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Abstract
This expository article will focus on the general (dis) equilibrium aspects
of John Maynard Keynes’ General Theory to provide a fixed-point characteri-
zation of macroeconomic equilibria. As an immediate consequence of our
fixed-point characterization, the quantity adjustment process known as the
“Principle of Effective Demand” will be identified as the counterpart to the
Debreu mapping which represents the tatonnement process in the traditional

general equilibrium analysis.

1 Introduction

This expository article will focus on the general (dis) equilibrium as-
pects of John Maynard Keynes’ General Theory to provide a fixed-point
characterization of macroeconomic equilibria. As an immediate conse-

quence of our fixed-point characterization, the quantity adjustment

% Dedicated with many thanks to Professor Emeritus Masayuki Iwata on his re-
tirement from Chiba University. This exposition might have constituted one of
the subject matters of conversations in the Departmental Coffee Lounge I en-
joyed so much with Professor Iwata.
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Fixed Point Structure of the “Principle of Effective Demand”

process known as the “Principle of Effective Demand” will be identi-
fied as the coun.terpart to the Debreu mapping which represents the
tatonnement process 1n the traditional general equilibrium analysis.

Indeed, this finding is not surprising at all when one recalls the simi-
larity between the 2-dimensional diagram of Brouwer’s Fixed Point
Theorem and the so-called 45 degree line analysis, which is a standard
textbook treatment of the “Principle of Effective Demand.” We have
obtained our insight from the self-fulfilled nature of the effective de-
mand, ie., the effective demand is the market-clearing expectation
among the entrepreneurs’ expected aggregate demands out of the in-
come computed as the monetary value of their aggregate supply.

As a general (dis)equilibrium model, one of the major virtues of
Keynes’ analysis is the emphasis on “spill-over” effects between such
aggregate markets as the labor and commodity markets with a resort
to the added simplicity made possible by his innovative aggregation of
economic activities in many interrelated markets into three markets:

Commodity, Money and Labor Markets.

I have called my theory a general theory. I mean by this that I
am chiefly concerned with the behaviour of the economic system
as a whole, — with aggregate incomes, aggregate profits, aggre-
gate output, aggregate employment, aggregate investment, aggre-
gate saving rather than with the incomes, profits, output, employ-
ment, investment and saving of particular industries, firms or in-
dividuals. And I argue that important mistakes have been made
through extending to the system as a whole conclusions which

have been correctly arrived at in respect of a part of it taken in
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isolation. [Keynes (1973, p. xxxi, Preface to the French Edition) ]

The usual presumption of the economy-wide ex post “identity” of
produced, distributed and expended monetary values is nothing but
the Walras Law. Therefore, the commodity, money and labor markets
are linearly dependent, and if any two of the three markets are in
equilibrium, then automatically so is the third market. Throughout the
present exposition, I shall follow the ordinary textbook treatment and
drop the labor market from our formal analysis. The unemployment
problem in the labor market will be taken care of indirectly as re-
flected in the commodity and money markets.

Of related interests, Uzawa (1962) noted the equivalence of Exis-
tence Theorem of general equilibria and Brouwer’s Fixed Point Theo-
rem, ie., not only Brouwer’s Fixed Point Theorem, in its generalized
form by Kakutani (1941), implies existence of general equilibria as
fixed points of the Debreu mapping which idealizes the tatonnement
process, but the converse is also true. Nikaido (1975) has successfully
exploited a similar insight to ours, the self-fulfilled nature of effective
demand, to construct an “objective demand” in the general equilib-

rium analysis of monopolistic competition.

2 Keynes’ Theory of Employment or The Multiplier

Unlike Keynes who worked directly on the labor market to develop
the general theory of employment, we shall first single out the com-
modity market, which is the range of the aggregate supply function or

the aggregate demand function rather than their domain. Because of
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Fixed Point Structure of the “Principle of Effective Demand”

this difference, our aggregate supply and demand functions, to be in-
troduced below, differ from their original characterization due to

Keynes (1936, p. 25) who defines:

Let Z be the aggregate supply price of the output from employ-
ing N men, the relationship between Z and N being written Z =
¢ (N), which can be called the aggregate supply function®. Simi-
larly, let D be the proceeds which entrepreneurs expect to re-
ceive from the employment of N men, the relationship between N
and D being written D =f(N), which can be called the aggregate

demand function.

In the preceding quotation, the “aggregate supply price of the out-
put” may read as the “monetary value of the aggregate supply” in
the current terminology, and the “proceeds which entrepreneurs ex-
pect to receive” as the “expected monetary value of aggregate de-
mand.” It also merits emphasis that, pertaining to the expected pro-
ceeds, Keynes might very well have been aware of the underlying
fixed point structure when he idealized the self-fulfilled expected pro-
ceeds by his effective demand, and the interium adjustment by his
multiplier process.

We may justify our choice of the commodity market by assuming
away the crowding-out of investment and focusing on the case where

investment 7 is independent of the interest rate r. In Section 3, we will

1) Its inverse N= ¢ (Z) will be taken up again as the employment function to
relate the effective demand with the employment demand [Keynes (1936,
Chapter 20) ].
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introduce the crowding-out feature and take up the case with I (r).

The “Principle of Effective Demand” may be summarized in terms

of standard notation as¥:

C(Y)

Consumption will depend on the level of aggregate income Y,
the relation of which is governed by the psychological character-

istic of the community, ie. its propensity to consume. [Keynes
(1936, p. 28, (2))]

The effective demand is “the sum of two quantities, namely C (Y),
the amount which the community is expected to spend on con-
sumption, and 7, the amount which it is expected to devote to
new investment.” [Keynes (1936, p. 29, (3))] In the context of a
full-fledged open mixed economy, in addition to C (¥) and I, the
government expenditure G and the export demand X constitute

D(Y).

The aggregate supply Y is determined by “C(Y)+I=D (Y)=
Y.” [Keynes (1936, p. 29, (4))] In an open mixed economy, the
aggregate supply includes the tax revenue 7-: (the supply from
the economic activities of the private sector in the previous year
—1) and the import M (the supply from the foreign countries)
as well as the GDP Y (the domestic supply).

2)

(657)

By focusing on the commodity market, we have managed to eliminate some
of the proposed steps [Keynes (1936, pp. 28 and 29, Propositions (1), the
second half of (3), (5), (6), (7) and (8))]. These eliminations have helped to
reveal the bare bones of the Principle of Effective Demand.
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It is worth emphasizing that the Principle of Effective Demand Y =
D (Y), “demand creates an equal amount of supply,” in words, con-

sists of two propositions:

1. “Demand creates supply,” ie. the aggregate supply is some func-

tion ® of the aggregate demand Y=& (D (¥)) in short,

and

2. “Creates an equal amount of,” ie., the function ® takes a special

form, the identity map idg: R—>R defined by idg(x) =x for all x €R.

Therefore, Y=D (Y) for all D (Y) €R.

2. 1 A Quick Review of General Equilibrium Analysis

In order to be self-contained, we will summarize relevant equilib-
rium existence results. For more detail and precision, the readers are
referred to the dictum by Gerard Debreu (1959).

A (contingent) commodity is a good or a service characterized with
reference to commodity characteristics (commodity differentiation),
date of delivery (intertemporal transactions), events or states (uncer-
tainty), and location (urban economics).

A commodity bundle x is a specification of the quantity for each com-
modity. Every commodity bundle can be represented by an element
in the commodity space X, ie, x€X X could be (non-negative subset
of) any linear space £,, eg, R., R, X (NU {0} )-1((1—1) indivisible

commodities with a requisite of the presence of (at least) one per-
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fectly divisible commodity); R.., the space of real-valued sequences
(e.g., for intertemporal consumption streams over a countable infinite
horizon), or its bounded subsets bd (R,.) and [,; £, the space of | | -
norm bounded functions; or £, the space of square integrable func-
tions in finance.

A consumption set X is a subset of X, i.e, X CX. The distinction of the
consumption set from the underlying commodity space is particularly
important when each consumer has a different and/or nonconvex con-
sumption set.

A preference relation (preferences, preference (pre) ordering) is defined
by (X, >) where > is a binary relation on X, i.e, >C XXX or > €
P(X XX ), the power set of X XX. Let P denote the space of preferences
satisfying the following conditions: Let x, y, z € X. (i) Irreflexivity: x »*
x; (i) Transitivity: x >y Ny > z = x > z and (iii) Continuity:
{(x,y) x> yl is open relative to (X, 7).

Define two subsets of . > € B, satisfies in addition (iv) (Strict)
Monotonicity: x> (or>) y = x > y; and > € P, satisfies (v) Convex-
ity: Ix € X|x > z} is convex for every z€X.

Let A be the space of agents. A finite exchange economy iS a mapping
€ : A—>PXX, where |A| is finite. Let >. be the projection of E(a)
onto P, and e(a) the projection of Z(a) onto X. (X (a), >.) is the
preference of agent a, and e (a) her initial endowment. In short, for
€A, E(a) is the consumer’s characteristics of agent a.

A price p is chosen from A, a compact and convex subset of the
dual of x.

For an agent a €A, her budget set is B (p, a)={x € X (a) | px=<

p.e (a)}.
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The (individual) demand set of agent a is the set of maximal ele-
ments in B (p, a) with respect to >, or >,maximal in B (p, a) in
short, ie,

D(p,a)=1x€B(p.a) | (Vy€X(a))y>.X = py>p.ela)l,
or in net terms, her net (or excess) demand set is
d(p.a)=D(p,a)—ela)
={x—ela) | x€B(p,a), (VyEX(a))y>.x= py>pela)}.

Let W(E) be the set of competitive equilibrium (or Walrasian) alloca-
tions. f € W(E) if there exists p € A such that

(1) (Va€A)f(a) € D(p,a), orfla) —e(a) €d(p, a);
and

2) 3 fla)< 3 ela).

e acA |

Given a finite exchange economy £: A—®XX with |A| = n, let the

excess demand D: A—X U (—X) be defined by
D(p)=3d(p, a)

a€A

=2 iz € XU(—-X) Ip.zSO,(VyEX)y >, z+ela)

aca
= p.y>p.ela) _
Define an exchange process p: A— A by the Debreu-mapping
rP)=1tqe Al (VpeEA)qD(p)2p.D(p) |
=1qe Al (VpEA)(qg—p).D(p) 20|
In words, “g maximizes ¢.D (p) over A.” This is another way of char-
acterizing the tatonnement process, alternative to the more familiar
form: g=p+ ¢ (D (p)), where ¢ is sign-preserving, and D (p) is

single-valued.
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Theorem 2.1 (Brouwer’s Fixed Point Theorem) [Knaster, Kuratowski

and Mazurkiewicz (1929) ]

Let S CR' be a nonempty, compact and convex subset, and f: S —S a con-

tinuous into-itself function. Then, f has a fixed point x* such that x*=f(x*).
p

Theorem 2.2 (Kakutani’s Fixed Point Theorem) [Kakutani (1941) ]
Let S CR! be a nonempty, compact and convex subset, and f: S—S an up-

per hemicontinuous into-itself correspondence, which is nonempty- and convex-

valued for all x €S. Then, f has a fixed point x* such that x* €f (x*).

The existence of competitive equilibria W(E) #© is translated as
the existence of fixed points for the Debreu mapping, ie. p* € u (p*).
Theorem 2.3 Let E: A—Pu X R4 be such that S, e(a) > 0 and W(E) +Q.

acA

Let p be the nontrivial price associated with f € W(E). Then, p> Q.
Proof: Suppose otherwise, ie, (€ {1, ... ,})[p'=0]. Since p is non-

trivial and Seeae (a) >0, (Vf € W(E))(3Fj €11, ... . 1}) [p'+0].
Define g (a) by

>, for sufficiently small € >0, g (a) > f(a). However, p.g (a) =

i
> pifila) —ple=p.e(a) —p'e<p.e{a), a contradiction to fEW(E). M
k=1
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Theorem 2.4 Let Tcon be the convex exchange economy obtained by restrict-

iNg Pro 10 Puo(\ Peon in the definition of ‘E in Theorem 2.3. Then, there exists

pEA={peRY |lIpl «<1, p>0} and an allocation f(a) €d (p, a) for
all a€A.
Proof: Let
A,:'pEA | pZLe
Vn
and

x={x€R [Ix 1 < (n*+n)max| le() I |acal |.
Define ¢: A'XX—A'XX by
¢(p,x)=p(p)XD(p)=1(gq,y)|lyED(p), g maximizes ¢.x over A’ |.
Then, D (p) CX. ¢ is convex-valued and upper hemicontinuous. By
Kakutani’s Fixed Point Theorem (Theorem 2.2), ¢ has a fixed point
(p, x) € $(p, x) such that x€ED (p) and gx<px<0Oforallgen’”. N

2. 2 Fixed Point Characterization of the IS Equilibrium

It is imperative to note the dual nature of GDP Y being “income” on
which C (Y) the consumption demand depends on the one hand, and
“aggregate supply” on the other that is generated by the effective de-
mand D (Y)=C (Y) +I so that Y =D (Y).

Therefore, on the diagram with the horozontal Y-axis and the verti-
cal D-axis, to be precise, the aggregate supply Y =D (Y) is depicted as
the 45 degree line against the vertical D-axis.

The equilibrium GDP Y * is determined at the intersection of the ag-

gregate supply, as represented by the 45 degree line, and the aggre-
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gate demand ie. such that Y*=D (Y*)+7 and I=Y*—C(Y*) =
S (v*) (The IS Equilibrium).

In this exposition, we will introduce yet another characterization:
Y* may be reckoned as the fixed point of the single-valued effective
demand function D (Y), ie, Y*=D (Y*). This characterization turns
out to be particularly convenient when one attempts at an interpreta-
tion of the “Principle of Effective Demand” in terms of fulfilled expec-

tations (See the Remark 2.2).

Theorem 2.5 Let Y, be the full employment GDP. Consider the effective de-
mand function D L0, YF]—>[O, YF] defined by D (Y)=C(Y)+I Then, there

exists an IS equilibrium Y * such that =8 (Y*).

Proof: The closed interval [0, Y] is a compact and convex subset of R,
and the effective demand function D: [0, Y,]—[0, ¥,] is a continuous
into-itself function. By Brouwer’s Fixed Point Theorem (Theorem
2.1), there exists a fixed point Y * for D, ie, Y*=D (Y *).

Since the fixed point Y * for D satisfies Y*=D (Y*)=C(Y*)+1,1=
Y*—C(Y*)=5(Y*), and consequently Y* also qualifies as the IS

equilibrium. |

Remark 2. 1 Our confinement of Y to [0, Y] may be justified with ref-
erence to the following quotation from Keynes (1936, p. 28) who
claims to the same effect in terms of levels of employment:
This level [of employment] cannot be greater than full employ-
ment, ie., the real wage cannot be less than the marginal disutil-

ity of labour.
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Remark 2.2 The adjustment process is conceived as follows: Suppose
initially ¥,<D (¥,), ie. the aggregate supply ¥, somehow falls short of
the effective demand D (¥,). Then, First Round: Aggregate Supply
Y 1 (¥,~Y,) [By the “Principle of Effective Demand,” the “realized”
income is ¥,=D (¥,))] => D (¥) t (D(Y,)—D (¥,)) = Second Round:
Yyt (y,—r,(=bp(v)))=bD(Y)t (D(Y,)—>D(Y,)) =... >n-th
Round = ... . This process will continue until the excess aggregate
demand is eliminated, ie, Y*=D (Y*). At Y*, the aggregate supply
coincides with the effective demand that is the self-fulfilled or market-
clearing one among the entrepreneurs’ expectations of aggregate de-
mand out of the income computed as the monetary value of their ag-
gregate supply.

Alterrnative representations of this adjustment process are:

i. Differential Equation: Y=« [(C(Y)+I)—Y| =« [I—S (V)]
with 0< « <1. This is a special case of the characterization to
be given in the subsequent Section 3. 1.

ii. Multiplier: Denote Y*—Y,=AY (“Total” Increment), AY,=Y,
—Y,=D (¥,) —¥, (Increment in the First Round), AY,=Y,—Y,
=cAY,=c(D(Y,) —Y,) (Increment in the Second Round), ... ,
AY,=Y,—Y, =cAY,_,=c" (D (Y,) —Y, (Increment in the n-

th Round),... . Then, AY= 3 AYnZ—l—l:;(D(YO)—YO),
n=1

where ¢ is the marginal propensity to consume and is the

multiplier [Keynes (1936, p. 115) 1.

1
1 —c

Remark 2.3 The spill-over effect of the deflationary gap Y.—Y* is re-
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flected as the involuntary unemployment to the amount of N,—N*=
¢ 1(¥,) — ¢ (Y*) in terms of the employment function § ' defined

in the footnote 1.

3 The IS-LM Model

The contemporary characterization of the IS—LM equilibrium due to
Hicks (1937) elucidates Keynes’ analysis, perhaps too much simplified
for some critics. Hicks’ underlying methodology is expounded verbally
in his subsequent book (1946, Chapter V, 4.), the mathematical con-
tent of which may be summarized as follows:

Let x and y be the state variable representing the interrelated X-

- market and Y-market, respetively. Suppose the adjustment process of

de(t) _ . _
dr =Dy X — Y (X, y)

each interrelated market is characterized as:

and y= ¢ (x, y). Then, the system-wide stability reduces to the stabil-

ity of the simultaneous differential equations

!izx(x,ﬂ
y=¢(xy)

In particular, the general equilibrium (x*, y*) satisfies
[ y (x* y*) =0
¢ (x*,3*)=0
Let = denote the exchage rate in the denomination of home curren-

. 1
cy. Its inverse ~ measures the strenghth of the home currency. De-

note by Y, the level of GDP in the rest of the world. We simplify the

(665) 313



Fixed Point Structure of the “Principle of Effective Demand”

present analysis of IS—LM equilibrium by assuming both variables ex-

ogenously given®.

3.1

)

Dynamic Adjustment Process of the Commodity Market

=y—cC(y)

———

Y=a{| I1(— s¥) |+| G-T.

Private Balance Fiscal Balance

b X ) ()

T

Current Balance

C(Y)+I(r)+G+X(71T*, YW) . Y+T—1+M(%,Y> i

a

Aggergate Demand Aggergate Supply
0<a<1

® This process is a dynamic version of the Principle of Effective

Demand in that the excess effective demand creates new sup-

3)

4)

314

Although we refrain from pursuing it here, it is certainly possible to incorpo-
rate the determination of » by introducing, in addition to those in Sections
3.1 and 3.2, the third differential equation which specifies the adjustment
process of 7 in response to the balance of payment :

7%:7[)( r—rWH;O<y<1,

where K (r*rw) denotes the (Long—Term) Capital Balance, the net flow of
capital in response to the difference between domestic and foreign interest
rates, the latter of which r_ is taken to be exogenously given under the small

+K

Ly o[ Ly
s T

country hypothesis.

The rate of interest r(=marginal efficiency of investment) = investment
demand 7 (r) | = For I=S, saving S (Y) | @ GDP Y |
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ply.
o Y=0 yields the IS-curve, which is downward-sloped on the

(Y, r) plane®.

3. 2 Dynamic Adjustment Process of the Money Market
Given the exogenously determined money supply M, the adjust-
ment of interest rate r reflects the excess demand for money, ie.,
r=p LY, r)—My); 0<p<1
where L(Y, r) =L, (Y)+L,(r) with L,(Y) being the transaction-cum-
precautionary demand for money, and L,(r) its speculative demand.
® This is a regular price tatonnement process.
® The LM-curve, corrsponding to r=0, is upward-sloped on the

(Y, r) plane®.

3. 3 Fixed Point Characterization of the IS—LM Equilibrium

Theorem 3.1 Let Y, be the full employment GDP. Denote by r, the “liquid-
ity trap” interest rate, and by r the upper bound on the permissible values of
interest rate r.

Define the net effective demand function (“net” of T and M) D: [0, Y] X
[r, 71=[0, Y1 X[r, 71 by D(v, r)=C(Y)+1(r) +G —T+X —M. De-
fine also the excess demand function for money 1. [0, Y] X [r, r]1—1[0, Y,]
X[r.r]l byl (Y, r)=L(Y,r) —M,

Then, there exists an IS—LM equilibrium (Y *, r*) such that

5) rt (& security price + ) = Traders anticipate no further drop of the secu-
rity prices (Bull Market [Opposite: Bear Market]) = Purchase of securities <
L(r){ = For L=M,L(Y)=—L(r)} = GDPY!
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(1) Y*4+TH+M=Cc¥*)+I1(*)+G
(2) L(Y* r*)=M,

Proof: Define the interest rate tatonnement process A: [0, Y] X[r, r]—
[0, Y] by
A(Y,r)=1r"lIr" maximizes r".1(Y, r) over [r, rl}.
Define A: [0, Y] X[r, r]=[0, Y] X[r, 7] by A(Y, r)=D (¥, r)N
A (Y, r), e,

, Y =D (Y, r), r maximizes r . (Y,
A(Y,r)z (Y,r) ( r) g d ( r)

over [ru, 7]

Then, A is convex-valued and upper hemicontinuous. By Kakutani’s
Fixed Point Theorem (Theorem 2.2), A has a fixed point (Y*, r*) €
A(Y* r*) such that Y*=D (Y*, r*) and r. [(Y*, r*)<r* 1(Y* r*)
<0 for all r € [r, r]. Therefore, (1) and (2) follow. H

References

[ 1] Debreu, Gerard (1959): Theory of Value: An Axiomatic Analysis of Economic Equilibrium.
Cowles Foundation Monograph, 17. New York, NY: John Wiley and Sons.

[2] Hicks, John Richard (1937): “Mr. Keynes and the ‘Classics” A Suggested Interpreta-
tion.” Econometrica, 5. 147-159.

[ 3] Hicks, John Richard (1946): Vaiue and Capital: An Inquiry into Some Fundamental Prin-
ciples of Economic Theory, Second Edition. Oxford: The Clarendon Press.

[4] Kakutani, Shizuo (1941): “A Generalization of Brouwer’s Fixed Point Theorem.”
Duke Mathematical Journal, 8. 457-459, Reprinted in: Peter Newman (Ed.) (1968): Read-
ings in Mathematical Economics. Vol. I Value Theory. Baltimore, MD: The Johns Hopkins
University Press. 33-35.

[5] Keynes, John Maynard ([1936] 1973): The General Theory of Employment, Interest and

316 (668)



TRARFE BEWE $10%%E 35 (20044E12H)

Money. The Collected Writings of John Maynard Keynes, Vol. VIL London: Macmillan,
Cambridge University Press for the Royal Economic Society.

[6] Knaster, Bronislaw, Casimir Kuratowski and Stefan Mazurkiewicz (1929): “Ein
Beweis des Fixpunktsatzes fiir n-dimensionale.” Fundamenta Mathematica, 14. 132-137.

[ 7] Nikaido, Hukukane (1975): Monopolisitic Competition and Effective Demand. Princeton
Studies in Mathematical Economics, Vol. 6. Princeton, NJ: Princeton University Press.

[8] Uzawa, Hirofumi (1962): “Walras’ Existence Theorem and Brouwer’s Fixed Point

Theorem.” Economic Studies Quarterly, 8. 53-62.

(Received: September 7, 2004)

(669) 317



