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Abstract 

 

A myriad of structured-light beams generated in the laser systems have been widely 

investigated in versatile applications, such as optical trapping, high spatial resolution 

microscopy, free space telecommunication with high data capacity, and laser materials 

processing. To explore further the research opportunities of such structured-light beams, this 

paper aims to present the direct generation of structured-light beams, including the 2D 

optical vortex beams, and the 3D bottle beam, from solid-state laser systems.  

  Firstly, I report on a continuous-wave self-Raman Nd:GdVO4 vortex laser based on two 

Raman shifts of 382 cm-1 and 882cm-1 by shaping the pumping beam shape via an axicon 

lens and a focusing lens. Selective generation of infrared vortex beams with zero orbital 

angular momentum (OAM) at 1.108 μm or 1.173 μm, or both 1.108 μm and 1.173 μm, was 

achieved by simply aligning the output coupler in the resonator. The maximum Raman vortex 

output powers at the wavelengths of 1.108 μm (the first-Stokes emission of the 382 cm-1 

Raman shift) and 1.173 μm (the first-Stokes emission of the 882 cm-1 Raman shift) were 

then measured to be 49.8 mW and 133.4 mW at the absorbed pump power of 5.69 W, 

respectively. A numerical analysis based on the incoherent superposition of two Laguerre-

Gaussian (LG) mode beams with opposite helical wavefronts supported well the experiments. 

Such vortex laser sources will be extended to develop visible and ultraviolet (UV) vortex 

laser systems to fill in a wavelength gap of solid-state lasers. 

  Secondly, I perform the direct generation of red and orange (640 nm and 607 nm) vortex 

outputs by using an off-axis pumping configuration in a diode-pumped trivalent 

praseodymium ions doped yttrium lithium fluoride (Pr3+:YLF) laser. The generated 

structured light beams can be supported well by a detailed numerical analysis based on the 

coherent superposition of Hermit-Gaussian modes with different amplitudes and relative 

phases. The maximum red and orange vortex output powers were measured to be 808 mW 

and 211 mW at a pumping power of 3.16 W, respectively. The handedness control of the 

generated vortex beam was also demonstrated. Such compact visible vortex laser sources 

will be potentially applied in the scanning fluorescence microscopes and micro-fabrications 

with high spatial resolution beyond diffraction limit. 
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  Thirdly, I demonstrate the generation of ‘bottle beam’ with a 3 dimensional dark (null 

intensity) zone, consisting of a series of frequency-locked LG modes, from a compact 

intracavity frequency-doubled Nd:YVO4 laser with a nearly hemispherical cavity. The 

generated bottle beam then manifests several times higher potential barrier with narrow 

trapping width than that in other proposed approaches.  

  Finally, I summarize the key issues of the experimental and numerical works presented in 

this thesis, and mention briefly the potential avenues of future work.   
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1 Introduction 
 

1.1 Structure light beam 

  Versatile structured light beams have been gradually proposed, so far, and they are 

currently becoming a ‘hot’ subject of interest [1-6]. Such structured light beams were earlier 

demonstrated as a series of spatial eigen modes in lasers [7-10]: for instance, some stationary 

and dynamic transverse lasing modes were demonstrated in [1,5]. 

  In 1992, Allen et al. proposed theoretically the light field with an orbital angular 

momentum (OAM), that is an optical vortex, associated from a null field amplitude and an 

on-axis phase singularity assigned by a topological charge [10-13]. In 2000, Arlt and Padgett 

proposed an “bottle beam,” possessing a three-dimensional (3D) dark core surrounded by 

bright regions [14].  

Such structured light beams, such as optical vortices and bottle beams have been attracting 

great research popularities and activities in diverse fields, such as optical communications, 

quantum optics, optical metrology, optical manipulations, and high-resolution microscopy. 

To date, there are many technologies to generate the desired structured light beams. The 

direct generation of the structured light beams from solid-state laser technologies is a 

promising and efficient approach to produce the oscillation of preferential spatial mode as 

eigen modes with high power and beam quality. 

  In this thesis, I focus on the generation of optical vortex and bottle beams based on solid-

state laser technologies. 

 

1.2 Optical vortices and their applications 

  Optical vortex beams [10,15-19] possess an annular spatial profile (with an on-axis 

intensity dark core) carrying a nonzero OAM of ℓħ per photon, where integer ℓ (positive or 

negative) is the topological charge, owing to their on-axis phase singularity. Laguerre–

Gaussian (LG) modes, the most conventional optical vortex beams, are the eigen modes, that 

is their spatial forms remain unchanged during the space propagation, of the paraxial electro-

magnetic equation in the cylindrical coordinate system. Figure 1.1 shows the illumination of 

the optical vortex. 
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Fig. 1.1 Basic concept of the optical vortex 

 

  Optical vortex beams enable us to physically twist various materials [20-25], including 

metal, silicon, azopolymer, and photo-polymerized cure resin towards a clockwise or 

counter-clockwise direction, thereby yielding chiral structured materials on a nano or micron 

scale.  

 

Fig. 1.2 Twisted structures fabricated on (a) tantalum substrates and (b) azo-polymer thin 

films. 

 

  Also, optical vortex beams allow us to significantly improve the spatial resolution of laser 

scanning fluorescence microscopes far beyond the diffraction limit [26-28], in which the 

optical vortex beams act as an erase beam of the fluorescence signal from the irradiated target 

through stimulated emission or higher up-conversion excitation. 
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Fig. 1.3 Schematic diagram of the scanning fluorescence microscopy with high spatial 

resolution beyond the diffraction limit (dubbed ‘super-resolution microscope’). 

 

  Further, optical vortex beams have been significantly attracting research interests in 

quantum information and communication [29-35], in which the optical vortex beams with 

the freedom of OAM states increase data capacity and spectral efficiency.  
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Fig. 1.4 Free-space optical communications based on the spatial 

multiplexing/demultiplexing of optical vortices with different OAM states in combination 

with polarization multiplexing/demultiplexing techniques. 

 

  To realize the aforementioned demonstrations and applications, it is strongly necessary to 

develop optical vortex sources with wavelength versatility for exactly the same reason that 

wavelength versatility is needed in applications of conventional laser sources. 

 

1.3 Bottle beams and their applications 
 

  The bottle beam is, in general, formed of a coherent superposition of two high-order radial 

LG beams with their azimuthal indices ℓ = 0 and their non-zero radial indices, for instance, 

p = 0 and p = 2, and it exhibits a central bright spot in both near and far-fields and an on-axis 

dark core in the middle region between the near and far-fields, as shown in Fig. 1.5.  

  The LG beams with ℓ > 0 or high-order Bessel beams, eigen modes of the electro-magnetic 

equation, also exhibit on-axis null core, however, their intensity profiles remain unchanged 

even during the beam propagation. Thus, the bottle beams, formed of superpositions of two 

or more eigen modes with relative phase, are not eigen states. 

 

 

Fig. 1.5 (a) Beam propagation of a bottle beam. (b) Two-dimensional profile of the bottle 

beam with a dark core is completely enclosed by bright optical fields. (c) 3D profile of the 

bottle beam [36]. 
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  Going beyond the conventional optical vortices, the bottle beam has been collecting much 

attention in 3D trapping [37-42] and 3D guiding [43-46], in which more stable trapping and 

reliable manipulation of absorbing particles are allowed, thus, it may explore new advanced 

applications in optical, biological, and atmospheric sciences.  

 

Fig. 1.6 3D atom trapping by employing the bottle beam. 

 

  Furthermore, the bottle beam will extend the super-resolution microscopes to 3D super-

resolution microscopes, in which the fluorescence spot is far beyond the diffraction limit in 

all three dimensions [47-49]. 

 

 

 

Fig. 1.7 3D ‘super-resolution microscope’ based on the bottle beam. 

 

  Also, the bottle beams can be used as optical cloaking in imaging systems [50,51]. As is 
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well known, the imaging system is based on the detection of the reflection, scattering or 

transmission of the optical field of the object. Therefore, if any object is hidden inside the 

3D dark core of the bottle beam, shown in Fig. 1.8, it can inhibit the detection of the object. 

 

 

Fig. 1.8 Basic concept of optical cloaking [50]. 

 

  Such applications certainly require the generation of bottle beams with a well-isolated 3D 

zero-intensity dark core, i.e., a high potential barrier. 

 

 

1.4 Overview of the thesis 
 

  In this thesis, I have successfully demonstrated the direct generation of infrared/visible 

vortex beams and bottle beams from the diode-pumped solid-state lasers.  

  The thesis is organized as follows: 

  In chapter 1, I introduce the structured light beams, including the optical vortices and 

bottle beams, and their applications. 

  In chapter 2, I also review the eigen modes of the Helmholtz electro-magnetic equation 

with the paraxial approximation, including Hermite-Gaussian (HG) mode and LG modes. 

Also, the relationship between them is briefly discussed. 

  In chapter 3, several techniques to generate structured light beams, including the intra- 

and extra-cavity configurations, are addressed. 

  In chapter 4, the wavelength of the solid-state lasers is extended via nonlinear frequency 

conversion, including second harmonic generation and stimulated Raman Scattering. 
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  In chapter 5, I report on a continuous-wave self-Raman Nd:GdVO4 vortex laser based on 

the different Raman shifts of 382 cm-1 and 882cm-1 by shaping the pumping beam with the 

use of an axicon lens and a focusing lens. Selective generation of vortex beams at 1.108 μm 

or 1.173 μm, or both 1.108 μm and 1.173 μm, was achieved by merely aligning the output 

coupler of the laser cavity. 

  In chapter 6, I present the direct generation of red (640 nm) and orange (607 nm) vortex 

beams from a diode end-pumped Pr3+:YLF laser with an off-axis pumping scheme. A 

numerical analysis, based on the coherent superposition of orthogonal HG modes with 

different amplitude and phase, is conducted. 

  In chapter 7, I first demonstrated the direct generation of bottle beams from a compact 

intracavity frequency-doubled Nd:YVO4 laser with a nearly hemispherical cavity 

configuration. 

  Finally, I conclude my study and mention the prospective work of my thesis in chapter 7. 
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2 Overview of higher-order transverse modes 

 

In this chapter, the detailed expression of the propagation of light is obtained by employing 

Maxwell’s equations to derive the electro-magnetic wave equations. 

 

2.1 Paraxial wave equation 

  We consider a laser cavity formed of plane mirrors at z = 0 and z = L. The electro-magnetic 

interaction in the cavity can be expressed by the following Maxwell’s equations 

 

∇ × 𝐄 = −
𝜕𝑩

𝜕𝑡
                              (2.1.1) 

∇ × 𝐇 = 𝐉𝑓 +
𝜕𝑫

𝜕𝑡
                              (2.1.2) 

∇ ∙ 𝐃 = ρ𝑓                              (2.1.3) 

∇ ∙ 𝐁 = 0                              (2.1.4) 

 

, where ρ𝑓 is the free charge density, and 𝐉𝑓 is the free current density; E, D, B, and H are 

the electric field, electric flux density, magnetic flux density, and magnetic field, respectively. 

In the cavity formed of dielectric materials, we can assume 

 

ρ𝑓 = 0                              (2.1.5) 

𝐁 = 𝜇0𝐇                              (2.1.6) 

𝐃 = 𝜀0𝐄 + 𝐏                            (2.1.7) 

𝐉𝑓 = 𝜎𝐄                              (2.1.8) 

 

where P is the polarization, 𝜎  is the conductivity, and 𝜀0  and 𝜇0  are the dielectric 

permittivity and magnetic permeability in free space. 

Using  ∇ × ∇ × 𝐄 = ∇(∇ ∙ 𝐄) − ∇2𝑬, where ∇2= 𝜕𝑥
2 + 𝜕𝑦

2 + 𝜕𝑧
2 is the Laplacian. 

If taking the rotation of Eq.(1.1), we can obtain  

 

∇2𝑬 − 𝜖0𝜇0
𝜕2

𝜕𝑡2
𝑬 = 0                         (2.1.9) 
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Eq.(2.1.9) is termed the electro-magnetic wave equation. By substituting a wave function, 

given by 𝐸(𝑟, t) = 𝐸(r)exp⁡(𝑖𝜔𝑡), into Eq.(1.9), the Helmholtz equation is given as 

 

(∇2 + 𝑘2)𝑬 = 0                         (2.1.10) 

where −𝜖0𝜇0 = 𝑘2.  

The general form of the field wave is given by 

 

𝑬(𝒓, t) = 𝑒̂𝑢(𝒓, 𝑡)exp[𝑖(𝑘𝑧 − 𝜔𝑡)] + 𝑐. 𝑐             (2.1.11) 

 

In general, it can be assumed that the magnitude of the electric field is slowly varying through 

the beam propagation (i.e. slowly varying envelope approximation),  

 

𝜕2

𝜕𝑧2
𝑢 ≪ 2𝑘

𝜕𝑢

𝜕𝑧
                            (2.1.12) 

 

, thus, we obtain the following equation given by, 

 

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
− 2𝑖𝑘

𝜕𝑢

𝜕𝑧
= 0                       (2.1.13) 

 

Equation (2.1.13), called Helmholtz electro-magnetic wave equation with the paraxial 

approximation, can be solved in each of the Cartesian and the cylindrical coordinate systems. 

Its eigen modes are called HG beam and Laguerre-Gaussian beam, respectively. The detailed 

solutions will be shown in follows. 

 

2.2 Gaussian modes 

  The complete expression for the fundamental or lowest-order TEM0,0 mode (called 

Gaussian mode [1,2]) is given by  

 

E(x, y, z) = 𝐸0
𝜔0

𝜔(𝑧)
exp [−

𝜌2

𝜔(𝑧)2
] exp⁡[𝑖𝜉(𝑧)]exp⁡[−𝑖𝑘𝑧]exp(−

𝑖𝑘𝜌2

2𝑅(𝑧)
),    (2.2.1) 

where  
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                                  𝜌 = √𝑥2 + 𝑦2 ,                                (2.2.2) 

                               𝜔(𝑧) = 𝜔0√1 + (
𝑧

𝑧𝑅
)
2

 ,                          (2.2.3)                                                                                                       

                              𝑅(𝑧) = 𝑧 [1 + (
𝑧𝑅

𝑧
)
2

]                              (2.2.4)          

                                 𝜔0 = 𝑧√
𝜆𝑧𝑅

𝜋
 ,                                  (2.2.5)                                                                                 

                             𝜉(𝑧) = arctan⁡ (
𝑧

𝑧𝑅
) .                               (2.2.6) 

 

In particular, the amplitude of the fundamental field at z = 0, can be described by 

 

E(x, y) = 𝐸0
𝜔0

𝜔(𝑧)
exp⁡(−

𝜌2

𝜔0
2) 

 

Fig. 2.1 Spatial form of Gaussian beam. 

 

2.3 Higher-order modes 

  Electric fields oscillating inside the resonator, called the eigen modes of the resonator, are 

given by three families, such as Hermite-Gaussian (HG) modes with rectangular symmetry, 

LG modes with cylindrical symmetry, and Ince-Gaussian (IG) modes for elliptical symmetry. 

This thesis primarily focuses on HG and LG modes.  

 

2.3.1 Hermite-Gaussian modes  
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  The HG modes are a family of paraxial solutions to the wave equation in Cartesian 

coordinates. Their mathematical expression is given by the product of a Gaussian function 

and the Hermite polynomial HGnm (x) as follows [3]:  

 

𝐻𝐺𝑛𝑚(𝑥, 𝑦, 𝑧) =
1

𝜔(𝑧)
√
2(1−𝑛−𝑚)

𝜋𝑛!𝑚!
𝐻𝑛 (

√𝑥

𝜔(𝑧)
)𝐻𝑚 (

√𝑦

𝜔(𝑧)
) 

exp⁡[𝑖(𝑛 + 𝑚 + 1)𝜉(𝑧)]exp [− (
𝜌

𝜔(𝑧)
)
2

] exp⁡ [−
𝑖𝑘𝜌2

2𝑅(𝑧)
] exp⁡[−𝑖𝑘𝑧],                 (2.3.1) 

 

where n and m are the positive integers and λ is the wavelength, respectively. 

  The above equation represents a paraboloidal wave with a radius of curvature R(z), and a 

second moment beam size of ⁡𝜔(𝑧). 𝜔(𝑧) exhibits its minimum value 𝜔0⁡at⁡𝑧 = 0, called 

the beam waist. The term 𝑧𝑅  is the Rayleigh range, in which the beam remains well 

collimated with nearly planar wavefronts. The parameter⁡𝜉(𝑧), known as the Gouy phase, 

indicates that the wavefront acquires an additional phase shift of half a wavelength compared 

to an ideal plane wave, in passing through the waist. Figure 2.2 shows the intensity profiles 

of several HG modes.  

 

Fig. 2.2 Spatial forms of various HG modes. 
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2.3.2 Laguerre-Gaussian modes  

  LG beams are eigen modes of the paraxial Helmholtz equation at cylindrical coordinates. 

Their mathematical representation is given in terms of a Gaussian function and the Laguerre 

polynomial LGp,ℓ (x) as,  

 

𝐿𝐺𝑝
ℓ(𝜌, 𝜑, 𝑧) =

𝜔0

𝜔(𝑧)
√

2𝑝!

𝜋(|ℓ| + 𝑝)!
(
√2𝜌

𝜔(𝑧)
)

|ℓ|

𝐿𝑝
ℓ [2 (

𝜌

𝜔(𝑧)
)
2

] 

exp[𝑖(2𝑝 + |ℓ| + 1)𝜉(𝑧)] exp [− (
𝜌

𝜔(𝑧)
)
2

] exp [−
𝑖𝑘𝜌2

2𝑅(𝑧)
] exp[−𝑖ℓ𝜑],    (2.3.2) 

 

where p = 0, 1, 2…is the radial index, and ℓ =…,-2,-1,0,1,2,… is the azimuthal index, 𝜌 is 

the radial coordinate, and 𝜑 is the angle around the optical axis of the laser.  

The Laguerre polynomials can be found in the mathematical handbooks [4]. For low orders 

p=0~3, they are 

𝐿0
ℓ⁡(𝑥) = 1⁡,                                (2.3.7) 

𝐿1
ℓ⁡(𝑥) = ℓ + 1 − 𝑥 ,                             (2.3.8) 

𝐿2
ℓ⁡(𝑥) = 0.5(ℓ + 1)(ℓ + 2) − (ℓ + 2)𝑥 + 0.5𝑥2 ,             (2.3.9) 

𝐿3
ℓ (𝑥) =

(ℓ+1)(ℓ+2)(ℓ+3)

6
− 0.5(ℓ + 2)(ℓ + 3)𝑥 + 0.5(ℓ + 3)𝑥2 −

𝑥3

6
 .    (2.3.10) 

 

Figure 2.3 shows the intensity spatial forms of several LG beams with different indices of p 

and ℓ.   

  In particular, LG modes with zero azimuthal and non-zero radial indices, i.e., p ≠ 0, and ℓ 

= 0, called radial LG modes. These radial LG modes have significant to generate bottle 

beams. Besides, when azimuthal index ℓ is not equal to zero, with an azimuthal phase 

term⁡exp[𝑖ℓ𝜑], called vortex modes. 
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Fig. 2.3 Spatial forms of LG modes with different indices. 

 

2.3.3 Mode conversion between the HG and LG modes 

  The HG modes can be converted into appropriate LG modes by employing a cylindrical-

lens mode converter [5], shown in Fig. 2.4.  

 

Fig. 2.4 Cylindrical-lens HG-LG mode converter. 

 

  The general formula between individual HGn,m and LG p,ℓ modes can be established. The 

indices ℓ and p of the LG mode resulting from mode conversion of an HG mode with the 

indices n and m are given by 
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ℓ ( n, m ) = n - m,  p ( n, m ) = min ( n, m ).             (2.3.11)  

 

It is worth noting that ℓ can exhibit negative values. Thus, the formula between HG and LG 

modes is defined as 

 

 N = n + m = 2 p + | ℓ | .                      (2.3.12)  

 

Table 1 lists all corresponding pairs of mode indices ( n, m ) and (ℓ, p) for mode orders N =1, 

2, 3. The cylindrical lens mode converter also enables any LG mode with ℓ and p to transform 

into its corresponding HG mode with n and m. The corresponding n and m can be expressed 

in the form 

 

 n = (N + ℓ)/2, m = (N - ℓ)/2,                    (2.3.13) 

 

, where N is the mode order of the incident LG mode (which is also the same as that of the 

output HG mode). 

Table 1  

All corresponding pairs of mode indices (n, m) and (ℓ, p) for mode orders N = 0, 1, 2. 

N (n, m) (ℓ, p) 

0 (0,0) (0,0) 

1 (1,0) (1,0) 

(0,1) (-1,0) 

2 (2,0) (2,0) 

(1,1) (0,1) 

(0,2) (-2,0) 
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3 Methods to generate structured light beams 

 

3.1 Methods to generate optical vortices 

Use of some optical phase modulation elements, such as spiral phase plates and spatial light 

modulators, is the most commonly used to produce optical vortex beams. 

  Direct generation of LG modes as an eigen mode from a laser cavity is an alternative way 

to produce high-quality vortex beams. Many remarkable methods, based on a ring-shaped 

beam pumping, a spot-defect mirror, an intra-cavity phase modulating element, and an off-

axis pumping configuration, have been proposed. 

 

3.1.1 Extra-cavity configuration 

  There are several methods to generate the optical vortices outside a laser cavity, i.e. extra-

cavity configuration. A spiral phase plate [1–5], formed of a glass plate with a refractive 

index n and azimuthally varying thickness, is most commonly used, thereby yielding the 

OAM mode with a helical wavefront. It is usually designed for only specific wavelengths, 

and it also prevents the management of high optical powers. 

 

 

Fig. 3.1 Spiral phase plate for generating an optical vortex beam from an incident Gaussian 

beam. 

 

  A mode converter [6-10] formed of two cylindrical lenses with a focal length f and an 

interval of √2⁡𝑓 (π/2 converter) or 2𝑓⁡(𝜋⁡converter) is alternative. Such mode converter 
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is very sensitive to alignment, however, it enables the perfect mode conversion from an HG 

mode to its corresponding LG mode.  

 

Fig. 3.2 HG-LG mode converters consisting of two cylindrical lenses with a focal length f. 

(a) π/2 phase shift mode converter and (b) π phase shift mode converter. 

 

  A hologram with a linear phase ramp and an azimuthal ℓ-fold phase expressed as modulo 

2π also produces efficiently the optical vortex as a 1st order diffracted light as shown in Fig. 

3.3.  

 

 

 

Fig. 3.3 Computer-generated hologram formed by the sum of a desired phase element (left) 

and a linear phase ramp (middle). It exhibits a forked diffraction grating (right), thereby 

producing a first order optical vortex mode with ℓ =1. 

 

  A spatial light modulator (SLM) [15-20], consisting of electrically-addressed 2-

dimensional liquid crystal array, also allows us to produce a variety of structured light beams 

with arbitrary phase and amplitude, including optical vortices with any topological charges 
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and their superpositions. However, these holographic elements frequently impact the power 

scaling of the optical system [11-14] owing to their relatively high diffraction losses and low 

optical damage thresholds. 

 

 

 

Fig. 3.4 Spatial light modulator (SLM) used for beam shaping to create a light field with 

orbital angular momentum. The insets show the diffractions owing to the SLM pixels. 

 

  Thus, these extra-cavity methods are accompanied owing to their limitation of power 

managements, and it is difficult to achieve high power vortex mode with high quality. 

 

3.1.2 Intra-cavity configuration 

  Several laser cavities also allow the preferential oscillation of LG0ℓ mode without any 

Gaussian mode, thereby yielding high quality optical vortex beams as an eigen mode. 

  For instance, the laser cavity with a doughnut-shaped pumping configuration has been 

utilized to produce efficiently LG modes in many laser systems with the aid of thermal 

lensing effects or intra-cavity mode selection elements [21-27].  
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Fig. 3.5 Experimental setup for the LG0ℓ mode generated from Nd:YVO4 laser with a 

doughnut-shaped pumping configuration. 

 

  LG0ℓ beams also can be directly obtained from the laser cavity with a spot-defect cavity 

mirror [28-32], i.e. engineered damage spots on resonator mirrors. In fact, the spot-defect 

mirror requires accurate mode matching between the lowest order Gaussian mode and the 

defect spot, however, it can break easily the symmetry of the laser resonator, thereby 

enabling us to operate at a preferential LG0ℓ mode. A schematic diagram of an experimental 

setup of this technique is shown in Fig. 3.5. 

 

 

Fig. 3.6 Schematic of a Nd:YAG laser with a spot-defect cavity mirror. This system produces 

efficiently LG0ℓ modes. 

 

  Digital lasers [33-36] consist of an electrically addressed reflective phase-only SLM as an 

intra-cavity digitally addressed holographic mirror. They allow the direct generation of a 

myriad of laser modes by dynamically changing a computer-generated hologram. 
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Fig. 3.7 Digital laser based on intra-cavity phase-only SLM. 

 

3.2 Methods to generate bottle beams 

  To date, several techniques for generating bottle beams have been proposed. For instance, 

radial-order LG modes with zero azimuthal index and non-zero radial index are produced by 

the use of computer-generated holograms, and they then interfere destructively at their beam 

waists to shape the bottle beam [37-41]. Such digital holograms can also be used to design 

preferential bottle beams with arbitrary potential barriers, though rather complex calculations 

are required. 

 

Fig. 3.8 Experimental setup for generating bottle beams by computer-generated holograms. 

 

  The most straightforward way to generate a bottle beam is to use an axicon lens combined 

with a focus lens [41-45], as shown in Fig. 3.9. A plane wave is transformed by an axicon 
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lens to be a Bessel beam within a gray region. Subsequently, a focusing lens further 

transforms the Bessel beam to be a bottle beam with an on-axis dark core surrounded by the 

bright light fields within the range of ∆z. However, in general, the generated bottle beam 

exhibits rather large dark core with low potential barrier. 

 

 

 

Fig. 3.9 (a) Schematic of bottle beam generation by employing an axicon lens and a focusing 

lens. (b) Beam propagation of the generated bottle beam. 

 

 

 

Fig. 3.10 (a) Schematic of bottle beam generation from an extra-cavity SHG configuration. 

(b) Beam propagation of the generated bottle beam at different longitudinal positions. 
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  Frequency doubled radial LG mode also exhibits physical properties of bottle beam [46] 

formed of the coherent superposition of radial LG modes, however, its potential barrier is 

relatively low.  

  A degenerate cavity configuration [47,48] with an appropriate intra-cavity aperture forces 

the lasers to operate at only a Gaussian and a degenerate transverse mode, thereby yielding 

the bottle beam formed of the superposition of the Gaussian and degenerate transverse modes. 

However, the generated bottle beams exhibit rather low potential barriers. 

 

Fig. 3.11 Generation of in-phase radial-order LG modes by employing a near degenerate 

cavity. 
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4 Nonlinear frequency conversion processes 

 

  Solid-state lasers mostly operate at a near-infrared region. To extend further the lasing 

wavelength of the solid-state lasers, second order nonlinear optical processes, such as second 

harmonic generation (SHG), sum frequency generation (SFG), and difference frequency 

generation (DFG), have been conducted. In particular, SHG is commonly used to convert 

the near-infrared solid-state lasers into visible light sources at high efficiency.  

  Also, stimulated Raman scattering (SRS), well-known third-order nonlinear optical 

process, has been proved to be promising to fill in a frequency gap of laser emissions.  

 

4.1 Second harmonic generation 

  Franken et al. (1961) have, for the first time, demonstrated SHG [1,2], in which a red ruby 

laser output (694.3 nm) was focused onto a quartz crystal and its ultraviolet second 

harmonics (347.15 nm) was then observed. Here, in order to describe such second order 

nonlinear effects, the polarization P(t) including nonlinear terms can be described by 

𝑃(𝑡) = 𝜖0⁡[𝜒
(1)𝐸(𝑡) + 𝜒(2)𝐸2(𝑡) + 𝜒(3)𝐸3(𝑡) + ⋯ ]  

= 𝑃1(𝑡) + 𝑃2(𝑡) + 𝑃3(𝑡) + ⋯                        (4.1.1) 

where E(t) is the electric field, ⁡𝜖0 is the dielectric constant of vacuum, 𝜒(1) is the electric 

susceptibility, and 𝜒(2)  and 𝜒(3)⁡ are the second- and third-order nonlinear optical 

susceptibilities, respectively. Also,⁡𝑃1(𝑡) is the linear polarization, 𝑃2(𝑡) and 𝑃3(𝑡) are 

presented as the second- and third-order nonlinear polarizations, respectively. In general, the 

second-order nonlinear polarization occurs only in the noncentrosymmetric materials with 

the inversion symmetry breaking. In contrast, third-order nonlinear polarization always 

appears in both centrosymmetric and noncentrosymmetric crystals. 

  In this section, we present a brief description of the SHG process, as illustrated 

schematically in Fig. 4.1.  

  Here, the electric field of the incident laser beam on a nonlinear medium can be expressed 

as  

𝐸(t) = 𝐸𝜔1
⁡𝑒−𝑖𝜔1𝑡 + 𝑐. 𝑐                       (4.1.2) 

The nonlinear polarization is then given according to Eq. (4.1) as  
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𝑃2(𝑡) = 2𝜖0𝜒
(2)𝐸𝜔1

𝐸𝜔1

∗+ (𝜖0𝜒
(2)𝐸𝜔1

2 𝑒−𝑖2𝜔1𝑡 + 𝑐. 𝑐)          (4.1.3) 

 

The second term on the right of the Eq. (4.3) contributes to the second-harmonic frequency 

2𝜔1 = 𝜔2, and it leads to the SHG process. 

 

 

Fig. 4.1 (a) Geometry of second-harmonic generation. (b) Energy-level Schematic of second-

harmonic generation. 

 

  We consider the nonlinear interaction between two waves written as 

 

𝐸𝜔1(𝑧, 𝑡) = 𝐸1𝑒
𝑖(𝜔1𝑡−𝑘1𝑧) + c. c.⁡⁡⁡                 (4.1.4) 

𝐸𝜔2(𝑧, 𝑡) = 𝐸2𝑒
𝑖(𝜔2𝑡−𝑘2𝑧) + c. c.⁡⁡.⁡                 (4.1.5) 

 

Thus, the total electric field within the nonlinear crystal can be given by  

 

𝐸 = 𝐸𝜔1(𝑧, 𝑡) + 𝐸𝜔2(𝑧, 𝑡)                      (4.1.6) 

 

The term of nonlinear polarization can, here, be represented as 

 

𝑃𝑁𝐿 = 𝑃𝑁𝐿
𝜔1(𝑧, 𝑡) + 𝑃𝑁𝐿

𝜔2(𝑧, 𝑡)                     (4.1.7) 

where 

  



45 

 

𝑃𝑁𝐿
𝜔1(𝑧, 𝑡) = 4𝜖0𝑑𝐸

𝜔2(𝑧, 𝑡)𝐸𝜔1∗(𝑧, 𝑡) = 4𝜖0𝑑𝐸2𝐸1
∗𝑒𝑖[(𝜔2−𝜔1)𝑡−(𝑘2−𝑘1)𝑧]⁡⁡    (4.1.8) 

𝑃𝑁𝐿
2𝜔1(𝑧, 𝑡) = 2𝜖0𝑑𝐸

𝜔1(𝑧, 𝑡)𝐸𝜔1(𝑧, 𝑡) = 2𝜖0𝑑𝐸1𝐸1𝑒
𝑖(2𝜔1𝑡−2𝑘1𝑧)   .    (4.1.9) 

 

The nonlinear wave equation can be then written as 

∇2𝑬 = 𝜇0
𝜕2

𝜕𝑡2
(𝜖0𝑬 + 𝑷) = 𝜇0𝜖

𝜕2𝐸

𝜕𝑡2
+ 𝜇0

𝜕2

𝜕𝑡2
𝑃𝑁𝐿          (4.1.10) 

, where 𝑃𝑁𝐿 is the nonlinear polarization.  

By employing the slowly varying approximation, the coupled wave equation for SHG can 

be given as 

d

dz
𝐸1 = −𝑖𝜔1√

𝜇0

𝜀1
𝑑𝐸2𝐸1

∗𝑒−𝑖(𝑘2−2𝑘1)𝑧                (4.1.11) 

d

dz
𝐸2 = −𝑖𝜔2√

𝜇0

𝜀2

1

2
𝑑𝐸1𝐸1𝑒

+𝑖(𝑘2−2𝑘1)𝑧               (4.1.12) 

 

, where we introduce the quantity ∆𝑘 = 𝑘2 − 2𝑘1, that is a phase mismatching. The special 

case ∆𝑘 = 0 is also dubbed the phase matching condition.  

  Under the undepleted-pumped condition, the second harmonic electric field through the 

material (with a length of L ) is easily obtained as 

 

𝐸2(𝐿) = −𝑖𝜔1√
𝜇0

𝜀
𝑑𝐸1

2 𝑒+𝑖(∆𝑘)𝐿−1

𝑖(∆𝑘)𝐿
𝐿                 (4.1.13) 

 

The resulting second harmonic intensity is expressed by  

 

𝐼(2𝜔1) = 1/2𝑐0𝑛𝜀0|𝐸2(𝐿)|
2                    (4.1.14) 

 

The corresponding SHG conversion efficiency 𝜂𝑆𝐻𝐺  can be addressed as 

 

𝜂𝑆𝐻𝐺 =
𝐼(2𝜔1)

𝐼(𝜔1)
=

2𝜔1
2𝑑2𝐿2

𝑛3
(
𝜇0

𝜀0
)
3 2⁄ 𝑠𝑖𝑛2[(∆𝑘)𝐿 2⁄ ]

[(∆𝑘)𝐿 2⁄ ]2
𝐼(𝜔1)         (4.1.15) 

 

Interestingly, the second harmonic field intensity is proportional to the square of the 

fundamental field intensity when ∆𝑘 = 0 . Note that the conversion efficiency is very 
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sensitive to the phase mismatching ∆𝑘. 

  There are several nonlinear crystals used for SHG, such as potassium titanyl phosphate 

(KTP), lithium triborate (LBO), and beta-barium borate (𝛽-BBO). Table 4.1 shows physical 

properties of the nonlinear crystals. 

 

Table 4.1 Properties of three nonlinear crystals in the SHG (1064 nm to 532 nm) process [3]. 

Properties KTP LBO 𝛽-BBO 

Effective nonlinear  

coefficient d (pm/V) 

4.03 (Type II) 0.82 (Type I) 2.14 (Type I)  

1.47 (Type II) 

Walk-off angle 

(mrad) 

4.87 (Type II) 6.7 (Type I)  

6.4 (Type II) 

55.6 (Type I)  

69.4 (Type II) 

Phase-matching  

wavelength (nm) 

994-2000 (Type II) 551-2600 (Type I)  

790-2150 (Type II) 

410-3500 (Type I)  

525-3500 (Type II) 

   

  A KTP is an excellent nonlinear crystal for intracavity SHG with large nonlinearity, wide 

acceptance frequency width, and small walk-off effect for 1064 nm (see Tab. 4.1). In this 

thesis, we decided that the KTP crystal was used as a nonlinear crystal for intracavity SHG 

in chapter 7. 

 

4.2 Stimulated Raman Scattering 

  In 1962, Woodbury and Ng discovered the phenomenon of stimulated Raman scattering 

(SRS) [4], and then Eckhardt et al. gave a more detailed description [5]. In the Raman 

scattering process illustrated in Fig. 4.3, a fundamental photon with a frequency 𝜔𝑝  is 

annihilated and a Stokes photon with a frequency 𝜔𝑠⁡=⁡𝜔𝑝 − 𝜔𝑣 is emitted, where ℏ𝜔𝑣 

corresponds to vibrational energy. The Stokes photon is coherently amplified via nonlinear 

wave coupling process, thereby yielding the coherent Stokes electric field, that is stimulated 

Raman scattering (SRS).  
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Fig. 4.3 Stimulated Raman Scattering. 

   

   The SRS is described classically by nonlinear polarization [6] based on a scalar 

approximation. The total electric field can be represented as the sum of the fundamental and 

Stokes fields, 

𝐸(𝑧, 𝑡) = 𝐸𝑝𝑒
𝑖(𝑘𝑝𝑧−𝜔𝑝𝑡) + 𝐸𝑠𝑒

𝑖(𝑘𝑠𝑧−𝜔𝑠𝑡) + c. c. .            (4.2.15) 

 

The corresponding Stokes polarization is written as 

 

𝑃𝑁𝐿
𝜔𝑠(𝑧, 𝑡) = 6𝜖0𝜒𝑅

(𝜔𝑠)|𝐸𝑝|
2
𝐸𝑠𝑒

𝑖(𝑘𝑠𝑧−𝜔𝑠𝑡) + c. c.            (4.2.16) 

 

, where 𝜒𝑅
(𝜔𝑠) is the Raman activity described as [6] 

 

𝜒𝑅
(𝜔𝑠) = −𝑖

𝜖0(𝑁 6𝑚⁄ )(𝜕𝛼 𝜕𝑞⁄ )0
2

2𝜔𝑣𝛾
   .                (4.2.17) 

 

 By utlizing Eqs. (4.15) and (4.16) under the slowly varying approximation, the spatial 

evolution of the Stokes field 𝐸𝑠 is given as follows: 

 

d𝐸𝑠

dz
= 3𝑖

𝜔𝑠

𝑛𝑠𝑐
𝜒𝑅
(𝜔𝑠)⁡|𝐸𝑝|

2
𝐸𝑠                    (4.2.18) 

 

It is noteworthy that the phase-matching condition in SRS is automatically satisfied. 

 A variety of SRS crystals have been reported [7]. These Raman crystals have considerable 

potential to develop a new generation of solid-state lasers, including diode-pumped devices. 
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In fact, Raman solid-state lasers have currently made significant progress owing to the 

development of crystal growth technologies. Tables 4.2 and 4.3 summarize the commonly 

used Raman crystals with high Raman activities and excellent thermal properties. 

 

Table 4.2 SRS spectral properties of conventional Raman crystals [8-12] 

Crystals Raman Shift 

(cm-1) 

Raman Linewidth 

𝛥𝑣𝑅(cm-1) 

Cross-section 

(arb. Units) 

Raman Gain 

𝑔𝑅(cm/GW) 

Diamond 1332 2.7 100 20 

Ba(NO3)2 1047 0.4 21 11 

KGd(WO4)2 768 

901 

6.7 

5.7 

59 

54 

4.4 

3.3 

BaWO4 924 1.6 52 8.5 

YVO4 890 2.6 92 > 4.5 

GdVO4 882 3 92 > 4.5 

 

Table 4.3 Thermal properties of conventional Raman crystals [8-12] 

Crystal Thermal conductivity 

κ (W/mK) 

Thermal expansion  

(10-6 K-1) 

dn/dT 

 (10-6 ) 

Damage threshold 

(GW/cm2) 

Diamond >1800 1.1 ~ 20 ~ 1.5 

Ba(NO3)2 1.17 18 -20 ~ 0.4 

KGd(WO4)2 2.6 (a) 

3.8 (b) 

3.4 (c) 

2.4 (a) 

11 (b) 

17 (c) 

-1.5 (a) 

-1.0 (b) 

-1.6 (c) 

~ 10 

 

BaWO4 2.3 4-6 -9 ~ 5 

YVO4 5.1 4.43 (a) 

11.37 (c) 

2.7 ~ 1 

GdVO4 11.7 1.5 (a) 

7.3 (c) 

4.7 ~ 1 

 

  In particular, a diamond has the highest Raman gain coefficient (20 cm/GW) and excellent 

thermal properties. The first observation of SRS in diamonds was discovered in 1963 [8-9].  



49 

 

The chemical-vapor-deposition (CVD) technique currently enables us to manufacture high-

quality diamonds, thereby enabling the realization of a ‘diamond laser’. 

  Several tungstate crystals, including double tangstates, such as KGd(WO4)2 and 

KY(WO4)2, and single tangstates, such as BaWO4, CaWO4, SrWO4, and PbWO4, have been 

also found to have the excellent physical properties for Raman lasers. Interestingly, several 

tungstate crystals with the doping of trivalent rare-earth ions further act as a laser gain 

medium, so as to develop compact self-Raman laser sources. 

  The vanadate crystals, such as YVO4 and GdVO4, were first introduced as Raman crystals 

in 2001[12]. The vanadates have been widely used as a host laser crystal to develop diode-

pumped solid-state lasers with high efficiencies. In fact, Nd:YVO4 and Nd:GdVO4 crystals 

with excellent mechanical, physical, and thermal properties have been commercialized. Also, 

both Nd:YVO4 and Nd:GdVO4 crystals are naturally birefringent, and their laser outputs are 

linearly polarized, thereby allowing the highly efficient intracavity SHG and SFG without 

any thermally-induced birefringence effects. 

  In this work, we used a-cut Nd:GdVO4 crystal as a self-Raman laser crystal to develop 

ultra-compact LG mode laser source mentioned in Chapter 5. Table 4.4 summarizes physical 

properties of Nd:GdVO4. 

 

Table 4.4 The properties of Nd:GdVO4 crystals 

Parameter Value 

Refractive index no=1.985 

ne=2.198 

Effective Laser Cross Section 

(emission cross section at 1064 nm) 

7.6×10-19 (E//c) 

 

Fluorescence lifetime (μs) 95 

Polarization Parallel to c-axis 
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5. Self-Raman Nd:GdVO4 vortex laser 
 

5.1 Background   

Stimulated Raman scattering (SRS), a well-known third-order nonlinear frequency 

conversion, is capable of filling in a wavelength gap of laser sources [1-5], in particular, at 

the near-infrared and visible regions, with the aid of second order nonlinear frequency 

conversions, such as SHG or sum-frequency generation (SFG). A variety of laser host media, 

such as YVO4 [6-9], GdVO4 [9-13], SrWO4 [14,15], BaWO4[16-18], and PbWO4 [19-21] 

exhibit excellent SRS properties. Thus, they can act as laser and Raman gain media 

simultaneously, thereby allowing us to realize ultracompact and highly efficient solid-state 

lasers, so-called self-Raman lasers, with the wavelength versatility. 

In recent years, there have been considerable efforts to develop Nd: GdVO4 self-Raman 

vortex laser sources, in which the Stokes (1.173 μm) output operates at a first order LG mode 

owing to the 882 cm−1 shift, by employing an output coupler with a laser micro-machined 

damage spot [10-12], however, there are still no reports of vortex laser sources operating at 

1.108 μm, corresponding to 382 cm-1 shift with a ~6.4 times smaller Raman gain than that 

of 882 cm−1 shift [11] (see Fig 5.1 and Table 5.1). 

 

 

Fig. 5.1 Polarized Raman spectrum of a-cut Nd:GdVO4 crystal. 
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Tab. 5.1 Specifications for Raman transitions of a-cut Nd:GdVO4 crystal. 

 

Nd:GdVO4  

Raman transition 

Raman shift 

(cm-1) 

Raman gain 

gR (cm/GW) 

Stokes wavelength 

(μm) 

𝜈1 882 4.5 1.173 

𝜈2 382 0.7 1.108 

 

  In this section, I propose a novel approach to generate LG modes from a self-Raman Nd: 

GdVO4 laser by employing a shaped pumping geometry formed of an axicon lens and an 

objective lens. The system allows us to generate selectively a first-order LG mode at 1.108 

μm or 1.173 μm or both 1.108 μm and 1.173 μm only by carefully aligning the output coupler. 

Maximum output powers of 49.8 mW and 133.4 mW for the wavelengths of 1.108 μm and 

1.173 μm were then measured at the absorbed pump power of 5.69 W. 

 

5.2 Experiments 

  Figure 5.2 (a) shows the experimental setup for the self-Raman laser. A 10-mm-long Nd3+: 

GdVO4 a-cut crystal with 0.3 at.% Nd doping was conducted as a laser gain medium. The 

crystal was wrapped with an indium foil, and it was mounted inside a copper block holder, 

so as to maintain its temperature (~20°C) by a circulating water-cooled chiller. 

  A fiber-coupled laser diode (nLight element e06; core diameter: 200 μm, numerical 

aperture: 0.22) with a wavelength of 879 nm was used as a pump source, and its output was 

collimated by a lens (CL, f = 25 mm). The collimated pump diode beam was shaped to be an 

annular beam by an axicon lens with an Axicon angle of 5°, and it was focused by a relay 

optics, formed of a lens (IL, f = 25mm) and an infinity-corrected objective lens (ICO, f = 

200 mm), on the crystal. It is also worth noting that the polarization of the pump beam was 

parallel to the c-axis of the crystal, thereby yielding maximum absorption (absorption 

efficiency ~76 %) of the laser gain medium. 
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Fig. 5.2 (a) Direct generation of LG modes from a continuous-wave diode-pumped self-

Raman Nd: GdVO4 laser. LD: 879 nm fiber-coupled laser diode (nLight element e06); Col. 
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L: collimation lens ( f = 25 mm); PBS: polarized beam splitter; HWP: half-wave plate; IL: 

lens ( f = 25 mm); ICO: NIR infinity-corrected objectives ( f = 200 mm, 10X / 0.26); HR: 

high-reflection coating for 1.033-1.263 μm; OC: output coupler. (b) Beam propagation of 

the pump beam along the optical axis of the laser cavity. (c) Effective pumped region in the 

crystal. (d) Modelled pumped region for simulating spatial overlap efficiency. The red 

broken and black solid lines correspond to those at a = 0 and 0.15, respectively. (e) Simulated 

spatial overlapping efficiency as a function of dip depth a. 

  

This pump geometry allows us to shape the pump beam with a central intensity dip, thus, we 

will expect the improvement of the spatial overlap between the pump beam and LG mode. 

In fact, the effective pumped region 𝑔(𝑟)  in the pump facet can be estimated as the 

following formula, 

 

𝑔(𝑟) ∝∑𝑃(𝑟, ∆𝑧 ∙ 𝑖)

𝑖

(1 − 𝑒−𝛼∆𝑧)𝑖(𝛼∆𝑧)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5.2.1) 

 

, where r is the radial coordinate in the cylindrical coordinate,⁡𝛼 is the absorption coefficient 

of the pump beam in the crystal, ∆𝑧 is the infinitesimal displacement along the propagation 

direction (z axis), i is the integer, and P(r, ∆𝑧⸱i) is the spatial form of the pumped beam at 

the position z⸱i along the propagation direction. The 𝑔(𝑟) was estimated by employing eq. 

(5.2.1) and the experimental spatial forms of the pump beam (Fig. 5.2(b)), The resulting 

𝑔(𝑟) showed a central shallow dip, which forces the laser to selectively operate at an annular 

mode with a central dark core instead of Gaussian mode (Fig. 5.2(c)).  

For simplicity, it is worth noting that the pumped region 𝑔(𝑟)  is assumed to be 

approximately written by the below mentioned formula, 

 

𝑔(𝑟) ∝ exp (
−2𝑟2

𝜔0
2 ) (𝑎 tanh (

𝑟2

ℎ2
) + (1 − 𝑎))

2

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5.2.2)    

 

, where 𝜔0 (~170 μm) and h (= 0.4⁡𝜔0) are the radii of the pump beam and the point defect 

in the pump beam, and a (0~1) is the depth of the gain dip, respectively. The spatial overlap 
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η is then given as follows: 

 

𝜂 = ∫𝑔(𝑟) ∙ 𝐼(𝑟)2𝜋𝑟𝑑𝑟⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5.2.3)⁡  

𝐼(𝑟) = 𝑟2|ℓ|exp (−2
𝑟2

𝜔ℓ
2)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5.2.4)  

 

, where I(r) is the spatial form of the laser mode, ℓ is the topological charge of LG mode, 

and 𝜔ℓ (~180 μm, this value was estimated by the LASCAD software) is the intracavity 

LG mode radius, respectively. In fact, the LG mode exhibits higher spatial overlap within 

the pump region of a > 0.1 compared with that of the fundamental Gaussian mode (see Fig 

5.2 (e)). 

A self-Raman laser resonator was formed of the input crystal facet with ultrahigh reflection 

(R > 99.99 %) for 1033-1263 nm and high transmission (T > 99.933%) for 879 nm and a 250 

mm concave output coupler (OC) with ultra-high reflection (R > 99.99 %) for 1.063 μm, and 

high reflectivity (R = 99.99 % and 99.00 %) for 1.108 μm and 1.173 μm. With this extremely 

high Q cavity, the fundamental (1.063 μm) and Stokes outputs (1.108 μm or 1.173 μm) are 

allowed to lase simultaneously. It is noteworthy that the OC was translated precisely along 

the x, y and z axes, thereby selecting the desired laser operation simply by aligning carefully 

the OC. The cavity length was then fixed to be ~ 17 mm. The fundamental and Stokes 

outputs were spatially separated by a transmission grating (GR25-0608), so as to observe 

them simultaneously by a laser beam profiler (Spiricon SP620U). 

 

5.3 Results and discussions 

  The 1.108 μm Stokes output started to lase at the absorbed pump power of 3.52 W, and its 

output power reached up to 49.8 mW at a maximum pump level (absorbed power of 5.69 

W). The fundamental output then exhibited a mixed-mode profile with a central point defect, 

manifesting several high order transverse modes, owing to extremely high Q factor of the 

cavity (see Fig.5.2(b)). In contrast, the Stokes output possessed a perfect ring-shaped spatial 

form with a central dark core in both the near and far-fields, that is a beam clean-up effect, 

in which the self-Raman gain itself plays a role as an effective soft aperture [22]. There is a 
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good consistence between the experiments and the simulated spatial overlap. 

 

Fig. 5.3 Experimental fringes of (a) 1.108 μm and (b) 1.173 μm Stokes outputs. Insets show 

the spatial intensity profile of the Stokes output. (c,d) Simulated fringes of incoherent 

superposition of two LG modes with positive and negative topological charges. 

 

  The Stokes output was also analyzed by employing a laterally sheared interferometer 

based on a transmission grating (10 lines/mm) [23], and it was then found that the Stokes 

output carries effective zero OAM. The Stoke output was, interestingly, formed of two 

incoherent LG modes with positive and negative OAMs, originating from the cylindrical 

symmetry of the laser resonator. In fact, the fringes of the Stokes output will be then given 

as follows: 

 

𝐼(𝑥, 𝑦) ∝ |((𝑥 + ∆𝑥) + 𝑖𝑦) ∙ exp (−
(𝑥+∆𝑥)2+𝑦2

𝜔𝑙
2 ) + 𝑒𝑖𝑘𝑥∙𝑥|

2

+ |((𝑥 − ∆𝑥) − 𝑖𝑦) ∙

exp (−
(𝑥−∆𝑥)2+𝑦2

𝜔𝑙
2 ) + 𝑒𝑖𝑘𝑥∙𝑥|

2

                                            (5.2.5) 
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, where ∆x is the lateral shearing distance of the wavefront, kx is the carrier frequency of the 

fringes. As shown in Fig. 5.3, the theoretical formula retrieves well the experimental fringes.  

The handedness of the LG mode (sign of the vortex beam topological charge) will be 

selectively controlled by breaking azimuthal symmetry of the laser cavity, for instance, the 

use of an intracavity etalon or nanoscale aluminum stripes [24-29]. Such selective 

handedness control of LG mode in this system should be performed as a future work. 

  The Nd:GdVO4 self-Raman lasers have operated mostly at 1.173 μm, originated from high 

gain 882 cm−1 Raman transition [10-12]. In fact, SRS gain competition between the stronger 

882 cm−1and a weaker 382 cm−1 transitions was observed, however, it is worth noting that 

the system can operate stably at 1.108 μm after carefully aligning the OC. 

 

Fig. 5.4 Experimental near-fields of (a) the fundamental (1.063 μm), and (b) 1.108 μm Stokes 

output. Corresponding far-fields of (c) the fundamental and (d) the Stokes outputs. 

Experimental near-fields of (e) the fundamental (1.063 μm), and (f) 1.173 μm Stokes outputs. 

Corresponding far-fields of (g) the fundamental and (h) 1.173 μm Stokes outputs. 

 

  Figures 5.4 and 5.5 summarize the experimental spatial forms and the power scaling issues 

of the fundamental (1.063 μm), and 1.108 μm and 1.173 μm Stokes outputs. The 1.173 μm 

Stokes output exhibited a relatively high lasing threshold (5.37 W) arising from high 

transmission loss (~1%), however, its maximum power reached up to 133.4 mW. This value 

was 2.7 times higher than that of 1.108 μm output. Figure 5.6 also shows the experimental 
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laser spectra of the fundamental and Stokes outputs by employing a high-resolution optical 

spectrometer (Ocean-optics HR4000).  

 

Fig. 5.5  Power scaling of fundamental and Stokes outputs. 

 

 

Fig. 5.6 Line spectra of the output modes. Each line is normalized concerning its maximum. 

 

  Interestingly, we also achieved a LG mode operation at both 1.108 μm and 1.173 μm (both 
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LG mode operation) by carefully aligning the OC (see Fig. 5.7). Such both LG mode 

operation was observed only within the absorbed pump power range of 3.46 – 3.97 W.  

 

 

Fig. 5.7 Experimental near-fields of (a) fundamental, and both (b) 1.108 μm and (c) 1.173 

μm Stokes outputs.  

 

5.4 Conclusion 

  LG modes at 1.108 μm and 1.173 μm have been directly generated from a continuous-

wave self-Raman Nd:GdVO4 laser by utilizing a shaped pumping geometry consisting of an 

Axicon and a focusing lens. Maximum LG mode powers of 49.8 mW and 133.4 mW were 

obtained at 1.108 μm and 1.173 μm, respectively. This approach will offer us many benefits, 

for instance, the stable operation and easy power scaling of the system. Further frequency 

extension of the system will be possible by employing a SHG or SFG, thereby allowing us 

to pave the way towards ultracompact ultraviolet/visible LG laser sources. 
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6. Visible vortex beams generation from a diode-

pumped Pr3+:YLF laser 
  In this chapter, the development of visible vortex laser sources, based on diode-pumped 

Pr3+:YLF lasers with an off-axis pumping geometry, is presented. The systems enable the 

efficient generation and the handedness control of the optical vortex modes in the visible 

region (607 nm and 640 nm). 

  

6.1 Introduction  

 Visible vortex sources potentially enable the development of laser micro-fabrication 

systems and super-resolution fluorescence microscopes, because many materials exhibit 

strong absorption bands in the visible region.  

  Pr3+ doped solid-state laser crystals exhibit excellent emission transitions in the visible 

spectral region [1], including green (523 nm), orange (607 nm), red (640 nm), dark-red (720 

nm). Also, they have strong absorption bands in the blue region (~ 442 nm), thereby allowing 

a blue indium gallium nitride (InGaN) laser diode pumping. In recent years, several research 

groups have successfully developed diode-pumped, continuous-wave [2], Q-switched [3], 

and mode-locked Pr3+:YLF lasers [4]. Going beyond these previous Pr3+:YLF laser works, 

the development of visible LG laser sources is still a challenge. 

In this work, I propose a visible vortex laser source based on a diode-pumped Pr3+:YLF 

laser with an off-axis pumping geometry. Maximum LG mode powers of 808 mW and 211 

mW were achieved at the wavelengths of 640 nm and 607 nm. This system also allows the 

direct generation of versatile structured light beams given by the coherent superposition of 

the orthogonal HG modes. 
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Fig. 6.1 Energy level diagram of the Pr3+ ion in fluoride crystals [1]. 

 

6.2 Experiments 

  Experimental setup for the visible vortex laser is shown in Fig. 6.2(a). The gain medium 

used was a a-cut YLF crystal (dimensions of 3 × 3 × 5 mm3) with 0.5 at.% Pr3+-doping, and 

its temperature was maintained to be ~15 oC by a circulating water-cooled chiller. It also 

exhibited the absorption peak for the σ-polarization at 442 nm. Thus, a 3.5 W InGaN laser 

diode (NDB7K75) with a wavelength of 440 ~ 455 nm was used as a pump source, thereby 

maximizing absorption of the crystal [1]. The pump diode beam was collimated by an 

aspheric lens (f = 4.51 mm) and a cylindrical lens (f = 250 mm), and it was then focused to 

be an elliptical beam spot with approximate dimensions of 100×40 µm2 onto the input facet 

of the crystal by a plano-convex lens (f = 35 mm).  
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Fig. 6.2 Diode-pumped Pr3+:YLF vortex laser source formed of an off-axis pumping 

configuration. LD: Blue InGaN laser diode; Col. L1: collimated lens (f = 4.51 mm); Cyl. L: 

cylindrical lens (f = 250 mm); FL: focusing lens (f = 35 mm); HR: high-reflection coating at 

the wavelengths of 640 nm or 607 nm; CL: cavity length; OC: output coupler. The inset 

represents the OC displacements along x and y axes for an off-axis pumping configuration. 

 

  It is worth noting that two crystals with different coatings were used, so that the system 

lases at a wavelength of 640 nm (red) or 607 nm (orange). The first crystal was used for 640 

nm lasing, and its input facet had reflectivities of 99.8 % and 98.3 % at 640 nm and 607 nm. 

The second crystal was used for 607 nm lasing, and its input facet showed reflectivities of 

92.6 % and 99.6 % at 640 nm and 607 nm. The output facets of both crystals were also anti-

reflection coated for 640 nm, 607 nm, and 442 nm. The cavity consisted of the crystal input 

facet and a 150 mm concave output coupler (OC) with high reflections (R = 98.7%, 98.8%) 

for 640 nm and 607 nm, as shown in Fig. 6.2. The OC then was 2-dimensionally translated 

along the x and y axes with 0.5 μm steps, thereby allowing the optimization of the spatial 

mode overlap efficiency between the desired laser mode and pump beam in the off-axis 

pumping configuration (see the inset of Fig. 6.2). The handedness of the generated laser 

output was then assigned by the fork-shaped fringes, in which a pair of upward/downward 

(downward/upward) fringes is defined as ℓ = +1 (right-handed) or ℓ = - 1 (left-handed).  

  Figure 6.3 indicates the experimental lasing spectrum of the generated red (640 nm) and 

orange (607 nm) vortex outputs. The vortex outputs typically showed a perfect annular 
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spatial form as shown in Fig. 6.4. The cavity length then was fixed to be approximately 7 

mm. It is also worth mentioning that the vortex beams were produced even in further 

extended cavity configurations (~ 20 mm), but the system became slightly unstable. 

 

 
 

Fig. 6.3 Normalized lasing spectra of the optical vortex mode generated from the system 

with two different crystals. The insets represent real pictures of the red and orange vortex 

beams generated from the system. 

 

6.3 Results and discussions  

  The laser operated at Gaussian mode under an on-axially pumping. This OC position was 

assumed to locate at the center of the coordinate system, (x, y) = (0,0) µm, and the spatial 

forms of the laser output were mapped as a function of OC position as shown in Fig. 6.4. 

This map allows us to identify the modes generated from the cavity under different off-axis 

pumping configurations. As shown in the inset of Fig. 6.2(a), the OC was then translated 

horizontally and vertically from the center of coordinates, with ∆x ≈ ±12.5 µm and ∆y ≈ 

±37.5 µm steps, up to a maximum of (x, y) = (±25, ±75) µm. It is noteworthy that the spatial 

mode evolution obeys the principle of symmetry shown in Fig. 6.4. 

  As the increase of OC displacements from the center of coordinates, the laser output was 
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gradually transformed from a Gaussian mode to a doughnut-shaped LG mode via a mixed 

mode with two petals. When the off-axis displacements of the OC increased further, the laser 

output exhibited higher order Ince-Gaussian modes, as previously reported in [5]. 

 

 

Fig. 6.4 Spatial mode mapping of the laser system with different OC displacements (∆x ≈ 

±12.5 µm and ∆y ≈ ±37.5 µm steps). 

 

  A pair of upward/downward (or downward/upward) Y-shaped fringes manifests the 

generation of the vortex beam with OAM mode ℓ = +1 (or ℓ = -1), as shown in Fig. 6.5. Such 

handedness control of the vortex beam can be realized simply by translating the OC from  

(±25, ±75) µm to (∓25, ±75) µm and vice versa. 
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Fig. 6.5 Self referenced fringes of a (a) right-handed vortex beam (ℓ = +1), and (b) left-

handed vortex beam (ℓ = -1). The OC positions were then (25, 75) and (-25, 75) µm. The 

insets represent the spatial forms for the generated vortex beams. 

   

  In fact, such generated mixed modes, 𝑀𝑜𝑢𝑡(θ, φ), should be decomposed of orthogonal 

HG modes (HGm,n) with inter-modal relative phase [6], and thus, they⁡can be expressed as 

follows: 

 

             𝑀𝑜𝑢𝑡(θ, φ) = cosθ 𝐻𝐺0,1 + exp(𝑖𝜑) sinθ 𝐻𝐺1,0⁡                 (6.3.1) 

 

, where 𝜑 is the inter-modal phase, and θ represents the weighting factor for HG0,1 and 

HG1,0 modes, determined by the off-axis pumping geometry. Figure 6.6 shows versatile 

spatial modes experimentally generated at off-axis positions of the OC (upper rows), and the 

corresponding spatial forms (lower rows) simulated by employing Eq. (6.3.1) with the 

appropriate 𝜑 and θ. 

For instance, a generated mixed mode with two petals, as shown in Fig. 6.6(d), can be 

perfectly retrieved by using 𝜑 = 0.37𝜋⁡and⁡𝜃 = 𝜋 (𝑀𝑜𝑢𝑡(0.37π, π) = 0.40 𝐻𝐺01 − 0.92 

𝐻𝐺10). 
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Fig. 6.6 Experimental (upper rows) and theoretical (lower rows) spatial modes obtained at 

different OC positions. 

 

Also, a coherent superposition of orthogonal HG modes with same weighting factor and 

zero relative phase (θ = π/4, φ=0) results in a 45o inclined twin mode (see Fig. 6.6(a)). 

Further, annular LG modes with OAM ℓ = ±1 can be produced when θ = π/4 and 𝜑=±π/2 

(see Fig. 6.6(b)) as follows:  

 

             LG0,±1 = 1 √2(𝐻𝐺0,1 ± 𝑖⁡𝐻𝐺1,0)⁄  ⁡                 (6.3.2) 

 

These manifest that the generated spatial modes in this system can be numerically retrieved 

by employing a coherent superposition as mentioned in eq. (6.3.1). 

  The maximum red and orange Gaussian output powers were measured to be 965 mW and 

337 mW at a pump power of 3.16 W, corresponding to slope efficiencies of 33.7 % and 

15.7 %, respectively. The red and orange vortex output powers (ℓ = ±1) then reached up to 

808 mW and 211 mW with slope efficiencies of 37.3 % and 16.7 % at the maximum pump 

level. The Pr3+:YLF crystal exhibits the relatively weak emission (13.6 ×10-20 cm2) for 

orange transition compared with that (21.8 ×10-20 cm2) of the red transition, thus, the laser 

exhibited less slope efficiency and higher lasing threshold for 607 nm [8]. Figure 6.7 

summarizes the power scaling of the Pr3+:YLF laser system. 
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Fig. 6.7 Power scaling of the laser system. 

 

6.4 Conclusion  

  Red (640 nm) and orange (607 nm) vortex modes have been directly generated from a 

diode-pumped Pr3+:YLF laser with an off-axis pumping configuration. The generated vortex 

modes can be fully characterized by a coherent superposition of orthogonal HG modes with 

different amplitudes and relative phases. Also, the selective handedness control of the vortex 

beam is achieved only by laterally displacing the OC. Red (640 nm) and orange (607 nm) 

vortex output powers of 808 mW and 211 mW were observed at a pumping power of 3.16 

W. Such compact visible vortex laser sources can potentially explore advanced technologies, 

such as fluorescence microscopes and micro-fabrications with high spatial resolution 

beyond the diffraction limit. 
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7. Bottle beams generated from a frequency-

doubled Nd:YVO4 laser 
  In this chapter, the direct generation of bottle beams with high optical potential 

barriers from a compact frequency-doubled Nd:YVO4 laser with a nearly hemispherical 

configuration is presented. Also, the theoretical analysis, based on the frequency-

doubling of radial-order LG modes, is addressed. Such bottle beams will be potentially 

utilized in 3D optical trapping for light-absorption particles and fluorescence 

microscopes with high 3D spatial resolution.  

 

7.1 Introduction  

  Freegarde et.al proposed theoretically that the superposition of higher order radial 

LG beams enable the generation of bottle beams with high optical potential barrier [1]. 

Intriguingly, the direct generation of higher order radial LG modes from an end-pumped 

solid-state laser with a nearly hemispherical cavity and a tightly focused pumping 

configurations [2] has also been reported. Also, it has been theoretically and 

experimentally reported that the frequency-doubled radial-order LG mode with radial 

index p exhibits a coherent superposition of radial-order LG modes with radial indies 

2𝑝′ for 𝑝′ = 0,1, … , 𝑝 [3].  

  In this chapter, I present the direct generation of bottle beams with high optical 

potential barrier from a frequency-doubled Nd:YVO4 laser with a hemispherical cavity 

and a tightly focused pumping configurations. The generated bottle beam, formed of 

the coherent superposition of frequency-locked radial LG modes, exhibits a 3D dark 

core in the intermediate region between the near and far fields, and it also has several 

times higher optical potential barrier than that mentioned previously [3,4].  

 

7.2 Experiments 

The laser cavity consisted of a 30-mm concave mirror with high reflection for 1064 nm 

(R > 99.8%) and high transmission (T > 95%) for 808 nm, and a 98% reflective flat OC 
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for 1064 nm. The cavity length was then designed to be ~29.2 mm for a hemispherical 

cavity configuration. An a-cut 2.0 at.% Nd:YVO4 crystal with a length of 2 mm and an 

aperture of 10×10 mm2 was used for a laser gain medium, and its apertures were anti-

reflection coated for 1064 nm (R < 0.2%). The crystal was mounted on a water-cooled 

copper block to ensure stable laser operation. Tightly focused pumping configuration 

requires that the pump spot radius should be considerably smaller than that of the cavity 

mode in the gain medium. To satisfy this condition, the crystal was placed within a 

distance of 1 mm from the concave mirror. The cavity mode radius was then estimated 

to be ~240 μm. A 3.0 W 808 nm fiber-coupled laser diode (a core diameter: 100 μm, 

NA: 0.16) was used for a pump source, and its output was tightly focused to be a spot 

with a radius of 25 μm on the crystal.  

 

 
Fig. 7.1 Bottle beam generation from a diode-pumped, frequency-doubled Nd:YVO4 

laser with a nearly hemispherical cavity configuration. 

 

  This system allows us to generate the radial LG mode with p = 1 within the pump 

power region of 1.75–2.40 W (yellow zone), as shown in Fig. 7.2. It is worth 

mentioning that this radial LG mode should include undesired Gaussian mode as an 

impurity owing to the frequency-locking effects between the transverse and 

longitudinal modes of the hemispherical cavity [2]. Such mixed mode operation of the 

system acts as an important role to generate a bottle beam with a high optical potential 



73 

 

barrier. The output power of 130–150 mW was then obtained within a pump power 

region of 1.75–2.40 W. 

 

Fig. 7.2 Output powers versus pump powers. The insets represent the spatial forms of 

fundamental outputs.  

 

  To perform efficient intracavity SHG, the OC was replaced by an OC with high 

reflection for 1064 nm (R>99.8%). Also, a type-II phase matching KTiPO4 (KTP) 

crystal (thickness: 1 mm, aperture: 10×10 mm2) was placed near the OC with the 

distance of d shown in Fig. 7.1. Both faces of the KTP were anti-reflection coated for 

both the fundamental (R<0.2%@1064 nm) and the second-harmonic wavelengths 

(R<0.2%@532 nm). The generated second harmonics was delivered by a relay optics 

towards a CCD camera mounted onto a translation stage. 

  When d ≈ 1.0 mm, that is the KTP was placed near the OC, the generated second 

harmonics showed typically the beam propagation of a bottle beam, namely central 

bright spots appeared in the near and far fields, and a well-isolated dark core surrounded 

by a bright ring-shaped optical field was seen in the intermediate between the near and 

far fields, as shown in the upper row of Fig. 7.3(a) (Rayleigh length zR ≈ 4.8 mm). 

The bottle beam was produced within the pump power region of 2.0–2.4 W (yellow 
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zone) in Fig. 7.3 (d), and its maximum output power of 13.2 mW was then measured at 

a pump power of 2.0 W. It will be possible to further scale the output power by 

refinements of the cavity design and optimization of the thickness of KTP crystal. 

 

Fig. 7.3 (a) Upper row: experimental beam propagation of the generated bottle beam at 

different longitudinal positions. Lower row: theoretical beam propagation for 
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comparison. (b,c) Experimental intensity profiles of the generated bottle beam along 

with the propagation and radial directions. (d) Experimental output powers and spatial 

forms versus pump powers.  

 

7.3 Discussion 

  The wave function of radial-order LG modes 𝛷𝑝,𝑠(𝜌, 𝜙, 𝑧, 𝜑)  with radial mode 

index p and longitudinal mode index s in cylindrical coordinates ( , , z)   is given by 

[5]  

𝛷𝑝,𝑠(𝜌, 𝜙, 𝑧, 𝜑) = √
1

𝜋

1

𝑤(𝑧)
𝐿𝑝 (

2𝜌2

𝑤2(𝑧)
) 𝑒−𝜌

2/𝑤2(𝑧)𝑒−𝑖𝑘𝑝,𝑠𝑧𝑒𝑖(2𝑝+1) [𝜃𝐺(𝑧)+ 𝜑] ,  (7.3.1) 

where 

𝑧̃ = 𝑧 + [
𝑧𝜌2

2 (𝑧2+𝑧𝑅
2)
],                      (7.3.2) 

 

𝑤(𝑧) = 𝑤𝑜√1 + (
𝑧

𝑧𝑅
)2,                    (7.3.3) 

 

𝜃𝐺(𝑧) = 𝑡𝑎𝑛−1 (
𝑧

𝑧𝑅
),                     (7.3.4) 

and 

𝑧𝑅 = 𝜋𝑤𝑜
2/𝜆.                        (7.3.5)  

where 𝐿𝑝(⋅)is the pth-order Laguerre polynomials, 𝑤𝑜 is the beam waist radius,⁡ λ is 

the wavelength, φ is the relative phase among transverse and longitudinal modes at z = 

0, and 𝑘𝑝,𝑠 is the wavenumber. In terms of the effective cavity length L , the wave 

number ,p sk   is given by 𝑘𝑝,𝑠𝐿 = 𝜋[𝑠 + 2𝑝(𝛥𝑓𝑇/𝛥𝑓𝐿)]  , where 𝛥𝑓𝐿 = 𝑐/2𝐿  is the 

longitudinal mode spacing and 𝛥𝑓𝑇 is the transverse mode spacing. It is found [6] that 

when the ratio 𝛥𝑓𝑇/𝛥𝑓𝐿 is close to a simple fraction, the longitudinal transverse mode 

coupling effects should bring about the frequency locking phenomenon among different 

order transverse modes with the aid of different order longitudinal modes. For the 

present cavity configuration, 𝛥𝑓𝑇/𝛥𝑓𝐿 ≈ 1/2, the fundamental lasing mode is formed 

by a family of frequency-degenerate LG modes 𝛷𝑞,𝑁−𝑞(𝜌, 𝜙, 𝑧)  with 𝑞 =
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0,  1,  2, … ,  𝑝⁡as follows:  

 

𝑢𝑝(𝜌, 𝜙, 𝑧, 𝜑) = ∑ 𝑎𝑞 𝛷𝑞,𝑁−𝑞(𝜌, 𝜙, 𝑧, 𝜑)
𝑝
𝑞=0             (7.3.6) 

 

where 𝑎𝑞 is the amplitude of the radial LG mode with 𝑞. The summation ∑ 𝑎𝑞𝑞 =

1is then satisfied. Considering SHG, the frequency-doubled optical field is proportional 

to the square of the incident optical field [7]. Thus, the second-harmonic mode 

𝛹𝑝(𝜌, 𝜙, 𝑧) can be written by the square of the fundamental lasing mode: 

 

𝛹𝑝(𝜌, 𝜙, 𝑧) = 𝜂[∑ 𝑎𝑞 𝛷𝑞,𝑁−𝑞(𝜌, 𝜙, 𝑧)
𝑝
𝑞=0 ]

2
.            (7.3.7) 

 

where 𝜂 is the constant related to the effective second harmonic generation efficiency.  

The second-harmonic optical field of LG mode with p =1 is given by 

𝛹1(𝜌, 𝜙, 𝑧, 𝜑) = 𝜂[𝑎0 𝛷0,𝑁(𝜌, 𝜙, 𝑧, 𝜑) + 𝑎1 𝛷1,𝑁−1(𝜌, 𝜙, 𝑧, 𝜑)]
2
.    (7.3.8) 

Here, 

[𝛷0,𝑁(𝜌, 𝜙, 𝑧, 𝜑)]
2
= 𝜉𝛷0,𝑁

′ (𝜌, 𝜙, 𝑧, 𝜑),               (7.3.9) 

𝛷0,𝑁(𝜌, 𝜙, 𝑧, 𝜑)𝛷1,𝑁−1(𝜌, 𝜙, 𝑧, 𝜑) = (𝜉/2)[𝛷1,𝑁−1
′ (𝜌, 𝜙, 𝑧, 𝜑) + 𝛷0,𝑁

′ (𝜌, 𝜙, 𝑧, 𝜑)

𝑒2 𝑖 [𝜃𝐺(𝑧)+ 𝜑]],                                                  (7.3.10) 

[𝛷1,𝑁−1(𝜌, 𝜙, 𝑧, 𝜑)]
2
= (𝜉/2)[𝛷2,𝑁−2

′ (𝜌, 𝜙, 𝑧, 𝜑) + 𝛷0,𝑁
′ (𝜌, 𝜙, 𝑧, 𝜑)𝑒4 𝑖 [𝜃𝐺(𝑧)+ 𝜑]],  

(7.3.11)  

and 

𝜉 =
𝑒𝑖 [𝜃𝐺(𝑧)+ 𝜑]

[2√𝜋𝑤′(𝑧)]
.                        (7.3.12) 

where 𝑤𝑜
′ = 𝑤𝑜/√2 and 𝑘 ′ = 2𝑘.  

The relationships 

𝐿0(𝑥)
2 = 𝐿0(𝑥),                       (7.3.13) 

𝐿0(𝑥)𝐿1(𝑥) = 𝐿1(𝑥),                     (7.3.14) 
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𝐿1(𝑥)
2 = 2𝐿2(𝑥) − 2𝐿1(𝑥) + 𝐿0(𝑥),              (7.3.15) 

And from the formulas [8,9] 

𝐿𝑢(𝑥) =
1

2𝑢
∑

𝑢!

(𝑢−𝑚)!𝑚!
𝐿𝑢−𝑚

𝑢
𝑚=0 (2𝑥),             (7.3.16) 

are then used.  

The second-harmonic optical field can, thus, be expressed by 

𝛹1(𝜌, 𝜙, 𝑧, 𝜑) = 𝜂′[𝑏0 𝛷0,𝑁
′ (𝜌, 𝜙, 𝑧, 𝜑) + 𝑏1 𝛷1,𝑁−1

′ (𝜌, 𝜙, 𝑧, 𝜑) +

𝑏2 𝛷2,𝑁−2
′ (𝜌, 𝜙, 𝑧, 𝜑)],    

 (7.3.17) 

where 𝑏0 = 𝑎0
2 + 𝑎0𝑎1𝑒

2 𝑖 [𝜃𝐺(𝑧)+ 𝜑] + (𝑎1
2/2)𝑒4 𝑖 [𝜃𝐺(𝑧)+ 𝜑], 𝑏1 = 𝑎0𝑎1, and 𝑏2 =

𝑎1
2/2. 

   

The relative phase  between the transverse and longitudinal modes was determined to 

be 0, arising from the large acceptance bandwidth (~220 nm) of the KTP crystal [10]. 

Thus, the mode components 𝑎0  and 𝑎1  were then assigned to be 0.29 and 0.71, 

respectively, to retrieve the experimental beam propagation of the generated bottle 

beam, as shown in the lower row of Fig. 7.3(a). Also, note that the non-zero relative 

phase  should be considered with the increase of d, that is as the KTP is moved away 

from the OC. 

  There is a good agreement between theoretical analysis and experiments, in which 

the generated second harmonics exhibits a well-isolated and narrow 3D dark spot 

surrounded by a bright optical field in the intermediate region between the near and far 

fields (Fig. 7.3(a)). Such a bottle beam is generated by constructive or deconstructive 

interference of three radial LG modes with p of 0–2 owing to Gouy-phase shift effects. 

Its potential hill slope along the propagation direction was defined as the intensity 

difference of two maximal points divided by the distance between two maximal points, 

and it was estimated to be 0.071 zR
-1. These suggest that this bottle beam with a high 

optical potential barrier will enable the 3D trapping of light-absorptive particles [11,12]. 
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The experimental second harmonics at d =1.8 mm showed a far-field with a dark 

core and a near-field with a bright spot, owing to ~π/4 dephasing between 𝛷0,𝑁 and 

𝛷1,𝑁−1 , thereby losing the properties of a bottle beam. The second harmonics also 

exhibited a near-field with a central bright spot and a far-field with a dark core. These 

experiments are well supported by theoretical analysis.  

 

Fig. 7.4 (a) Definitions of potential hill slope and dark core width of the generated bottle 

beam. Simulated 2D spatial evolution and corresponding spatial forms along 

propagation, radial, and minimum intensity directions. (b) Lower row of the generated 

bottle beam in the present system.  
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Fig. 7.5 Experimental (upper row) and simulated (lower row) beam propagtions of the 

bottle beam for (a) d = 1.8 mm and (b) d = 3.0 mm. 

 

7.4 Conclusion  

  A bottle beam has been successfully produced from an intracavity frequency-doubled 

Nd:YVO4 laser possessing a nearly hemispherical cavity configuration. The generated 

bottle beam showed a well-isolated and narrower 3D dark core with high optical 

potential barrier [3,4]. Furthermore, the beam propagation of the generated bottle beam 

can be theoretically addressed by the coherent superposition of frequency-locked radial 

LG modes.  
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8. Conclusion  
 

8.1 Thesis summary 

I have successfully demonstrated the direct generation of infrared/visible LG beams 

and visible bottle beam from the solid-state laser source.  

  Firstly, a continuous-wave self-Raman Nd:GdVO4 LG mode laser source has been 

demonstrated by employing a shaped pumping geometry formed of an axicon lens and 

a focusing lens. The LG mode operation of 1108 nm or 1173 nm, or both 1108 nm and 

1173 nm was selectively achieved simply by adjusting the OC. 

  Secondly, the red (640 nm) and orange (607 nm) vortex beams have been directly 

generated from a diode end-pumped Pr3+:YLF laser possessing an off-axis pumping 

scheme. This system also enables us to generate versatile structured light fields 

representing a coherent superposition of HG modes with different amplitudes and 

phases. 

  Thirdly, the bottle beams, consisting of the superposition of different radial LG 

modes, has been produced from a frequency-doubled Nd:YVO4 laser with a tightly 

focused pumping and a nearly hemispherical cavity configurations. 

 

8.2 Future work_ frequency extension of ultraviolet vortex 

laser sources  

The aforementioned structured light laser sources can be extended to develop UV 

structured light sources via nonlinear frequency conversion. 

For instance, the UV (261 nm, 304nm, 320 nm, and 360nm) vortex sources based on 

an intracavity frequency-doubled Pr3+:YLF vortex laser with a −BaB2O4 (BBO) 

crystal will be developed, as described in Fig. 8.1. These UV vortex laser sources will 

explore advanced technologies, such as micro-fabrication and scanning microscopes 

with high spatial resolution far beyond the diffraction limit. 
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Fig. 8.1 UV Pr3+:YLF vortex laser. 
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