) There exist an m-primary ideal I and a parameter ideal q of R such that

(i) I*CqC I andI/qis R/I-free.

(ii) R/I is a complete intersection.

Proof. (1) = (3) Set £ = dim S and Q = (1, Ta, ..., 7). Then, since R/q = S/Q?, we can
choose 41,4, ...,y € R so that ¥; corresponds to 7; for all 1 < ¢ < ¢, where Z; denotes
the image of z; in S/Q?* and ¥; denotes the image of y; in R/q. Set I = (y1,%2,.--,%) +4.
Then R/I = S/Q is a complete intersection and I/q = Q/Q?* is R/I-free. Furthermore

I* = qI+ (917927 SR ’W)Q - q-
(3) = (2) Because I/q is an ideal of R/q which satisfies the assumption of Proposition
5.3.2(2). O

Theorem 5.3.3 is applicable to Ulrich ideals. Here the definition of Ulrich ideals is
stated as follows.

Definition 5.3.4. (|43, Definition 2.1.]) Let (R, m) be a Cohen-Macaulay local ring and
I be an m-primary ideal of R. Assume that I contains a parameter ideal q of R as a
reduction. We say that I is an Ulrich ideal of R if the following conditions are satisfied.

(1) I #q,but I? =ql.
(2) I/I?is a free R/I-module.

Note that the condition (1) of Definition 5.3.4 is independent of the choice of q; see,
for example, [51, Theorem 2.1.]. The following assertions say that the notion of Ulrich
ideals is closely related to the condition (3)(i) of Theorem 5.3.3.

Proposition 5.3.5. [43, Lemma 2.3. and Proposition 2.3.]

(1) If I is an Ulrich ideal of R, then I* = qI C q and I/q is R/I-free for every parameter
tdeal q of R such that q is a reduction of I.

(2) Assume that R/m is infinite. If I* C q and I/q is R/I-free for all minimal reductions
q of I, then I is an Ulrich ideal of R.
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The following result recovers the result of J. Sally [71] by taking the maximal ideal m
as an Ulrich ideal. For convenience, set d = dim R, » = r(R), and v = v(R).

Theorem 5.3.6. (cf. [71, Theorem 1.]) Suppose that there are a regular local ring (T, n)
of dimension v and a surjective local ring homomorphism ¢ : T — R. If there exists an
Ulrich ideal I of R such that R/I is a complete intersection, then ur(I) =d+r <wv and
there exists a reqular sequence xy,xs,...,x, on T such that

(1) x1,29,...,24 is a reqular sequence on R.
(2) R/(z1,22,...,0g) R=T/ [(x1,...,2q) + (Tar1, s Tarr)* + (Taprit, - To)].

Therefore, letting 0 — F,_q — --- — Fy = Fy — R — 0 be a minimal T-free resolution
of R,

v—r—d
—r—d
rankpFy =1 and rankrF; = Z @_j'(U 7’ )

=0 J
1 if k=0
for1 <i<wv—d, where 5, = k;(;ﬁ) if1<k<r
0 otherwise.
In particular, ranky F; = z(:j:ll) for 1 <i<rifug(l)=wv.

Proof. Let 5: T 5 R — R/I be a surjective local ring homomorphism. Set a = Ker ¢
and J = Ker®. Since R/I = T/J is a complete intersection, J is generated by a regular
sequence i, T, ..., T, € non 1. Hence, after renumbering of x1, xs, ..., x,,

I=JR=(T1,T3,...,%y) = (T1, T2, - -, Tdrr)

by Lemma 5.3.1, where T denotes the image of x € T'to R. Let (2},25,...,2,) C I be a

minimal reduction of I. Then, after renumbering of x1, zo, ..., 44y,
(ol T PO —_—
I = (2, 2h, ..., 2 Tar1, - Tdir)-
Thus J = (2}, ...,2)) + (®441, ..., Tasr) + a. Since pur(J) = v, we can choose v elements
in {x,...,2, x441,...,Tarr} U{a | a € a} as a minimal system of generators. Assume

that x; cannot be chosen as a part of minimal system of generators. Then
I= (.%',1, S 7:C;—17 x;+17 e 7$_:17 Td+1y - - - 7xd+r)-
This is contradiction for ug(l) = r + d by Lemma 5.3.1. Hence

J= (2, 7))+ (Tarn, - Tane)  Wairsts - Yo)

for some Ygiri1,-.-,9 € a. Set Xy = (2),...,2)), Xo = (Tat1,-..,Tatr), and Y =
(Yarrsts--->Y)- Then X; + X3 +Y Ca+ X; CJ, whence a+ X; = X; + X7 + Y since
lr(J/[a+ Xq)) = r(J/[ X1 + X5 +Y]) = rlp(T/J).
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Let 00— Fy_g— -+ — I} — Fy =& R — 0 be a minimal T-free resolution of R. Then
0— Fv—d/Xva—d — = Fl/XlFl — Fo/X1F0 — R/XlR — 0

is a minimal 7'/ X;-free resolution of R/X ;R and R/X;R = T/[X; + X? + Y] since
a+ X; = X; + X2+ Y. On the other hand, the Eagon-Northcott complex [18] gives the
minimal 7'/ X;-free resolution

O%GT%Grfl —>8T_1 8—2>G1ﬂ>G08—0>T/[X1+X22]—>0

of T/[Xy + X3], thus ranky, x, Gy, = B for all k € Z. Therefore, as is well-known,

, ) Gr—l , Gr—2 9 L o GO o P
O—>G7»L> e - ;)—2—)@—1—>G0—O—>T/[X1+X22+(yd+r+1)]—>0
Gr Gr—l Gl

0i—1 0 . .
D Vg rs O ) This show induc-

tively ranky F; = Z}’;S_d Bi—j (”_;_d) as desired. O

becomes a minimal 7'/ X;-free resolution, where 0, = ( (-

Remark 5.3.7. With the assumption of Theorem 5.3.6, the equality pg(l) = v does not
necessarily hold in general; see Example 5.3.11 (1). On the other hand, if R is a one-
dimensional Cohen-Macaulay local ring possessing maximal embedding dimension, every
Ulrich ideal I satisfy that R/I is a complete intersection and pgr(l) = v; see [29, Theorem
4.5].

Combining Theorem 5.2.2; 5.3.3, and 5.3.6, we have the following which is a goal of
this chapter.

Corollary 5.3.8. Let (R,m) be a Cohen-Macaulay local ring of dimension d. Suppose
that there exists an Ulrich ideal of R whose residue ring is a complete intersection. Then
the following assertions are true.

(1) The Auslander-Reiten conjecture holds for R.
(2) r+d<w.

(3) There exist a parameter ideal q of R, a local complete intersection S of dimension r,
and a parameter ideal Q of S such that R/q = S/Q? as rings.

(4) Assume that there are a regular local ring T of dimension v and a surjective ring
homomorphism T' — R. Let 0 — F,_4 — --- = Fy — Fy — R — 0 be a minimal
T'-free resolution of R. Then

v—r—d
—r—d
rankrFy =1 and rankyF; = Z ﬁij.(v " )

i=0 J
1 if k=20
for1 <i<wv—d, where B, = k(;ﬂ) if1<k<r
0 otherwise.
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Proof. (1) This follows from (3) and Corollary 5.2.5.

(2) Passing to the completion of R, we may assume that there exist a regular local
ring T" of dimension v and a surjective ring homomorphism 7" — R. Then the assertion
follows from Theorem 5.3.6.

(3) This follows from Theorem 5.3.3 and Proposition 5.3.5. O

Let us note that it is not necessarily unique for a given ring that an Ulrich ideal whose
residue ring is a complete intersection.

Proposition 5.3.9. Let (S,n) be a local complete intersection of dimension three and
fyg,h € n be a reqular sequence on S. Set

R =S/(f*— gh,g* — hf,h? — fg).

Then R is a Cohen-Macaulay local ring of dimension one and I = (f,g,h)R is an Ul-
rich ideal of R such that R/I is a complete intersection. Furthermore, if f = fi-fo for
fi, fo € n, then Iy = (f1,9,h)R is also an Ulrich ideal of R such that R/I, is a complete
intersection.

Proof. By direct calculation,

I2 = fI, (a(R/T) = (5(S/(f,g,h)), and
Cr(I/FR) = £s((f, 9. W)/[(F) + (9, )%)) = 2:05(S/(f. 9. ).

Hence a surjection (R/I)®?* — I/fR must be an isomorphism, that is, I is an Ulrich ideal
of Rand R/I = S/(f,g,h) is a complete intersection.
Assume that f = fi-fs. Then, similarly to the above,

I} = fulh, (r(R/ 1) = l5(S/(f1.9,h)), and
Cr(L/ fiR) = Ls((f1,9,0)/[(f1) + (9, h)?]) = 2:Ls(S/(f1. 9, 1))

Hence I; is an Ulrich ideal of R and R/I; = S/(f1,9,h) is a complete intersection. O
Here are some examples arising from Proposition 5.3.9.

Example 5.3.10. With the same notations of Proposition 5.3.9, let S = k[[X,Y, Z]]
be a formal power series ring over a field k. Let ¢, m,n be positive integers such that
(¢,m,n) # (0,0,0). Then we have the following examples.

(1) Take (f,g,h) so that (X%, Y™ Z"). Then
(X4 Y™ ZMR, (XY, ZMR, (XY™ ZMR
are Ulrich ideals for all 0 <¢ </, 0<7<m, 0<k <n.

(2) Take (f,g,h) so that (XY™ Z" X2+ Y2 Y2+ Z?%). Then

(X1YI.ZF X2+ Y2 Y2+ Z2)R

127



is an Ulrich ideal for all 0 < ¢ < 7, 0 < 5 < m, 0 < k < n. Furthermore
(XEYym.Zn X +Y, Y2+ Z%)R is also an Ulrich ideal if k is a field of characteris-
tic two or an algebraically closed field.

We close this chapter and the dissertation with several examples.

Example 5.3.11. Let k[[t]] and S = k[[X,Y, Z, W]] be formal power series rings over a
field k. The following assertions are true.

(1) Let Ry = K[[t® ¢'1,¢16,¢%])] and T = (£5,¢'%,¢%5) be an ideal of R;. Then (%) is
a reduction of I, I is an Ulrich ideal of Ry, and R;/I is a complete intersection.
Therefore the minimal S-free resolution of R, has the following form

0— 892 5 8% 6% 5 3 R —0.
On the other hand, Ry = S/ (X" — ZW,Y? - XZ, 7> — XW,W? — X%7) as rings,
thus Ry does not have the form obtained in Proposition 5.2.6.

(2) (cf. [59, Proposition 1.4.]) Set
Ry=S/(X*—-YZY?*-ZX, 7> - XY,W?).

Then X is a non-zerodivisor of Ry and Ry/X Ry = K[[Y,Z, W]]/[(Y, Z)* + (W?)].
Hence the Auslander-Reiten conjecture holds for Rs;. On the other hand, I =
(X, W)Rs is an Ulrich ideal, whence [ is a non-free totally reflexive Ry-module ([47,
Theorem 2.8.]). Hence Ry is not G-regular in the sense of [74]. In particular, R, is
not a Golod ring.
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