On the ring structure of SK.,

By
Hiroaki KOSHIKAWA

1. Introduction.

In[ 4 ], Kosniowski proved that unoriented cutting and pasting ring is the integral
polynomial ring on a real projective space RP2. In this paper we shall study the
oriented case.

Let M" be a closed oriented manifold and let L”"*cM?” be a closed oriented
submanifold of codimension 1 with trivial normal bundle. If we cut M open along
L, we obtain a manifold M’ whose boundary is the disjoint union L+ (—L) of two

(oppositely oriented) copies of L. By pasting these two copies together again in a
different way (respecting orientation) we obtain a new closed oriented manifold N~
Then we say that N has been obtained by cutting and pasting or,briefly,by SK

(Schneiden und Kleben) from M. If N has been obtained from M by a sequence of
cuttings and pastings, then we say that M and N are SK equivalent. Disjoint union
makes the set of these equivalence classes into an abelian semigroup. The
Grothendieck group of SK equivalence classes of the n-dimensional closed oriented
manifolds is denoted by SK,, elements of which are denoted by[M"]. (In this paper
we denote the oriented cobordism classes by [M”] )

Using cartesian product of manifolds as multiplication, we get a graded ring SK «

= nzgﬂSKn. Then we have the following theorem : -

THEOREM. For the oriented cutting and pasting ring SK,,

SKL Q2[4 1=Z[5[[$,[CP4)/8

k
where @ is an ideal ([S?] [CPZ]"—;—,,[SZJZ’““) for k=1.

We examined how the elements of oriented cobordism ring appear in the SK
theory. We, thereby, have shown that the ring structure of SK , is deduced from
cobordism ring. Our method is the same as [4]. However,in this paper, we used
some results of the cobordism structure with semi-free S'-actions.

Throughout this paper, manifolds will be smooth, orientable, and compact unless
otherwise stated.

2. Preliminaries.

First of all we recall the following facts about SK, that will be used later ([ 2],
[4]).

1) [S']1=o0. |

(2°) If M is a total space of the fibre bundle over S* (resp. CP”) with typical
fibre F then [M]=[S"][F] (resp.[CP"][F])
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(3°) If M, and M, are oriented n-dimensional cobordant manifolds then [M,]=
[M,] +%(x (M,) — x (M) [S"] in SK,, where x (M) is Euler characteristic of M.

(4°) Let TorQ, be the torsion part of Q,, then TorQ,c.#,. Where %, is the
subgroups of all elements which admit a representative M” such that M” is a total
space of the fibre bundle over the circle S

Next we define a semi-free S'-action on a complex 2k dimensional projective
space CP?* as follows. Let define ¢ : S!XCP?** — CP?* by & (A,[20:21: " : Z2)) =
[2o:21: A2y : 1222, where 1eS' and [z,:2,:---:2;,] eCP?*. Then ¢ is a semi-free
S'-action with the fixed point set CP*+CP2%-2, Let v?*! and v? be the complex
normal bundles to CP' and CP?*°2 respectively, and let 4 be the trivial complex line
bundle over CP! or CP?*~2, Let CP(v?* '@ 6) and CP (v*@ #) be the complex
projective bundles associated to v?*'@ 6 and v? @ @ respectively. Then we have
the following lemma.

LEMMA (cf.[ 3] Lemma 2.2)

[CP2%] = [CP(v**'®0) ], + [CP(v*D0) I - ,

PROOF. We consider the S'—actions (¢;, D*XCP?*) and (¢.,D**XCP?*) , where D?
is a two dimensional disk and

$: (4, (z,w))= (Az,w)) ,
$: (4, (z,w))= (Az, (1, W)),
for 1eS*, zeD? weCP2?* The fixed point set of ¢, is 0 XCP?* and the normal
bundle to the fixed point set is a trivial comlex line bundle. The fixed point set of
. is 0x (CP'+CP?*72) | and the normal bundle to the fixed point set is v?*'@§# and
v’ @0. Define an equivariant diffeomorphism f:S'xCP?* — S!'XCP?* by f(1,w)= (4,
é(A,w)) for 1eS’,weCP?%,
We adjoin (¢, D*xCP?*) to (¢,,D*x<CP?*) along their boundaries via f. Then we
obtain an oriented closed manifold I'(CP?**) = §? >§lCP” with semi-free S'-action. Let
N denote the equivariant open tublar neighborhood of the fixed point set in I'(CP?*) .
Then I'(CP?*) —N has a fixed point free S!'—action, so the quotient I' (CP?*) —N/S!
is an oriented manifold with boundary CP?* and CP(»?*'@48) +CP (v?*P0) . qg.e.d.
3. Proof of the Theorem.
LEMMA 3.1.[S%"] = 2,}_1 [S?]" in SK,.
PROOF. By[ 2],

2[S*]if k is even,

0 if k is odd.
So we have [SZ"”]:%[S”XSZ]: %[S“] [S?]. Then we have the lemma by
induction. q.e.d.

PROPOSITION 3.2. If M” is cobordant to zero or to a representative of the
torsion element in Q, then

M = { Six (M [$* if n=2k,
0 if n=2k+1.

[S*X S *] = {



On the ring structure of SK,

PROOF. (i) If M”" is cobordant to zero then M"~S” in Q,. .
(a) If n=2k+1 theny (M) =x(S") =0. By (1°) and (3°) , we have [M]=[S?**']=[CP*].
[S']=0 in SK« ,because S***! is a fibre bundle over CP* with the fibre S! and
[S']=0.
(b) If n=2k then x(5*)=2 and by (3°)

[M] =[]+ 2-(x (M) — £ (5%) [5*]

=52 (VM) [S*] = -5 2 (M) [$7)*
(ii )If M” is cobordant to M, with [M,] q€Tor Q then by (4°) M, is cobordant to a
total space M, of the fibre bundle over S' with some fibre F. Then [M,]=[S!]-
[F]=0 and x (M,)=x(S")x (F)=0. So by (3°) we have [M]= —;—x (M) [S7].
Therefore we have the same conclusion as (i) . q.ed.
PROPOSITION 3.3. In SK,, we have
[CP#] = [CP*] [CP*~#] — 2k 51 for k1.
PROOF. By (3°) and Lemma, we have
[CP#¥] = [CP (v**'d8) +CP (v*P9) ]
45 {2 (CPM) —x (CP(+*"'®6) +CP(v"®#)) } [5*]
=[CP'][CP?* '] + [CP**2] [CP?]
+—;— {x (CP*) —x (CP") g (CP**1) — x (CP**2)  (CP?) } [S*]
=[S*][CP**1] + [CP***] [CP?] +2(1—2 k) [S*],

where CP?*7! is a cobordant to zero, because all Pontrjagin numbers and Stiefel-
Whitney numbers of CP?*7! are zero.
Therefore from Proposition 3.2, we have

[CP2k—l:| _— 22(12_” [SZ] Zk—l'

Also by Lemma 3.1, we have

(S = ot [$71%

These make the proof of Proposition 3.3 complete.
REMARK. Let SK, be SK, factored by the cobordism relations, then [CP?*] =
[CP?]-[CP**%]in SK,.,. This equality has been originally obtained by Janich ([1]).
So our Proposition 3.3 is a generalization of it.
k_ol—
COROLLARY. 3.4. [CPZk]:[CPz]k—"’—%

PROOF. We can obtain the following equality by Proposition 3.3,

[S2]2%
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Well (CP?)*1- i (S?)2#*D is cobordant to zero. Thus |

[CPZk] — [CPZ] k__ [CPZ] k—1— 1[82] 2(l+l)
_1...
[CPZ] k—1— l[SZ] 2(1+1)— 2:2(}3— 5 [82] 2k
by Proposition 3.2. Therefore we have
k 1 ‘_1, s
[CP*] = [CP7]*— sk (2 57) [§7]

31 gk_9k—]

—[CPZ] 22(k~1) : 4 3k— : [Sz]“
—[CPY*— —222}5*—1[52]”.  ged

Let H,.» (Im<n) denote a hypersurface in the product CP’*X_CP". ‘This hypersurface
is defined by the equation ' » ‘ |
ZoWo+Z Wy +-ee-er +ZnWn=0, , , S
where[z,: 2, : :z2,] eCP™and[wo : Wy [ -+ ‘W] €CP”. Then H,, is an oriented
2(m+n—1) dimensional submanifold of CP"xCP” and also a CP*'—bundle over CP™
with the canonical projection H,,, — CP™  Therefore we have [H, ,]=[CP™].
[CP™ '] in SK,,and so we have next equalities. '

PROPOSITION. 3.5

S+t __ t
[H2s,2t+1]:[CP2]s+t—3 : (2252—(:_12) <2 +1 [SZ]Z(s+t)

[stzz] = %}%— [SZJ 23+2t~1’

1
[Hgsﬂyzﬁ_l] = (S_+12l2(_(£7)i—1_)[52] 2542841

| S+t rariaes
Fosrai) = S sy,

PROOF. We can immediately calculate these equalities by Proposition 3.2 and
Corollary 3.4. : g.ed.
From the above results we have the following main theorem.

THEOREM. For the oriented cutting and pasting ring SK,;

SK,R2Z[41=2[5[[S1,[CP71/8,

. k
where & is an ideal ([S?] [CPZ]"—-;—,,[SZ]“‘“) for k=1.

PROOF. For any element [M”]eSK,, M”" is cobordant to a manifold which can be
expressed as a homogeneous polynomial of degree n in the generators x; of Q ,
Now we recall that Q ,/TorQ , is generated by even dimensional complex projective
spaces CP?™ and hypersurfaces H,,,. Therefore each x; is represented by some even
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dimensional projective space CP?™, some hypersurface H,. . or some torsion element

in Q ,. Hence, from the results which has calculated above , we see that any

homogeneous polynomial in the x; is SK equivalent to a polynomial of QSZ] and

[CP?] over Z[%]. Well, S*x (CP?)* is cobordant to S***2, so [S?] [CPz]kzé?’z—k[S"']z"“

by Proposition 3.2. We have no any other relations, because Euler characteristic

and signature are SK-invariants. Therefore the proof of the Theorem is completed.
qg.ed.
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