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は じめに

こ の 報告書は ､ 文部科学省科学研究費補助金(基盤研究( C)(2)) の 交付を受けて ､ 平成

1 1 年度か ら平成 1 4 年度 の 4 年間に実施された研究 ｢ 局所環の フ ル と レ ー シ ョ ンと附随す

る次数付 き環 の研究｣ に関す るもの で ある ｡

本研究は ､ 可換環論 にお ける主要なテ
ー

マ の ひ とつ で あるblo w -

u p 代数の環構造の解析

を目的とするも の で あり､ 研究代表者 ･ 西田康二 が中心 とな っ て研究分担者と密接に連絡

をとり つ つ 行われたが ､ 必要に応じて , 外部か らの研究協力を得る こ と とな っ た. 研究費

の 多く の 部分は､ 研究連絡の ための旅費と計算機等の 設備備品費に使用 し, 研究環境の 充

実 を図 っ た｡

この 様な 4 年間の研究の結果 ,
一

般の フィル トレ
ー ショ ンに解析的差異を導入 し､ bl o w - up

代数の 研究を進める とい う当初の 計画は概ね達成する こ とがで きた ｡ 特に , 解析的差異が

1 以下で ある様なフ ィ ル トレ ー シ ョ ンに対しては ､ 附随す る次数付き環の C o h e n - M a c a ul a y

性 を判定す る実用的な判定法を与え , 具体的な応用 も見出す こ とに成功 した｡ 又 , 解析的

差異が高い 場合 にも, イデア ルの べ き乗が定めるフィ ル トレ ー シ ョ ンに対 して満足の い く

結果が得 られた｡ こう した研究成果 の詳細 につ い て は､ 本文 の ｢研究成果｣ の項を参照し

て い ただきたい ｡

本研究の 推進 に当たっ て は, 分担者の みならず､ 数多くの 研究協力者や大学院生の お世

話 になっ て い る ｡ こ こ に記して感謝の 意を申し上げたい ｡
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(6) 研究発表

学会誌等

● K oji N is hid a , H ilb e rt - S a m u el f u n cti o n a n d G r o i h e n di e c k g r o u p , P r o c .

E di n b u r gh M a t h ･ S o c . 4 3 (2 0 0 0) , 7 3 - 9 4 ･

● K oji N is hid a , O n i k e i n t eg r al cl o s u r e s of c e r i ai n id e als g e n e r a t ed b y

r eg ul a r s e q u e n c e s , ∫. P u r e A p p l . A lg e b r a , 1 5 2 (2 0 0 0) , 2 8 9
- 2 9 2 ･

● K oji N is h id a , O n Blt r a ti o n s h a vi n g S m all a n aly ti c d e vi a ti o n , C o m m .

A lg e b r a , 2 9 (2 0 0 1) , 2 7 1 1 - 2 7 29 ･

● K oji N is hid a , H ilb e r t c o eBi ci e n is a n d B u c h s b a u m n e s s of a s s o ci a t e d

g r a d e d ri n g s , t o a p p e a r i n I . P u r e A p pl . A lg e b r a , J o i n t w o r k w it h

S b ir o G o t o .

● S hig e o K o s hit a n i, B r o u e
'
s c o nj e ct u r e h old s f o r p ri n cip al 3 - bl o c k s w ith

el e m e n t a r y a b eli a n d ef e c t g r o u p of o r d e r 9 , I . A lg e b r a , 2 4 8 (2 00 2) ,

5 7 5 - 6 0 4 , J oi n t w o r k w it h N a o k o K un u g l .
=

● S hig e o K o s hit a n i , G l a u b e r m a n c o r r e s p o n d e n c e of p - bl o c k s of P n it e

9 r V u P S , ∫. A lg e b r a 2 4 3 (2 0 0 1) , 5 0 4 - 5 1 7
,
J oi n t w o r k w it h G e r h a r d

M i c bl e r .

口 頭発表

･ 西田康 二 , O n t h e i n t e g r al cl o s u r e s o f c e rt ai n id e als g e n e r at e d b y r e g
-

u l a r s e q u e n c e s , 短期共同研究 ｢射影多様体 の座標環の 自由分解とその

周辺の話題｣ ( 数理解析研究所) , 19 9 9 年2 月 .

｡ 西 田康 二
,
O n fi 1t r a ti o n s h a v i n g s m all a n alytic d e vi ati o n , 第2 1 回可換

環論 シ ンポジウム( サ ン ピア多摩) , 19 9 9 年 1 1 月 .

● K oji N is hid a , O n H ilb e rt c o e 凪cie n t s , C o n fe r e n c e o n C o m m u t a ti v e

alg e b r a ( 横浜船員会館) , 2 0 0 1 年8 月 .
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｡ 西 田康 二 , a s s o ci a t e d g r a d e d ri 血 g の d e p t h に つ い て , 第2 4 回可換環

論シ ンポジウム( ウ ェ ルサン ピアなにわ) , 2 0 0 2 年1 2 月 .

. J e a n a m P a r k
,
G e n e r ali z e d w e a kly f a c t o ri al d o m ain s , C o n fe r e n c e o n

C o m m u七a tiv e A lg e b r a ( 横浜船員会館) , 2 0 0 1 年 8 月 .

･ S o n g Y o u n g k w o n , A cl a s sifi c a ti o n of m a t rix alg e b r a of s m all si z e , C o n
-

f e r e n c e o n C o m m u t a ti v e A lg e b r a (横浜船員会館) , 2 0 0 1 年8 月 .

( 7) 研究成果

こ の研究で は ､ 局所環(A / m ) の フ ィ ル トレ
ー シ ョ ン F : A - F o ⊇ F l ⊇ F 2 ⊇ - に附

随す る次数付き環 G( F) - O n ≧o E n/ F n + 1 の ホモ ロ ジカル な性質 を中心 に調 べ た-｡ そ の 為

に
､ 従来イデア ル に対 して定義されて い た解析的差異( a n aly tic d e vi atio n) と い う概念 を

一

般 の フ ィ ル トレ
ー

シ ョ ンに対 して拡張 し , そ の 不変量を尺度 として 分析を進め る とい う

方針を採っ た. 各年度 ごとの進行は以下の よ うなもの であり, 概ね ､ 当初 の蘇画に沿 っ た

研究が達成 で きた と言え る ｡

平成 1 1 年度

r e d u cti o n の概念を 中心 とした基礎的部分の 整理 とフ ィ ル トレ ー

シ ョ ンが e q u il n ultip le な

場合の 理論 の 構成 を目標 と し､ 下記 に述 べ て ある様な結果 を得 る こ とがで きた｡

1 . 局所環 A の フ ィ ル ト レ
ー

シ ョ ン A - F . ⊇ F l ⊇ F 2 ⊇
- ･ に対 して ､ 次の 2 条件 :

･ ある k i >
.
0 に対 して a i ∈ F k

i (i - 1
,
2
,

- ･

,
r)

･ n ≫
~
0 に対 して F n - ∑: = 1 a i E n - k

i

をみ たす A の要素の シ ス テ ム a l , a 2 , -

,
a r をそ の r ed u cti o n と して捉え る と, 従

来イ デアル に対 して定義 されて い た r e d u cti o n の概念 と理論が自然 に 一

般化 され る

こ

こ とが分か っ た｡ 実は こ の 見方 はある意味で は既 に存在 して い た の だが , an aly ti c

s p r e a d とい う観点を通 して考察 したの は この研究が最初 の で ある o

2 .
上 で 述 べ た a l , a 2 ,

-

,
a r を r が F l の 高さ に

一

致する様 に取れ る とき､ フ ィ ル ト

レ
ー

シ ョ ン A - F . ⊇ F l ⊇ F 2 ⊇ - ･ は e q ui m ultiple で ある と言う こ とにする o こ
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の とき ､ 附随す る次数付き環 O i≧. F i/ E i ' 1 の C o h e n
- M a c a u l a y 性 を特徴付ける こ

とがで きた｡

平成 1 2 年度

局所環の フ ィ ル ト レ ー シ ョ ン 7 で解析的差異 が 1 の もの が与 えられた とき, 附随す る

次数付き環 G(3
:

) の C o h e n - M a c a u l a y 性を判定する実用的方法を見出す こ とを目標とし,

次の 様な結果を得た :

f - ( F n) n ∈z ほ d 次元 C o h e n - M a c a ul ay 局所環 A の フ ィ ル トレ
ー シ ョ ンとし ､ F l の

高さを s と した とき f は s + 1 偶 の元 a l , a 2 ,
-

,
a
s + 1
か らなる r e d u cti o n をも つ とせ

よ( これは F の 解析的差異が 1 で ある とい う こ とを意味する) ｡ K は a l , a 2 , - ･

,
a s + 1 が

生成するイデアル としb - a
s + 1
とおくo さらに F l の 任意の 極小素因子 p ( こ の 様な p

は有限個 しかない) に対 して A p ⑳A G( F) は C o h e n
- M a c a ul ay 環で ある と仮定す る ｡ こ

の とき正整数 α と β が定まり, 1 ≦ n ≦ α をみたす n に対 して剰余環 A/ K + F n が

C o h eI トM a c a ul ay で 1 ≦ m ≦β をみたす任意の m に対 して A/ K + b F a + F m の d e p七h

が d -

a
- 1 以上 で あれば G(7 ) は C o h e n - M a c a ul ay 環 になる ｡

これで , 前年度 の eq u i m ul tipl e な F の研究と合わせ て ､ 解析的差異が 1 以下の 場合の

理論 の大枠はできたと思われる ｡

平成 1 3 年度

局所環 の フ ィ ル トレ ー シ ョ ン 7 で解析的差異が1 以下 の もの が与 えられたとき､ 付随す

る次数付環 G(∫) の C o h e n - M a c a ul ay 性を判定す る方法が ､ 前年度まで の研究成果 と して

得 られたの で , その 判定法を適用する こ とに より ､ 様々 なフ ィ ル トレ ー シ ョ ンを実際に調

べ る こ とを目標とした｡ 具体的には次 の よ うなもの に適用 してみ た :

● 3 次元正則局所環のイデア ル ナで ､ ある条件を充た して い る長 さ 2 の 正則列によ っ て

生成されるもの をとっ たとき､ J の ベキ乗の整閉包がなすフ ィル トレ ー

シ ョ ン｡ この と

き G( 7) は代数と して 1 次 の元で 生成され､ G or e n st ei n 環 (従 っ て C o h e n - M a c a 111 ay

環) となる ｡

● 4 次元正則局所環 のイデアル ∫で ､ ある行列の 小行列式で 生成 されるもの を とっ た

与き , z の 記号的ベ キ乗がなす フ ィ ル トレ
ー

シ ョ ン｡ この とき G(7) は 1 次と 3 次 の

元で 生成され , やは り G o r e n st ei n 環 となる ｡

この 年度の研究で ､ 理論 の有効性に つ い て ある程度 の 手応えが得 られた と言える ｡

Ⅴ



平成1 4 年鹿

本研究課題の 最終年度にあたり, これまで に得られた結果を統合 し､ 解析的差異が 一

般の

フ ィル ト レ
ー

シ ョ ンに関する理論の構築を目標 としたが , 以下 に述 べ る様な定理が得られ

た. これはイデアル の随伴次数環に関するT J a u r a G h e z zi の 結果 を
一

般化 したもの で ､ フィ

ル トレ
ー シ ョ ン版 へ の 拡張が可能なもの になっ て い る ｡

定理 d 次元 C o h e n - M a c a ul ay 局所環 A の イ デアル Z に対 して 次の 4 条件 をみたすイデ

アル J - ( a l , ‥ .

,
a e) と非負整数 r が存在する とせ よ : (1) I

r + 1
- J Z

r

, (2) p が J を含

む素イデア ルで ht p ≦ i < e な らば∫
i - 2 + r + 1 A

p
- J iZ

i - e + r A
p (但 し J i - ( a l , -

,
a i)) ,

(3) ht I ≦ i < e
-

r ならば A/ Ji : I は C6 h e n - M a c a ul ay , (4) わが ∫ を含む素イデアルで

1 ≦ n ≦ r ならばA p/ I
n A
p
の d ep th は ht p

- A + r -

n 又 は r -

n 以上で ある ｡ こ の とき I

の 随伴次数環の d e ptⅠ1 は

( d) ∪( d ep th A/ I
n

+ e -

r + n) 1≦n ≦r

の最小値以上 になる ｡

この 主張の 注目すべ き点 は ､ 随伴次数環の d ep tb を評価する為の条件が局所化で 保たれる

とい うこ とにあり､ そ れ故にe につ い て の 帰納法が可能 になる｡ 又 , e - h t Z は解析的差

異 に対応す る量 と見 る こ とができる ｡

以上 の ような研究成果の 中から ､ 本報告書で は下記 の 4 編 の論文を以下に つ づるもの と

す る o

1 . K oji N ishid a , m lb e rt
- S a m u el f u n cti o n a n d G r oih e n di e c k g r o up , P r o c ･ E di nb llr gh

M at h . S o c . 4 3 (2O O O) ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ ･ 1 - 3 4

2 . K oji N is hid a , O n th e i n t eg r al cl o s u r e s of c e rt ai n id e al s g e n e r at ed b y r eg ul a r s e
-

q u e n c e s , ∫. P u r e､ A p p l ･ A lg eb r a , 1 5 2 (2 0 0 0) - - - - - - - - - - - -
-

_
･ - 3 5 - 3 9

3 . K oji N is hid a , O h Pli r ati o n s h a vi n g S m all a n alyti c d e v i ati o n , C o m m ･ A lg e b r a , 2 9

(2 0 0 1) ‥ ‥ ‥ - - - - - - - ‥ … … ‥ - I -
- - - - - - - - - - - - - 4 0 - 6 2

4 . K oji N is hid a , m lb e rt c o eBi ci e ni s a n d B u c h s b a u m n e s s of a s s o c i a t ed g r a d ed ri n g s , t o

a p p eir i n I . P u r e A p pl . A lg e b r a , J oi n t w o rk w it h S hir o G ot o ･ ･ I . ･ ･ ･ ･ ･ L ･ ･ ･ 6 3 - 7 9
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C h a p t e r 1

H il b e r t - S a m u el F u n c ti o n a n d

G r o t h e n d i e c k G r o u p

1 .1 I n t r o d u c ti o n

T h e p u r p o s e o f t his p a p e r i s t o e st ab lish th e t h e o ry of H ilb e rt - S a m u el f un ctio n t a ki n g

v al u e s i n a G r oth e n die c k g r o u p a n d t o in t r o d u c e a g e n e r aliz ed n oti o n of m ul tipli city f o r

a rb it r a r y id e al s in l o c al ri n g s . T his att e m p t w a s o rigi n at e d b y M . F t a s e r [4] f ollo w i n g

t h e t r e at m e nt of M . A u sl a n d e r an d D . B u ch sb a u m [1] b y th e m et h o d s of h o m ol o gi c al

alg eb r a , w hich is an a p p r o a ch fi r st s u g g e st ed b y I . P . S e r r e . H o w e v e r t h e m o d e r n t h e o ry

of m ultiplicit y w a s p r o d u c e d o r lg l n ally b y P . S a m u el an d M . N ag at a ap plyin g t h e t h e o ry
■ ●

of H ilb e rt f un ctio n s t o l o c al ri n g s , a n d s o it s h o uld b e r e q ui r e d t o l o o k at t h e s u bj e ct

＼

fr o m th eir p oin七 of vie w . I n t h is p a p e r w e t ry 七o fo 1lo w N ag at a
'
s t r ai l [1 1 , C H A P T E R

III】 m a kin g th e t h e o ry a p pli c a bl e t o a rb it r a r y id e al s in l o c al rin g s .

Le t A b e a N o et h e ri a n l o c al r in g w ith th e m a x i m al id e al m s u ch t h at A/ m is i n fi nit e

a n d l et I b e a p r o p e r id e al . W e d e n ot e b y A m o d th e c at eg o ry of fi nit ely g e n e r at ed

A - m o d ul e s . L et K o( A/ I) t h e G r ot h e n d ie ck g r o u p of A/ I m o d . F o r L ∈ A m o d w it h

I ⊆ 府 ,
w e c a n c o n sid e r t h e cl a s s [ L] ∈ K o(A/ I) b y s etti n g 【L] - ∑i ,J Z

iL/ Z
i' 1 L] ,

w h e r e [Z
i
L/I
i + 1
L] d e n ot e s t h e cl a s s of A/ I - m o d ul e Z

iL /I
i + 1
L i n K o( A/ I) . T h u s w e

d e ri v e
,
fo r M ∈ A m o d

,
th e H ilb e rt - S a m u el f un ctio n x㌢: Z I K o( A/ I) w ith x㌢( n) -

[ M / Z
n + 1
M ] f o r n ∈ Z . T h e m ai n r e s ult T h e o r e m 4 .1 of this p ap e r i n sist s t h at t h e r e e x ist

u n iql l ely d et e r m i n e d ele m e nt s e o(I , M ) , e l(I , M ) ,
･ ･ I

,
e e(I , M ) i n K o( A/ I) , w h e r e e is t h e

a n alytic s p r e a d of I ( cf . [1 2]) , s u ch t h at

e

(#) xr( n) - ∑
i = 0

1

(
n

:
i

) e i(I , M )



f o r n ≫ 0 . L et u s v e rify th at t h e e q u ality a b o v e c o r r e sp o n d s t o th e w ell
- k n o w n r e s ult

o n t h e c o efB cie n t s of H ilb e rt p oly n o m i al i n t h e c a s e w h e r e I is m
-

p rl m a r y ･ I n f a ct
†
if I

is m -

p ri m a ry , t h e r e e
x i st s a n is o m o r p his m o

･

: K o( A/ I) 与 z of g r o u p s s e n din g [ L] t o

l e n gt h A L f o r a n y L ∈ A m o d w
ith I ⊆ 偏 ･ L et e

′

d - i
- (

- 1)
d ~ i
q( e i(I , M )) f o r

o ≦ i ≦ d , w h e r e d - di m A ( n otic e t h at e - d a s I is m -

p ri m a r y) ･ T h e n
,
血ap pih g t h e

b ot h sid e s of (#) b y q , w e g et

le n g h A M /I
n ･ 1 M -(

n

吉
d

) e
l

o
-(
n

言ヱT
1

) e
7

d - 1 +
-

･ ト1)
d
e
′

d

f . r n ≫ 0 . T lm s w e m ay s ay t h at t h e･- el e 血e n ts e i(I , M ) f o r 0 ≦ i ≦ e gi v e n ab o v e

s uit a bly g e n e r aliz e t h e n oti o n of t h e c o e 氏ci e nt s of H ilb ert p oly n o m i al f o r m
-

p r l m a ry

id e als . I n p a rtic ul a r w e n oti c e 七h at t h e el e m e nt e 2(I , M ) i n t h e
"

t o p t e r m
"

,
w hich is

d e n ot e d b y e z( M ) , is n a p p ed t o t h e o r di n a ry m ultiplicity ･ F u rt h e r m o r e w e sh all sh o w

t h at i n g e n e r al e 2(I , M ) e nj oy t h e s a m e p r op e rtie s a s th e o r d in a ry m ultip licity of M w it h

r e s p e ct t o a n m
-

p r i m a ry id e al ･ F o r e x a m pl e ) if J is a r e d u cti o n of I ) t h e n t h e g r o u p
●

h o m o m o rp his m K o( A/ I) → K o(4/ J) i n d u c ed fr o m t h e c a n o ni c al s u rj e cti o n A / J う A/ I

is is o m o rp hic , a n d t h r o u gh t his is o m o rp his m w e h a v e ei( M ) - e J( M ) ･ M o r e o v e r if

J - ( a l , a 2 , -

,
a 2) A is a m i mi m al r ed u cti o n of I , th e n e z( M ) is e q u al t o t h e E ule r

-

P oi n c a r6 ch a r a ct e ristic x A(a l ,
-

,
a e; M ) of 七h e K o s z ul c o m pl e x K ･( a l , -

,
a e; M ) , w hi ch

is e s s e nti ally d u e t o F r a s e r [4 , 2 . 6] . T his f a ct i m m e di at ely i m plie s th at if a sh d rt e x a ct

s eq u; n c e o ) L ) M ) N ) 0 i n n m o d is gi v e n , t h e n e I( M ) - e I( L) + e I( N ) .

c o n s e q u e n tly , w e s e e t h at th e r e e xi st s a g r o u p h o m o m o rp his m K o( A) ) K o( A/I) s e n din g

【叫 t o e J( 〟) 払r 〟 ∈ A m o d ･

L et u s h e r e r e c all F h s e r
'

s n otio n of g e n e r al m u ltiplicity m ap K o(A) 1 K o( A/ I) , w hic h

is d efi n ed t o b e t h e h o m o m o r p his m s e n di n g [ M ] t o x A(a l , -

,
a
s; M ) fo r M ∈ A m o d ,

w h e r e a l ,
･ ･ ･

,
a s i s a sy st e m of g e n e r a t o r s f o r I . O f c o u r s e it is e q u al t o t h e h o m o m o rp his m

w e s a w

_

a b 6 v e w h e n s - e ･ H o w e v e r
,
if a > e

,
w e s e e b y th e eq u ality (H) th at F r a

'
s e r
'

s

m ul tiblicity
?
ap
'
is a z e r o m ap si n c e x A( a l ,

-

,
a s; M ) - △

s

x r( n) fo r n ≫ 0 a s is p r o v占d

i n [4 , 2 .6】(s e e al s o l ･ 4 ･ 7 a n d l ･4 ･9 of t his p ap e r) , w h e r e △
s
d e n ot e s t h e diffe r e n c e of s -t h

o;
_
a
-

占r
v
(s
1
6 e 鮎占ti占血'2) . F o r t his r e a s o n

,
f o r M さ A m o d

,
w e
~
w o u ld lik e t o e m p loy t h e

el昌益占nt '6 I( M ) A s
､

th e m ul tipli cit y ｡f M w ith r e sp e ct t o I a n d t h e n w e c a n d e v el op a

s atisf a ct o r y t h e o r y fo r a n y id e als i n A w it h n o a s s u m p ti o n s o n t h e n u m b e r of g e n e r at o r s ･

L et u s e x p la in h o w t o o rg a n i z e t hi s p a p e r ･ I n S e ctio n 2 w e s h all c olle ct s o m e b a si c f a ct s

o n G r oth e n die ck g r o u p , E 111 e r
- P oi n c a r6 ch a r a ct e ri stic of K o s z u l c o m pl e x e s a n d f un ctio n s
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fr o m a t o a n a d d itiv e g r o u p . S e ctio n 3 is als o d e v ot ed t o a p r ep a r atio n . W e r e c all th e

th e o ri e s of s u p e r fi cial ele m e nt a n d a n al yti c sp r e ad , sli gh tly g e n e r al i zi n g th e m . A lt h o u gh

t h e r e s u lt s i n S e ctio n 2 an d S e ctio n 3 m ay b e w ell
- k n o w n , w e g i v e t h e p r o ofs f o r th e m

fo r t h e c o m pl et e n e s s of t his p a p e r . I n S e cti o n 4 w e st at e th e m a in t h e o r e m o n H ilb e rt
-

S a m u el f u n ctio n s . I n S e cti o n 5 w e i nt r o d u c e a n e xt e n d ed n otio n of Ⅱm ltiplicity . A l ot of

p r o p e rtie s of o r di n a r y m ultiplicity f o r m
-

p ri m a r y id e al s s h al l b e g e n e r aliz ed h e r e ･ As a n

e a sy a p p lic ati o n of th e th e o ry , w e c o n sid e r w h e n t h e m ul tip li city e z( A) c oin cid e w ith th e

cl a s s [ A/ Z] i n K o( A/ I) I F i n ally w e gi v e an e x a m ple of n o I トe q u i m ultip le id e al I s u c h th at

e t( A) ≠0 , s h o w i n g t h at , f o r a c e rt ai n cl a s s of id e al s I , t h e v a ni s hi n g o f e z( A) ch a r a ct e ri z e

t h e G o r e n st ei n n e s s of A/ ∫･

T h r o u gh o ut t his p a p e r A is a N o et h e ri a n l o c al r in g w it h t h e m a xi m al id e al m s u ch

t h at A/ m is in fi n it e . T h e c at e g o ry of 丘nit ely g e n e r at ed A
-

m o d ul e s i s d e n ot ed b y A

m o d . F o r M ∈ A m o d , p A( M ) is th e n u m b e r of el e m e mi s i n a m i n i m al sy st e m of

g e n e r at o r s f o r M a n d M in d M is t h e s et of m i mi m al ele m e nt s i n S u p p A M . W e fu rt h e r

s et As s h A M - ( a ∈ M in d M ( d i m A / Q - di m A M ) . F o r a n id e al I i n A , w e d e n ot e b y

V(∫) t h e s et of all p ri m e id e als i n A c o 血 ai n i n g ∫.

1 . 2 P r e li m i n a ri e s

I n th is s e ctio n w e fi r st r e c all s o m e b a si c f a ct s o n G r oth e n die ck g r o u p s a n d n e x t d e v el o p

t h e th e o r y o n f u n ctio n s m a p pi n g Z t o a n a d ditiv e g r o u p . W e f u rt h e r r e v i e w t h e t h e o r y

of E ul e r - P o in c a r6 ch a r a ct e ristic of K o s z ul c o m ple x e s .

L et 肩 b e t h e is o m o r p his m cl a s s of M ∈ A m o d a n d let F( A) - ⑳ Z ･ 詔 b e t h e

fr e e A b eli a n g r o u p d et e r m in e d b y t h e is o m o rp h is m cl a s s e s of A m o d . T h e G r ot h e n d ie ck

g r o u p K o( A) is th e f a ct o r g r o u p of F( A) b y t h e s u b g r o u p g e n e r at ed b y th e el e m e nt s of t h e

f o r m M - L - N
,
w h e r e L

,
M an d N ∈ A m o d f o r w hich t h e r e e x ist s a n e x a ct s e q u e n c e

O I L I M う N 1 0 . T h e cl a s s of 好 i n K o(A) f o r M ∈ A m o d is d e n ot e d b y [ M ] ･

B e c a u s e a n y M ∈ A m o d h a s a fi1tr ati . n M ± M . ⊇ M l ⊇ ･ ･
･

⊇ M , - (0) s u ch t h at ,

f o r all 0 ≦ i < r , M i/ M i + 1 -

～

A / Q i fo r s o m e Q i ∈ S p e c °, w e s e e t h a七 K o( A) is g e n e r at 申

by ([A/ Q] I Q ∈ S p e c A ) . If A is A rtin i an
,
t h e g r o u p h o m o m o r p his m p : a I K o( A)

w it h p(1) - 【A/ m] is is o m o r p h ic . I n f a ct , w h e n A is A rti ni an , t h e r e e xi st s
"

th e l e n gth

f u n cti o n
"

K o( A) 1 Z s e n din g [ M] t o le n gth A M fo r M ∈ A m o d , w h ich is t h e in v e r s e

h o m o m o rp his m of p . L et A ･

1 B b e a 且at h o m o m o r p his m of ri n g s . T h e n th e r e e xist s

3



a g r o u p h o m o m o rp his m K o( A) 1 K o( B ) s e n di n g 【M ] t o [ M ⑳A B] f o r M ∈ A m o d .

L et Q ∈ S p e c A ･ F o r i ∈ K o( A) , w e d e n ot e b y E Q th e i m a g e of i b y 七h e s llrj e ctiv e

h o m o m o rp his m K o( A) う K o( A Q) in d ll C e d fr o m t h e c a n o n i c al h o m o m o r p his m A I A Q ･

N o w w e n otic e t h a七th e s llrj e ctiv e g r o u p h o m o m o rp his m

K o( A) 1 O Q ｡ M i n A K o(A Q)

E ト 1 (E Q) Q

al w ay s s plits si n c e K o( A Q) 聖 Z fo r an y Q ∈ M in A ･ T lm s w e s e e
,
l etti n g m b e th e

n u m b e r of m imi m al p ri m e s of A ,

_
一 一 ､ _ . .

一 一

K o( A) -

～

恕 望 ¢K o( A) ,
m ti m e s

. ■
. - ~

■

〉

w h e r e K .( A) is t h e s u b g r o u p of K .(A) g e n e r at e d b y (【A/ Q H Q
■
∈ S p e c A ＼M i n A) . W h e n

w e w rit e

[ M ] - ∑ m Q
･[A/ Q] ( m Q ∈ Z)

Q ∈S p e c A

f o r M ∈ A m o d
,
w e h a v e m Q

- 1 e n gt h A Q
M Q fo r Q ∈ M i n A ･ If A is a n o r m al d o m ai n

,

w e h a v e a n at u r al h o m o m o rp his m K o( A) 1 Z ◎ C l( A) s e n di n g [ M] t o ( r a n k A M , cl( M ))

f o r M ∈ A m o d
,
w h e r e C l( A) d e n ot e s t h e div is o r cl a s s g r o llp Of A a n d cl( M ) is t h e

di vis o r cl a s s att a c h ed t o M ( cf . [2 , C h a pt e r V II §4 ･ 7]) . M o r e o v e r t his is a n i s o m o r p h is m

if A is a 2 - di m e n si o n al n o r m al d o m ai n s u c h th at [ A/ m] - 0 in K o( A) (cf . [1 6 , (1 3 . 3)i) ･

N o w w e l o ok at K o( A/ I) f o r an id e al Z in A , w h ich is th e m ai n t o ol in o u r i n v e?
tig ati o n ･

L et L ∈ A m o d s u ch t h at I ⊆ 偏 . B e c a u s e Z i L/ Z
i' 1
L is a n A/ I - m o d ul e

,
w e m a y

c o n sid e r it
't
s cl a s s 【Z

iL/ z
i + 1
L] ∈ K .( A/I) . W e s et

【L] - ∑[Z
i

L/ I
i ' 1
L] ∈ K o( A/ I) ･

i ≧0

甲oti6 e 率 由r Q E V(I) , Z A Q ⊆ 席 a n d [L] Q - [L Q] b y d efi niti o n ･

L e m m a l . 2 . 1 L eまL ∈ A m o d s u ch ih a去I ⊆ 府 . If L - L o ⊇ L l ⊇ - ⊇ L s -

(o) j s … a βli r aii o n s u ch ih a u L 3
･ ⊆ L ,

･

' 1 f o r all 0 ≦ i < a , th e n [ L] - ∑3
5:;[L , A/ L ,･ + 1] i n

K o( A/ I) ･

4



p r o of . W e p ut N i - Z
i
L . W e h a v e N

r
- (0) f or s o m e r > O a s Z ⊆ 屈 . F o r i nt e g e r s

o ≦ i ≦ r a n d O ≦j ≦ a , w e p ut N i,
･ - ( N i n L ,

･

) + N i + 1 a n d L i ,
･ - ( N i n L ,

･

) + L 3
･

+ 1
･

T h e n w e h a v e t h e 丘Itr ati o n s

N i - N iO ⊇ N i l ⊇ ･ ･ ･ ⊇ N i s - N i + 1

L j
- L o 3

･ ⊇ L 13
･ ⊇ - ⊇ L r 3

･ - L j + 1 ,

s
- 1

a n d

w bid l i m ply

r
- 1

[ N i/ N i ' 1] - ∑[N i3
･/ N i ,, ･ ' 1] a n d 【L 3

･

/ L ,
･

' 1] - ∑[L i3･/ L i ' 1 ,, ･]
3
'

- 0

i n K o( A/∫) . O n t h e ot h e r b a n d
,
w e h a v e

N i3
･

/ N i ,3
･

+ 1
望

′ヽノ

( N i n L 3
･

) + N i + 1

( N i n L ,
･

+ 1) + N i + 1
N i n L 3

･

i = 0

( N i n L 3
･

) n (( N i n L 3
･

+ 1) + N i + 1)

( N i n L 3
･) ∩(( N i n L 3･ + 1) + N i + 1)

( N i n L ,
I

+ 1) + (( N i n L 3
･

) n N i + 1)

( N i n L ,
I

+ 1) + ( N i + 1 n L 3
･

)

(( N i n L 3
･) n L 3

･

+ 1) + ( N i + 1 n L 3
･

)

( N i n Lj) n ( L ,
･

+ 1 + ( N i + 1 n L ,
･

)) ,

N i3
･

/ N i ,,
I

+ 1
望

/ヽ J

N i n L 3
･

( N i n L 3
･

) n ( L 3
･

+ 1 + ( N i + 1 n L j))

( N i n L 3
･

) + L 3
･

+ 1

( N i + 1 n L ,
･) + L 3

･

+ 1

望 L i3
･

/ L i + 1 ,3
･

I

5
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T h e r ef o r e w e g et

r
- 1

【L] - ∑[ N i/ N i . 1]
i = 0

∑ [ N i3
･

/ N i ,,
･

. 1】
0 < i < r 1 1

,0 ≦j ≦s - 1

∑ 【L i,
I

/ L i . 1 ,,
.

]
0 < i < r - 1 , 0 ≦3

'

≦s - 1

s
- 1

- ∑[L ,･/ L , ･ ' 1] ,
3
'

- 0

a n d t h e p r o of is c o m pl et ed .

L et L b e a s i n 1 . 2 .1 . If I is m -

p ri m a ry , th e n th e l e n gt h f u n ctio n K o( A/ I) ち z s e n d s

【L] t o l e n gt h A L . T lm s w e m ay r e g a r d t h e cl a s s [
･

] d efi n e d a b o v e f o r fi nit ely g e n e r at e d A
-

m o d ul e s a n nihil at e d b y s o m e p o w e r of I a s a n oti o n g e n e r ali zi n g
"

l e n gth
"

. U n f o rt u n at el y ,

u nl e s s I is m -

p ri m a ry , L is n ot n e c e s s a rily (0) e v e n if[L] - 0 in K o( A/ I) . H o w e v e r w e

h a v e th e f oll o w i n g .

L e m m a l . 2 . 2 L et O I L I M I N I 0 b e a n e x a ct s eq u e n c e i n A m o d s u ch ih ai

I ⊆ J an n A M . T h e n [ M] - [ L] + [ N] in K o( A/ I) .

P r o of . T h e r e e x ist s r > 0 s u c h t h at I
r

N - (0) . L et M i
- Z
i
N n M fo r 0 ≦i ≦ r . T h e n

L 望 M
,
a n d M i/ M i + 1 望 Z

i
N / Z
i + 1
N f o r all i . H e n c e

,
i n K o( A/ I) , w e h a v e

γ
- 1

【M] - ∑[ M i/ M i ' 1] + ∑[Z
j M

r/ P
'

+ 1
M
r]

i - 0 3

'

≧O

r
- 1

- ∑[z
i
N / I
i ' 1
N] + ∑[P

'

L/ P
l

+ 1
L]

i - 0 3
'

≧0

- [ Ⅳ】+ [ム] ,

w h ich is th e r e q ui r ed e q u ality .

L et A I B b e a h o m o m o r p his m of c o m m u t ativ e r l n g S S u c h th at B is m o d ul e - fi n it e

o v e r A . R eg a rd in g B
-

m o d ul e a s A -

m o d u l e v i a A ) B w e h a v e a g r o u p h o m o m o r p his m

K o( B) - - + K o( A) . T h e n e x t r e s u lt p lay s a n i m p o rt a n t r ol e i n S e cti o n 5 .

L e m m a 1 . 2 . 3 L ei J b e a n id e al c o n t a i n ed in I s u ch th at √テ -

ヽ庁. T h e n th e h o rT W -

m o rp h is m K o( A/ I) う K o( A/ J) in d u c ed f ro m th e c a n o ni c al s u rj e cti o n A / J I A/I is a n

i s o rT W rP hi s m .
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p ro of . L et M b e a n A/ J
-

m o d ule . T h e n a s ヽ庁 - J プ⊆ J 蒜㌫帝, w e m a y c o n sid e r

th e cl a s s [ M] ∈ K o( A/ I) , an d s o w e g et a h o m o m o r p his m F ( A/ J) 1 K o( A/I) ･ B y

1 . 2 .
2 w e s e e t h at it i n d u c e s a h o m o m o r p his m K o( A/ J) ) K o( A/ I) , w hic h is t h e in v e r s e

h o m o m o rp his m of K o( A/ I) + K o( A/ J) st at e d in t h e a s s e rti o n ･

W e s h al l m ainl y u s e 1 . 2 .3 i n th e c a s e w h e r e J is a r e d u ctio n of I .

N o w w e p r o c e e d t o t h e n e x t t o pi c i n t his s e ctio n . L et a b e an a d diti v e g r o u p . F o r

a f u n ctio n I : Z う G , w e d efi n e it
'

s diffe r e n c e △f : Z ぅ G , b y s etti n g △f( n) -

I( n)
- I( n - 1) f o r n ∈ Z . T h e i ti m e s it e r at e d △ -

o p e r at o r w ill b e d e n ot ed b y △
i
a n d

w e f u rt h e r s et △
O
f - I . F o r f un cti o n s I , g : Z I a , i + g a n d - I a r e fu n ctio n s d e丘n ed

b y s etti n g (I + 9)( n) - I(n) + a( n) a n d (
- i)( n) ニ ー f( n) fo r n ∈ Z . W e w rit e i ≡ g if

I( n) -

a( n) f o r all n ≫ 0 . N otic e t h at △た(i + g) - △kf + △
k
g an d △

k
(

- i) ニ ー △
k
f

f o r all k ≧ 0 . N o w w e d e fi n e t h e d eg r e e of I a s foll o w s :

d eg f -i
S u p{ k i

_

A

l

k
榊 l

: f
f

=

#

.

0

,

h e r e w e d e n ot e b y 0 t h e fu n ctio n s e n d in g all n ∈ Z t o 0 ∈ a . O b v io u sly w e h a v e °eg △f -

d eg f - 1 if f ≠0 , d eg(
- i) - d eg f a n d °eg(f l +

- ･

+ f r) ≦ s u p( d eg f l ,
-

,
d e g f ,) .

L e m m a 1 . 2 . 4 T h e f oll o w i n g c o n diti o n s a r e eq ui v al e nt f o r a n i nt eg e r d ≧ 0 a n d a f u n cii o n

i : Z I G w iih f ≠0 .

(1) d e g f - d .

(2) T h e r e a r e ele m e n t s E o ,E l , ･ ･ ･ ,E d ∈ a s u ch th at f d ≠ O a n d

i( n, -畠
fo r n ≫ 0 .

w h e n th is is ik e c a s e
,
th e el e m e n t s E o ,E l , -

】E d a r e u n iq u ely d et
､
e r m i n ed b y f ･

P r o of . (1) ⇒ (2) W e p r o v e b y i n d u cti o n o n d . S u p p o s e d - 0 . T h e n △f ≡ O a n d s o

t h e r e e x i st s m ∈ Z s u ch th at △f( n) - 0 fo r all n > m
,
w hich m e a n s I(n) - I( m ) fo r all

n > m . B e c a u s e I ≠0 , w e c a n ch o o s e m s o th at I( m ) ≠ 0 . H e n c e
,
s etti n g E o - I( m) , w e

s e e t h a七t h e c o n d itio n (2) is s atisfi ed in t his c a s e . L et d > 0 . T h e n
,
a s d eg △f - a - 1

,

･ 7



b y t h e h y p o t h e sis o f i n d u c
ti o n t h e r e a r e el e m e n t s E l , ･ ･ ･

,f d ∈ a a n d a n i nt eg e r m ≧ 0

s u ch 七h a七E d ≠ 0 a n d

f o r n > m . B e c a u s e

w e h a v e

f o r n > m , w h e r e

S o
,
fo r n > m

,
w e g et

n

I( n 卜 f( m ) - ∑ △f(k) ,
k = m + 1

n a - 1

帥) - ∑‡∑
k = O i = 0

m d - 1

E o - i(･ m )
-

∑(∑
k = O i = 0

d - 1 n

I(n) - ∑i ∑
i = O k = 0

a - 1

∑
i = O

d

∑
i = 0

Ei + 1) + E o

(
k

:
i

) Ei ･ 1) ･

(
k

:
i

) )Ei + 1 + E o

(
n

:il
1

) Ei ･ 1 + E o

(
n

:
i

) Ei ･

(2) ⇒ (1) W e p r o v e b y i n d u ctio n o n d ･ If d - 0
,
t h e n E o ≠ 0 a n d I( n) - E o f o r

n ≫ 0 . H e n c e I ≠ 0 an d △f ≡ 0 , w hich m e an s d e g f - 0 . L et d > 0 . B e c a u s e w e h a v e

d

△f( n) - ∑
i = O

d - 1

-

冒

(
n

:
i

) Ei 一重(
n

~

%
T
+ i

) Ei

(
n

:
i

) Ei ･ 1

f o r n ≫ 0 , d eg △f - d - 1 b y t h e hy p ot h e sis of in d 1 1 C七i o n ･ H e n c e d eg f - d ･

T h e u niq u e n e s s of E o ,E l , - ･

,E d i s a dir e ct c o n s eq u e n c e of t h e n e x t le m m a ･
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L e m m a 1 . 2 . 5 ([4 , 2 . 3]) L et E o ,E l , -

,E d ∈ G . If

d

∑
i = 0
(
n

;
i

) Ei - 0

f o r all n ≫ 0 , ih e n E o - E l - ･ ･ ･ - E d - 0 ･

P r o of . W e p r o v e b y i n d u cti o n o p d . B e c a u s e it is o b v i o u s w h e n d - 0
,
w e c o n sid e r th e

c a s e w h e r e d > 0 . T h e n
,
s ettin g

w e h a v e

d - 1

o - △f( n) - ∑
i = 0(

n

:
i

) Ei ･ 1
f o r n ≫ 0 , s o t h e h y p ot h e sis of i n d ll Cti o n i m plie s E l - - - E d - 0 . F u rt h e r

,
s llb stit utin g

E l - ･ ･ ･ - E d - 0 i nt o t h e e q u ality

d

∑
i = 0(

n

:
i

)Ei - 0

fo r n ≫ 0
,
w e s e e E o - 0 t o o .

F o r a f u n cti o n f : Z I G w it h O ≦ d eg f - d < ∞
,
w e d e n ot e b y c i(i)(i - 0

,
1
,

･ ･ ･

,
d)

t h e ele m e n t E i St at ed i n 1 . 2 . 4 . W e f u rt h e r s et c i(I) - 0 f o r i > d . I n t h e c a s e w h e r e i ≡ 0 ,

w e s et c i(i) - 0 f o r all 0 ≦ i ∈ Z . It is e a sily s e e n fr o m t h e p r o of of 1 . 2 . 4 t h at

c i( △f) - c i + 1(i) f o r all i ≧0 . T h e r ef o r e w e h a v e t h e foll o w in g

L e m m a l ･ 2 ･ 6 F o r a fu n cti? n I : Z → a w ith d e g f
- d

,
w e h a v e c d(I) - △

d
f(n) f o r

n ≫ 0 .

L e七f : Z う G b e a f un ctio n a n d α a n i nt eg e r . W e d e丘n e a f u n cti o n f[ α] : Z ぅ G

b y s etti n g f[ α】( n) - I( n + α) f o r n ∈ Z . W e c a n e a sily s h o w t h at △
i

(f[ α】) - (△
i
f)[ α]

fo r al 1 i ≧ 0 . H e n c e w e g et d eg f[α1 - d eg f . M o r e o v e r w e h a v e °e g(i
- f[α】) ≦

d eg △f . I n f a ct
,
if α < 0

,
w e h a v e 9 :

- I - f[α】 - △f + △f ト1】+ - ･ + △f[α + 1]

ai d s o d eg g ≦ s u p( d e g △f[β】l α < β- ≦ 0‡, fr o m w hich w e g e七 d eg 9 ≦ d eg △f
-
s in c e

d eg △f[β】 - d e g △f fo r all β. If α > 0
,
t h e n s etti n g h - f[α] , w e h a v e d eg(i - f[ α]) -

d eg(h
- h[

-

α】) ≦ d eg △h - d eg △f . If α - 0
,
t h e r e q ui r ed in e q u ality is o b v i o u s .

9



L e m m a l . 2 . 7 L e i f : Z ヰ G b e a f u n cti o n w iih O ≦ d e g f - d < ∞ ' L e舌 α b e a n

i n t eg e r . T h e n c d(f[α】) - cd(I) .

P r10 0f . L et X b e a n i n d et e r m i n at e . W e s et

p i( X ) -(
X +

アナ
i

) : -
( X + α + i)( X + α + i

- 1) - ( X + α + 1)

f o r 0 ≦ i ≦ d . T h e n R i( X ) is a n u m e ri c al p oly n o m i al of d eg r e e i ( cf ･ [1 1 , S e cti o n 2 0]) .

H e n c e b y [1 1 , (2 0 . 8)] t h e r e a r e i nt e g e r s a i O , a i l , ･ I ･

,
a ii S u ch th at

R i( X , -套aij(
X

;
i

) ･

N otic e th at w e m ay ch o o s e a d o , a d l ,
･ ･ ･

,
a d d S O t h at a d d - 1 si n c e

p d( X )
-

(
X

d

' d

)
is a n u m e ri c al p oly n o m i al of d e gr e e d

- I . T h e r ef o r e
,
f o r n }> 0

,
w e h a v e

a

f[ a]( n) - ∑fTi( n) ･

C i(I)
i = 0

- (
n

吉
d

) c d(I, ･宕(
n

:
3

'

)E 3 1 ,
w h e r e i ,

A

- ∑f = ,･ a i,
･

C i(i) ･ T his i m plie s c d(f[cy]) - c d(I) , w h ich is t h e r eq ui r ed e q u ality ･

T h e r e st of this s e cti o n i s d e v ot ed t o r e vi e w l n g t h e t h e o ry of R ul e r
- P oi n c a r6 ch a r -

a ct e ri stic of K o s z ul c o m pl e x e s d u e t o A u sl a n d e r - B u ch sb a u m [1] an d F r a s e r [4] . L et

a l , a 2 ,
･ ･ ･

,
a e (A ≧ 1) b e el e m e nts in A ･ W e s et I - ( a l , a 2 , -

て
,
a e) A . W e d e n ot e b y

H i( a l , -

,
a e; M ) t h e i -t h h o m ol og y m o d ul e of t h e K o s z ul c o m p le x K .( a l , -

,
a e; M ) .

B e c a u s e I ･ H i( a l , -

,
a e; M ) - (0) , th e cl a s s [H i( a l ,

-

,
a 2; M )] ∈ K o(A/ I) c a n b e c o n -

sid e r e d f o r an y i . W e s et

x A( a l ,
-

,
a e; M ) - ∑( - 1)

i

[H i( a l , -

,
a e; M )] ∈ K .( A/ I)

i≧O

a n d c al l it t h e R ul er - P oi n c a r6 c h a r a ct e ri stic .

P r o p o siti o n l ･ 2 ･ 8 (【1 , 3 . 2]) L ei O う L I M I N ぅ O b e a n e x a ct s eq u e n c e i n A

m o d . T h e n w e h a v e

x A( a l ,
- ･

,
a e; M ) -

x A( a l , -

,
a e

･

,
L) + x A( a l , - a e; N ) .

1 0



P r o of . T h e l o n g e x a ct s eq u e n c e

･ - 1 H i( a l , ･ ･ ･

,
a e ; L) 1 II i( a l , -

,
a e; M ) 1

H i( a l ,
･
･ ･

,
a e; N ) 1 H i _ 1( a l ,

-

,
a e; L) う

･ ･ ･

d e ri v ed fr o m t h e sh o rt e x a ct s eq u e n c e 0
-

+ L ) M ) N ) 0 i m plie s t h e r e q ui r e d

eq u ality ･

B y 1 .2 .8 w e s e e t h at t h e r e e xist s a g r o u p h o m o m o rp his m x A( a l ,
･ ･ ･

,
a e) : K o( A) う

K o(A/ I) s e n d in g 【M ] t o x A( a l ,
-

,
a e; M ) f or M ∈ A m o d I

P r o p o siti o n 1 . 2 . 9 (【1 , 3 ･ 2] , 【4 , 1 ･ 2]) L et M ∈ A m o d ･ If a l
n M - (0) f o r s o m e

n > 0
,
th e n x A( a l , ･ ･ ･

,
a e; M ) - 0 .

P r o of lf A - 1
,
w e m ay c o n sid e r t h e cl a s s [ M] ∈ K o(A/ I) , s o t h e e x a ct s e q u e n c e

o 1 (0) : M a l う M 卑 M う M / a l M I O i m pli e s x A( a l; M ) - [ M / a l M ]
-

【(0) : M a l一 -

[ M]
-

[ M ] - 0 . S u p p o s e e ≧ 2 . B e c a u s e a l
n M - (0) an d Z

n
- a l

n

A + ( a 2 , ･ ･
･

,
a e)I

n - 1

,

w e h a v e
,
fo r al 1 i ≧ 0 , Z

n
･ H i( a 2 , -

,
a e; M ) - (0) , a n d s o w e m ay c o n sid e r t h e cl a s s

[H i( a 2 , -

,
a e; M )] ∈ K o( A/ I) I W e s et i - ∑i≧.(

- 1)
i

[ H i( a 2 ,
-

,
a e; M )] ∈ K o( A/ I) ･

N o w c o n sid e r in g t h e lo n g e x a ct s e q u e n c e

- ･ う H i + 1( a l , ･ ･ ･ , a e; M ) う H i( a 2 , ･ ･ ･ , a e; M ) ち

H i( a 2 , -

,
a 2; M ) 1 H i( a l , -

,
a e; M ) 1 -

w e g e七 x A( a l ,
-

,
a e; M ) - i - i - 0 an d t h e p r o of is c o m pl et e d ･

P r o p o siti o n 1 . 2 ･ 1 0 ([ 1 , 3 . 3] , 【4 , 1 ･ 7]) L et M ∈ A m o d . Ii e ≧ 2 , w e h a v e

x A( a l , -

,
a e; M ) -

x 互(布 , -

, 布)(x A( a l; M )) ,

w h e r e 京 - A/ a l A a n d 両 d e n oi e s ik e cl a s s of a i i n 且

P r o of ･
<

W e p ut L - (0) : M a l a n d 詔 - M / a l M ･ L et u s c o n sid e r th e e x a ct s e q u e n c e

O I L I K .(1; M ) 1 K .( a l; M ) 1 扉 1 0

of c o m p le x e s ･ A p p ly in g
I ⑳A K ･( a 2 , ･

･ ･

,
a 2; A) t o it , w e g et th e s e q u e n c e

O I K ･( 萄 , -

, 両; L) 1 K .(1 , a 2 , - ･

,
a e; M ) 1

K .( a l , a 2 , ･ ･ ･

,
a e; M ) ヰ K .( 布,

-

, 両 面) 1 0

1 1



of c o m ple x e s , w hi c h i s al s o e x a c t a s K .( a 2 , -

,
a 2 ; A) is a fr e e c o m ple x ･ W e di v id e t his

s e q u e n c e in t o t w o s h o rt e x a ct s eq u e n c e s

(～) 0 1 K ･( 布, -

, 両 L) 1 K ･(1 , a 2 , ･ ･ ･

,
a e; M ) ヰ X . う 0

(州) 0 う X ･ う K ･( a l , a 2 , - ･

,
a 2; M ) 1 K ･( 布, ･ ･ ･

, 両 M ) 1 0 .

a n d

B e c a u s e H i(1 , a 2 ,
･ ･ ･

,
a 2; M ) - (0) f o r all i , b y (#) w e g et H i( X ･) 空 ･ H i 1 1( 布,

･ ･ ･

, 帝; L)

fo r all i
,
an d s o ∑i( - 1)

i

[ H i( X ･)] ニ ー

x 才拓,
･ ･ ･

, 両 L) in K o( A/ I) I F u rth e r m o r e t h e l o n g

e x a ct s e q u e n c e d e ri v e d fr o m (鮒 i m pli e s x A( a l , a 2 , ･ ･ ･ , a 2; M ) -

x 方向 , ･
･ ･

濁; 詔) +

∑i(
- 1)
i
[H i( X ･)1 ･ T h e r efo r e

x A( a l , a 2 ,
･ ･ ･

,
a e; M ) -

x 3:描 ,
-

, 両 肩)
-

x 才拓,
- I

, 帝; L)

-

x 才( 両,
-

, 帝; x A( a l , M ))

a s x A( a l , M ) - 同 一

[L] i n K .( A/ a l A) , T h u s w e h a v e c o m pl et e d t h e p r o of .

P r o p o siti o n 1 . 2 . l l ([4 , 1 ･ 7]) L ei 0 < k < e . T h e n 舌h e f oll o w in g di a g r a m

K o( A)
X A( 聖与

, a k)
K o(i)

lI J 柘( 両 市
･ ･ ･

南)

K o( A)
X A ( a
B

,
a e)
K o( A/I)

i s c o m m ut ativ e
,
w h e r e 互 - A /( a l , -

,
a k) A a n d 両 d e n oi e s th e cl a s s of a i i n 克

P r o of . W e p r o v e b y in d u cti o n o n k . If k - 1
,
w e i m m e di at ely g et t h e a s s e rtio n b y 1 . 2 . 1 0 ･

L et 2 ≦ k < 2 . W e s et A
/
- A /( a l , ･ ･ ･

, a た _ 1) A an d d e n ot e b y a i
′

t h e i m a g e of a i i n A
/
I

T h e n b y t h e h y p ot h e si s of in d u cti o n

x A( a l , -

,
a 2) -

X A ,( a k
l

,
a k + 1

/

,

- ･

,
a 2
/

) O X A( a l , -

,
a k _ 1)

-

x 言(両石,
. ･ ･

, 両) ｡ x A ′( a k
'

) ｡ X A( a l , ･ ･ ･ , a た - 1)

- x 言( 布石, -

, 萄) ｡ x A( a l , -

,
a k) ,

w hich is th e r e q ui r ed a s s e rtio n .

1 2



1 .3 S u p e r 丘ci a l el e m e n t a n d a n a l y ti c s p r e a d

l n th is s e cti o n w e r e c all t h e n oti o n s of s u p e r丘ci al el e m e 血 ( cf . [1 1】) a n d a n aly tic s p r e a d

(cf . [1 2】) , g e n e r alizin g th e m sli gh tl y ･ L et G b e t h e a s s o ci at e d g r a d e d ri n g G(I) -

O n ≧o I
n

/ Z
n ' 1

･ L et M ∈ A m o d a n d l et X b e t h e a s s o ci at e d g r a d ed G
- m o d ul e G (I , M ) -

O n ≧.
I n M / I

n ' 1
M ･ F o r a n el e m e nt a ∈ I

,
w e s et a

*
- a m o d Z

2
∈ G l ･

I ) e m m a 1 . 3 . 1 L et a ∈ I . T h e n th e f oll o w i n g c o n d iti o n s a r e e q ui v al e n t .

(1) T h e r e e xi st s c > 0 s u ch th at (I
n + 1 M ‥M a) n l

c

M - I
n
M f o r all n > c ･

(2) T h e r e e xi st s c > 0 s u c h ih a舌a
*

i s a n o n -

z e r o
- di vi s o r o n X I≧c

･

･

- O n ≧c l
n
M / I

n + 1 M ･

(3) If G + 望Q ∈ As s G X , th e n a
*

卓Q ･

P r o of . (1) * (2) is o b vi o u s .

(2) ⇒ (3) S u p p o s e G + 廷Q ∈ As s G X ･ T h e n ( G +)Q - G Q an d Q G Q ∈ As s G Q X Q ･

O n t h e ot h e r h a n d
,
w e h a v e ( Xt ≧c) Q - X

Q
a S X l≧c - a

+

c
･ X ･ H e n c e Q G Q ∈

As s G
Q ( X I≧c) Q an d s o Q ∈ As s G X I≧c , w hi ch m e a n s a

*

≠Q s in c e a
*
is a n o n - z e r o - di vi s o r

o n X I≧c b y t h e a s s 1 1 m P ti o n ･

(3) i (2) L et As s G X - ( Q l ,
･ ･ ･

, Q n) a n d n? = 1 Z i - (0) b e a p ri m a ry d e c o m p o siti o n

of (0) i n X s u c h t h at As s G X / Z i - ( Q i) I W e m ay a s s u m e t h at , f o r s o m e in t eg e r m w it h

O ≦ m ≦ n , G + ⊆ Q i if l ≦ i ≦ m a n d G + 望 Q i if m + 1 ≦ i ≦ n . B e c a u s e

Q i - J m ,
t h e r e e xi st s c > O s u ch t h at a

+

c
･ X - kl≧c ⊆ Z i fo r 1 ≦i ≦ m . S u p p o s e

f ∈ XI ≧c an d a
*

f - 0 . T h e n
,
fo r m + 1 ≦ i ≦ n , w e h a v e f ∈ Z i S in c e a

'

卓 Q i an d

As s G X / Z i - ( Q i) . C o n s e q u e n tly , w e s e e f ∈( Xl≧c) n Z m + 1 ∩ ･ - n Z n ⊆ ∩? = 1 Z i - (0) ,

s o i - 0 ･ T h e r ef o r e a
*

i s a n o n - z e r o - di vis o r o n X i≧c an d t h e p r o of is c o m pl et ed ･

W e s a y t h at a ∈ I is a s u p e r fi ci al ele m e nt of I w ith r e sp e ct t o M if o n e of t h e c o n d itio n s

of I .3 .1 i s s atisfi ed . B e c a u s e w e a s s u m e t h at A/ m is in fi nit e , t h e e x ist e n c e of a s u p e r fi cial

ele m e n t is al w a y s g u a r a n t e ed b y th e c o n ditio n (3) of I . 3 .1 .

L e m m a 1 . 3 . 2 L ei a b e a s u p e rB ci al el e m e n t of f w ith r e sp e c舌i o M . T h e n
, f o r m ≫ 0 ,

w e h a v e

(1) a M n Z
n
M - a Z n

~ 1
M
,

(2) Z
n + 1 M : M a - ((0) : M a) + Z

n
M
,

1 3



(3) ((0) : M a) n Z
n

M - ( 0) a n d

(4) Z
n

((0) : M a) - (0) ･

p , o of . L et c ' O b e a n i n t eg e r s u ch t h at (I
n ' 1 M : M a) n l

c

M - I
n

M f o r a n y n ' c ･

(1) B y A rti n
- R e e s l e m m a

,
th e r e e x ist s a p o siti v e in t eg e r r s u c h th at Z

n M n a M -

Z
n

- r

(Z
r

M n a M ) ⊆ a Z
n

-

r
M f o r all n > r ･ If n > r + c , th e n I

n -

r M ⊆ Z
c M

,
a n d s o

z
n
M n a M ⊆ Z

n M n a Z
c

M - a((Z
n

M : M a) n Z
c M ) - a Z

n
1 1
M ･

(2) L et x ∈ Z
n + 1 M : M a f o r n ≫ 0 ･ T h e n a x ∈ Z

n + 1 M n a M - a l n M b y (1) . H e n c e

a x - a y fo r s o m e y ∈ Z
n M

,
w hich i m plie s x

-

y ∈(0) : M a a n d s o x ∈((0) : M a) + Z
n M .

T h u s w e g et Z
n + 1 M : M a - ((0) : M a) + Z

n M si n c e t h e rig ht h a n d sid e is o b v i o u sly

c o nt ai n e d in t h e l e 氏 h a n d sid e .

(3) F o r a n y in t eg e r n > c , w e h a v e ((0) : M a) n l
c

M ⊆(Z
n + 1 M : M a) n Z

c

M - Z
n

M ･

H e n c e ((0) : M a) n l
c

M ⊆ n n > c Z
n
M - (0) ･

(4) W e h a v e Z
c

((0) : M a) ⊆(( 0) : M a) n Z
c

M - (0) b y (3) ･

L e m m a 1 . 3 . 3 L e去 a b e a s u p e r声ci al el e m e n t of f w ith rle SP e Ct t O M . T h e n ik e s eq u e n c e

o ぅ (0) : M a l M / Z
n

M 阜 M / Z
n + 1
ぅ 面/ I

n + 1 扉 う O

is e £αci f o r n ≫ 0 , w h e r e 好 - M / a M .

P r o of . L et u s c o n sid e r th e e x a ct s e q u e n c e

o l I
n + 1 M :お a/ Z

n

M ぅ M / Z
n

M 阜 M /Z
n + 1
M 1 扉/ I

n + 1
好 ヰ 0 .

B y 1 . 3 . 2
,
f o r n }> 0 , w e h a v e

z
n + 1 M : M a/ Z

n

M

i;■ら

((0) : M a) + I
n
M

I n M

(0) : 〟 α

((0) : M a) n Z
n
M

望 ( 0) : M a ･

H e n c e w e g et th e r e q ni r ed e x a ct s eq u e n c e .

W e d e n ot e b y e(I , M ) t h e K r ul 1 d i m e n si o n of th e G
-

m o d ul e X / m X ･ I n p a rtic ul a r w e

w rit e e(I) - A(I , A) , w hic h is c alle d t h e an al yti c s p r e a d of I ( cf ･ 【1 2】) ･ I n g e n e r al ,
_
w e

h a v e 0 ≦ e(I , M ) ≦ A(I) . B e c a u s e w e a r e a s s u m in g t h at A/ m is in fi nit e , e(I) -

p A( J)

1 4



f o r a n y m i n i m al r ed u ctio n J of I . T h e i n eq u al itie s ht A I ≦ e(I) ≦ m i n( d i m A ,FL A(I)i

a r e v al id f o r an y i d e al I i n A . H e n c e if I is m -

p ri m a r y , e(I) - di m A . W e n ot e f o r fu t u r e

u s e t h at if I - ( a l ,
-

,
a e) A a n d e(I) - e

,
t h e n e(( a l ,

･ ･ ･

,
a k) A) - k f o r 0 ≦ k ≦e . I n

fa ct
,
s etti n g K - ( a l ,

･ -

,
a k) A an d L - ( a k + 1 ,

･ -

,
a e) A , w e h a v e e(I) ≦e( K ) + 2(L) ( cf .

[1 2 , §8 L E M M A l]) , A( K) ≦ k a n d A(L) ≦ e
- k
,
w hic h i m pl y A( K ) - k ･ I n p a rtic ul a r ,

if a l ,
･ ･ ･

,
a k i s a s l lb sy st e m of p a r a m et e r s (s s o p) fo r A , th e n e(( a l , ･･ - , a k) A) - k . W e

fu rth e r n otic e t h at if I - ( a l , ･ ･
･

,
a e) A a n d a l , ･

･
･

,
a e is a d - s eq ll e n C e O n A (cf . [7】) , t h e n

e(I) - e b e c a u s e b y [8 , 3 ･1] G / m G is is o m o r p h ic t o a p oly n o m ial ri n g o v e r A / m w it h e

v a ri ab le s .

Le m m a 1 . 3 . 4 If e(I , M ) - 0
,
th e n I ⊆ 応 好 .

P r o of . B e c a u s e e( I , M ) - 0
,
w e h a v e 碗 Ⅹ - m G + a + . H e n c e G

+

n
･ X ⊆ m X f o r

s o m e n > 0 . T h e n
,
l o o kin g at t h e n

-t h h o m og e n e o u s c o m p o n e nt s , w e g et Z
n

M - m l
n

M

a n d s o I
n

M - (0) b y N a k ay a m a
'

s l e m m a .

L e m m a 1 . 3 . 5 S u p p o s e e(I , M ) > 0 . T h e n th e r e e xi st s a n el e m e n t a ∈ I s atisfyin g th e

f oll o w i n 9 c o n ditio n s :

(1) a i s a p a rt of a m i ni m al sy st e m of 9 e n e r at O r S f o r I .

(2) a is a s up e rJIci al el e m e n ま of I w ith r e sp e ct t o M .

(3) e(I , 詔) - e(I , M ) - 1
,
w h e r e 好 - M / a M .

P r o of ･ L e七 p : I I G b e th e A -li n e a r m a p s u c h th at p( a) - a
* f o r a ∈ Z ･ L et

7 - ( Q ∈ As s G X I G + 望 Q) .
F o r Q ∈ F , w e s et V(Q) -

p
~ 1

(a) + m I/ m I , w hich is

an A / Ⅱ トS 11b s p a c e of I/ m I ･ W e n otic e V(Q) ≠ I/ m I . I n fa ct
,
if V( Q) - I/ m I , w e h a v e

Z -

p
~ 1

(Q) a n d s o G + ⊆ Q a s t h e i m a g e of p is G l . B 11七t his c o n t r a di ct s t o Q ∈ F .

N e x t
,
f o r P ∈ As s h G X/ m X , w e s et W ( P) -

p
- 1

( p) + m I/ m I ･ S u p p o s e W ( P) - I/ m I ･

T h e n I -

p
- 1

( p ) a n d s o P - m G + G + , w hi ch is t h e g r a d e d m a x i m al id e al o f G ･ H e n c e

di m G / P - 0 . B u t t his c o n t r a dicts t o t h e a s s u m p ti o n t h at e(I , M ) > 0 ･ C o n s e q u e ntly

W ( P) ≠I/ m I . B e c a u s e w e a r e a s s u m i n g t h at A/ m is in fi n it e , w e c an ch o o s e an el e 甲e nt

α ∈ ∫ s o t b at

(i) 百官Ⅴ(Q) f o r a n y Q ∈ F a n d

(ii) 有≠ W ( P) f o r a n y P ∈ As s h G X / m X ,
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w h e r e 房is t h e cl a
ss of a in Z/ m I ･ T h e n

,
a s 夜 ≠0 , a is a p a rt of a m i mi m al s y st e m of

g e n e r a
t o r s f o r Z ･ M o r e o v e r w e h a v e a

*

卓Q f or an y Q ∈ 7 b y (i) , s o a i s ､
a s u p e r fi cial

ele m e nt of I w it h r e sp e ct t o M . B y (ii) w e s e e a
*

蛋 P f o r a n y P ∈ As sh G X / m X , s o

a
*
is a s s o p f o r X / m X . H e n c e

,
i n o rd e r t o s e e e(I , 肩) - e( I , M ) - 1

,
it is e n o u gh t o

sh o w di m G X / m X + a
*

Ⅹ - d i m G G (Ⅰ, 甲)/ m G(Ⅰ, 雨) . I n fa ct
,
a s [X / m X + a

*
Ⅹ】n -

I
n M / m l

n M + a l
n

- 1
M an d [G(I , 肩)/ m G(Ⅰ, 甲)】n - I

n
M + a M / m l

n

M + a M fo r a n y

n さ Z
,
也 er e e x ist s t h e c a n o n i c al epi m o rp his m p : X / m X + a

*
Ⅹ ヰ G(り拓)/ m G(Ⅰ, 砺)

of gr a d e d G
- m o d ul e s . T h e n w e b a 問

[K e r p] n
～
㍗ 〟 ∩( m l

n M + a M )
m l n M + a i m

- 1 M

m l
n

M + I
n

M n a M

m l
n M + a l

n ~ 1 M
~

H e n c e
,
f o r n ≫ 0 , w e h a v e 【K e r p] n - (0) s in c e Z

n
M n a M - a Z

n
- I
M b y 1 . 3 .2 . T h e r e -

fo r e l e n gth G K e r p < ∞
,
a n d s o w e g et t h e r e q ui r ed e q u alit y of K r ull di m e n si o n s ･ T his

c o m p let e s t h e p r o of of 1 .3 . 5 .

1 . 4 H il b e r t - S a m u el f u n c ti o n

F or M ∈ A m o d
,
w e d e 丘n e t h e f u n cti o n x㌢ : Z I K o( A/ I) b y s etti n g x r( n) -

t M / I
n + 1
M ] an d c all it th e H ilb e rt - S a m u el f u n ctio n of M w it h r e s p e ct t o Z ･ W e si m ply

d e n ot e xヂb y x I .

T h e o r e m 1 . 4 . 1 L et M ∈ A m o d . T h e n

m a x( di m A Q M Q I Q ∈ M i n A A /I) ≦d e g x㌢≦e(I , M ) ･

I n p a rti c ul a r w e h a v e

ht A Z ≦ d eg * z ≦A(I) .

F er e w e n otic e th at d i m A M - -

∞ if M - (0) .

L占m 血 a i ･4 ･ 2 If d eg x㌢≦ 0 , th e n d i m A Q M Q ≦ d eg x㌢f o r a n y Q ∈ M in A A / Z ･

P r o of . L e七 u s fi rst c o n sid e r th e c a s e w h e r e d eg x㌢ ニ ー 1 . T his m e an s x㌢ ≡ 0
,
s o

【M / I
n
M] - 0 i n K o( A/ I) fo r n ≫ 0 ･ H e n c e if Q ∈ M in A A/ I , w e h a v e , f o r n ≫

0
,
M
Q

- I n M Q a S [ M Q / I
n

M Q] - 0 in K o( A Q/ I A Q) a n d a s A Q/ I A Q is A rt in i a n , s o
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M Q
- ( 0) b y N a k ay a m a

'

s l e m m a ･ S u p p o s e n e xt d e g x I
M

- o ･ T h e n a s △xr ≡ 0 ,

【M / I
n + 1
M ] - 【M / Z

n
M] in K o(A/ I) f o r n ≫ 0 ･ H e n c e if Q ∈ M i n A A/ I a n d n ≫ 0 , w e

h a v e Z
n + 1 M
Q

- Z n M
Q
a n d s o Z n M Q - (0) , w hich m e a n s di m A Q M Q ≦ 0 ･ T h u s w e h a v e

p r o v e d th e r eq u ir ed a s s e rtio n ･

P r o of of l ･4 ･ 1 ･ W e p r o v e b y i n d u cti o n o n e(I , M ) . L et A(I , M ) - 0 ･ T h e n Z n M - (0)

f o r n ≫ 0 b y l ･3 .4
,
s o x㌢( n) - [ M] f o r n ≫ 0 , w hich i m plie s d e g xr ≦ 0 . H e n c e w e

g et t h e r eq u ir ed in eq l l aliti e s b y 1 . 4 ･2 ･ L et n o w e(I , M ) > 0 . A g ai n b y 1 . 4 ･ 2 it is e n o u gh

t o c o n sid e r t h e c a s e w h e r e d e g x z
M
≧ 1 ･ B y l ･ 3 ･ 5 w e c a n ch o o s e an el e m e nt a ∈ I s o

t h at a is a s u p e rfi ci al ele m e nt of I w it h r e s p e c七t o M an d A(I , 詔) - e(z , M )
- 1
,
w h e r e

好 - M / a M . T h e n
,
b y 1 .3 . 3

,
w e h a v e a n e x a ct s e q u e n c e

O 1 (0) : M a l M / I
n

M 阜 M / I
n + 1
M 1 肩/ z

n + 1 肩 1 0

f o r n ≫ 0 ･ N otic e t h at th e cl a s s [(0) : M a] c an b e d e fi n ed in K o( A/ I) b y (4) of 1 . 3 ･ 2 . T h u s

x賢( n) - △ x㌢(n) + [(o) : M a] f o r n ≫ 0 , a n d s o x賢≡ △x㌢+ I , w h e r e i ‥ Z ぅ K .( A/ I)
is t h e c o n st an t f u n ctio n s u ch t h at I( n) - [(0) : M a] fo r an y n ∈ Z . B e c a u s e d e g x㌢≧ 1

a n d d eg J ≦ 0 , w e s e e

d eg xr -i
d eg x r - 1 if d eg x r ≧ 2

- l o r O if d eg x r - 1 .

L et Q ∈ M i n d A / Z ･ T h e n
,
b y th e h y p ot h e sis of in d u cti o n , w e h a v e d i m A Q 詔 Q ≦ d e g x㌢,

a n d s o

di m A
Q
M
Q ≦ d i m A Q

M
Q +
1

≦ d eg x㌢+ 1

≦ d eg x㌢.

M o r e o v e r
,
w h e n d e g x㌢≧ 2 , w e g et

d e g x㌢ - d eg x㌢+ 1

≦ e(z , 好) + 1

- e( I , M ) .

B e c a u s e w e a r e a s s u m i n g e(I , M ) > 0 , t h e i n e q u al ity d e g x㌢ ≦e( I , M ) h ol d s o b vio u sly

if d eg x㌢ - 1 . T h u s w e h a v e c o m p let ed th e p r o of .

1 7



D e fi n iti o n l ･ 4 ･ 3 L ei M ∈ A m o d ･ W e s et e i(I , M ) - c i(x㌢) ∈ K o( A/ I) f o r i ≧ 0 .

T h e n e i(I , M ) - 0 f o r i > A(I , M ) a n d

x㌢(孤) -

冒(
n

:
i

) ei(I , M ,
i n K o( A/ I) l o r n ≫ 0 ･

P r o p o siti o n 1 . 4 . 4 L et M ∈ A m o d . T h e n w e h a v e th e f oll o w i n g a s s e rtio n s .

(1) L et a b e a s u p e rB ci al el e m e nt oi l w ith r e sp e c舌i o M . W e s et 詔 - M / a M . T h e n

e i(I , 詔) - e i + 1(I , M ) f o r a n y i ≧ 1 a n d e o(I , 詔) - e l(I , M ) + [(0) : M a] .

(2) e i(I , M ) Q - e i(Z A Q , M Q) f o r a n y Q E V(I) ･

P r o of . (1) L et n }> 0 . T h e n
,
b y 1 .3 . 3

,
th e r e e x ist s a n e x a ct s e q u e n c e

o 1 (0) : M a う M / Z
n

M 阜 M / J
n + 1
M 1 好/ I

n + 1 好 1 0
,

fr o m w hich w e s e e

xr ( n) -

x㌢( n 卜 x㌢( n - 1) + 【(0)

冨{(
n

:
i

) -(
: M

】

H

■ー

邑0
【‖

川
Ⅶ
l

一
Ⅷ

川
】[+叫

r

J

I
H

Ⅶ
_
一

川
l

,

i n

l

川

l
肌
以

.

り
J
+ー

.

り
J

犯

芸(
n

:ヱT
1

) e 3･(I , M ) + 【(0, : M a]

冒(
n

:
i

)

: M a]

e 叶 1(∫, 〟) + (e l(∫, 〟) + 【(0) : 〟 α]) .

T h u s w e g et t h e r eq ui r e d e q -ユaliti e s .

(2) B e c a -1S e

[ M / I
n ' 1
M ] -

冨(
n

:
i

) ei(I , M ,
fo r n }> 0 an d t h e lo c ali z ati o n K o( A/ I) ) K o( A Q/ Z A Q) is a g r o u p h o m o m o r p h is m , w e

h a v e

xTA
Q

Q
(n, - [ M / I

n ' 1
M] Q -

冒(
n

:
i

) ei(I , M ) Q
fo r n ≫ 0 . H e n c e e i(I A Q , M Q) - e i(I , M ) Q f o r a n y i ≧ 0 ･
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C o r o lla r y l ･ 4 ･ 5 L et M ∈ A m o d a n d Q ∈ Ⅴ(I) ･ If ei(I , M ) Q ≠0 , ih e n i ≦ ht A Q ･

P r o of ･ S u p p o s e e i(I , M ) Q ≠0 ･ T h e n , b y l ･ 4 . 1 a n d (2) of l ･ 4 ･4
,
w e h a v e i ≦e(I A Q , M Q) ≦

e(I A Q) ≦ di m A Q
- ht A Q ･ T lm s th e r eq u ir ed i n eq u al ity f ollo w s ･

P r o p o siti o n 1 . 4 . 6 ([4 , 3 ･ 1】) L ei I b e g e n e r at ed b y a n M - r eg ul a r s eq u e n c e of l e n gth m .

T h e n e m (I , M ) - 【M / I M ] a n d e i(I , M ) - 0 f o r a n y i ≠ m .

p r o of ･ Le t i ≧ 0 ･ B e c a u s e I
i
M / I
i ' 1
M is is o m o rp hic t o t h e d ir e ct s u m of(

i '

m

m

_;
1

) c o pi e s

of M / Z M , w e h a v e

[I
i
M / I
i･ 1 M ] -(

i '

m

m

_T)[ M / I M]
i n K o( A/∫) . T h e n

n

x㌢( n) - ∑【I
i
M /I
i ' 1
M]

i = 0

･
i
.≡,
_
__(
i + m

- 1

Eii!
= i!) )[ M / I M]

(
n '

m

m

)[ M /I M] ,
an d s o w e g et 仏e r e q u ir e d a s s e rti o n .

T h e f ollo w i n g r e s ult is d u e t o F h s e r [4] . W e w ill gi v e a n oth e r p r o of u s in g s u p e r fi cial

ele m e I止.

P r o p o siti o n l ･4 . 7 (【4 , 2 . 6]) L et I b e m i n i m ally g e n e r at ed b y a l , a 2 , -

,
a
m

. Th e n f o r

a n y M ∈ A m o d w e h a v e △ m x㌢( n) -

x A( a l , - ･

,
a
m ; M ) .

W e n e ed th e follo w i n g

L e m m a 1 . 4 . 8 L et M ∈ A m o d , e ≧ 2 a n d a l a S up e rfi ci al el e m e nt oi l w ith r e sp e ct i o

M . T h e n

x A( a l , a 2 , ･ ･ ･

,
a e; M ) -

x 瓦( 両 , - ･

, 両 M ) ,

w h e r e 京 - A/ a l A , 厨 - M / a l M a n d 萄 is th e cl a s s of a i i n 且
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P r o of . B y 1 . 2 . 1 0 w e h a v e

x A( a l , a 2 , -

,
a 2; M ) -

x 才拓 , -

, 両 肩)
-

x 言拓 , -

, 両 (0) : M a l) ･

B e c a u s e a 2
n

((0) : M a l) - (0) fo r s o m e n > 0 b y (4) of l ･3 ･ 2
,
t h e r eq u i r ed e q u al ity h old s

b y ュ. 2 .

_
9 .

P r o of of 1 .4 . 7 . L et u s p r o v e b y i n d u ctio n o n m . S l lP p O S e fi r st m - 1 ･ T h e n b y (3) of

1 . 3 .1 a l i s a s 11P e r 丘cial el e m e nt of I - a l A w it h r e sp e ct t o M . H e n c e
,
f o r n ≫ 0

,

o 1 (0) : M a l う M / a l
n

M 卑 M / a l
n + 1
M I M / a l M I 0

is e x a ct b y 1 .3 . 3
,
an d s o △ x㌢( n) - [ M / a l M 卜 【(0) : M a ll -

X A( a l; M ) . L et n e xt

m >
_

2 . B y 1 .3 . 5 th e r e e xi st s a s u p e rfi ci al ele m e nt a of I w it h r e sp e ct t o M s u ch th at a

is a p a rt of a m i n i m al s y st e m of g e n e r at o r s f o r I . S u p p o s e th at b 2 ,
I ･ ･

,
b m a r e el e m e nt s

w it h I - ( a , b 2 , ･ ･
･

,
b m) A ･ T h e n

,
a s H i( a l , a 2 ,

･ ･ ･

,
a
m

･

,
M )

-= H i( a , b 2 ,
･ ･ ･

,
b m

･

,
M ) f or all

i
, x A( a l , a 2 , -

･

,
a
m

･

,
M ) -

x A( a ,b 2 ,
･ ･ ･

,
b
m ; M ) ･ C o n s e q u e ntly , w e m a y a s s u m e a l - a ･

w e s et 互 - A/ a l A , 好 - M / a l M an d d e n ot e b y 両 t h e cl a s s of a i in 瓦 N o w , a g ai n b y

I . 3 .3
,
t h e s e q u e n c e

o 1 (0) : M a l l M / I
n

M 卑 M /I
n + 1 M 1 詔/ z

n + 1 詔 1 0

is e x a ct f o r n ≫ 0 , w h ic h m e an s △x㌢ ≡ x昌
一 f w h e r e I : Z う K o( A/ I) is t h e c o n st an t

fu n cti o n w it h I( n) - [(0) : M a ll f o r a n y n ∈ Z ･ T h e r9 fo r e , f o r n ≫ 0 , w e g et

△
m

x㌢( n) - △ m
~ 1
(瑞 - I)

- △ m
- 1

x芸( n) ( a s m ≧ 2 a n d d eg f - 0)

-

x 方向,
-

,
石蒜; 詔) (b y th e h y p ot h e si s of in d u ctio n)

-

x A(a l , a 2 , ･ ･ ･

,
a
m ; M ) (b y l A .8)

a n d th e p r o of is c o m p let e d .

C o r oll a r y 1 . 4 . 9 L e舌 M ∈ A m o d . If l is m i n i m ally 9 e n e r ai ed b y a l , a 2 , ･ ･ ･

,
a
m
a n d

A(I , M ) < m , T h e n x A( a l , - ･

,
a
m ; M ) - 0 .

P r o of . B y 1 . 4 .1 t h e a s s u m p ti o n i m plie s d e g x r < m , s o △
m

x I
M
≡ o . H e n c e w e g et th e

a s s e rti o n b y 1 . 4 .7 .

2 0



1 . 5 M u lti p li cit y

I n t his s e ctio n w e c o n c e n t r at e o u r att e n tio n o n th e
"

t o p t e r m
"

i n t h e e x p r e s si o n of

a H ilb e rt - S a m u el f u n cti o n ll S l n g bi n o m i al c o e 瓜cie nt s . T h r o u gh o llt t his s e cti o n d -

di m A
,
e - e(I) a n d M ∈ A m o d .

D e 丘niti o n 1 . 5 . 1 W e s et e I( M ) - e e(I , M ) a n d c all it th e miLltipli ciiy of M w ith r e sp e ct

t o I .

p r o p o siti o n 1 . 5 . 2 e z( M ) - △e x㌢( n) l o r n ≫ 0 . H e n c e e z( M ) - 0 if e(I , M ) < e .

P r o of . T h is f oll o w s i m m edi at ely fr o m I . 2 . 6 .

P r o p o siti o n 1 . 5 . 3 L et m ≧ 1 . T h e n
,
id e ntifyin g K o( A/ I) w ith K o(A/ Z

m

) th r o u gh th e

is o m o rp h is m K o( A/ I) 与 K o( A/ Z
m

) i n d u c ed f ro m ik e c a n o ni c al s u rj e ctio n A / Z
m
l A / I ,

w e 9 ei e z - ( M ) - m
2

･ e z( M ) .

p r o of . L et u s d e n ot e b y q t h e is o m o r p h is m K o( A/ I) 与 K o( A/ Z
m

) . W e n otic e th at

q( x㌢( m n + m - 1) -

x 箆( n) fo r a n y n ≧ 1 . L et X b e an in d et e r m i n at e . W e s et

Fi( X ) -(
m X +

r
' i

)
fo r 0 ≦ i ≦ e . T h e n F i( X ) is a n u m e ri c al p oly n o m i al of d e g r e e i . H e n c e b y [1 1 , (2 0 .8)]

th er e e xi st in t eg e r s a iO , a il ,
･ ･ ･

,
a ii S u ch th at

%

F i( X ) - ∑ a ij
3
1

- 0
(
x

;
X + i

I n p a rtic ul a r w e c a n ch o o s e a eo , a e l ,
-

,
a c e S O th at a pe

- m
e
si n c e

G ( X ) : - F e( X ) - -
A

(
x

e

' e

)
is a n u m e ri c al p oly n o m i al of d eg r e e e

- 1 . S e n di n g b y q t h e b oth sid e s of th e e q u ality

e

xr ( m n + m - 1) 主 ∑Ei( n) ･ ei(I , M )
i = O

i n K o( A/ I) f o r n }> 0 , w e h a v e

e

xfr- (n) - ∑F i( n) ･ q( ei(I , M ))

蓋e a i3･(
n

:
3

.

) ･

q( ei(I , M ,,

- (
n

:
e

) ･ -
e

･ q( e I( M )) +覧(
n

I
3

'

) ･ E 3
･

,

2 1



w h e r e E 3
･ - ∑f = , ･ a i,

･

J( e i(I , M )) ･ T h e r ef o r e w e g e t e I - ( M ) - m
e

･ q (e I( M )) si n c e e(Z
m

) -

A(z) - A
,
w hi c h i s t h e r e q u i r e d a s s e rtiq

n ･

p r o p o s it i o n 1 . 5 . 4 L et
Z - ( a l , ･ ･ ･ , a 2) A a n d a l ,

-

,
a 2 i s a n M -

r e9 ul a r s eq u e n c e ･ T h e n

c I( M ) - [ N / Z M] ･

P r o of . T his foll o w s i m m e di at ely fr o m l A ･ 6 ･

P r o p o s itio n l ･ 5 ･ 5 L et Q ∈ Ⅴ(I) ･ Zf e(Z A Q) - m
,
th e n e I A

Q( M Q)
- e m(I , M ) Q ･

P r o of t B y d efi nitio n e z A Q( M Q)
- e
m (I A Q , M Q) I H e n c e th e a s s e rtio n f oll o w s fr o m ( 2) of

1 . 4 . 4 .

L et u s d e n ot e b y e
/
z( M ) th e o r din a ry m ultiplicity of M w ith r e s p e ct t o an m -

p ri m a ry

id e al I . T h e n
,
a s is n otic e d i n t h e i n t r o d u cti o n

,
w h e n I is m -

p ri m a r y , e z( M ) is s e nt t o

e
′
I( M ) b y t h e le n gt h f un ctio n K o( A/ I) 与 z ･ M o r e g e n e r al ly w e h a v e t h e f oll o w i n g .

Le m m a 1 . 5 . 6 L ei Q ∈ M in d A / I w ith ht A Q - s . L et

e
s(z , M ) - ∑ m p

･【A/ P] ( m p ∈ Z)
P ∈Ⅴ(I)

i n K o( A/ I) I Th e n m Q
- e
'

z A
Q( M Q) ･

P r o of ･ B e c a u s e e(I A Q) - di m A Q
- a
,
e z A Q( M Q)

- e
s(I , M ) Q b y l ･5 ･ 5 ･ O n t h e ot h e r

h a n d
,
e
s(I , M ) Q - m Q

･

[ A Q / Q A Q] b y t h e a s s u m p ti o n ･ T h u s e z A
Q( M Q)

- m Q
･

[A Q/ Q A Q] ･

s e n d in g t h e b ot h sid e s of t his e q u al ity b y th e le n gt h f u n cti o n K o(A Q/ Z A Q) ち z , w e g et

t h e r eq u i r ed a s s e rti o n ･

L e m m a 1 . 5 ･ 7 L ei N be a n A - s ub m od ul e of M s u ch th at I ⊆J a 血A 抑 ･ If e > 0 , w e

h a v e e I( M ) - e I(N ) .

P r o of , B y t h e le m m a of A rti n - R e e s , t h e r e e xi st s a n i n t eg e r r > 0 s u ch th at Z
n
M n N -

Z
n

l l
r
M n N ) f o r a n y n > r ･ C h o o si n g r a s big a s e n o u gh , w e m ay a s s - - e I

r

M ⊆ N ･

T h e n Z n M n N - I n
-

r
N f o r a n y n > r ･ N o w w e c o n sid e r

,
f o r n > r

,
th e e x a ct s e q u e n c e

O + N/ Z
n - r

N ) M / Z
n

M ) M / N
-

+ 0
,

2 2



w h ich i m plie s x㌢ ≡ x IN トr] + I w h e r e i : Z I K o( A/ I) is th e c o n st a mi f u n ctio n s u ch

th at I( n) - [ M / N] f o r a n y n E Z ･ T h e r efo r e w e h a v e

e z( M ) - c e( xr)

- c e( x㌢トr] + I) (b y 1 . 2 . 5)

- c e( x I
N

トr]) ( a s e > 0)

- c e( x㌢) (b y 1 . 2 .7)

- e J(〟) ,

a n d 也e p r o of is c o m pl et e d .

P r o p o siti o n 1 . 5 ･ 8 L et J b e a r e d u cti o n of I . T h e n vi a th e is o m o rp h is m K o( A/ I) ち

K o( A/ J) in d u c ed f ro m th e c a n o ni c al s u rj e cti o n A/ J I A/ I , w e h a v e e z( M ) - e J( M ) .

P r o of . W e d e n ot e b y J th e is o m o rp his m K o( A/I) 3 K o( A/ J) . If e - 0
,
w e h a v e

q( e z( M )) - e J( M ) - [ M] . L et A > 0 an d let r > O b e an in t eg e r w it h Z
r + 1

- J Z r .

T h e n
,
fo r a n y n }i , 0 , w e h a v e [ M / I

n + r
M ] - [ M / J

n
l
r
M ] - [ M / I

r
M ] + [I

r
M / J

n
l
r
M ] in

K o( A/ J) , w hi ch m e a n s q o x r[r] ≡ x
Z
f
M
+ I w h e r e I : Z I K o( A/ J) is t h e c o n st an t

fu n cti o n w itl l I( n) - 【M / Z
r M] f o r a n y n ∈ Z . T h e r efo r e w e h a v e

J( e I( M )) - q( ce(x㌢))

- o
-

( c e( x㌢[r])) (b y 1 . 2 . 7)

- c e( q o x㌢[r])

- c e( x
z
J

r
M
+ i) (b y 1 . 2 .5)

- c e(x
z
J

r
M
) ( as A > o)

- e J(I
r
M )

- e J( M ) (b y 1 . 5 . 5) .

T h u s w e g et t h e r e q ui r e d e q u ality .

B y virt u e of l A .7 a n d 1 . 5 . 8
,
w e i m m e diat ely g et t h e foll o w m g .

T h e o r e m l ･ 5 . 9 L ei e ≧ 1 a n d J - ( a l , a 2 ,
･ ･ ･

a e) A b e a m i n i m al r ed u cti o n oi l . T h e n

e I( M ) -

x A( a l , -

,
a 2; M ) vi a ik e i s o m o rp hi s m K o( A/ I) 与 K o( A/ J) .
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C o r o ll a r y 1 . 5 . 1 0 (【4 , 1 . 1 2]) L et a l , a 2 ,
･ ･ ･

,
a
m
b e el e m e n t s i n m ･ T h e n f o r a n y p o sitiv e

i nt eg e r s n l , n 2 ,
･

･ ･

,
n
m ,
W e h a v e

x A( a l
n l

,
a 2
n 2

,

･ ･ ･

,
a
m

n
m

; M ) - n l n 2
･ ･ ･

n m
･

X A(a l , a 2 , ･ . ･

,
a
m ; M )

th r o u g h th e is o m o rp his m K o( A/( a l , a 2 , - ･

,
a
m ) A) 与 K o( A/( a l

n l

,
a 2
n 2

,

･ ･ ･

,
a n
n -

) A) .

P r o of . It is e n o u gh t o s h o w x A( a l
n

,
a 2 ,

･
･
･

,
a
m ; M ) - n

･

x A( a l , a 2 , ･
･ ･

,
a
m ; M ) f o r a n y

n > 0 . S u p p o s e fi r st m
- 1 . N otic e t h at A( a l

n A) - e( a l A) . If e( a l A) - 1
,
b y 1 . 5 . S an d

1 . 5 .9 w e h a v e x A( a l
n

; M ) - e
a l
n A( M ) - n ･ e

a l A( M ) - n ･

x A( a l; M ) ･ If e( a l A) - 0
,
t h e n

x A( a l
n

; M ) -

x A( a l; M ) - 0 b y l ･4 ･9
,
s o t h e r e q u ir e d a s s e rtio n i s ?b vio u sly tr u e ･ L et

n o w m ≧ 2 . W e p u 七万
- A/ a l A ( r e s p . A

/
- A / a l

n A ) an d d e n ot e b y 句
■

( r e s p . a i
′

) t h e

i m a g e of a i in 講(r e sp . A ') . As w e h a v e al r e a d y s e e n , x A( a l
n

; M ) - n
･

x A( a l; M ) th r o u gh

t h e is o m o r p his m K o(i) 3 K o( A
'

) . H e n c e w e g et

x A ′( a 2
1

,
･ ･ ･

,
a
m

/

)( x A( a l
n

; M )) - n I

x 瓦(両, ･
･ ･

, 句完)( x A( a l; M ))

t h r o u gh t h e is o m o r p his m K o( A/( a l , a 2 ,
- ･

,
a
-) A) 与 K o( A/( a l

n

,
a 2 ,

･

∫
･

,
a -) A) sin c e th e

dia g r a m

K o(i)
柘(空耳

拓)
K o( A/( a l , a 2 , ･ ･ ･ , a m) A)

J J

K o( A
,

)
X A '( ai s

,a -
I

)
K o(A/( a l

n

,
a 2 ,

-

,
a m ) A)

is c o m m ut ati v e . O n t h e ot h e r h a n d
,
b y 1 .2 .1 0 w e h a v e

x A( a l
n

,
a 2 ,

-

,
a
m ; M ) -

x A ′( a 2
'

,

-

,
a
m

′

)( x A( a l
n

; M ))

a n d

x A( a l , a 2 ,
･
-

,
a
m ; M ) -

x 互(萄,
-

, 砿)( x A( a l; M )) ･

T h e r ef o r e w e g et t h e r e q ui r ed eq u ality .

T h e n e x t p r op o siti o n i s a d ir e ct c o n s eq ll e n C e Of 1 . 2 . 8
,
1 . 5 .6 a n d 1 .5 ･7 .

P r o p o siti o n 1 . 5 . l l L ei O I L I M I N う O b e a n e ∬a ci s eq u e n c e i n A m o d ･ Th e n

e z( M ) - e z( L) + e z( N ) ･
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B y virt u e of l ･5 ･1 1 w e g et th e g r o u p h o m o m o r p his m e z : K o( A) ) K o( A/ I) s e n din g

【M] t o e z( M ) f o r an y M ∈ A m o d I If J - ( a l , ･ ･ ･

,
a 2) A is a m i ni m al r ed u ctio n of I ,

th e f oll o w i n g di a g r a m

K o( A) 斗 K o( A/ I)

fl ↓

K o( A)
X A ( ai q

, a e)
K o(A / J)

is c o m m ut ativ e
,
w h e r e t h e v e rti c al a r r o w d e n ot e s t h e is o m o r p his m i n d u c e d fr o m th e

c a n o ni c al s u Tj e cti o n A / J う A/∫.

P r o p o sitio n 1 . 5 . 1 2 L ei

[ M] - ∑ m Q
･[ A/ Q] ( m Q ∈ Z )

Q ∈S p e c A

i n K o( A) . T h e n

e I( M ) - ∑ m
Q

･ e I( A/ Q) ･

Q ∈S p e c A
2( t + Q / Q) - A

P r o of . N otic e th at 0- ≦
■
A(I + Q/ Q) - e(I , A / Q) ≦e f o r all p ri m e id e al s Q an d e z( A/ Q) -

o if A(1 , A/ Q) < e b y 1 . 5 . 2 . T h e r ef o r e w e g et 七h e r e q ui r e d e q u ality si n c e

e I( M ) - e I(∑ m Q ･

[A/ Q])
Q

- ∑ m Q ･ e I( A/ a) ･

Q

W h e n I is m -

p r i m a ry , 1 .5 .1 0 i m plie s t h e a d diti v e f o r m ul a :

e
'

I( M ) - ∑ 1e n gt h A Q M Q ･ e
′

I( A/ Q) ,
Q ∈A s s h A

b e c a u s e m Q
- 1 e n gt h A Q

M Q fo r Q ∈ M in A , e - d a n d e(I + a/ Q) -

′

di m A/ Q ･

P r o p o siti o n 1 . 5 . 1 3 L ei J - ( a l , - ･

,
a e) A b e a m i ni m a l r ed u ctio n of f a n d O ≦ k ≦e ･

W e p u t K - ( a l , -

,
a k) A ･ 1f e(I/ K ) - A - k

,
th e n e z( M ) - e z/ K( e K ( M )) I

P r o of . A s t h e a s s e rti o n i s o b vi o u s w h e n k - 0 o r k - A
,
w e c o n sid e r t h e c a s e w h e r e

o < k < e . L e七 万 - A/ K an d 萄 b e t h e i m a g e of a i in Z . N otic e th at e( K ) - k a n d
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J i - ( a k + 1 ,
-

,
a 2)互is a m i ni m al r e d u cti o n of I a T h e n b y 1 . 5 . 9 a n d 1 . 2 .l l w e h a v e

9 J( M ) -

x A( a l , - ･

,
a e; M )

-

x 万(両石, -

, 布)( x A( a l , ･
-

,
a k ; M ))

-

x 才(両石, ･ ･ ･

, 両)( e K ( M ))

- e I Z( e K ( M )) ･

T lm s w e g et t h e r e q ui r e d eq u ality .

L et u s n oti c e th at e v e n if Z - ( a l ,
-

,
a e) A , 2(I/( a l ,

･ ･ ･

a k)) < e
- k c a n h a p p e n f o r

s o m e 0 < k < A . F o r e x a m pl e , l et A - F[[ X , Y]] b e t h e f o r m al p o w e r s e ri e s ri n g o v e r

a fi eld F a n d I - ( X
2
,
x y ) A . T h e n e(I) - 2 . H o w e v e r A(I/ X

2 A) - 0 a s I/ X
2 A is

n ilp ot e n t . O n t h e oth e r h a n d , if a l ,
･ ･ ･

,
a e is a s s o p f o r A o r a d - s eq u e n c e , th e n t h e

e q u alit y e(I/( a l , -

,
a k) A) - e - k h old s f o r all 0 ≦ k ≦e ･

C o r olla r y 1 . 5 . 1 4 U n d e r th e s a m e n ot atio n s a n d a s s u m p ti o n s a s 1 . 5 . 1 3
,
l et

e K ( M ) 三 ∑ m
Q

･[ A/ Q] ( m Q ∈ Z)
Q ∈Ⅴ( K )

i n K o( A/ K ) . Th 印

e I( M ) - ∑ m
Q

･ e I/ K( A/ a) ･

Q ∈V( K )
e(I + Q / Q) - 2

- A

P r o of . B y 1 . 5 .1 3 w e h a v e

e z( M ) - e z/ K (e K ( M ))

∑ m Q
･

e I/ K ( A/ Q) ･

Q ∈Ⅴ( K)

H o w e v e r e I/ K ( A/ Q)
- 0 if e( I + Q/ Q) - A(I/ K , A / Q) < A

- k ･ H e n c e w e g et t h e r e q ui r e d

e q ll ality si n c e e(I + Q/ Q) ≦e
- k fo r all Q ∈ Ⅴ( K ) .

W h e n I is m ⊥p ri m afy , 1 . 5 . 1 4 m e a n s th e a s s o ci ativ ity f o r m ul a (cf ･ [1 1 , (24 ･ 7)]) ･ I n

f a ct
, i n th at c a s e , A - d an d a l , -

,
a d i s a s o p fo r A ･ S o p(I/ K ) - d i m A / K - d - k ･

F u rt h e r m o r e e(I + Q/ Q) - d i m A/ a f or all Q ∈ S p e c A ･ T h e r efo r e
,
a s m Q

- e
′

K A
Q( M Q)

f or all Q ∈ M i n A A/ K b y l 1 5 ･ 6
,
w e h a v e

e I( M ) - ∑ e
′

K A Q( M Q)
･ e I/ K ( A/ Q) ･

Q ∈A s s h A A/ K

2 6



N o w s e n din g t h e b oth sid e s of t h e eq u al it y a b o v e b y th e l e n gt h fu n ctio n K o( A/ I) 3 z ,

w e g et t h e a s s o ci ativity f o r m ul a .

As is w ell k n o w n , w h e n I is m -

p ri m a ry , w e al w ay s h a v e i n e q u aliti e s e
′

f( M ) ≧ 0 an d

e
'

z( M ) ≦ 1 e n gt h A M / J M f o r a n y m i n i m al r e d u cti o n J of A ･ N o w w e g e n e r aliz e t h e s e

f a ct s . L et K o( A/ I) + d e n ot e s t h e s u b s et of K o( A/ I) c o n si stin g o f t h e cl a s s e s of fi nit ely

g e n e r at ed A/ I - m o d ule .

P r o p o siti o n 1 . 5 . 1 5 W e al w a y s h a v e ik e f ollo w i n g a s s e rti o n s .

(1) ez( M ) ∈ K o( A/ I) + .

(2) 【M / J M ]
-

e z( M ) ∈ K o(A /I) + f o r a n y m i n i m al r ed u ctio n J oi l .

P r o of ･ B y 1 .5 ･9 w e m a y a s s u m e p A(I) - e (H e n c e I - J i n (2)) . W e w ill p r o v e

b y in d ll Cti o n o n e ･ If e - 0
,
t h e n I - (0), s o e z( M ) - [ M ] a n d t h e a s s e rti o n s a r e

o b vio u sl y t r u e ･ S u p p o s e 2 - 1 ･ W e w rit e I - a A . T h e n
,
b y 1 . 5 .9

,
e z( M ) -

x A( a; M ) -

【M / a M ]
-

【(0) : M a] , fr o m w h ich w e g et 【M / a M]
-

e z( M ) - [(0) : M a] ∈ K o(A/ I) + .

B e c a u s e (0) : M a
i
⊆(o) : M a

i + 1
f o r all i

,
七h er e e xis七s r > O s u ch t h a七(0) : M a

r
- (0) : M a

n

f o r a n y n >_ r . T hi s i m p lie s t h at a
r
M / a

r ' 1 M
a

=
r

a
n
M / a

n ' 1 M i s a n is o m o r p his m f o r

n ≧ r . T h e n
,
s etti n g E

- a
r M / a

r + 1 M an d L - M / a
r
M
, w e h a v e

x空
オ

( n) - 【M / a
n + 1
M ]

- [ M / a
r

M ] + [a
r

M / a
r + 1
M ] +

･ ･ ･

+ [ a
n

M / a
n + 1
M ]

- ( n
-

r + 1)[ E] + [L]

- (
n

:
1

)[E] ･ ([L] 1 E])
f o r n ≧ r ･ H e n c e e I( M ) - [E] ∈ K o( A/ I) + I L et n o w

ノ

e ≧ ヨ an d a s s um e t h at (1) a n d

(2) a r e t rl l e f o r a n y id e al w h o s e a n al ytic sp r e ad is le s s t h a n e . If e(I , M ) < A , t h e n

e z( M ) - 0 b y I . 5 . 2 a n d th e a s s e rtio n s a r e ob vio u s . S o l et u s c o n sid e r t h e c a s e w h e r e

e(I , M ) - A . W e c h o o s e an el e m e mi a ∈ I s atisfy in g t h e c o n diti o n s of 1 . 3 . 5 . W e s et

請 - A/ a A , 了 - I 誘 a n d 肩 - M / a M . O f c o u r s e e(了) ≦ 伯(了) - A - 1 . O n t h e o th e r

h an d
,
e(7) - e(z , i) ≧e(z , 肩) - e - 1 . H e n c e e(了) - e - 1

,
an d s o e f( 面) - e ei l(了; 好) ･

T h e n w e g et ef( 万) - e z( M ) si n c e e 2 _ 1(了, 好) - e e _ 1(I , 翠) - e e( z , M ) b y 1 . 4 .4 . T h e r ef o r e

b y t h e h y p ot h e si s o f i n d u ctio n w e e a sily s e e th at th e a s s e rti o n s (1) a n d (2) a r e t r u e ･
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P r o p o siti o n l ･ 5 ･ 1 6 L ei I - ( a l , ･ ･ ･ , a 2) A a n d l et n l , ･ ･ ･ , n e b e p o siti v e i nt eg e r s . W e

a s s u m e e(( a l
n l

,

-

,
a e
n e
) A) - A . T h e n

,
ih r o u 9h th e is o m o rp hi s m

K o( A/I) 1 K o( A/( a l
n l

,

･ ･ ･

,
a 2
n e

) A) ,

w e h a v e

e
( a l

n
l
,
･ ･ ･

, a e
n
e) A( M )

- n l n 2
- n e

･ e z( M ) ･

p r o of, B y 1 .5 . 9 a n d 1 .5 .1 0 w e ha v e

e
( a l

n
l
,

-

,
a
e

n
e) A( M ) x A( a l

n
l

,

･ ･ ･

,
a e
n e

; M )

n l n 2
- n e

･

X A( a l , ･ ･ ･ , a e; M )

n l n 2
･ ･ ･

n e
･

e Z( M ) ･

T h e n e xt r e s ul t is a g e n e r aliz atio n of th e l e m 町 a Of L e ch . B u t i n o r d e r t o st at e it
,
w e

h a v e t o fi x o n e m o r e n ot atio n . L et m b e a -p o sitiv e in t e g e r an d

f : Z x 二
･ ･ × Z ぅ G

m ti m e s

a fu n ctio n
,
w h e r e a is a n a d d iti v e g r o u p . F o r 1 ≦i ≦ m , w e d efi n e

△if : Z
_
× ･ ･ ･ × Z I G

m ti m e s

b y s ettin g A if( n l , ･ ･
･

,
n i ,

･ ･ ･

,
n
m ) - I(n l , ･ ･ ･

,
n i ,

･ ･ ･

,
n
m)

-

i(n l , ･ ･ ･

,
n i

- 1
,

･ ･ ･

,
n
m) .

P r o p o siti o n l ･ 5 ･ 1 7 L eまZ - ( a l , - ･

,
a e) A . W e a s s u m e th a i

e(( a l
n l

,

-

,
a e
n e

) A/( a l
n l

,

･
･ ･

,
a k
n h
) A) - e - k

f o r all p o siiiv e i ni e9
t
占rs n l , -

,
n e a n d O ≦k ≦e . L e舌

f : 聖｣ ご 望 1 K o( A/ I)
e ti m e s

b e羊h e f u n .
cii o n s u ch th ai i(n l ,

-

,
n e) - [ M /( a l

n
l

,

-

,
a e
n
e

) M] ･ T h e n w e h a v e

△1 △2 - △ef( n l , ･ ･ ･

,
n e) - e I( M )

f o r n l , -

,
n e ≫ 0 .
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P r o of . W e w ill p r o v e b y in d u ctio n o n e . If e - 1
,
th e a s s e rtio n is a sp e ci al c a s e of 1 . 5 . 2 .

I J et e ≧ 2 . W e fi Ⅹ n l > 0 fo r a m o m e nt . W e s et A
～

- A / a l
n l A an d M

～

- M / a l
n l
M . It is

e a sy t o s e e t h at

ノ ヽ ′

e(( a 2
n 2

,

-

,
a e
n
e

) A
～

/( a 2
n
2

,

-

,
a k
n
h

) A) - e - ト k

fo r al 1 p o sitiv e in t eg e r s n 2 ,
- ,

,
n e a n d 1 ≦ k ≦ e (t h e d e n o m i n at o r is (0) w h e n k - 1) .

L et

9 : 乙L こご望
う K o( A/( a l

n l

,
a 2 ,

-
･

,
a e) A)

e - 1 ti m e s

ノ
ー
〉 ノ

ー
ー

b e t h e f u n ctio n s u c h th at a( n 2 , ･
･ ･

,
n e) - [ M /( a 2

n
2

,

･ ･ ･

,
a e
n e
) M] . T h e n

,
b y t h e h y p ot h e si s

of in d u cti o n
,
w e h a v e

一
■ ■
ヽ _ .. ■.

■■

△1
- △e - 1 g( n 2 ,

･ ･ ･

,
n 2) - e

( a 2 , . ‥

, a e) A
-

( M )

i n K o( A/( a l
n l

,
a 2 ,

･ ･ ･

,
a e) A) f o r n 2 , - ･

,
n 2 ≫ 0 . N o w w e fu rth e r s e七 万 - A/ a l A an d

肩 - M / a l M . T h e n
,
c o n sid e ri n g t h e c o m m ut ativ e d i ag r a m

K o( A
～

)
e
' a 2j j

a
e' A

～

K o( A/( a l
a l

,
a 2 ,

･ -

,
a 2) A)

† †

K o( i)
e
' a 2i j

a e'言

K o( A/ I) ,

w h e r e t h e v e rtic al a r r o w s d e n ot e t h e is o m o rp his m s i n d u c ed fr o m t h e c a n o ni c al s u rj e ctio n s

A
～

1 貢 a n d A/( a l
n l

,
a 2 ,

-

,
a e) A) う A/ I , w e g et

△2 - △ef( n l , n 2 , -

,
n 2) - e

( a 2 ,
…

,
a e)請(【M / a l

n l M ])

f o r n 2 ,
･ ･ ･

,
n e ≫ 0 i n K o( A/ I) . O n t h e oth e r h an d

,
a s e( a l A) - 1

,

[ M / a l
n l
M] - n l

･ e
a l A( M ) + e o( a l A , M )

in K o(jf) f o r n l ≫ 0 ･ H e n c e , s etti n g i - e
( a 2 ,

. "

, a e)請( eo( a l A , M )) ,
w e h a v e

e
( a , , . . I , a e)請(【M / a l

n
l M ]) - n l

･

e
( a 2 ,

. . .

, a e)読( e a l A(
M )) + i

- n l
･

e Z( M ) + i

fo r n l- ≫ 0 . I n c o n cl u si o n w e g et

△1 △2 - △ef( n l , n 2 , ･ ･ ･

,
n e) - e z( M )
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fo r ni , n 2 ,
-

,
n 2 ≫ 0 . T h u s w e h a v e c o m plet e d t h e p r o of ,

S o f a r w e h a v e v e ri fi ed th at o u r m ul tiplicitie s a ct u al ly e nj oy t h e s a m e p r o p e rtie s a s

th e o r di n a ry o n e s ･ N o w it sh o uld b e r e q lli r ed t o c o n sid e r t h e in 且u e n c e of t h e v al n e e∫( 〟)

o n I an d M th e m s el v e s ･ As th e fi r st st e p of t h e st u d y in t his a s p e ct , th e foll o w i n g t w o

r e s ul ts a r e c o n c e r n e d w ith w h e n e I( A) - [ A/ Z] .

p r o p o siti o n 1 . 5 . 1 8 L ei ムb e a C oh e n - M a c a ul ay ri n g . T h e n e I( A) - [A/ Z] if a n d o nly

if I is g e n e r at ed b y a r eg ul a r s eq u e n c e .

P r o of ･ S u p p o s e e z( A) - [ A/Z] ･ L et Q ∈ M i n A A / I ･ T h e n e I( A) Q - [A Q/ Z A Q] ≠ 0

pi n c e it is n ap p ed b y t h e l e n gt h fu n cti o n K o( A Q/ I A Q) 1 Z t o l e n gt h A Q A Q/ Z A Q ≠ 0 ･

B e c a u s e e z( A) - e e(I , A ) , w e g et e ≦ h t A Q b y 1 . 4 . 5 . H e n c e A ≦ ht A Z , a n d s o e - ht A Z

a s e ≧ ht A Z in g e n e r al . L et J b e a m i ni m al r ed ll Cti o n of I . N otic e t h at
,
a s A is C o h e n -

M a c a ul a y , J is g e n e r at e d b y a r eg ul a r s e q u e n c e , fr o m w h ich w e g et e J( A) - [ A/ J] b y

l ･4 ･6 ･ ? o n s e q u e ntly t h e e q u ality [A/ Z]
- [ A/ J] follo w s fr o m e I( A) - e J( A) I T h e n

,

f o r an y a ∈ M i n A A / J - M i n A A / I , w e h a v e 【A Q/ I A Q] - [A q/ J A Q] , W hic h i_ m plie s

l e n gth A Q
A Q/ Z A Q - l e n gt h A

Q
A Q/ J A Q an d s o Z A Q - J A Q ･ T h e r efo r e I - J ･ T lm s w e

s e e t h at ∫ is g e n e r at ed b y a r eg 1 11 a r s eq u e n c e . T h e c o I Ⅳer S e is a dir e ct c o n s eq n e n c e of

1 .4 .6 .

p r o p o siti o n 1 . 5 . 1 9 L et A/ Q b e a r eg ul a r l o c al ri n g . A s s u m e As s A - As sh A
,
w h e r e A

is ik e c o m pl eti o n of A ･ T h e n e Q( A) - 【A/ Q] if a n d ohly if A is r eg ul a r .

P r o of ･ S u p p o s e e Q( A) - [A/ Q] ･ B y th e s a m e r e a s o n a s i n th e p r o of of l ･ 5 ･1 8
,
w e

h a v e e(Q) - ht A Q - : s ･ L et J - ( a l ,
-

,
a s) b e a m i ni m al r ed u ctio n of a . W e

s e七 万 - A/ J . B e c a u s e A is q u a si
- u n l n i x ed b y t h e a s s u m pti o n , it is e q uidi m e n si o n al

a n d c at e n a ry , s o di m 互 - d - a . N o w ch o o s e t h e el e m e n t s a
s + 1 ,

-

,
a d ∈ m s o t h at

( a s + 1 , -

,
a d)諮 is a m i n i m al r ed u ctio n of m 瓦 T h e n , a s ム1 , ･ ･ ･

,
a d is a s op f o r A , b y

l ･ 5 ･ 8 an d l 1 5 ･1 3 w e- s e e e 血互(e J( A)) - e
( a s . 1 , …

,
a d) 請(e J( A))

- e
( a l ,

･ ･ ･

,
a d) A( A) ･ O n t h e ot h e r

h an d
,
w e h a v e e

m 瓦(e J( A)) - e
m 言( e Q(A)) - e

m 互( A/ Q) - e
m / Q( A/ Q) I T h u s t h e eq u al

-

ity e( a l , ･ ･ ･ , a d) A( A) - e
m / Q ( A/ Q) foll o w s ･ T his i m plie s e

I

( a l ,
･ ･ ･

, a d) A( A)
- e
l

m / Q ( A/ Q) , an d

s o e
′

( a l , ･ ･ ･ , a ｡) A(A) - 1 s in c e A/ Q is r e g ul a r ･ T h e n e
′

m ( A) - 1 si n c e 0 < e
l

m ( A) ≦

e
'

( a l , ･ ･ ･ , a d) A( A) I I n c o n cl u si o n A is r eg ul a r b y [1 1 , (4 0 ･6)] ･ C o n v e r s ely , if A is r eg ul a r , t h e n

Q m u st b e g e n e r at ed b y a r e g ul a r s e q u e n c e si n c e A/ Q is r e g ul a r ･ H e n c e e Q(A) - [A/ Q]

b y 1 .4 .6 a n d t h e p r o of is c o m p l et ed .
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If I is eq u i m ultip le , th e n e I( A) ≠ 0 b y l ･ 4 ･ 1
･ T h e n e x t p r o p o siti o n p r o , id e s w ith

e x a m ple s of n o n
-

e q u l m ul tipl e id e al w h o s e m u ltipli citi e s a r e n o t v a n i s h e d .

P r o p o sit io n l ･ 5 ･ 2 0 L et A b e a G o r e n st ei n ri n g a n d Q ∈ S p e c ° s u c h th a t A / Q is a

C o h e n - M a c a ul a y n o r m al d o m ai n ･ W e a s s u m e th at F L A( Q) - h t A Q + 1 a n d A Q i s r eg u l a r

(s u ch a p ri m e id e al is s aid t o b e a n al m o st c o m pl ete in te r s e cti o n ( cf ･ [5 , (2 . 1)i)) . T h e n

w e h a v e ik e f oll o w i n g a s s e rti o n s .

(1) e Q( A) - 【A/ Q ト【K A/ Q] , W h e r e K A / Q d e n ot e s ik e c a n o n i c al m od ul e of A/ Q ･

(2) If A/ Q is n ot G o r e n st ei n , th e n e Q( A) ≠0 ･ T h e c o n v e r s e is t r u e w h e n di m A / Q - 2

a n d [A/ m] - 0 i n K o( A / Q) .

P r o of (1) W e p ut a - ht A Q . B e c a u s e ht A Q ≦ A( Q) ≦ FLA(Q) , w e h a v e e( Q) - a

o r a + 1 . r H o w e v e r , s in c e e(Q) - s i m plie s p A(a) - a (cf . [3 , T h e o r e m]) , th e eq u al ity

e(Q) - s + 1 m u st h old ･ B y [5 , (2 ･ 5)] t h e r e e xi st el e m e n t s a l ,
-

,
a s , b of A s atisfyin g t h e

c o n diti o n s

(i) Q - (a l , ･ ･ ･ , a s , b) A a n d Q A Q - (a l ,
･ ･ ･

,
a
s) A Q ,

(ii) a l , ･ ･ ･

,
a
s
is a n A - r e g ul a r s eq u e n c e an d

(iii) K : A b - K : A b
2

,
w h e r e K - ( a l ,

･ ･ ･

,
a s) A ･

T h e n b y l A . 6 a n d t h e c o n diti o n (ii) a b o v e w e h a v e e K( A) - [A/ K] ･ M o r e o v e r (ii) a n d

(iii) i m ply th at a l ,
･
･

･

,
a
s ,
a is a d -

s eq u e n c e , a n d s o b y l ･ 5 ･13
,
s ettin g 諮 - A/ K , w e g et

e Q( A) - e
b講(e K( A))

- e
b互(i) .

L et n > 0 a n d y : A
E; b n 互/b

n ' 1互 - K + b
n

A/ K + b
n ' 1 A .

If x ∈ K e r p , t h e r e e xi st s

y ∈ K s u c h th at b
n

x ≡ b
n + 1
y m o d K .

T h e n I - b y ∈ K : A b
n

. T h e c o n d itio n (ii)

i m plie s K : A b
n

- K : A b fo r all n ≧ 1 . H e n c e x - b y ∈ K : A Q a s K : A b - K : A Q ,

s o x ∈ -

-a + ( K : A Q) . C o n v e r s ely , Q + ( K : A Q) ⊆ K e r p is o b v i o u s ･ T lm s w e g et

K e r p
- Q + ( K ‥A Q) . T his i m pli e s b

n 互/b
n + 1互 -

～

E
,
w h e r e E - A / Q + ( K : A Q) . As a
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c o n s eq u e n c e , f o r a n y n ≧ 0 , w e g et

x bi( n) - [Z /b
n + 1

司
n

- 【A/ Q] + ∑[b
i
万/b
i' 1
司

i = 1

(
n

l
l

)[ E] + ([ A/ Q] - [E])

T h e r ef o r e e b i( A) - [ E] . N o w w e l o ok at th e e x a c七s eq u e n c e

O ) Q + ( K : A Q)/ Q ) A/ Q + E ) 0 .

I n o r d e r t o p r o v e Q + ( K : A a)/ Q 竺 K A / Q , W e fi r st n otic e th e eq u al ity ( K : A Q) n Q - K
,

w hich is v e rifi e d a s f oll o w s : B e c a u s e ob v io u sly ( K : A Q) n Q ⊇ K , it is e n o u gh t o s h o w

( K p : A p Q A p) n Q A p - K A p f o r all P ∈ A s s A A/ K ･ B l lt t his is tri vi al if Q 望 P ･ E v e n if

Q ⊆ P , w e h a v e Q - P a B ht A P - a
,
a n d s o t h e r eq u ir e d eq u al ity h ol d s b y th e c o n d itio n

(i) . N o w w e g et

Q + ( K : A Q)/ Q 聖 K :A Q/( K : A Q) n Q

- K : A Q/ K

- H o m A/ K ( A/ a , A/ K ) ･

B e c a u s e A / K is G o r e n st ei n , b y [9 , 5 ･9 a n d 5 ･1 4】K A / Q 望 H o m A / K ( A/ Q , A/ K ) ･ T lm s t h e

e x a ct s eq l l e n C e

O -

+ K A/ a
) A / Q ) E + 0

is i n d u c e d . H e n c e [E] - [A/ Q ト[ K A/ Q] , a nd s o w e g et t h e a s s e rtio n (1) .

(2) L et u s c o n sid e r t h e gr o u p h o m o m o r p h is m K o( A/ Q) 1 Z O Cl( A/ Q) st at ed

in S e ctio n l ･ T h is h o m o m o rp his m m ap s e Q( A) t o (0 ,
-

cl( K A/ a)) ･ N otic e t h at A/ Q is

G o r e n st ei n if a n d o nly if cl( K A / Q) - 0 i n C l( A/ Q) . T h e r efo r e if A/ Q is n ot G o r e n st ei n ,

t h e n e Q( A) ≠ 0 . I n t h e c a s e w h e r e di m A/ Q - 2 an d [A/ m] - 0 in K o( A/ Q), t h e

h o m o m o rp his m a b o v e i s i s o m o rp hi c , w hich i m p lie s A/ a is n ot G o r e n st ei n if e Q( A) ≠ 0 ･

T h u s w e h a v e c o m p let e d t h e p r o of .

塊 e p車e id e al i n th e fo r m al p o w e r s e ri e s ri n g F[[ X , Y , Z , U , V , W ]] o v e r a 丘eld F g e n e r
-

at ed b y th e m a x ii n al m i n o r s of t h e m at ri x

(言
y

v 孟)
is a ty p ic al e x a m pl e of Q i n 1 ･ 5 . 2 0
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B i b li o g r a p h y

【1】A u sl an d e r , M ･ a n d B u ch sb a u m
,
D ･

,
C odi m e n si o n a n d m ultiplicity , A n n ･ M ath . 6 8

(1 9 5 8) , 6 2 5
- 6 5 7 ･

【2】 B o u rb ak i , N ･

,
A 19ab r e c o m m ui a iiv e , H e r m a n n , P a ris (1 9 6 1) I

【3] C o w sik , R . a n d N o ri
,
S .

,
O n th e B b re s of bl o w i n g up , ∫. I n d ia n M ath . S o c . 4 0 (19 7 6) ,

2 1 7 - 2 2 2 .

[4】 F r a s e r , M ･

,
M ultipli ciiie s a n d G r oth e n di e ck g r o up s , Tr a n s . A m e r . M at h ･ S o c ･ 1 3 6

(1 9 6 9) , 7 7
ニ9 2 ･

[5] G ot o , S . an d S hi m o d a
,
Y .

,
O n ik e G o r e n si ei n n e s s of B e e s a n d f o r m ri n g s Of al m o sま

c o m pl ete i n t e r s e cti o n s , N a g oy a M ath . I . 9 2 (19 8 3) , 6 9
- 88 .

[6】 H er r m a n n , M ･

,
Ik ed a

,
S ･ a n d O rb a n z

,
U .
,
E q ui m ultipli city a n d Bl o w i n g - u p , S p ri n g e r

-

V e rl a g , (1 9 8 8) .

【7] H un ek e , C .

,
T h e th e o ry of d -

s eq u e n c e s a n d p o w e r s of id e al s , A d v . M at h .
4 6 (1 9 8 2) ,

24 9 - 2 7 9 .

【8] H un e k e , C .

,
O n th e s y m m et ri c a n d B e e s alg eb r a of a n id e al g e n e r at e d b y a d -

s e q u e n c e ,

J . A lg . 6 2 (1 9 8 0) , 26 8
- 2 7 5 ･

[9] H e r z o g , J ･ 年中d K u n z , E .

,
D e r k a n o ni sh e M od ul ei n e s C oh e n - M a c a ul ay

- R i n g s , L e ct u r e

N ot e s i n M at 九. 2 3 8
,
S p ri n g e r (19 7 1) .

[1 0] Lip m a n , I .

,
E q ui m ultipli ciiy , r ed u ctio n , a n d bl o w i n g uP , L e ct u; e N ot e s in P u r e a n d

A p pl ･
_
M ?t h ･ 6 8

,
D ek k e r (19 8 2) , 1 1 ト1 4 7 ･

[1 1] N a g at a , M .

,
L o c al ri n g s , I nt e r s ci e n c e (1 9 6 2) I
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[1 2] N o rt h c ott , D . G . a n d R e e s
,
D .

,
R ed u cti o n s of id e als in l o c al rin g s , M at h . P r o c .

C a m b rid g e P hil o s . S o c 1 5 0 (1 9 5 4) , 1 4 5
-

1 5 8 .

【1 3] S a m u el , P .

,
L a n oti o n d e m ultip licite

'

e n a19占b r e ei e n g e
'

o m e
'

t ri e alg e
'

b riq u e , I . m a t h .

p u r e et a p pl . 3 0 (1 9 51) , 1 5 9
- 27 4 .

[1 4] S e r r e , J ･ P ･

,
A lgab r e L o c al e

- M uliipliciie
'

s
,
L e ct u r e N ot e s i n M at h ･ l l

,
S p ri n g e r (19 6 5) .

[1 5] S tiick r a d , I .

,
G r oth e n di e ck - G r u p p e n ab els ch e r K at e9 0 ri e n u n d M uliiplizitd

'

i e n
,
M at h .

N a c h r . 6 2 (1 9 7 4) , 5
- 2 6 .

[1 6] Y o sh in o , Y .

,
C oh e n - M a c a ul a y m od ul e s o v e r C oh e n - M a c a ul ay ri n g s , L o n d o n M ath .

S o c . L e ct u r e N ot e S e ri e s 1 4 6 (1 9 90) .
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C h a p t e r 2

O n t h e l n t e g r al C l o s u r e s o f C e r t ai n

l d e al s G e n e r a t e d b y R e g u l a r

S e q u e n c e s

2 . 1 I n t r o d u c ti o n

L et A - k[[ X , Y , Z]] b e t h e f o r m al p o w e r s e ri e s ri n g o v e r a fi el d k . L et p b e a p ri m e id e al

i n A g e n e r at e d b y th e m a x i m al m i n o r s of th e m at ri x

(雷p
a
y

z

p

: Z
7

a

'

,)
w h e r e α

,β, 7 , α
′

,β
l

an d 7
′

a r e all p o sitiv e i nt eg e r s . F o r e x a m pl e , t h e d efi ni n g id e al of a

sp a c e m o n o m i al c u r v e : X - i
n l

,
Y - t

n 2
an d Z - 舌

n 3
w ith g c d‡n l , n 2 , n 3‡ - 1 c a n b e

e x p r e s s ed in th at w ay ( cf . [2】) . W e p ut a - Z 7 + 7
'

- X α
′

Y β
′

,
b - X

α + α
'

- Y βz 7
′

a n d

c - y β+ β
'

- x
α

z 7 . T h e n p - ( a , a , c) A . L et J - ( a , a) A . T h e p u rp o s e of t h is p a p e r i s t o

p r o v e t b e 払1l o w l n g :

T h e o r e m 2 . 1 . 1 T h e i nt eg r a l cl o s u r'e二戸 is eq u al t o

J
n ｣

･ ( a , b ,‡x
i
z j cI i , 3

'

≧ 0 a n d i/ α
′

+ j h
l

≧ 1)) A

f o r all n ≧ 1 a n d th e B e e s alg eb r a a(ラ) is a C oh e n - M a c a ul a y ri n g .

T h r o u gh o llt t his p a p e r , w e d e n ot e b y 9t t h e in t eg r al clo s u r e of a n id e al 乳 in a r l n g R . F o r

a m o d u l e M o v e r R
,
e R( M ) is t h e le n gt h of M . T h e m ul tipli city of M w it h r e sp e ct t o

乱 is d占n ot ed b y e 乳( M ) . W e s et As s h R M - ( P ∈ As s R M i d i m R/ P - d i m R M ) , w h e r e

A s s 月 〟 is t h e s et o f a s s o ci at ed p ri m e s of 〟 .
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2 . 2 J n A p f o r P i n A s s A A / J

W e b egi n w it h th e f ollo w i n g

L e m m a 2 . 2 . 1 ( X
α
′

,
Z 7

1

) c ≡ J

p r o of . B e c a u s e X
α

a + Y
β
'

b + Z 7
1

c - o an d Y βa + Z 7 b + X
α
'

c - 0
,
s o Z 7

′

c ∈ J a n d

x
α
′

c ∈ J ･- T h u s w e g et th e a s s e rtio n ･

L e m m a 2 ･ 2 ･ 2 As s A A/ J 〒 As sh A A/ J - ‡p , ql , w h e re q - ( X , Z) A .

P r o of ･ B e c a u s e a ,b is a r eg ul a r s e q u e n c e i n A , s o A s s A A / J - A s s h A A/ J ･ O b vio u sly ,

(p , q) ⊆ As sh A A/ J ･ N o w w e t a k e an y P ∈ As s h A A / J ･ If X ∈ P
,
t h e n Z ∈ P a 告

a - z 7 + 7
′

- X
α
'

Y β
'

∈ J ⊆ P , an d s o P -

q . If X 卓. P , th e n c ∈ J a s X
α
l

c ∈ J ⊆ P b y

2 .2 .1
,
an d c o n s eq u e ntly w e g et P

- p .

L e m lr l a 2 . 2 . 3 F o r all n ≧ 1 , w e h a v e

J n A
p
- J

n

A
p

a n d

万有 - J
n - 1

･ (( x
i
z 3

'

I i ,i ≧ 0 a n d i/ α
'

+ 3
'

h
I

≧ 1‡) A q .

P r o of ･ B e c a u s e X 卓p , w e h a v e c ∈ J A p b y 2 ･ 2 ･ 1 ･ H e n c e J A
p

- p ヵp , w h ich i m p lie s

th e 丘rst eq u al ity . O n th e ot h e r h an d
,
a s c 声 q , w e h a v e ( X

α
'

,
Z 7

′

) A q ⊆ J A ｡ b y 2 .2 .1 .

T h e c o n v e r s e i n cl u si o n
､

i s o b v i o u s
,
s o th at w e s e e J A

q
- ( X

α
′

,
Z 7

1

) A q ･ T h e r efo r e , a s i s

w ell k n o w n
,
了布 - (( x

i
z 3

1

I i ,i >_ 0 a n d i/ α
'

+ 3
'

h
′

≧ 1)) A q . B e c a u s e A
q
is a t w o

di m e n si o n al r eg ul a r l o c al ri n g , w e g et t h e l a st a s s e rtio n (cf ･ [6 , A p p e n d ix 5] or [3 , 3 . 7]) ,

2 .3 P r o o f o f T h e o r e m 2 . 1 . 1

L e m m a 2 . 3
. 1 L ei i

,i b e n o n
- n e9 aii v e i n t eg e r s W ith i/ α

l

+ j h
′

≧1 . T h e n X
i
z 3

'

c ∈了.

p r o of . A s ( X
i
z 3

'

c)
α
′

7
'

⊆( X
α
l

,
z 7

′

)
i l
l

+ 3
'

a
'

･ c
α
′

7
'

an d a s i l
l

+ j α
′

≧ α
′

7
'

,
W e g et ( X

i
z j c)

α
′

7
′

∈

J a
1

7
1

b y 2 ･2 ･1 ･ H e n c e X
i
z 3

'

c ∈ J ･

L et I - ( a , a ,( X
i
z 3

'

c I i ,i ≧ 0 a n d i/ α
′

+ 3
'

h
'

≧ 1‡) A ･ N oti c e J ⊆ I ⊆了.
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L e m m a 2 . 3 . 2 A / I is a C o h e n - M a c a ul ay rin g .

P r o of ･ It is e n o u gh t o s h o w e y A( A/I) - e A( A/ Y A + I) ･ B e c a u s e J ⊆ I ⊆ 了, w e h a v e

As s h A A/ I - (p , q) b y ? ? ･ T h e n , b y t h e a d ditiv e f o r m ul a o f m ultiplicit y ( cf ･ [5 , (2 3 . 5)]),

e y A( A/ I) - e A ,(A p/ Z A p)
･ e y A( A/p) + e A q( A q/ I A q)

･ e y A( A/ q) I

O b vi o u sly , e A ,( A p/ Z A P) - e y A( A/ q) - l an d e y A( A/p) - e A( A/ Y A + p) I L et B -

k[[ X , Z]] an d K - (( X
i
z 3

'

I i , 3
'

>
_

0 an d i/ α
'

+ 3
'

h
'

≧ 1‡) B . It is e a s y t o s e e t h at

Z A
q
- K A

q
a n d K A

q
is q A ｡

-

p ri m a ry , w h ich i m plie s e A q( A q/Z A q) - e B( B / K ) ･ T h e r ef o r e

e y A( A/ I) - e A( A/ Y A + p) + e B( B / K ) I

I n o r d e r t o c o m p u t e e A( A/ Y A + I) , w e c o n sid e r th e e x a ct s e q u e n c e

O l y A + p/ y A + J う A/ y A + J I A/ y A + p ヰ 0 ･

B e c a u s e

y A + p ～
ニ =

=

( z 7
+ 7
1

,
x
α + α

'

,
x α z 7) B

Y A + I ( Z 7
+ 7
1

,
x a + α

′

) B + X
α Z 7 K

′ヽノ
X
α

Z 7 B

( Z 7 + 7
′

,
X a + α

′

) B n X
α Z 7 B + X

α Z 7 K

a n d

( z
l + 7

[

,
X
α + α

′

) B n X
α

Z
7 B - ( X

α

Z
7 + 7

′

,
X
α + α

′

z
7
) B

⊂ X
α

Z
7
K
,

w e g et Y A + p/ Y A + I 望 X
α

Z
'

Y B / X
α

Z 7 K 空 B/ K . T h e r ef o r e

e A( A/ Y A + I) - e A( A/ Y A + p) + e B( B / K ) .

T h u s w e g et th e r e q u ir ed e q u al ity .

L e m m a 2 . 3 . 3 A / J
n

Z is C o h e n - M a c a ul ay f o r all n ≧ 0 .

P r o of . B e c a u s e J
n

/ J
n + 1
i s A / J - fr e e

,
s o J

n

/ J
n

Z 望 J
n

/ J
n + 1
⑳A A/ I is A/ I

-f r e e ･ H e n c e
,

c o n sid e ri n g t h e e x a ct s e q u e n c e 0 ) J
n

/ J
n

Z ) A / J
n

Z ) A / J
n

) 0 , w e g et t h e a s s e rti o n

b y 2 .3 .2 .

p r o of of T h e o r e m 2 . 1 . 1 . L et n ≧ 1 . B y 2 .2 .2 an d 2 . 3 .3 w e h a v e As s A A/ J
n

- I
I - (p , q) I

o n t h e ot h e r h an d
,
b y 2 . 2 .3 , b ot h of p an d q d o n ot s u p p o r七 万/ J

n
- 1
z . H e n c e ア ニ J

n
~ 1
I

si n c e As s A :声/ J
n

- I
z ⊆ A s s A A / J

n
~ 1
I . O b v i o u sly J

n
~ 1
z ⊆ z

n

⊆ プ
蒜
,
s o I

n
- J

n - I
z ･ I n

p a rtic u l a r , Z
2

- J Z . As A/ I is C o h e h - M a c a ul a y b y 2 . 3 . 2
,
w e s e e th at t h e R e e s alg eb r a

R(I) is C o h e n - M a c a ul a y b y [1 , (2 6 .1 2)] , a n d t h e p r o of of T h e o r e m 2 . 1 .1 i s c o m p let e d .
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B i b li o g r a p h y

【1] M . H e r r m a n n
,
S ･ Ik ed a a n d U ･ O r b an z

,
E q ui m ultiplicity a n d blo w i n g u P , S p ri n g e r

-

V e rl a g , B e rl in H eid elb e r g N e w Y o rk L o n d o n P a ri s T o k y o , 1 9 8 8 ･

【2】∫. H e r z o g , G e n e r at o r s a n d rel ati o n s of ab eli a n s e m i9 r O uP_S a n d s e m i9 r O u P ri n g s ,

M a n u s c ript a M at 九. 3 (19 7 0) , 1 7 5
- 1 93 .

[3] C ･ H u n e k e
,
C o m p lete id e al s i n t w o

- di m e n si o n al r eg ul a r l o c al ri n g s , M at h ･ S ci ･ R e s t

I n st . P u bl . 1 5 (1 98 9) , 32 5
- 3 3 7 .

[4】I . Lip m a n a n d B . T eis si e r
,
P s e u d o -

r atio n al l o c al ri n g s a n d a th e o r e m of B ri a n G O n -

S k o d a ab o ut i n teg r al cl o s u r e of id e als , M ichig an M at h ∫. 2 8 (1 98 1) , 9 7
- 1 1 6 .

[5] M . N a g at a , L o c al rin gs , J o lm W ily , N e w Y o rk , 1 9 6 2 .

【6] 0 . Z a ri ski an d P . S a m u el
,
C o m m u t ativ e alg eb r a , II , v a n N o st r an d , N e w Y o rk , 1 96 0 .
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C h a p t e r 3

O n F ilt r a ti o n s H a v l n g S m a ll
●

A n al y ti c D e vi a ti o n

3 . 1 I n t r o d u cti o n

T h e p l lr p O S e Of th is p a p e r is t o d e v el o p a g e n e r al t h e o r y o n 丘比r ati o n s i n N o etb e ri a n l o c al

＼

ri n g s , w hic h e n a bl e s u s t o l o o k at s e v e r al k in d s of fi1tr ati o n s fr o m t h e s a m e p oi nt of vie w .

L et A b e a d - di m e n si o n al N o et h e ri a n l o c al ri n g w it h t h e m a x i m al id e al m a n d l et

F - ( F n) n ∈z b e a f a m ily of id e als i n A s l l Ch t h at (i) E n ⊇ F n + 1 fo r a n y n ∈ 玄, (ii) F o - A

a n d F l ≠ A , a n d (iii) E m F n ⊆ E m + n f o r an y m , n ∈ Z . I n t his p a p e r w e si m ply c all s ll Ch

7 a fi lt r atio n . W h e n a fi1tr ati o n 7 is gi v e n , w e c a n c o n sid e r th e f ollo w i n g alg eb r a s :

R( 7) - ∑ F n T
n

⊆ A[T] ( T is a n in d et e r m i n at e) ,
n ≧O

R
l

( 7) - ∑ F n T
n

⊆ A[T , T
- l

] , a n d
n ∈琴

G( 7) - a
/

(∫)/ r
l
R
'

( f) - 0 F n/ F n ' 1 I

n ≧O

T h o s e al g e b r a s a r e r e s p e ctiv ely c alled t h e R e e s al g eb r a , t h e e xt e n d e d R e e s alg eb r a , a n d th e

f o r m r in g a s s o ci at e d t o F . W e al w ay s a s s u m e th at R( F) is N o et h e ri a n a n d di m R( F) -

a + 1 . T y pic al e x a m pl e s of filtr ati o n a r e c o n st ru ct ed fr o m an id e al I . F o r e x a m pl e ,

s etti n g F n
- Z
n

,
w e g et t h e I

-

a di c fi1tr ati o n . S y m b olic &1t r ati o n of I is d efi n e d b y s ettin g

F
n
- I(

n)
,
w h e r e I(

n) - ∩咋 M i n ｡ A/ I J
n

A
p
n A ･ It is al s o i m p o rt an t t o s et F n - 声

,
w h e r e

声 d e n ot e s th e int eg r al cl o s u r e of Z
n

.

I n o rd e r t o t r e a七t b es e 丘1tr ati o n s
,
w e w ill ll S e t h e e xt e n d e d n oti o n of a n alyti c s p r e a d ,

w h ic h w a s o rigi n al ly i mi r o d u c e d f o r id e al s b y N o rt h c ott an d R e e s in [1 2] . W e d e n ot e b y

e( 7) t h e K r ull di m e n si o n of t h e r in g A/ m ⑳A G(7) a n d c all it t h e a n al yti c s p r e a d of 7
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( cf . 【1 3]) ･ If ア is t h e I -

a dic fi 1t r ati o n
,
t h e n e( 7) is j u st t h e an al yti c sp r e a d of I i n t h e

s e n s e of N o rtb c ott a n d R e e s . It is e a sy t o s e e t h at , si m ila rl y a s t h e c a s e of id e al s , t h e

i n eq u ality e( f) ≧ ht A F l al w ay s h old (h e r e it s h o ul d b e n oti c e d t h at ht A F l - ht A F n f o r

a n y n ≧ 1) . S o
,
f oll o w i n g H ll Ck a b a a n d H u n ek e [8】, w e s et ad( 7) - e( 7)

- ht A F l a n d

c all it t h e an aly tic d e v i ati o n of 7 . F o r e x a m pl e , if I is t h e sy m b olic 丘1t r ati o n of an id e al

I w it h ht A Z - s < d
,
t h e n a d(7 ) < d

-

s . O n th e oth e r h a n d
,
if Z n ⊆ F n ⊆ 声 fo r

an y n , t h e n a d( 7) c oin cid e s w it h 七h e an al ytic d e v i ati o n of I in t h e s e n s e of H ll Ck ab a a n d

H u n ek e .

T h e m ai n r e s ul t of t his p a p e r i s a c h a r a ct e ri z atid n of t h e C oh e n - M a c a ul a y p r op e rt y of

t h e f o r m r i n g a s s o ci at ed t o a fi1t r ati o n h a vi n g s m all a n alytic d e v i ati o n ･ If f is a &1t r atio n

w it h e( F) - e
,
w e c a n ch o o s e el e m e n t s a l ,

-

,
a e i n A s o t h at a l ∈ F k l ,

･ ･ ･

,
a e ∈ F k

e
f o r

s o m e p o sitiv e i n t e g e r s k l ,
･ ･ ･

,
k e an d E n - ∑i = 1 a i E n _ k

i
f o r a h y n ≫ 0 . W e w ill sh o w th at

,

i n t h e c a s e
y
hQ r e a d(3

:

) - O , G ( F) is C o h e n
- M a c a ul ay if a n d o nl y if A/( a l ,

-

,
a 2) + F n

is G o h e n - M a c a ul a y I? r fi n it e n um b e r of n a n d G(STD) is C o h e n
- M a c a ula y fo r a n y p ∈

4 s申A A/ F l , W h e r e ? p is t h e fi 1t r ati o n ( F n A p‡n ∈z of A p a n d As s h A A/ F l - (P ∈ S p e c A I

F l ⊆p a n d di m A/p
- d i m A / F l) ･ T his ch a r a ct e ri z atio n w a s al r e a d y p r o v e d b y G ot o in

t h?
c 甲e W h e r e 3

:
i s t h e sy m b olic fi1t r atio n of a p ri m e id e al p s u c h t h at di m A/早 - 1 ( cf ･

[3】) ･ W e w ill als o dis c u s s th e c a s e w h e r e a d(∫) - l l A lt h o u gh t h e st at e m e mi iβ r at h e r

c o m plic at e d , a c o n ditio n f o r G ( 7) t o b e C o h e n - M a c a ul a y w ill b e gi v e n si m il a rly a s t h e

c a s e w h e r e a d( I) - 0 ･

T h r o u gh o u t th is p ap e r A is a a
- di m e n si o n al N o et h e ri a n l o c al ri n g w it h t h e m a x i m al

id e al m a n d F - ‡F n‡n ∈z is a fi1t r ati o n of A s u ch 七h at 氏( 7) is a a + 1
- di m e n si o n al

N o eth e ri a n ri n g . I n t h e c a s e w h e r e F is th e I -

a di c fi 1t r atio n , w e w rit e 氏(I) , R
'

(I) , an d

G(I) i n st e a d of a ( 7) , R
′

( I) , a n d G( 7) ･ Si m ila rly w e u s e t h e n ot atio n R s( I) , R
'

s(I) , a n d

G
s(I) w h e n F is t h e s y m b oli c fi1tr atio n of I ･ F o r a g r a d ed ri n g S

- O n ≧o S n a n d a n

in t eg e r m , w e s et S ≧m - ⑳n ≧m S n , w hich is a n id e al of S ･ I n p a rtic ul a r , S + - S ≧1 ･ T h e

i -th lo c al c o h o m ol o g y m o d ul e of a n S
- m o d u l e L w it h r e s p e ct t o an id e al % of S is d e n ot e d

b y 由i
-

( L) . W h e n ( S . , n) is l o c al an d i - O n ｡ z L n i s a g r ad ed S
-

m o d ul e
,
w e s et

a( L) - m a x( n I[ H
i

m ( L)】n ≠0‡,

w h e r e i - di m s L a n d ∑択 - tis + S + ( cf . [6】) I
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3 . 2 P r e li m i n a ri e s

I n t his s e ctio n w e s u m m a ri z e b a si c n oti o n a n d fa ct s w e n e e d t h r o u gh o u t t his p a p e r . L et

I - ( F n) n ∈z b e a fi lt r atio n of A ･

D e fi niti o n 3 ･ 2 ･ 1 W e s et e( F) - di m G (7 )/ m G( 7) a n d c all it ik e a n alyti c sp r e a d of f .

D e fi niti o n 3 . 2
. 2 W e s a y th ai a s y st e m a l ,

-

,
a
,
Of el e m e n t s of A is a r ed u ctio n of f ,

if a l ∈ F k l ,
-

,
a
,
∈ F k , f o r s o m e p o sitiv e i n t eg e r s k l , -

,
k
r
a n d F n - ∑; = 1 a i E n - k i f o r

a n y n }> 0 .

If a l , -

,
a
r
i s a r ed u ctio n of f st at ed i n 3 .2 .2

,
t h e n w e h a v e e(∫) ≦ r . O n t h e ot h e r

h a n d
,
w e c an al w a y s fi n d a r e d u ctio n of F c o n si stin g of A(f ) ele m e n t s . H e n c e w e h a v e

t h e f oll o w i n g .

L e m m a 3 . 2 . 3 ht A F l ≦e( f) ≦ a .

D e fi n iti o n 3 . 2 . 4 W e d e n o t e b y a d( f ) th e din e r,e n c e e( f 卜 ht A F l a n d c all it ik e a n alyti c

d e v i ati o n of f . I n p a rti c ul a r , 7 is s aid t o b e eq ui m uliip le , if a d( 7) - 0 .

E x a m p l e 3 . 2 . 5 L ei I b e a n id e al of A w ith ht A f - s < d . L ei E
n

- I( n) f o r a n y n .

T h e n a d( 7) < d -

a . I n p a rti c ul a r , 3
= i s e q ui m uliiple , if s - d - 1 .

P r o of . S in c e d ep t h A/ F n > 0 f o r an y n
'
,
w e c a n ch o o s e x ∈ m s o th at it is a n o n -

z e r o
-

di v is o r o n G( I) . T h e n

e( 7) - d i m G ( 7)/ m G( F) ≦ di m G( F)/ x G( f) - d - 1 .

H e n c e w e g et t h e r e q uir ed i n e q u alit y .

E x a m p le 3 . 2 . 6 L et I b e a n id e al w ith a r e d u cti o n J
- ( a l , -

,
a
r) A ･ L et 7 - ‡E n) n ∈z

b e a jilt r ati o r H u C h th at I
n

⊆ F n ⊆ 声 f o r a n y n . T h e n a l , -

,
a
r
i s a r ed u ctio n of 3

=
. I n

p a rtic ul a r , if I i s eq u i m uliipl e , s o i s F .

P r o of . As J is a r e d u ctio n of I , t h e e x t e n si o n a( J) ⊆ a(I) is m o d u le - fi n it e ･ O n

t h e ot h e r h a n d
,
a s Z

n

⊆ F n ⊆ 声 f o r an y n , w e s e e t h at R(I) ⊆ a( 7) is an i n七e g r al

e x t e n si o n
,
a n d s o it is m o d ul e - fi n it e . H e n c e a( 7) is fi n it el y g e n e r at e d a s a m o d ul e o v e r

R( J) - A[ a l T , ･ ･ ･

,
a
r
T] . T his i m p li e s th at a l ,

･ ･ ･

,
a
,
i s a r ed u ctio n of f .
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L et M b e a fi nit ely g e n e r at e d A - m o d ul e a n d J M - ( M n) n ∈z a f a m ily of A - s u b m o d ul e s

of M s u ch t h at (i) M n ⊇ M n + 1 fo r an y n , (ii) M - M
n
f o r a n y n ≪ 0 , a n d (iii)

E
m
M n ⊆ M m + n f o r a n y m , n . S 11 Ch ルーis c all ed a n 7 - filt r atio n ･ L et

R
'

( 〟) - ∑ M n T
n

⊆ M [ T , T
- 1

】a n d

n ∈芝

G( 〟) - R
/

( 〟)/ r
l
R
'

(J u ) - 0 M n/ M n ' 1
n ∈盈

N e e dle s s t o s a y , R
'

(ルt) (r es p ･ G ( M )) is a m o d ul e o v e r R
'

(7 ) (r e s p ･ G( F)) ･ W e a s s u m e

t h at R
'

(ルt) is fi n it ely g e n e r at e d o v e r R
/

( F) ･ T h e n e x t a s s e rti o n is a g e n e r al i z ati o n of t h e

th e o r e m of V all ab r e g a
- V all a [1 5 , T h e o r e m 2 .3] .

P r o p o siti o n 3 ･ 2 ･ 7 S up p o s e ih at k l ,
-

,
k
r
a r e n o n - n e9 aiiv e i n t eg e r s a n d a l ∈ F k l ,

･ ･ ･

,
a r ∈

/

F k r ･ L ei u s c o n sid e r th e f oll o w i n g t w o c o n diii o n s ･

(1) a l T
k l
,

･ ･ ･

,
a r T
k r
i s a G (ルt)

-

r eg ul a r s eq u e n c e .

(2) a l ,
･ ･ ･

,
a
r
i s a n M - r eg ul a r ?

e q u e n c e a n d

r

(a l , ･ ･ ･

,
a
r) M n M n - ∑ ai M n - k i

i = 1

f o r a n y n ∈ Z .

T h e n w e al w a y s h a v e (1) 辛 (2) . T h e c o n v e r s e h old s if k l , ･L - , k , a r e all p o siiiv e ･ W h e n

th e c o n diti o n (1) is s aiisB ed , th e r e i s a n at u r al is o m o rp his m

G ( 〟)/( a l T
た1
,

-

,
a
,
T
たr
) G( .M )

二㌧ G( 刀) ,

w h e r e 苅 is i k e f -jili r aii o n

(( a l , -

,
a
r) M + M n/( a l , -

,
a
r) M ‡n e 2:

?f M /( a l ,
･ ･ ･

,
a
r) M ･

T his a s s e rti o n is w ell k n o w n a n d t h e p r o of is al m o st s a m e a s t h at b f[1 5 , T h e o r e m 2 ･3] ･

F in ally w e st at e a b o llt l o c ali z ati o n of fi1t r atio n ･ F o r a p ri m e id e al p , w e s et ルt p
-

i( M n)p) n ｡ z . N otic e t h at F
p
is a fi 1t r a七io n of A

p
an d ルtp is a n S TD

- fi lt r atio n of M
p

･ W e

al w ay s h a v e e( 7 p) ≦e( f) . B e c a u s e A
p ⑳A G( 7 ) 望 G( P p), o n c e G ( 7) is C o h e n

- M a c a u l ay ,

t h e n s o is G (F p) ･
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3 . 3 Ⅸ e y l e m m a

L et f - ( F n) n ∈z b e a fi1tr ati o n of A ･ L et M b a a 丘nit ely g e n e r at e d A - m o d ul e w it h

d e p th A M
- 舌 an d ルー - ( M nl n ∈z an 7

- filt r atio n of M ･ W e fi Ⅹ i mi e g e r s r an d e s u c h

t h at 0 < r < e < 舌 a n d t a k e el e m e nt s a l ∈ F k
1 ,

･ ･ ･

,
a
r ∈ F k r f o r s o m e p o siti v e in t e _

g e r s k l ,
･ ･ ･

,
k
r
s o t h at a l , ･ ･ ･ , a r f o r m an M - r e g ul a r s eq u e n c e ･ L et P - (p E S p e c A I

F l ⊆p a n d ht A p ≦ d
- i + A) I I n th is s e ctio n

,
w e ai m t o p r o v e t h e foll o w in g .

Le m m a 3 . 3 . 1 A s s u m e th at a l T
k l
,

-

,
a , T
k r
is a G (ルイp)

-

r eg ul a r s eq u e n c e f o r a n y p ∈ 7 )

a n d d e pt h A M /( a l , -

,
a
,) M + M n ≧ i

- e f o r a n y n ≦ N , w h e r e N is a 舟 ed i nt eg e r .

T h e n w e h a v e th e f oll o w i n g a s s e rti o n .

(1) d ep t h A M / ∑; = 1 a i M n - k i ≧ i
- e f o r a n y n ≦ N + 1 ･

(2) ( a l , ･
･ ･

,
a
r) M n M n - ∑; = 1 a i M n - k i f o r a n y n ≦ N + 1 ･

(3) d ep t h A M / M n ≧i - e f o r a n y n ≦ N .

L et J
q
- ( a l , ･ ･ ･

,
a
q) A fo r 0 ≦ q ≦ r (J o

- 0) ･ I n o rd e r t o p r o v e 3 13 ･1
,
l et u s c o n sid e r

th e f oll o w i n g c o n d itio n s f o r a n y i mi eg e r m .

( A m) d ep t h A M / ∑? = 1 a i M n - k i ≧t
- e if O ≦ q ≦ r a n d n ≦ m ･

( B m) J q M n M n - ∑i = 1 a i M n _ k i if O ≦ q ≦ r a n d n ≦ m ･

(C m ) d e pt h A M / J q M + M n ≧i
- e if O ≦ q ≦ r an d n ≦ m .

L e m m a 3 . 3 . 2 L et m b e a n i n t eg e r . A s s u m e th ai th e cムn diti o n s ( B m) a n d ( C m) a r e

s atisB ed . T h e n ik e c o n diti o n ( A m + 1) is s aiisji ed .

P r o of . W e t ak e an y in t e g e r n ≦ m + 1 a n d fi Ⅹ it ･ L et N
q
- ∑i = 1 a i M n - k i

f o r 0 ≦ q ≦ r

( N o - 0) I W e p r o v e t h at d ep th A M / N q ≧ i
- e b y in d u cti o n o n q ･ It is o b v io ll S f o r

q
- 0 ･ L et ll S a s s u m e t h at q > 0 a n d d ep t h A M / N q - 1 ≧ i

- e ･ It is e n o -1 gh t o s h o w

th at d e pt h A N q/ N q - 1 ≧ i - e + 1
,
si n c e th e r e e x ist s a n e x a ct s eq u e n c e O ヰ N q/ N q - 1 1

M / N q - 1 + M / N q ) 0 ･ F o r t h at
,
w e c o n sid e r t h e f oll o w i n g is o m o r p his m s :

N
q/ N q - 1

望 a
q
M
n

- k
q/ a q([ N q - 1 : M a q] n M n - k

q)

望 M
n

- た
q/[ N q - 1 : M a q] n M n ヤ
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As a
q
is a n o n - z e r o - di vi s o r o n M / J q - 1 M , w e h a v e [ N q - 1 : M a q] ⊆

､ J
q

- 1 M ･ M o r e o v e r
,
a s

n
- k
q ≦ m , b y t h e c o n d iti o n ( B m) w e g e七 J q - 1 M n M n - k

q

- ∑? =7 a i M n - k
q

- k i ,
W h o s e

righ t - h a n d sid e is c o nt ai n ed in [ N q - 1 : M a q] ･ H e n c e [ N q - 1 : M a q] n M n - k
q

- J
q

- 1 M n M n - k
q ,

a n d s o

N
q/ N q - 1

望 J
q

- 1 M + M n - k
q/ J q - 1 M ･

As th e c o n ditio n (C m) i m plie s t h at d ep th A M / J q - 1 M + M n - k
q
≧i - A a n d a s d ep th A M / J q - 1 M ≧

壬 -

q + 1 ≧舌
- A + 1 , w e g et d e pt h A J q - 1 M + M n - k

q/ J q - 1 M ≧i
- A + 1 , an d th e p r o of is

c o m pl et e d .

L e m m a 3 ･ 3 ･ 3 L ei m b e a n i n t e9 e r ･ A s s u m e th at a l T
k l
,

-

,
a r T
k r
i s a G ( 〟 p) - r eg ul a r

s eq u e n c e f o r a n y p ∈ 7 ) a n d th e c o n diti o n ( A m ) is s atisjied ･ Th e n th e c o n d iti o n ( B m ) is

s atisfi ed .

p r v of ･ L et n ≦ m an d 0 ≦ q ≦ r ･ W e t a k e a n y p ∈ As s A M / ∑f - 1 a i M n - k

.

i
･ T h e n

ht A p ≦ d
- 舌+ e , si n c e d ep t h A M / ∑? = 1 a i M n - k i ≧i

- e b y th e c o n ditio n ( A m) ･ If F l ⊆ p ,

w e h
:q v e や∈7

'
, a n d s o b y t h e a s s u m ptio n an d 3 ･ 2 ･7

,
J
q
M
p
n ( M n)p - ∑i = 1 a i( M n - k i)p ･

W h e n F l 望p , w e g et t h e s a m e e q u ality a s ( M n) p - ( M n - k i)p - M p ･ T h e r ef o r e J q M n

M
n
- ∑i = 1 a i M n - た

i
･

L e m m a 3 ･ 3 ･ 4 L et m b e a n i n t eg e r . A s s u m e d ep t h A M / i , M + M n ≧i
- e f o r a n y n ≦ m .

S up p o s e th at th e c o n diti o n s (B m) a n d ( C m _ 1) a r e s atisP ed . T h e n ik e c o ねdiii o n ( C m) is

s aii sS ed .

P r o of ･ W e t a k e an y n ≦ m an d fi Ⅹ it ･ W e p r o v e d ep t h A M / Jq M + M n ≧ i
- e f o r a n y

0 ≦ q ≦ r b y d es c e n d in g in d u ctio n o n q . B e c a u s e this in e q u al ity is j u st t h e a s s u m p tio n

w h e n q
- r
,
let u s a s s u m e q < r a n d d e pt h A M / J q + 1 M + M n ≧ i

- e ･ It is e n o 11 gh 七o

sh o w t h at d eptb A J q + 1 M + M n/ J q M + M n ≧i
- e ･ B e c a u s e J

q + 1
M + M n/ J q M + M n 望

J
q . 1 M / J q M + (J q + 1 M n M n) an d th e c o n diti o n (B m) i m plie s J q + 1 M n M n - ∑? =

+

l

l
a i M n _ k

i ,

w e h a v e

J
q + 1
M + M n/ J q M + M n 空 J q + 1 M / Jq M + a q + 1 M n - k

q . 1

空 a
q + 1
M /( a q + 1 M n J q M ) + a q + 1 M n - k

q . 1

- a
q + 1
M / a q + 1 J q M + a q + 1 M n - k

q . 1

望 M / J q M + M n - k
q . 1

･
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T h u s w e g et t h e r e q ui r ed i n e q u al it y si n c e d e p t h A M / J q M + M n - k
q 十 1 ≧ i

- A b y t h e

c o n ditio n (C m _ 1) I

p r o of of 3 ･ 3 ･ 1 ･ L et m b e s ufR ci e n tly s m a ll ･ T h e n al l o f t h e c o n ditio n s ( A m) , (B m) , an d

( C m ) a r e o b vio u sl y s atisfi ed ･ H e n c e , a p plyin g 3 ･ 3 ･2
,
3 ･ 3 ･3

,
a n d 3 ･ 3 ･4 s u c c e s si v ely , w e s e e

t h at t h e c o n d itio n s ( A N + 1) , (B N + 1) , a n d ( C N) a r e s atis fi e d ･ N o w w e g et t h e a s s e rti o n s

(1) , (2) , an d (3) of 3 ･ 3 ･1 a s s p e ci al c a s e s ･

3 . 4 E q u i m u lti p l e 別t r a ti o n

L et 7 b e a fi1tr ati o n of A . T h e f oll o w in g 七h e o r e m is a ch a r a ct e riz atio n of th e C o h e n -

M a c a ul ay p r o p e rt y of t h e f o r m ri n g a s s o ci at e d t o a n e q ui m u ltipl e fi 1t r atio n of a C o h e n -

M a c a ul a y r in g . It w a s al r e a d y p r o v ed b y G ot o [3 , T h e o r e m (1 ･ 2)] in th e c a s e w h e r e 7 is

th e s y m b olic 丘1t r atio n of a p r中e id e aユp w it h di m A/p
- 1 ･

T h e o r e m 3 . 4 . 1 L ei A b e a C o h e n - M a c a ul ay rin g a n d ht A F l
- S . L et a l , ･ ･ ･ , a s b e

el e m e nt s i n A s u ch th ai a l ∈ F k l ,
-

,
a
S ∈ PTk s f o r s o m e p o sitiv e i n i e9 e r S k l , -

,
k
s
a n d

F
n

- ∑%f = 1 a i F n - k i l o r n ≫ 0 ･ S et N - ∑8f = 1 k i + m a x( a( G( F p)) I p ∈ As s h A A/ F l) ･

T h e n th e f oll o w i n g c o n diti o n s a r e e q ui v al e n t .

(1) G( f) is a C oh e n - M a c a ul ay ri n g .

(2) G( F p) is C oh e n - M a c a ul ay f o r a n y p ∈ As sh A A/ F l a n d A/( a l , ･ ･ ･

,
a
s) + F n is C oh e n -

M a c a ul a y f o r a n y 1 ≦ n ≦ N .

W h e n th is is th e c a s e
,
A / E n is a C o h e n

- M a c a ul ay ri n 9 f o r a n y n _

> 1
,
F n - =; = 1 a i F n - k

i

f o r a n y n > N , a n d

a( G(3
:

)) - m a x( a( G( 7 p))i p ∈ As s h A A/ F l) I

P r o of . W e p r o v e i n th e c a s e w h e r e s > 0 . S i mi l a rly o n e c a n p r o v e th e th e o r e m i n

t h e c a s e w h e r e s - 0
,
o m itti n g m o st of t h e a rg u m e n t . W e p u t K - ( a l ,

･ ･ ･

,
a s) A an d

-

F - ‡K + E n/ K ) n ∈z , w h i ch is a fi1tr ati o n of A/ K .

(1) ⇒ (2) As is n oti c ed at t h e e n d of s e ctio n 2 , G ( F p) is a C o h e n - M a c a ul a y ri n g

f o r an y p ∈ S p e c °. L et x
s + 1 ,

-

,
X d b e el e m e mi s i n 帆 w hic h f o r m a n s o p f o r A / F l .

N oti c e t h at a l T
k
l

,

･ ･ ･

,
a
s
T
k s
,
x
s + 1 ,

-

,
X d is a n s o p fo r G( f) , a n d s o it is a G ( I) - r e g ul a r
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s e q u e n c e . T h e n b y 3 .2 . 7

( *) G( 7)/( a l T
k l
,

-

,
a s T
k s
) G(7 ) 空 G(戸) - O K + E n/ K + F n . 1

n ≧0

an d x
s + 1 ,

･ -

,
X d is a r e g ul a r s e q u e n c e o n K + F n/ K + F n + 1

,
f o r a n y n ≧ 0 ･ H e n c e

d ep th A K + F n/ K + E n + 1 - d -

s fo r an y n ≧0 ･ T his i m plie s t h at
,
A/ K + F n is a C o h e n -

M a c a ul ay ri n g f o r a n y n ≧ 1 ･ O n th e ot h e r h a n d
,
a s x

s + 1 ,
-

,
X d is a G( I )

-

r e g ul a r

s eq u e n c e , w e g et al s o th at A/ F n i s C oh e n - M a c a ul ay f o r an y n _

> 1 .

(2) 辛 (1) W e a p pl y 3 ･ 3 ･ 1
,
s etti n g M

- A
, ルー - I

,
an d r - 2 - a

,
N otic e t h at in

th e p r e s e mi c a s e , 7
) - As s h A A / F l , a n d s o b y t h e a s s u m p tio n a l T

k l
,

･ I ･

,
a s T
k s
is a G ( F p) -

r eg ul a r s e q u e n c e f o r a n y p ∈7
)

･ M o r e o v e r
,
w e a r e a s s u m i n g th a七d e pt h A A/ K + F n ≧ d

-

s

fo r a n y n ≦ N ･ T lm s w e g et d ep th A/ ∑8f = 1 a i F N + ト k i -

.
d -

a . S u p p o s e th at F N + 1 ≠

∑%? = 1 a i F N + 1 - k i
･ T h e n th e r e e * ts a n a s s o ci at e d p ri m e id e al q of F N + 1/ ∑%? = 1 a i F N + 1 _ k i

.

S i n c e q ∈ A s s A A / ∑%? = 1 a i F N + 1 _ k i ,
W e h a v e q ∈ As s h A A/ F l , an d s o a l T

k l
,

- ･

,
a
s
T
k 8
is a

G(3Tq) - r eg ul a r s e q u e n c e ･ T h e n

β

a( G( E q)/( a l T
k l
,

･ ･ ･

■

,
a s T
k s
) G( f q)) - a( G(3Tq)) + ∑ki ≦ N

i = 1

a n d th e l e 氏- b a n d sid e of t h e e q u ality a b o v e c oi n cid e s w it h

β

m a x( n [ F n A q ≠∑ ai F n - k i
A
｡ + F n . 1 A q) ･

i = 1

H e n c e F N + 1 A q
- ∑8f = 1 a i F N + 1 - k

i
A
q

･ H o w e v e r th is c o nt r a dict s th at q is an a s s o ci at e d

p ri m e id e al of F N + 1/ ∑8? = 1 a i F N + ト k i ･ T h u s w e s e e t h at F N + 1
- ∑8? = 1 a i F N + 1 _ k i ⊆ K .

T h e r efo r e K + E n - K fo r a n y n > N , a n d s o d ep t h A A/ K + E n ≧ d
-

a f o r a n y n .

T h e n
,
a p plyi n g 3 ･3 ･1 a g ai n , w e g et K n F n

- ∑%f = 1 a i E n - k
i
f o r an y n . T h is i m plie s t h a t

a l T
k l
,

･ ･ ･

,
a
s
T
k s
is a G( 7) - r eg ul a r s eq u e n c e , a n d s o a g ai n w e g et t h e is o m o rp his m ( *) .

N otic e t h at G(ア) is a C o h e n - M a c a ul ay ri n g si n c e d ep th A K + E n/ K + F n + 1 - d -

β f o r

a n y n ≧ 0 ･ T lm s w e s e
-
e th at G( f) is a C oh e n - M a c a ul ay ri n g .

N o w v_
e pr o v e t h e la st a s_

s e rti o n of t h e th e o r e m . If n > N
,
t h e n

E
n

- K n E
n

β

- ∑ ai E nJ k i .

i = 1

N otic e a( G(戸)) - m a x( n [ K + F n ≠ K + F n + 1‡. As E n ⊆ K fo r an y n > N , it

f ollo w s th at a( G(ア)) ≦ N ･ H e n c e w e g e七 a( G( f)) ≦ m a x( a( G( 7 p)) I p ∈ As s h A A / F l)
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a s a( G(亨)) - a( G( 7)) + ∑8? - 1 k i ･ T h e c o n v e r s e i n e q u a lit y i s
･
o b v i o u s a n d t h e p r o of is

c o m pl et ed .

3 . 5 T h e c a s e w h e r e a d( I) - 1

L et f - ( F n) n ∈z b e a fi1tr ati o n of A w it h ht A F l - S < d ･ T h r o u gh o u t t his s e c ti o n

w e al w a y s a s s u m e t h at a l ,
･
･ ･

,
a s , a s + 1 a r e el e m e nt s i n A s u ch t h at a l ∈ F k l ,

- ･

,
a
S ∈

F k s , a s . 1 ∈ F k s . 1
fo r s o m e p o siti v e i nt eg e r s k l ,

･ ･
･

,
k
s ,
k
s . 1
a n d F

n
- ∑%f =

'

1

1
a i F n _ k i

f o r n ≫

0 ･ M o r e o v e r
,
w e a s s u m e t h at a l , ･ -

,
a
s
i s a n A - r eg ul a r s e q u e n c e a n d if q ∈ As s h A A / F l ,

t h e n E
n
A
q
- ∑8f = 1 a i F n - k i

A
q
fo r n ≫ 0 . It sh o uld b e n otic ed th at w e c a n al w ay s fi n d

s u ch a l ,
･ ･ ･

,
a
s ,
a
s + 1
ir e( F ) ≦ s + 1 . W e p u t

P - ‡p ∈ S p e c A l. F l ⊆p an d ht A p ≦ s + 1) ,
β

･ - ∑ki + m a x( a( G(3Tq))I q ∈ As s h A A / F l) + 1 ,
i = 1

β+ 1

β - ∑ki + m a x‡a( G( 7 p))I p ∈7
'
) , a n d

i = 1

∬ - ( α1 ,
-

,
α
β) A .

W e w ill oft e n d e n ot e a s + 1 (r e s p . k s + 1) b y .b (r e s p . k) .

L e m m a 3 ･ 5 ･ 1 L et G(3Tp) b e C oh e n
- M a c a ul a y f o r a n y p ∈ 7 ) ･ T h e n α ≦β - k + 1 ･

P r o of . F o r an y q ∈ As sh A A/ F l , t h e r e e xist s p ∈ 7 ) s u ch t h at q ⊆ p . T h e n a( G(3Tq)) ≦

a( G( E p)) . C o n s eq u e n tl y w e g e七 α
-

∑8f = 1 k i
- 1 ≦β -

∑8f =
'

1

1

ki , a n d s o α ≦β - k + 1 ･

L e m m a 3 ･ 5 . 2 A s s u m e th aま th e r e e xi st s q ∈ As sh A A/ F I S u c h th at G( F q) is C oh e n -

M a c a u l a y ･ T h e n α > 0 a n d F n A q - ∑; = 1 a i E n - k i
A
q f o r a n y n ≧ α ･

P r o of . L et S - G( F q)/( a l T
k l
,
- ･

,
a
s
T
k s
) G( 7 q) . S in c e a l T

k l
,
･ ･ ･

,
a
s
T
k s is a G (3Iq) -

r eg ul a r s e q u e n c e , w e g et a( S) - a( G(3Tq)) + ∑8f = 1 ki < α ･ O n t h e ot h e r h an d
,
a(S) -

m a x( n I F n A q ≠∑; = 1 a i F n - k i
A
q‡>_ 0 ･ H e n c e w e g et th e a s s e rtio n ･

L e m m a 3 ･ 5 ･ 3 A s s u m e th at G( 7 q) is C o h e n
- M a c a ul a y f o r a n y q ∈ A ss h A A/ F l ･ T h e n

th e r e e xi st s 3 7 ∈ n n ≧α【(∑8
f
= 1
a i F n - k i) ‥ F n] s u ch th at a l ,

-

,
a
s ,
X + b is a n s s o p f o r A ･

M o r e o v e r
,
if w e i a k e x s + 2 , - ･

,
X d ∈ m s o ih a舌a l , ･ ･ ･ , a s , X + a , x s + 2 , ･ ･ ･

,
X d i s a n s op f o r

A
,
th e n a l T

k l
,

-

,
a
s T
k 8
,
x

- b T
k
,
x
s + 2 ,

･
･

･

,
X d i s a n s o p f o r G (∫) .
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P r o of . S et I n - ∑; = 1 a i F n - k
i
a n d J - TTt n (n n ≧α[I n : F n]) ･ S u p p o s e th at t h e r e e x i st s

q ∈ As s h A A / K s u ch th at J + b A ⊆q ･ T h e n
,
f o r n ≫ 0

,
w e h a v e F i

n

⊆ F n - Z n + b F n _ k ⊆

q . T his i m plie s q ∈ As sh A A / F l , a n d s o b y 3 ･ 5 . 2 F n A q
- Z n A q f o r a n y n ≧ α . H e n c e

J A
q

- n n ≧α[Z n A q ‥ E n
A
q] - A

q
･ H o w e v e r it is i m p o s sibl e a s J ⊆ q ･ C o n s e q u e ntly ,

J + b A 望q f o r a n y q ∈ As sh A A/ K . T h e n
,
b y [10 , T h e o r e m 1 2 4] , th e r e e xi st s I ∈ J s u ch

t h at x + b 卓q f o r a n y q ∈ As sh A A/ K . N e edl e s s t o s ay , a l ,
-

,
a
s ,
X + b is a n s s o p f o r

A . N o w ch o o s e x s + 2 ,
･ ･ ･

,
X d ∈ m S O t h at a l ,

-
･

,
a
s ,
X + a , x s + 2 ,

-

,
X d f o r m a n s o p f o r d .

S et 9t - ( a l T
k l
,

･ ･ ･

,
a s T
k s
,
x

- b T
k
,
x s + 2 ,

-

,
X d , T

~ 1

) R
'

( 7) . W e w o ul d lik e t o s h o w th at

～旬 is t h e g r ad ed m a xi m al id e al of R
'

( F) . T ak e a n i nt e g e r n s u ch t h at k n ≧ α . T h e n
,

a s (b T
k

)
n

･

I ∈ z k n T
k n

- ∑8? = 1 a i T
k i

I F k n _ k
i
T
k n ~ k

i ⊆ 訊 a n d a s (b T
k

)
n

( x
- b T
k

) ∈ 乳 w e

g et (b T
k
)
n + 1
∈ 9t . H e n c e b T

k
∈ v 旬 a n d x ∈ ∨旬. N o w

,
f o r a n y n > 0 , t a k in g m la rg e

e n o u gh , w e g et ( F n T
n

)
帆

⊆ ∑; =
'

1

1
a i T
k
i I F

n m
_ k i
T n m

- k
i

⊆ v 旬, a n d s o F n T
n

⊆ J 致 T h u s

R
l

(f) + ⊆ ヽ伺 . o n t h e oth e r h a n d
,
a s a i

- a i T
k i

･ (T
- 1
)
k i
∈ v 旬 f o r a n y 1 ≦ i ≦ a + 1 ,

w e h a v e ( a l , ･ ･ ･

,
a
s ,

′

x + b , x s + 2 ,
-

,
X d) R

'

( 7) ⊆ ∨旬. T his i m p lie s m R
/

(F ) ⊆ v 旬. T h u s

w e g et t h e r eq l lir ed a s s e rtio n .

T h e o r e m 3 . 5 . 4 L ei G( F) b e a C o h e n - M a c a ul ay ri n g ･ T h e n w e h a v e ik e f oll o w i r!9 a s -

s e rti o n s .

(1) d ep t h A/ K + E n ≧ d
-

a
- 1 f o r a n y n > 0 ･

(2) b T
k
is a n o n -

z e r o
- di vi s o r o n G (ア)≧α, w h e r e ア is th e βlt r atio n ( K + F n/ K ) n ｡ z of

A/ 〟 .

(3) d ept h A/ K + b F a + F n ≧ d
-

s
- 1 f o r a n y n > 0 ･

(4) E n - ∑8f =
'

1

1
a i F n _ ki f o r a n y n > β･

(5) a( G(3
:
)) - m a x ( a( G(3Tp)) I p ∈ 7

)
) ･

P r o of S et m - m G (F ) + G( f) + a n d ch o o s e x , x s + 2 ,
-

,
X d ∈ m a s i n 3 ･5 ･ 3 ･ T h e n

,
a s

a l T
k l
,

- ･

,
a
s
T
k s
,
x
s + 2 ,

･ ･ ･

,
X d , X

- b T
k
i s a r e g ul a r s e q u e n c e o n G ( 7) m ,

G (∫)/( a l T
k l
,

･ ･ ･

,
a
s
T
k s
) G( 7) 空 G(ア) - O K + F n/ K + F n ' 1

n >
_
0

an d x
s + 2 ,

- ･

,
X d , X

- b T
k
i s a r e g ul a r s e q u e n c e o n G(亨) m . s i n c e x

s + 2 ,
･ ･ ･

,
X d is a G (ア) -

r e g ul a r s eq u e n c e , w e h a v e d ep t h A K + F n/ K + F n + 1 ≧ d - s - 1 f o r an y n ≧ 0 , s o w e g et

t h e a s s e rti o n (1) .
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M o r e o v e r
,
s etti n g i - ( K + ( x s + 2 , - I

,
X d) + F n/ K + ( x s + 2 , ･

･ ･

, X d)) n e w e h a v e t h at

G(ア)/( x s ' 2 , ･ ･ ･

,
X d) G(戸) 空 G( i)

a n d x - b T
k
i s a n o n -

z e r o
- di vis o r o n G( i) m ･ N o w

,
b y t h e c h o i c e o f x

,
t h e f ollo wi n g

di ag r a m

0

l
( G(i ) ≧α) m リ G( i) m

トbT
k

i
_

I - b T h

( G(i) ≧α) m 叫 G( F) 釈

( e x .)

is c o m m u t ati v e ･ H e n c e b T
k
is a n o n - z e r o - di vis o r o n G(i) ≧α ･ As x

s ･ 2 ,

r
,
X d a r e h o m o -

g e n e o u s el e m e mi s of d eg r e e 0 , t h e y fo r m a r e g ul a r s e q u e n c e als o o n G ( f) ≧α an d

G(ア)≧α/( x s + 2 ,
- ･

,
X d) G(宇)≧α 望( G(

-

3 :)/(x s + 2 ,
-

,
X d) G(ア))≧α .

T h is m e an s t h at x
s + 2 ,

･ -

,
X d , b T

h
i s a r e g ul a r s eq u e n c e o n G(戸) ≧｡ , a n d s o b T

k
,
x s + 2 ,

･ ･ ･

,
X d

i s al s o a r e g ul a r s e q u e n c e o
.
n G(デ)≧｡ ･ I n p a rti c ul a r , w e g et t h e a s s e rtio n ( 2) I

N o w w e s et M - K + F J K a n d

M n -〈
K '

M

F
n/ K

…f
f

n

n

<

2

a

a

.

T h e n J u - ( M n‡n ∈z i苧
an f - fi lt r ati o n of M ･ B e c a u s e G (ア)≧α - G (J u ) , it f oll o w s t h at

b T k
,
x
s + 2 ,

-

,
X d i s a r eg ul a r s eq u e n c e o n G ( 〟) . H e n c e , s ett in g 苅 t o b e t h e fi1tr a七i o n

(b M + M n/b M ) n ∈盗 Of M /b M , b y 3 . 2 .7 w e s e e t h at

G( J u )/b T
k
G(･ M ) 望 G( 刀) - O b M + M n/ b M + M n ' 1

n ∈2:

a n d x
s + 2 ,

- ･

,
X d is a r eg u l a r s eq u e n c e o n G(こ研) . T h er ef o r e d e pt h A b M + M n/b M + M n + 1 ≧

d -

a
- 1 f o r a n y n ･ T his i m p lie s d ep t h A M /b M + M n ≧ a

-

s
- 1 f o r a n y n ･ T lm s w e g et

t h e a s s e rti o n (3) a s M /b M + M n 空 K + F a/ K + b F a + F n fo r n ≧ α ･

L et V b e t h e c ok e rn el of t h e i n cl u si o n G( 〟) リ G(ア) . T h e n [ V] n - 0 u nl e s s 0 ≦ n <

α ･ T a k e a n y p ∈ 7
)
w it h ht A p - a + 1 . L et m - p G(3Tp) + G(3Tp) + . A p plyin g t h e l o c al

c o h o m ol o g y f un ct o r H &( ･) t o t h e e x a ct s e q u e n c e

O - G (J u p) ー G(ち) ー A p ⑳A V → 0 ,
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w e g et an e x a ct s eq u e n c e

(b) 鴫( A p ⑳A V) 1 鴫( G( .M p)) 1 鴫( G(7 p)) 1 H㌫( A p ⑳A V) .

N oti c e th at a( G(
-

F
p)) - a( G( E p)) + ∑8? = 1 k i ≦β

- k
,
an d s o 【H㌫( G(

-

F
p))】n - 0 fo r a n y

n ≧β - k + 1 . O n th e ot h e r h a n d
,【H凱( A p ⑳A V)] n - O fo r a n y n ≧ α . As α ≦β - k + 1

b y 3 15 11
,
w e s e e t h at【H去-( G(ルイp))] n - 0 f o r a n y n ≧β - k + 1 , a n d s o a( G(ルfp)) ≦β

- k .

T h e n
,
a s b T

k
is a n o n -

z e r o
- di vi s o r o n G( 〟 ,) , w e h a v e a( G(珂,)) ≦β. S in c e th e l占ft - h a n d

sid e of t his i n e q u alit y c oi mi d e s w it h m a x( n [ b M p + ( M n)p ≠b M p + ( M n + 1)p‡, it foll o w s

th at b M
p + ( M n)p - b M

p + ( M n + i)p fo r an y n > P , w hi ch h old s als o i n th e c a s e w h e r e

ht A P - S . L et n > β･ As is st at ed ab o v e
,
d ep t h A b M + M n/b M + M n + 1 ≧ d

-

s
- 1
,
an d

th is i m p lie s As s A b M + M n/b M + M n + 1 ⊆7
)

. T h e r ef o r e w e g et b M + M n
- b M + M n + 1 ,

a n d s o

M
n

- (b M + M n + 1) n M n

- b M n M n + M n + 1

- b M
n

_ A + M n + 1 .

T h e n
,
a s n

- k ≧ α, w e h a v e K + F n - K + b E n _ k + F n + 1 , a n d s o

F
n

- ( K + b E n _ k + F n + 1) n E n

- K n F n + b F n _ A + F n + 1
β + 1

- ∑ a i F n - たi + F n + l l

i = 1

T h is p r o v e s th e a s s e rti o n (4) .

s i n c e a( G( 苅)) - m a x‡n I b M + M n ≠b M + M n + 1) , W e h a v e a( G( 刀)) ≦βb y (4) ,

a n d s o a( G( 〟)) ≦β
- k ･ N o w w e c o n sid e r t h e e x a ct s e q u e n c e

日露
s

( G( 〟)) - H
a

m

-

s

( G(
-

7 )) ー H 窟
s

( v) - o ,

w hic h is d 甲i v e d fr o m t h e e x a ct s eq u e n c e 0 I G (Ju ) 1 G(宇) 1 V ヰ 0 .

`
B e c a u s e

【H監
.

s

(也( . M ))] n - O f o r a n y n ≧β - k + 1
,[ 暗

s

( v )】n - o f o r a n y n ≧ α , a n d α ≦β
- k + 1 ,

it f oll o w s t h at a( G(ア)) ≦β - k . T his i m plie s a( G( 7)) ≦β - ∑%f =
+

l

l
k i - m a X‡a( G(3T,))I

p ∈ 7
)
‡. O n th e ot h e r h an d

,
it is o b vio u s th at a( G( F p)) ≦ a( G( F)) f o r a n y p ∈ S p e c A ･

T h u s w e g et th e a s s e rti o n (5) a n d th e p r o of is c o m plet e d .
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Le m m a 3 . 5 ･ 5 L et G(3Tp) b e C o h e n - M a c a ul ay f o r a n y p ∈ 7 ) ･ T h e n β < - ･

P r o of L et p ∈ P an d ht A p - a + 1 . T h e n
,
s etti n g

β

･
'
- ∑ki + m a x ( a( G(3Tq)) l q ∈ As s h A A/ F l a n d q ⊆p) + 1 ,
i = 1

w e g et b y 3 .5 . 4 (2) t h at b T
k
is a n o IトZ e r O - d i vis o r o n G (アp) ≧α, , w h e r e 亨p is t h e fi lt r atio n

( K A p + F n A p/ K A p) n e z of A p/ K A p . S et M a n d ルイ - ( M n) n e 2: a S in t h e p r o of of

3 . 5 .4 . S i n c e α
'

≦ α a n d G(7 p) ≧α - G ( 〟 p) , b T
k
is a n o n -

z e r o
- di vis o r o n G( 〟p) ･ N o w

w e t a k e N > 0 s o t h at F
n

- ∑%? =
'

1

1
a i F n _ k i

f o r a n y n > N a n d α + k ≦ N ･ T h e n

M
n

- b M
n

_ A f o r a n y n > N , a n d s o a( G(ルI p)/b T
k G( ルip)) ≦ N ･ T h u s it f oll o w s t h at

a( G(ル1 p)) ≦ N
- k ･ N o w

,
c o n sid e ri n g t h e e x a ct s eq u e n c e (h) in th e p r o of of 3 ･5 ･4

,
w e g et

t h at a( G( 7 p)) ≦ N
- k . H e n c e a( G( E p)) ≦ N

- ∑%f =
'

1

1
ki . T h e r ef o r e β≦ N .

T h e o r e m 3 ･ 5 ･ 6 L et A b e a C o h e n - M a c a ul a y rin 9 ･ L e舌 G( P p) b e a C o h e n
- M a c a ul ay ri n g

f o r a n y p ∈ P a n d d ep t h A/ K + b F a + E n ≧ d
-

s
- 1 f o r a n y l ≦ n ≦β･ T h e n w e h a v e

th e f oll o w i n g a s s e rti o n s .

(1) d ep t h A/ F n ≧ d
-

a
- 1 f o r a n y n > 0 .

(2) If A/ K + F n i s C o h e n
- M a c a ul ay f o r a n y 1 ≦ n ≦ α, th e n G( F ) is a C o h e n - M a c a ul a y

ri n g .

P r o of ･ W e m ay a s s u m e th at d ≧ s + 2 . S et M - K + F a/ K . T h e n d ep t h A M
- d -

s .

T a k e x a s in 3 1 5 ･3 . Si n c e M is a m a xi m al C o h e n - M a c a ul ay A/ K - m o d 111 e
,
x + a is a n o n -

z e r o - di vi s o r o n M . H e n c e b is a n o n - z e r o - d i vis o r o n M a s x M - 0 b y t h e ch oic e of x .

S et ルイ - ( M n) n ∈2: a S i n th e p r o of of 3 . 5 . 4 . L et p ∈ ア . T h e n
,
a s i s st at ed i n t h e p r o of of

3 .5 . 5
,
b T
k
is a n o n - z e r o - di v is o r o n G(ルt p) . M o r e o v e r , a s

･ /b M ･ M n -〈
K ' F J K

.

' b E a ' F n

…
f

f n

n

<

2

a

a

,

w e h a v e d e pt h A M / b M + M n ≧ d - a - 1 f o r an y n _

< β. N o w w e a p ply 3 ･3 ･1
,
s etti n g

r - e - 1
,
N - β, a l - a

,
a n d k l - k . It foll o w s t h at d ept h A M /b M p + ト k ≧ d

-

s
- 1 ･

冬s s u m e t h at M p + 1 ≠ b M p + ト k ･ T h e n t h e r e e x ist s p ∈ As s A M p + 1/b M p + 1 - k ･ W e h a v e

p ∈ ア a s p ∈ As s A M /b M p . 1 - k ･ L et β
′
- a( G( f p)) + ∑8f =

'

1

1
k i ･ T h e n , b y 3 ･ 5 ･ 4 (4) , F n A p -

∑8f =
'

1

1
a i F n _ k i

A
p
f o r an y n > β

l

. H e n c e F
p . l
i
p ⊆ K A p + b F p . 1 _ k i p , a n d s o ( M p . 1),

-

b( M p + ト た)p a B α ≦β + 1
- k ･ H o w e v e r th is c o nt r a dicts p ∈ As s A M p + 1/b M p + 1 - k ･ As a

5 3



c o n s e q u e n c e , w e g et M p + 1
- b M p + 1 - k ⊆ b M ･ It f ollo w s th at d e pt h A M /b M + M n ≧ d -

s
-

1 f o r an y n . T h e n
,
a p p lyi n g 3 .3 .1 ag ai n , w e g et b M n M n - b M

n
_ A a n d d ep t h A M / M n ≧

d - a
- 1 f o r a n y n . I n p a rtic ul a r , b y 3 .2 . 7

,
b T k is a n o n - z e r o - d i vi s o r o n G (ルー) .

N o w
,
c o n sid e ri n g th e e x a ct s e q u e n c e O ヰ M / M n l A/ K + F n l A/ K + F a ヰ 0 , w e

g et d ep th A A/ K + F n ≧ d
-

a
- 1 f o r a n y n . T h e r ef o r e

,
b y 3 ･3 . 1

,
a l T
k l
,

･ ･ ･

,
a s T
k s
is a

G (3
:
) - r eg ul a r s e q u e n c e a n d d ep t h A A/ F n ≧ d

-

s
- 1 f o r an y n ･

I n o r d e r t o i n v e stig at e th e C o h e n
- M a c a ul ay n e s s of G( F) , w e n otic e t h at G(ルt) is

a c o h e n - M a c a ul ay G( F)
- m o d ul e . I n f a ct

,
s etti n g 二研 t o b e th e F - filtr ati o n ( b M +

M
n/b M ‡n ∈盗 Of M /b M , w e h a v e

G( 〟)/b T
k
G( 〟) 空 G( 刀) - O b M + M n/b M + M n ' 1 I

n ≧a

S in c e d ep t h A b M + M n/b M + M n ' 1 ≧ a - s - 1 fo r a n y n , i七foll o w s t h at d e pt h G(F ) G( 刀),
-

d -

β
- 1
,
a n d s o d e pt h G( F) G (Ju )

- a - s ･ H e n c e w e g et t h e r eq u ir ed a sβertio n ･

L et V - G (ア)/ G( 〟) . As s u m e t h at A/ K + F n i s C o h e n - M a c a ul ay f o r a n y 1 ≦ n ≦ α ･

T h e n
,
a s [V] n - K + F n/ K + F n + 1 f o r O ≦ n < α a n d [ V] n - 0 u nl e s s 0 ≦ n < α, w e_ h a v e

d ep th G(F ) V
- d -

s ･ T h e r efo r e , c o n sid e ri n g th e e x a ct s e q u e n c e 0 I G( 〟) 1 G(戸) →

v ヰ 0
,
㌔w e s e e th at d ept h G(デ) - d -

s . T lm s i七f oll o w s 七h a七 G( F) is C o h e n
- M a c a ul a y

a n d t h e p r o of is c o m p let e d .

3 . 6 A p p li c a ti o n s

L et A b e t h e fo r m al p o w e r s e ri e s ri n g K[[ X , Y , Z , W ]] o v e r a fi eld K . L et I b e th e id e al

of A g e n e r at e d b y t h e m a xi m al m in o r s of t h e m at ri x

･ -(冨;w xa x:) ,

w h e r e m is a ･p o sitiv e in t e g e r . T h e n A / I is a C o h e n
- M a c a ul ay rin g w it h di m A/ I - 2 ･

h t h e f ollo w l n g , af )plyi n g t h e r e s u lt s i n p r e vi o u s s e cti o n s , w e w ill c o m p ut e t h e sy m b oli c

p o w e r s of ∫. -

F o r 1 ≦i ≦ 4 , l et a i b e t h e m i n o r c o r r e sp o n din g t o t h e m at ri x d e ri v ed fr o m M d eletin g

th e i -th c ol u m n ･ U s u ally , w e d e n o t e a l , a 2 , a 3 , an d a 4 b y a , b , c , a n d d ) r e s p e ctiv ely ･ T h e n
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w e h a v e t h e foll o w l n g r el atio n s :

(# 1) X a - Y b + Z c - W
m
d - 0

,

( # 2) Y a - Z b + W c - X d - 0
,
an d

(# 3) Z a - W b + X c - Y
m d - 0 ･

L e m m a 3 ･ 6 ･ 1 L et p ∈ As sh A A/ I ･ T h e n I A
p
- ( a , a) A p ･ H e n c e I(

n) A
p
- I

n A
p f o r a n y

n a n d G(Z A P) is a G o r e n st ei n ri n g W ith a( G(Z A P)) ニ ー 2 ･

P r o of . L et q b e t h e id e al of A g e n e r at ed b y th e m a x i m al m in o r s of t h e mi ri x

(;w xa) .

T h e n I 蛋 q a s q ⊆ ( Y , Z , W ) A an d b ≡ - X 3 m o d ( Y , Z , W ) A . It f ollo w s t h at q 望p

fo r a n y p ∈ As s h A A/ I as q is a p ri m e id e al w ith h t A q - 2 . B e c a u s e q I ⊆ ( a , d) A ,

Z A
p ⊆( a , d) A p fo r a n y p ∈ As s h A A/ I ･ T h u s w e g et th e a s s e rti o n ･

T h e o r e m 3 . 6 . 2 L et m - 1 . T h e n th e r e e xi st s e ∈ I(2)＼z
2
s u c h th ai R

s(I) - A[Z T , e T
2

] .

W h e n this is ik e c a s e
,
R
s(I) is a G o r e n si ei n ri n g .

P r o of . S et

u - X Z - Y
2
,
v - x

2
- y w

,
w - x w - y z

,

f - X Y - Z W
, g

- Y W - Z
2
,
h - X Z - W 2 .

T h e n w e h a v e t h e f ollo w l n g r el atio n s :

(# 4) v( c
2

- b d) - u(b
2

-

a c) ,

(# 5) - w( c
2

- b d) - u(b c
-

a d) ,

(# 6) f( c
2

- b d) - u(ab
-

cd) ,

( # 7) g( c
2

- b d) - u( a c
- d
2

) ,

( # 8) h(c
2

- b d) - u( a
2

- b d) .

B e c a u s e u , v i s a r e g ul a r s e q u e n c e , b y (# 4) t h e r e e xi st s e ∈ A s u ch t h at u e - c
2 ⊥ b d an d

v e - b
2

-

a c t M o r e o v e r
,
b y (# 5) w e h a v e

w e( c
2

- bd) - u e(b c - a d)

- ( c
2

- b d)(b c
1 -

a d) ,
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a n d s o w e - b c -

a d ･ S i m il a rly , u si n g (# 6) , (# 7) , a n d (# 8) , W e g et f e - a b -

c d
,

g e
- a c

- d
2
,
a n d h e - a

2
- b d . H e n c e e ∈ I

2
: a

,
w h e r e % - ( u , v , w , I , g , h) A . T his

i m plie s e ∈ I
( 2)
a s ht A 乳 ≧ 3 ･ W e h a v e e ≠Z

2
sin c e ( Y , Z , W ) A + I

2
- ( x

6
,
y
,
z
,
w ) A

a n d e = X
4
m o d ( Y , Z , W ) A .

W e s et

F
n
-

∑ e
i
p

'

if n ≧ O

i
, 3

'

≧0

2 i + 3
'

- n

A if n < 0 .

T h e n F l - I
,
F 2 - Z

2
+ e A , a n d Z

n

⊆ F n ⊆ I
(n) f o r a n y n . L et F - ( F n‡n ∈z . It is e a s y

t o s e e t h at f is a fi1t r ati o n s ll Ch th at E
n
- a n

n
_ 1 + e F n _ 2 fo r an y n ≧ 2 . H e n c e F is a n

eq u i m ultiple fi1t r ati o n a n d a , e is a r ed ll Cti o n of F .

L et p ∈ As sh A A/ F l ･ T h e n b y 3 ･ 6 ･ 1 G(3Tp) (
- G(Zp)) is a G o r9 n St ei n ri n g w it h

a( G(3Tp)) -
- 2
,
a n d s o
,
1 + 2 + m a x‡a( G( 7 p))I p ∈ As s h A A/ F l) - l ･ N otic e t h a七 A/ F l

is a C o h e n - M a c a ul ay ri n g . T h e r efo r e b y 3 ･ 4 ･ 1 w e s e e t h at G(∫) is C o h e n - M a c a ul ay a n d

A/ E n is C o h e n - M a c a ul a y f o r a n y n ≧ 1 ･ N o w
,
b y [4 , T h e o r e m 1 . 2】it f ollo w s th at G( F)

is a G o r e n st ei n ri n g w ith a( G( 7)) ニ ー 2 . T h e n [5 , C o r oll a r y 1 .4】i m plie s t h at a( 7 ) is a

G o r e n st ei n ri n g . L et n b e a p o siti v e i n t eg e r . S i n c e A / E n is C o h e n - M a c a u l ay , F n C_ I
( n)
,

an d E
n
A
p

- I(
n) A
p
f o r an y p E As s A A / E n - As sh A A/ I , w e g et E n - I(

n)
. T h e r ef o r e

a (F) - R
s(I) a n d t h e p r o of is c o m pl et e d .

T h e o r e m 3 . 6 . 3 L et m ≧ 2 . T h e n th e r e e xist s e ∈ I(
3)＼∫
3
s u ch th at R s(I) - A[Z T , e T

3
】.

W h e n thi s i s th e c a s e
,
R
s(I) is a G o r e n st ei n ri n g .

P r o of . W e di vi d e t h e p r o of i mi o s e v e r al st ep s . L et u s b egi n w it h t h e f oll o w in g

C l a i m 1 L ei p b e a p ri m e id e al s u ch th ai Z ⊆p a n d ht A p ≦ 3 . T h e n Z A
p
is 9 e n e r ai ed b y

a r eg ul a r s eq u e n c e of le n 9th 2 ･ H e n c e I(
n) A
p
- Z
n A
p f o r a n y n a n d G(Zp) i s a G o r e n st ei n

ri n g w ith a( G(I p)) ニ ー 2 .

･-P r oQf of Cl ai m l ･ L et
,
9t b e t h e id e al of A g e n e r at ed b y t h e 2 - mi n o r s of t h e m at ri x M ･

As Y
2

- x z ∈ 乳 an d Y
m + 1

- x z ∈ 9t
,
w e h a v e Y 2( y

m
- 1

- 1) - Y
m + 1

-

y
2
∈ 乳 H e n c e

,

if 乳 ⊆p , it f oll o w s th at Y ∈ p , a n d s o p - m . H o w e v e r th is is i m p o s sible . C o n s e q u e ntly ,

乳 望 p . T h e n 七h e r e e x i st s 1 ≦ α < β ≦ 3 an d l ≦ i < 3
'

≦ 4 s u c h t h at t h e m i n o r f

c o r r e s p o n d in g 七o t h e s u b m at ri x of M w i th r o w s α ,β an d c ol u m n s i ,i is n ot c o n t ai n ed in p .
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L et ( k ,i) - (1 , 2 , 3 , 4) ＼(i ,i) I T h e n
,
a s f Z ⊆( ak , a E) A , it f oll o w s t h a t I i

p ⊆( a k , a l) A p .

T lm s w e g et t h e clai m .

C l ai m 2 d e pt h A /( a , d) + J
2
- 1 .

P r o of of Cl ai m 2 . W e s et

P l

P 2

P 3

( a b
2
b c c

2
d ) ,

ハ

し

c

m

ズ

0

イ

z

Ⅳ

m

㌶

Ⅳ

o

㌶

Ⅳ

'

〃
u

0

0

0

～C

O

で

別

で
｡

αC
m
y

T

n
l

m
ylハ

しズ
ー

むズ

0

0

tl ′
′

- X

- Z

W

〟

- X

0

O
- y

Z

x
2

- y w m y m + l l X Z X Y m - Z W m

)

＼
t

~

~
~

｣
a n d

Si n c e w e l l a V e

x ab - Y b
2
+ z b c - W

m

b d = 0

b y (# 1) , t h e (1 , 1) - c o m p o n e mi of p I P 2 is 0 . Si m il a rl y , w e s e e th at t h e ot h e r e nt ri e s of

p I P 2 a r e als o 0 . M o r e o v e r
,
w e g et p 2 P 3

- 0 fr o m t h e r el ati o n s :

( x
2

- y w
m

)d - Y
2
b - X Z b + X W c - Y Z c

,

( y
m + 1

- x z)d - Z 2 b - Y W b + X Y c - Z W c
,

( x y
m

- z w
m

)d - Y Z b - X W b + X
2
c

- z
2
c
,

( x
2

- y w
m

) a - x y b - Z W
m

b + W
m + 1
c - x z c

,

( y
m + 1

- x z) a - y
m

z b - X W b + X
2
c

- y
m

w c , an d

( X Y
m

- Z W
m

) a - Y
m + 1 b - W

m + 1
b + X W

m

c - Y
m

Z c .

W e g et t h e s e r el ati o n s c o m p ut in g (# 1) x Y - (# 2) x X , (# 2) x Z
-

(# 3) x Y , (# 1) x Z
-

(# 3) × X , (# 1) × X
-

( # 2) × W
m

, (# 2) × Y
m

- (# 3) × X , an d (# 1) × Y
m

- (# 3) × W
m

･

T b e r e 払r e ･

0 → A
3 卑 A 7 阜 A 5 与 A → A/( a , b

2

,
b c

,
c
2

,
d) A → 0
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is a c o m ple x . O n e c a n s e e th at it is a n e x a ct s eq ll e n C e b y [2】. H e n c e w e g et t h e cl ai m a s

( a , d) A + Z
2
- ( a , b

2

,
b c , c
2
,
d) A .

C l ai m 3 L et p b e a p ri m e id e al of A s u ch th ai Z ⊆p a n d ht A p ≦ 3 . T h e n a T
,
d T is a

G(Ip) - r eg ul a r s eq u e n c e ･

P r o of of Cl ai m 3 . S i n c e G (Zp) is C o h e n - M a c a ul ay b y C l ai m 1 , iも is e n o u gh t o s h o w

th at a T
,
d T is an s s op f o r G (Zp) . As ( Y , Z , W ) A 望p , b y (# 1) , ( # 2) , a n d (# 3) w e h a v e

b ∈( a , c , d) A p , a n d s o I A p - ( a , c , d) A p ･ M o r e o v e r
,
b y 3 ･6 ･1 w e h a v e Z A

q
- ( a , d) A q f o r

a n y q ∈ As s h A A/ I ･ T h e r ef o r e w e g et t h e cl ai m b y 3 ･ 5 ･3 .

c l ai m 4 ∫(2) = ∫
2

.

P r o of of Cl ai m 4 . B y C l ai m 2 , Cl ai m 3 , an d 3 .3 .1
,
w e g et d ep th A/Z

2
> o . T his yield s

z(
2) - I

2
si n c e

,
b y C l ai m 1 , I

(2) A
p

- Z
2
A
p
f o r an y p ri m e id e al p s u ch t h at I ⊆ p a n d

ht A p ≦ 3 .

C l ai m 5 T h e r e e xi st s e ∈ I(3) ＼I
3

.
s u ch th ai

(# 9) X e - b
3
+ w

m
- 1
a
2
d + Y

m
- 1
c
2
d - Y

m
- 1
w
m

- 1
b d
2

- 2 a b c
,

(# 1 0) Y e - c
3
+ a b

2
-

a
2
c + w

m
- l
a d
s

-

(1 + W
m

- 1

)b ed ,

(# 1 1) Z e - Y
m

- 1
w
m

- I
d
a

-

( y
m

- 1
+ w

m
- 1

) a c d
- b
2
d + a

2
b + b c

2

,
a n d

(# 1 2) W e - Y
m

~ 1
cd
2

-

(1 + Y
m

~ 1

) a bd
-

a c
2
+ a
3
+ b
2
c .

P r D Of of Cl ai m 5 . B y (# 1) a n d (# 2) w e h a v e

W
m

d - X a - Y b + Z c a n d W c - X d - Y a + Z b .

S ll b stit utin g t h e s e eq u atio n s t o

c ･ w
m

d - W
m

- 1
d ･ W c a n d b ･ W c - c ･ W b

,

w e g et

(# 1 3) Z( c
2

- w
m

- l
b d) - Y (b c

- W
m

- l
a d)

- X ( a c
- W

m
~ 1
d
2

) a n d

(#きゃ)
Z (b
2

-

a c) - y ( ab
- Y

m
~ 1
cd 卜 X (b d

-

c
2

) ･

M o r e o v e r
,
w e s lユb stit ut e (# 1 3) a n d (# 1 4) t o

z ( c
2

- w
m - 1
bd) ･ (b

2
-

a c) - ( c
2

- w
m

- 1
bd) ･ Z(b

2
-

a c)
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a n d g et

x ( c
3
+ a b

2
- a
2
c + w

m
- 1
a d
2

-

(1 + W
m - 1

)b e d)

- y (b
3
+ w

m
- l
a
空
d + Y

m - 1
c
2
d - Y

m - 1
w
- - 1
b d
2

- 2 a b c) .

H e n c e t h e r e e xist s e ∈ A s atisfyi n g (# 9) an d (井l o) ･ T h e e q u ati o n ( # 1 ｡) yi eld s

Z e(b? -

a c) - Y e( ab
- Y

m
- 1
c d ト X e(bd

-

c
2

) .

S u b stit ut in g (# 9) an d (# 10) t o t h e righ t
- h an d sid e

,
w e g et

Z e(b
2

-

a c) -

( y
m ~ 1
w
m ~ 1
d
3

- ( y
m

- 1
+ w

m ~ 1
) a cd - b

空
d + a

2
b + b c

2

)(b
2

-

a c) .

T his yi eld s (# 1 1) . F i n ally , w e g et (# 1 2) s u b stit uti n g (# 9), (# 1 0) , a n d (# 1 1) t o

W e c - X e ･ d - Y e ･ a + Z e ･ b
,

w h ich is in d u c ed fr o m (# 2) . T h e n e ∈ Z
3
: m

,
an d s o e ∈ I(

3)
. s i n c e ( Y , Z , W ) A + Z

3
-

( x
9
,
y
,
z
,
w ) h an d e ≡

- X
8
m o d ( Y , Z , W ) A , w e s e e t h a七 e ≠Z

3
a n d t h e p r o of of t h e

cl ai m i s c o m plet e d .

N o 噛 w e s et

E
n
-I
∑ e

i
p

'､
if n ≧ O

i
, 3

'

≧0

3 i + 3
'

- n

A ･if n < 0 .

I n p a rti c ul a r , F l
- I
,
F 2

- P
,
a n d F 3 - I

3
+ e A . N otic e th at (# 9) ,(# 1 0) ,(# 1 1) , a n d (# 1 2)

i m ply th at b
3
,
c
3
,
b c 2
,
a n d b 2 c a r e all c o nt ai n ed i n ( a , d , e) A ･ H e n c e F 3 ⊆( a , a , e) A . It is

e a sy t o s e e th at F - ( F n) n ∈z is a fi1t r atio n of A s u ch th at R( 7) - A〔I T , e T
3

] ･ M o r e o v e r
,

t h e e q u alitie s (# 9) , (井l o) , ( # 1 1) , a n d (# 1 2) i m ply t h at F n - a F
n

- 1 + M n - 1 + e E n - 3 f o r

an y n ≧ 3 . H e n c e a
,
d
,
e i s a r ed u cti o n of f .

C l ai m 6 A/[( a , d) : e] is a C oh e n - M a c a ul ay ri n g .

P r o of of Cl ai m 6 . Siムc e a , d is a r e g ul a r s e q u e n c e c o n t ai n ed i n I , b y [1 4 , P r op o sitio n

1 .3] A/[( a , d) : Z] is a 2 1 di m e n si o n al C o h e n - M a c a ul a y ri n g . H e n c e it is e n o u gh t o s h o w
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t h at ( a , a) : e - ( a , d) : I ･ O b vi o u sly ( a , a) : e ⊇ ( a , d) : Z a s e ∈ I ･ S u p p o s e ( a , d) :

e ≠( a , d) : I ･ T h e n t h e r e e x ist s p ∈ As s A[( a , d) : e]/[( a , d) : I] ⊆ A s s A A /[( a , d) : Z] . It

f ollo w s th at h t A p - 2 a s d ep t h A/[( a , d) : Z] - 2 . If e ∈ p , t h e n Z
3
⊆ F 3 ⊆( a , d , e) A ⊆p ,

an d s o p ∈ As s h A A/ Z ･ H e n c e
,
i n this c a s e

,
b y 3 ･6 ･1 w e h a v e ( a ,-a) A p

･

･ Z A
P

- A
p

･ T his

c o n t r ad icts 七h at p ∈ A ss A A/[( a , a) : Z] ･ C o n s e q u e ntly e 卓や, an d s o ( a , d) A p : e -

( a , d) A p ‥Z A p - ( a , d) A p . T his is als o i m p o s sib le . T lm s w e g et th e r eq u ir ed eq u aii七y .

C l ai m 7 d ep th A/( a , d) + F 3 > 0 ･

P r o of of Cl ai m 7 . N oti c e t h at ( a , d) + F 3 - ( a , d , e) . T h e r efo r e
,
c o n sid e r in g t h e e x

-

a c t s e q u e n c e o ぅ A/【( a , a) : e】 与 A/( a , d) ヰ A/( a , a , e) う 0 , w e g et th e cl ai m a s

d ep th A/[( a , d) I : e] - 2 b y C l ai m 6 ･

C l ai m 8 d e pt h A/ F n > 0 f o r a n y n > 0 a n d G( I) is a C oh e n
- M a c a ul a y ri n g ･

P r o of of Cl ai m 8 . N otic e th at b y 3 .6 .1
,
if q ∈ As sh A A/ F l , W e h a v e

F
n
A
q
- ･ a F

n
- 1 A q + d F n - 1 A q

f o r a n y n J> 0 . Le t 7 ) - (p ∈ S p e c A I Z ⊆p an d ht A p ≦ 3‡. S et α - 1 + 1 +

m a x‡a( G( 7 q)) I q ∈ A s s h A A/ F l) + 1 a n d β - 1 + 1 + 3 + m a x( a( G( E p)) l p ∈ P ) ･

B y C l ai m 1 w e s e e th at , f o r a n y p ∈ P , G (7 p) is a G o r e n st ei n r in g w it h a( G(3Tp)) -
- 2 ･

As ･a c o n s e q u e n c e , w e h a v e α
- l an d β - 3 . N oti c e t h at ( a , d) + e F l + F n - ( a , d) + E n

fo r n - 2
,
3 . H e n c e

,
b y C l ai m 2 an d C l ai m 7 , d ep t h A/( a , d) + e F l + F n > 0 fo r a n y

1 ≦ n ≦ 3 . T h e r ef o r e
,
b y 3 . 5 .6 w e g et th e a s s e rti o n of t h e cl ai m .

N o w w e a r e r e a d y t o b r o v e 3 .6 . 3 . S in c e G (3
:

) is a C o h e n
- M a c a ul ay ri n g s u ch t h at

G( F p) is a G o r e n st ei n ri n g w ith a( G(3Tp)) ニ ー 2 f o r an y p ∈ 7
)
,
b y [4 , T h e o r e m l ･2] it

f ollo w s t h at G( I) is a G o r e n st ei n ri n g w it h a( G( 7)) ニ ー 2 ･ T h e n [5 , C o r oll a ry l ･ 4】i m plie s

t h a早耳( 3
T) is a G o r e n st e in rin g ･ L et n b e a n y p o sitiv e in t e g e r ･ S in c e d ep th A/ E n > 0 ,

F n ⊆ I
(n)
,
a n d F

n

.
A
p

- I(
n) A
p
f o r a ny p ∈ As s A A / E n , w e g et F n - I( n) ･ T h e r efQ r e

R (7) - R
s(I) an d t h e p r o of is c o m plet ed .
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C h a p t e r 4

H ilb e r t C o e 用 . ci e n t s a n d

B u c h s b a u m n e s s o f A s s o ci a t e d

G r a d e d R i n g s

4 . 1 I n t r o d u c ti o n

L et A b e a d - di m e n si o n al N o et h e ri an l o c al ri n g w it h th e m a x i m al id e al m an d I a n

m
-

p ri m a ry id e al of A . T h e n t h e r e e x ist i nt eg e r s e o(I) , e l(I) ,
-

,
e d(I) s u c h t h at

e A( A/ I
n ･ 1

) - e o(I)(
n

吉
d

)
-

e l(I)(
n

三三T
1

) + ･ -

･ (
- 1)
d
e d(I)

f o r n ≫ 0 ･ T h e s e i mi eg e r s a r e c all e d t h e H ilb e rt c o e 氏ci e mi s of I a n d a l ot of r e s ul t s

a r e kn o w n o n t h e m i n th e c a s e w h e r e A is a C o h e n - M a c a ul ay rin g . F o r e x a m pl e , a s w a s

p r o v ed b y N o rt h c ott [8] , w e al w ay s h a v e e o(I)
- e A( A/ I) ≦ e l(I) I M o r e o v e r

, p r o v id ed

A/ 帆 is in fi mi t e , H u n e k e a n d O ois hi p r o v ed t h at e o(I)
- e A( A/ I) - e l(I) if a n d o nl y if

I
2
- Q Z f o r s o m e ( a n y) m i ni m al r e d u cti o n a of I , an d w h e n th is is t h e c a s e , b y [1 1] , th e

a s s
?
ci at ed g r ad ed rin g G(I) - O n ≧o Z

n

/I
n ' 1
is a C o h e n - M a c a u l ay ri n g ･ T h e p u r p o s e of

th is p a p e r is t o e x t e n d t h eir r e s 111ts w itb o llt a s s u m i n g t h at A is a C o b e Iト M a c a 111 a y r l n g ･

S u p p o s e t h at I c o n t ai n s a p a r a m et e r id e al Q a s a r ed u ctio n ･ T h e n
,
fr o m N o rt h c ott

'

s

i n eq u al it y , o n e c an e a sily d ed u c e t h at e o(I)
- e A( A/ I) ≦ e l(I)

- e l(Q) (S e e 4 ･ 3 ･ 1) ･ As -

s u m i n g t h at Q is a st a n d a rd id e al in t h e s e n s e of[1 0 , D efi nitio n 1 9 of A p p e n di x] , w e w ill

iII V e Stig at e w h e n t h e e q u al ity e o(I)
- e A( A/ I) - e l(I) - e l(Q) h old s ･ I n o r d e r t o st at e

o u r r e s ult
,
l et u s fi x s o m e n ot ati o n ･ F o r a n id e al q of A w hi ch is m imi m al ly g e n e r at e d b y

α1 ,
- ･

,
αβ, W e S et

β

∑(q) -

q + ∑【( a l , -

,
a i - 1 , a i ' 1 ,

-

,
a
s) : A a i] ･

i = 1
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It is e a s y t o s e e th at ∑(q) d o e s n ot d ep e n d o n t h e c h oi c e of t h e m i ni m al s y st e m of

g e n e r at o r s . F o r a m o d u le M o v e r a ri n g R , w e d e n ot e b y H
%

;( M ) t h e i - th lo c al c oh o m ol og y

m o d ul e of M w it h r e sp e ct t o a . I n p a rtic ul a r , w e s et W - H芝( A) ･ T h e n w e h a v e t h e

f oll o w l n g .

T h e o r e m 4 . 1 . 1
.
S up p o s e ih ai

'
Z c o n t ai n s a st a n d a rd p a r a m et e r id e al a a s a r ed u cti o n .

T h e n e o(I)
- e A(A/ I) - e l(I)

-

e l(a) if a n d o nly if Z
2
⊆ Q I + W a n d ∑(a) ⊆ I .

If t h e le n gt h of H訟( A) , w hich is d e n ot e d b y h
i

( A) , i s fi n it e f o r an y10 ≦i < d , w e h a v e

t h at

d - 1

-

e l(Q) ≦∑
i = 0(?I 1

2

) h
i

( A)

w it h e q u ality w h e n a is a st a n d a r d id e al(S e e 4 ･ 2 ･4) ･ T h e r ef o r e
,
a s a c o n s e q u e n c e of 4 . 1 . 1

a n d [3] , w e g et t h e n e x t r e s ult .

C o r o ll a r y 4 . 1 ,2 If A is a q u a si - B u ch sb a u m ri n g , th e n

d - 1

s u p ( e o(z)
- e A( A/Z 卜 e l(I)) - ∑

ヽ庁- m i = 0(?: 1
2

) h
i

( A) ･

M o r e o v e r
,
a s s u m l n g t h at A is a B u ch s b a u m r i n g O r a Sli gh tly diff er e nt c o n d itio n , f o r

●

id e al s I w hich e nj oy t h e p r o p e rty st at ed i n 4 . 1 . 1
,
w e w ill st u d y th e B u c h s b a u m n e s s of

G(I) t o g eth e r w it h i( G(I)) an d a( G(I)) , w h e r e I( *) a n d a( *) d e n ot e th e i
- in v a ri a
p
t ( cf ･

[1 0 , p . 2 5 4]) a n d a - i n v a ri a n t ( cf ･ [4]) r e s p e cti v el y ･

T h e o r e m 4 . 1 . 3 S up p o s e th at eith e r (i) A is a B u c h sb a u m ri n g 0 r (ii) A is a q u a si
-

B u ch sb a u m ri n g a n d I ⊆ m
2

. Il l c o n t ai n s a p w a m ei e r id e al Q s u ch th aまI
2
⊆ Q Z + W

a n d ∑(Q) ⊆ I , th e n G (I) is a B u ch sb a u m ri n g W ith I( G(I)) - Ⅰ( A) a n d a( G(I)) ≦ 2
- d ･

T h r o u gh o ut t his p a p e r ( A , 孤) d e n ot e s a c o m m u t ati v e N o et h e ri a n l o c al r in g w ith a -

di m A > 0 an d I a n m -

p ri m a r y id e al of A . T h e R e e s al g eb r a a( a) of a n id e al a of a ri n g

廃is th e s益b r in畠
~
R[Ii] of R[t] , w h e r e i is a n i n d et e r m i n at e . T h e a s s o ci at ed g r a d ed rin g

G( a) is t h占
:

q u oti e nt ri n g R( a)/ a R( a) . F o r I ∈ a( a) , w e d e n ot e it
'

s i m ag e i n G( a) b y ア.

4 .2 P r eli m i n a ri e s

W e b egi n w it h t h e f ollo w i n g r e s u lt of o n e d i m e n si o n al c a s e ･
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L e m m a 4 . 2 . 1 L et d - 1 . If Z c o n t ai n s a p a r a m et e r id e al Q a s a r ed u cti o n , th e n w e h a v e

th at e o(I) - e A( A/I) ≦ e l(I) + e A(Z n W ) w ith eq u ality if a n d o nly if I
2
⊆ Q I + W .

P r o of . L et B - A / W . T h e n B is a C o h e n - M a c a 111 ay ri n g w it h di m B - 1 a n d Q B is a

p a r a m et e r id e al of B c o nt ai n e d in I B a s a r ed u cti o n ･ H e n c e
,
b y N o rt h c ott

'

s i n e q u ality a n d

th e r e s ult o f H un ek e an d O ois hi st at ed i n l nt r o d u ctio n
,
w e h
r
e th at e o(Z B トe B( B / I B) ≦

e l(Z B ) w ith e q u alit y if a n d o nly if Z
2
B - Q I B . O n t h e ot h e r h a n d

,
a s e B( B/ Z

n + 1 B ) -

e A( A/I
n + 1
)

- e A( W ) f o r n ≫ 0 , w e h a v e e o(I B) - e o(I) an d e l(Z B ) - e l(I) + e A( W ) .

M o r e o v e r
,
e B( B / Z B) - e A(A/ I)

- e A( W ) + e A(I n W ) ･ T h e r efo r e w e g et t h e r e q u ir e d

a s s e rtio n a s I 2 B - Q I B if a n d o nl y if I
2
⊆ Q I + W .

W h e n w e in v e stig at e hi gh er d i m e n si o n al c a s e , w e r e d l l C e t h e di m e n si o n u s l n g a S l lP e r -

fi ci al el e m e nt ( cf . [7 , S e ctio n 2 2]), a n d 七h e n e xt r e s ul t , w h ich m ay b e w ell k n o w n , pl ay s a

k ey r ol e .

L e m m a 4 ･ 2 ･ 2 L et d ≧ 2 a n d a b e a s up e rji ci al el e m e n t oi l . W e s et B - A/ a A . T h e n

d i m B = d - l a n d

e i(Z B) -〈
ei(I) if O ≦i < d

- 1

e d _ 1(I) + (
- 1)
a - le d(0 : A a) if i - d - 1 .

P r D Of ･ L et n ≫ 0 . T h e n I
n + 1
n a A - a l

n

an d I
n

n (0 ‥A a) - 0 . H e n c e w e h a v e a n e x a ct

S e q u e n c e

o → o : A a ー A/ Z
n 斗 ( a A + Z

n + 1

)/ z
n + 1

→ o
,

s o t b at

e B( B / I
n + 1
B )

- e A( A/ I
n + 1

)
- e A( A/I

n

) + e A(0 : A a)
d

∑( - 1)
i
e i(I)

i = O

a - 2

∑( - 1)
i
e i(I)

i = 0

(

(

n + d -

d - i

n + d -

i

)
一妻( - 1,

i
ei( I)(

n
~

三三%?1 + e ^(o : A a,

三:
'

-
:

)d - 1 - i
+ ト1)

d ｣

( ed _ 1( I) + (
- 1)
a - l
e d(0 : A a)‡.

T h u s w e g et t h e r e q ui r e d a s s e rtio n .

L e m m a 4 ･ 2 ･ 3 S u p p o s e th ai A/ m is i nji n ii e a n d J is a r e d u cti o n of f . T h e n th e r e e xi st s

a n el e m e n t a ∈ J w hi c h is s up e rB ci al f o r b o th oi l a n d J . M o r e o v e r
, f o r s u c h ele m e n 舌

a ∈ J
,
s eiii n 9 B

- A / a A , w e h a v e e l(I)
-

e l( J) - e l(Z B)
-

e l( J B ) p ro vid ed d ≧ 2 .
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P ro of . B y t a kin g a g e n e r al 1i n e a r f o r m i n G( J)/ m G(J) , w e s e e th e e xi st e n c e o f a ∈ J

s atisfyin g th e r e q ui r e d c o n diti o n ･ If d ≧ 3 , w e g et th e e q u ality s in c e e l(Z B ) - e l(I) an d

e l( J B) - e l(J) . E v e n if d - 2
,
w e h a v e

e l(Z B)
-

e l(J B) - ‡e l(I)
- e A(0 :A a))

-

( e l(J)
- e A(0 :A a)‡

- e l(∫)
-

e l(∫) .

L e m m a 4 . 2 A L et Q b e a p a r a m et e r id e al of A . W e h a v e th e f oll o w i n g Si ai e m e n t s p r o -

vid ed h
i

( A) is B n it e f o r a n y 0 ≦i < d ･

(1) L et d - I .
T h e n - e l( Q) - h O( A) ･

(2) L ei d ≧ 2 ･ T h e n w e h a v e th at

d - 1

- e l(Q) ≦∑
i = 1

w ith eq u ality if Q is a st a n d a rd id e al .

(?: 1
2

) h
i

( A)

P ro of . L et d - 1 . T h e n
,
t a ki n g n ≫ O s u ch t h at W - 0 : A Q

n
an d e A( A/ Q

n

) - e o( Q)
･

n
-

e l(Q) , w e s e e th at
-

e l(a) - e A( W ) s in c e e o(a)
･

n - e o(Q
n

) - e A( A/ Q
n

)
- e A(0 : A Q

n

) ･

T h
T
S
ア
e g et ttl e a s s e rtio n (1) I

N e xt w e a s s u m e t h at d ≧ 2 . M o r e o v e r
,
i n o rd e r t o p r o v e t h e a s s e rtio n (2) , w e m a y

a s s u m e t h at A/ 孤 is in fi n it e ･ T h e n w e c a n c h o o s e a ∈ Q＼m Q w hi ch is a s u p e r fi cial el e m e nt

of Q . L et B - A/ a A an d 0 ≦i < d
- 1 ･ C o n sid e ri n g t h e e x a ct s e q ll e n C e

o - 1 0 : A a → A
｣ ㌧ A → B → 0

,

w e g et t h e e x a ct s eq u e n c e

(#) 孤( A) 斗 砥( A) → 叱( B ) → H i
+ 1

(A) 斗 HL
+ 1
( A) .

tl e n c e i七f ollo w s th at h
i

( B ) ≦ h
i

( A) + h
i + 1
( A) w it h e q u alit y w h e n Q is a st an d a r d id e al ･

L et a - 2-. T h e n
-

e l(Q) - -

( e l(Q B ) + e A(0 : A a)) - h
O

( B)
- e A(0 : A a) ･ B e c a u s e

th e e x a ct s eq u e n c e (#) i m plie s h
O

( B) ≦ e A(0 : w a) + h
l

( A) , w e h a v e
-

e l(Q) ≦ h
l

(A) ･

F u rt h e r m o r e
,
if Q is st an d a rd , th e n h

O

( B) - h
O

( A) + h
l

( A) a n d 0 : A a - W
,
s o t h a t

- e l(Q) - h
l

( A) I

- L et a ≧ 3 . T h e n e l(Q B ) - e l(Q) . H e n c e w e c a n e a sily v e rify t h e a s s e rtio n (2) b y

in d u ctio n o n d .
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4 . 3 G e n e r a l c a s e

As a r e s ult i n g e n e r al c a s e ) w e g i v e t h e f o llo w i n g a s s e r ti o n , w hi c h is a g e n e r al iz ati o n of

●

N o rth c ott
'

s in e q u ality .

T h e o r e m 4 ･ 3 ･ 1 If l c o n t ai n s a p a r a m et e r id e al Q a s a r e d u cti o n , th e n e o(z)
- e ｡( A / I) ≦

e l(I)
-

e l(Q) .

P r o of . W e p r o v e b y in d u cti o n o n d ･ If d - 1
,
t h e a s s e rti o n f oll o w s fr o m 4 . 2 .1 a n d 4 .2 .4 .

S u p p o s e th at d ≧ 2 ･ W e m ay a s s u m e t h at A/ m is i n fi nit e , s o th at th e r e e xist s a ∈ Q ＼m Q

w h ich is s u p e r fi ci al f o r b oth of I an d Q . T h e n
,
s ett in g B

- A / a A , w e h a v e

e o(I)
- e A( A/ I) - e o(I B) - e B( B/ I B) b y 4 ･2 . 2

_

< e l(J B)
-

e l(Q B) b y t h e in d u ctiv e h y p oth e si s

- e l(I)
-

e l(Q) b y 4 .2 . 3 .

T h u s w e g et t h e r e q ui r e d in eq u alit y .

T h e n e xt r e s ult gi v e s a s u 凪cie nt c o n d iti o n u n d e r w hich t h e i n e q u ality of 4 .3 .1 t u r n s

in t o a n eq u al it y i n t h e c a s e w h e r e I
- m .

P r o p o siti o n 4 . 3 . 2 L ei Q b e a p a r a m et e r id e al w hi ch i s a r ed u cti o n of m . u th e r e e xi st s

a n id e al V of A s u ch th at d i m A V < d a n d m
2
⊆ Q m + V , ih e n e o( m )

- 1 - e l( m ト e l(Q) .

P r o of . W e p r o v e b y i n d u ctio n o n d . If d - 1
,
th e n V ⊆ W ⊆ m , s o t h at b y 4 .2 .1 w e h a v e

e o( m)
- 1 - e l( m ) + e A( W ) , w hich yield s th e r eq l lir ed e q u alit y si n c e

-

e l(Q) - e A( W ) b y

4 ･ 2 ･4 ･ S u p p o s e t h at d ≧ 2 ･ As w e m ay a s s u HI e t h at A/ m is in 丘n it e , it is p o s sible t o t ak e a n

el e m e mi a ∈ Q ＼m Q s u ch 七h at di m A V/ a v < d - 1 a n d a i s a s u p e rfi ci al ele m e nt f o r b oth

of m an d Q , L et B - A/ a A . T h e n d i m B V B < d i m B a s V B is a h o m o m o rp hic i m a g e

of V/ a V , s o t h at b y t h e i n d u ctiv e h y p ot h e sis w e h a v e e o( m B)
- 1 - e l( m B )

-

e l(Q B ) ,

fr o m w hi ch t h e r eq u ir ed eq u ality follo w s s in c e e o( m B) - e o( m ) a n d e l( m B)
-

e l(Q B) -

e l( m) - e l( Q) ･

C o r o ll ar y 4 . 3 . 3 L ei Q b e a p a r a m et e r id e al w h i c h is a r e d u cti o n of m . T h e n e o( m) - 1

if a n d o n ly if e l( m) - e l(Q) .

P r o of ･ B e c a u s e 0 ≦ e o( 帆) - 1 - e o( m )
- e A( A/ m ) ≦ e l( m )

-

e l( Q) , w e g et e o( 孤)
- 1

if e l( 孤) - e l(Q) ･ I n o r d e r t o p r o v e th e c o n v e r s e i m p lic atio n , w e m ay 舶 S u m e t h at A
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i s c o m p let e . N o w s u p p o s e t h at e o( m ) - l ･ L et a(p) b e th e p
-

p ri m a r y c o m p o n e nt of

a p ri m a r y d e c o m p o sitio n of O ･ W e s et V - n p ｡ As s h A a(P) , W
h e r e As s h A d e n ot e s t h e

s et of a s s o ci at e d p ri m e s of A w h o s e c o h ei gh t is d , a n d B - A / V . T h e n di m A V < d

a n d e o( m B) - e o( m) - 1
,
w hi ch i m plie s t h at B is a r e g ul a r l o c al ri n g ･ H e n c e w e h a v e

m ± Q + V , s o t h at m
2
⊆ Q m + V . T h e r ef o r e

,
b y 4 ･ 3 ･2 it foll o w s t h at e l( m ) - e l(Q) I

4 . 4 T h e c a s e w h e r e Q i s a s t a n d a r d i d e a l

L e m m a 4 . 4 . 1 L et d ≧ 2 a n d Q - ( a l , a 2 , -

,
a d) b e a st a n d a rd p a r a m ei e r id e al of A ･

W e B et a - a l , a - a d , J - ( a l , a 2 , -

,
a d - 1) a n d K - (a 2 , a 3 , -

,
a d) . T h e n w e h a v e th e

f o llo w i n g .

(1) a J : A b
2
- a J : A b ･

(2) a J n b A ⊆ a J I p r o vid ed ≡(Q) ⊆ I ･

(3) I
2
⊆ Q Z + W p r o vid ed ∑(Q) ⊆Z , I

2
⊆ J Z + [b A : A a] a n d I

2
⊆ K Z + [a A : A b] ･

p r o of . (1) L et u s t a k e a n y I ∈ a J : A b
2
a n d w rit e b

2
x - a y , w ith y

l
∈ J . T h e 虫

,
a s

y ∈【b
2 A : A a] ∩(b

2

,
a l ,

･ ･ ･

,
a d - 1) , t h e r e e x i st s I ∈ A s u c h t h at y - b

2
z ･ H e r e w e n oti c e

t h at b z ∈ J si n c e I ∈ J : A b
2

- J : A b ･ O n t h e oth e r h an d
,
a s b 2 x - a b 2 z

,
w e h a v e

b 3 ; -

ab z ∈【0 : A b] n b A - 0
,
s o th at b x - a ･ b z ∈ a J ･ T h u s w e g et a J : A b

2
⊆ a J :A b ap d

th e c o n v e r s e i n cl u si o n is o b v i o u s .

(2) L e七 u s t a k e a n y E ∈ a J n b A an d w rit e E - a y
- b z

,
w it h y ∈ J a n d z ∈ A ･

M o r e o v e r
,
w e w rit e y

- a l y l +
- + a d _ 1 y d _ 1 , W ith y l ,

-

, y d _ 1 ∈ A . It is e n o u gh t o s h o w

y i ∈ I f o r a n y l ≦i ≦ d
- 1 . H o w e v e r

,
a s y l ∈ K : A a

2
- K :

J4 a ⊆ ∑( Q) ⊆ Z , w e m ay

c o n sid e r o nl y t h e c a s e th at a ≧ 3 an d 2 ≦ i ≦ a
- 1 . B e c a u s e ay l ∈ K , w e c a n e x p r e s s

ay l
- a 2 Z 2 +

- + a d Z d , W it h z 2
=_
,

-

,
Z d ∈ A ･ T h e n zi ∈( a l , ･ ･ ･

,
a i - 1 , a i ' 1 ,

･ ･ ･

,
a d) : A a i ⊆ I

fo r 草野 2 ≦i ≦ d ･ O n t h e ot h e r h a n d
,
a s

b z - a( a 2 Z 2 +
･ ･ ･

+ a d Z d) + a a 2 y 2 +
･ ･ ･

+ a a d _ 1 y d _ 1

- a a 2(y 2 + z 2) +
-

+ a a d _ 1(y d - 1 + z d _ 1) + a a d Z d ,

it 丘)1lo w s tl l at

y i + z i ∈( a 2 , ･ ･ ･

,
a i _ 1 , a i + 1 ,

-

,
a d) : A a a i

⊆( a 2 ,
-

,
a i _ 1 , a i + 1 ,

-

,
a d) : A a i ⊆ Z
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f o r 2 ≦ i ≦ d - 1
,
a n d h e n c e w e g e t y i ∈ Z .

(3) It is e n o u gh t o sh o w [a A : A b] n I
2

⊆ J Z + W ･ L et u s t a k e a n y x ∈【a A : A b] n Z
2

.

T h e n
,
b x - a y fo r s o m e y ∈ A , a n d a x - aE + b z fo r s o m e E ∈ J Z an d I ∈ A . 托 ｡ m t h e s e

e q u alitie s w e g et a
2
y

- abe + b
2
z ･ H e n c e I ∈ a J : A b

2
- a J ‥A a , s o t h a t b z -

叩 f o r s o m e

ll ∈ J Z ･ T h e n it f oll o w s th at a x - aE + 叩 , W hich i m pli e s 3 ; - E -

T7 ∈ 0 : A a - W . T h u s

w e h a v e こだ ∈ J Z + W a n d t h e p r o of is c o m p let e d .

P r o of of T h e o r e m 4 1 1 ･ 1 ･ W e p r o v e b y i n d u ctio n o n d ･ B y 4 ･ 2 ･1 an d 4 ･2 A w e g et t h e

a s s e rtio n w h e n d - 1 ･ S u p p o s e th at d ≧ 2 ･ As w e m ay a s s u m e t h at A/ m is in fi n it e ,

it is p o s sibl e t o ch o o s e a m i n i m al sy st e m of g e n e r at o r s a l ,
-

,
a d Of Q s u ch t h at a l

an d a d a r e S u p e rfi ci al f o r b ot h of l a n d -Q . W e s et a - a l , a - a d , B
- A / a A , J -

( a l , -

,
a d ｣ ) , K - ( a 2 ,

･
･
･

,
a d) a n d Q i - ( a l , -

,
a i - 1 , a i + 1 ,

･ ･ ･

,
a d) f or 1 ≦ i ≦ d ･

B e c a u s e e o(I) - e o(Z B) ,e A( A/ I) - e B( B / I B) a n d e l(I)
-

e l(Q) - e l(I B)
-

e l( K B ) ,

b y th e in d u ctiv e h y p ot h e si s w e h a v e e o(I)
- e A( A/I) - e l(I)

-

e l(Q) if a n d o nly if

Z
2
B ⊆ K I B + H監( B ) a n d ∑( K B) ⊆ I B , w hich h old s if I

2
⊆ Q Z + W an d ∑(Q) ⊆ I

s in c e W B ⊆ H監( B ) an d ≡( K B) ⊆ ≡(Q) B . N o w w e a s s u m e t h at e o(I) - e A( A/ I) -

e l(I)
-

e l(Q) . T h e n it f oll o w s t h at I
2
⊆ K I + 【a A : A b] an d Q i : A a i ⊆ I fo r 2 ≦i ≦ a .

M o r e o v e r
,
b y p a s si n g A/b A

L
w e g et ∫

2
⊆ J I + [b A : A a] a n d Q i : A a i ⊆ Z f or 1 ≦i ≦ d - 1 .

T h e r ef o r e
,
a s ∑(Q) ⊆ I , w e h a v e I

2
⊆

1

Q Z + W b y 4 .4 .1 a n d t h e p r o of is c o m pl et ed .

P r o of of C o r oll a ry 4 ･ 1 . 2 . W e m a y a s s ll m e th at A/ m is i n fi nit e . T h e n a n y id e al of A h a s

a m i ni m al r e d u ctio n
,
s o t h at b y 4 .2 .4 a n d 4 .3 .1 w e h a v e

d - 2

e o(J ト βA( A/∫卜 e l( ∫) ≦∑
i = 1
(=I 1

2

) h
i

( A)

f o r a n y m
-

p r l m a r y id e al I . H e n c e it is e n o u gh t o fi n d a n m -

p r i m a r y id e al f o r w hich t h e

e q u ality h old s ･ L et x l ,
- ･

,
X d b e a n s o p f o r A c o n t a in ed i n m

2
a n d n l ,

･ ･ ･

,
n d b e i mi eg e r s

n ot le s s t h a n 2 . W e s et Q - ( x l
n l

,

-

,
x d
n d

) an d I - Q : A m ･ T h e n Q is a st an d a rd

p a r a m et e r id e al b y [1 0 , P r o p o siti o n 2 . 1] an d I
2
- Q Z b y [3] . B e c a u s e w e ob vio u sly h a v e

∑(Q) ⊆ I , b y 4 ･1 ･1 an d 4 .2
.4 it f oll o w s th at

d - 2

e o(z ト e A( A/ I)
-

e l( I) - ∑
i = 1

a n d th e p r o of is c o m p let e d .
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E x am pl e 4 . 4 . 2 L et R
- k[[ X , Y , Z , W ]] b e th e f o r m al p o w e r s e ri e s ri n g W ith v a ri abl e s

x
,
y
,
Z a n d W o v e r a n i nB n ite βeld k . L ei a - ( X

2
,
y ) R , b - ( Z , W ) R a n d A - R / a n b ･

L et x
, y , I a n d w r e sp e cti v ely d e n ot e th e i m ag e s Of X , Y , Z a n d W i n A . W e s et Q -

( x
-

I
, y

-

w) A a n d m - ( x , y , I , w) A ･ T h e n w e h a v e ih e f oll o w i n 9 a S S e rti o n ･

(1) di m A - 2
,
d e p th A - 1

,
h
l

( A) - 2 a n d A is n ot a q u a si
- B u ch sb a u m ri n 9 ･

(2) m
3
- Q m

2
,
b u舌 m 2 ≠Q m ･

(3) 1f V is a n ide al of A w ith di m A V < 2 , ih e n V - 0
,
s o ih at m

2
望Q m + V ･

(4) eo( 帆) - 3
,
e l( m ) - 1 a n d e l(Q) - - 1

,
s o th ai e o( m) - e A( A/ m ) - e l( m ) - e l(Q) ･

P r o of F r o m th e e x a ct s eq u e n c e 0 → A → R/ a o R/ b → R / a + b → 0 , w e g et

th e a s s e rti o n (I) . O n e c an d ir e ctly ch e ck th e a s s e rtio n (2) . B e c a u s e di m A/ p - 2 f o r an y

p ∈ As s A , w e h a v e t h e a s s e rtio n (3) ･ T h e a s s o ci at ed g r ad ed ri n g G( 帆) of m is is o m o rp h ic

t o

k[ X , Y , Z , W ]/( X
2
,
y ) ∩( z , w ) ,

s o t h at w e h a v e t h e e x a ct s e q u e n c e

o → G( m) → k[ X , Z , W ]/( X
2

) o k[X , Y] → k[X]/( X
2

) → o .

T his i m plie s th at t h e P oin c a r6 s e ri e s P( G( m) , A) of G( m) is

1 + 入 1

(I - A)
2

I

(1 - A)
2

- (1 + A) ,

fr o m w hic h it foll o w s th at

e A( A/ m
n ･ 1

) -芸n
2
･芸n

f or n ≧ 2 .
H e n c e e o( 巾) - S an d e l( m ) - 1 . B e c a u s e k is i n fi nit e

,
t h e r e e xi st s F L ∈ k

s u ch th at c - ( a - z) + p(y - w) is a s u p e rfi ci al el e m e n t of Q . L et B - A / c A . T h e n

e l(Q) - e l(Q B) .主
- h
O

( B) an d t h e e x a ct s e q u e n c e 0 → A ヱ + A → B → 0 y iel d s

t h e e x a ct 白e匂二tl e n C e

O → 叱( B) → H L( A) - ㍉ H L( A) .

B e c a u s e H L( A) 望 R/ a + b 空 k[[ X]]/( X
2
) an d ( X - Z) + FL( Y - W ) … X m o d a + ら, w e

h a v e Ha( B) 空【( X
2

) ‥k[[X]] X]/( X
2

) - ( x )/( x
2
) ･ T lm s w e g et e l(a) ニ

ー 1 an d th e p r o of

is c o m plet e d .
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4 ･ 5 B u c h s b a u m n e s s o f G(∫)

T h r o u gh o ut t his s e ctio n w e a s s u m e th at I c o nt a in s a p a r a m e t e r id e al Q - ( a l , ･ ･ ･

,
a d) a s

a r e d u cti o n ･ W e s et R - a(I) an d a - G (I) I T h e g r a d e d m a x i m al id e al of a i s d e n . t e d

b y M ･ F u rt h e r m o r e
,
w e s et fi - a il ∈ R fo r 1 ≦ i ≦ d ･ F o r c e rt ai n el e m e n t s x l ,

-

,
X
n

o f a ri n g S an d an S
- m o d ul e L

,
w e d e n ot e b y e( x l ,

-

,
3;
n ; L) t h e m ultipli city sy m b ol o f

x l ,
-

,
X
n
W it h r e s p e ct t o L ( cf . [1 0 , p . 24】) .

L e m m a 4 . 5 . 1 e(f l
n l

,
･ ･ ･

, fd
n d

; G M ) - e( a l
n l

,
･ ･ ･

,
a d
n d

,

･ A) f o r a n y n l , ･ ･ ･ , n d > 0 .

P r o of . L et a + b e t h e id e al of a g e n e r at ed b y h o m o g e n e o u s el e m e nt s of p o siti v e d eg r e e .

As (f l , ･ ･ ･

, fd) a is a r ed u cti o n of a + , w e h a v e e(f l , ･ ･ ･ , f d; G M ) - e o(( a +) M ) ･ O n th e

ot h e r h an d
,
a s e G M ( a/( a +)

n

) - e A( A/ Z
n

) f or an y n > 0 , w e h a v e e o(( a +) M ) - e o(I) I

H e n c e it f oll o w s th at e(f l ,
･ ･ I

, f d; G M ) - e( a l ,
･ ･ ･

,
a d; A) ･ T h e r ef o r e

,
f o r a n y n l ,

･ ･ ･

,
n d >

0

e(f l
n l

,

. ･ ･

,f d
n
d

; G M ) - n l n 2
･ ･ ･

n d
･

e(f l , ･ ･ ･ ,f d; G M)

- n l n 2
･ ･ ･

n d
･

e( a l , ･ ･ ･

,
a d ,

･ A) - e( a l
n
l

,

･ ･ ･

,
a d
n
d

,

･

A) .

T lm s w e g et t h e r e q u ir ed e q u al ity .

I n t h e r e st of t his s e ctio n
,
w e f u rt h e r m o r e a s s u m e t h at Q is a st an d a r d id e al s u c h t h at

Z
2
⊆ Q I + W , I

3
⊆ Q a n d ∑(Q) ⊆ Z .

L e m m a 4 . 5 . 2 L et n l , I ･ ･

,
n d b e p o siti v e i n t eg e r s . T h e n

書

( a l
n l

,

･ ･ ･

,
a i
n i

) n Z
n
- ∑ a j

n
3

1

I
n

~

n
3

1

j - 1

f o r a n y n ∈ Z a n d l ≦i ≦ d . H e n c e w e h a v e

G /(f l
n l

,
･ ･ ･

, fi
n i

) G 望 G(Z B) ,

w h e r e B - A /( a l
n l

,

･ ･ ･

,
a i
n i

) .

p r o of ･ W e m ay a s s um e t h at n > n 3
･ fo r an y 1 ≦ 3

'

≦ i ･ L et x ∈( a l
n l

,

･

.

･ ･

,
a i
n
i) n Z

n

･

T h e n
,
a s x ∈ Q n (Q

n
- 1
z + w ) - Q

n
- 1
z
,
w e c an e x p r e s s

x - ∑y ^ a
入

(y ^ ∈ z) ,
入∈A
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w h e r e A is t h e s et of ^ - (^ 1 , ･ ･ ･ , ^ d) E Z
d
s u ch t h at ^ 1 + ･ ･ ･ + ^ d - n

- 1 a n d

a
^
- a l
^ 1
a 2
^ 2

･ ･ ･ a d
^ d

･ O n t h e ot h e r h an d
,
a s

も

x ∈( a l
n
l

,

-

,
a i
n
i

) n Q
n

- 1
- ∑ a , ･

n
3

'

Q
n ~ 1 - n

3

.

,

3
'

- 1

* e c a n w rit e

x - ∑ z 7 a
7
( I , ∈ A) ,

7 ∈r

w h e r? r
- ( 7 ∈ A I 73

･

≧ n 3
･ f o r s o m e 1 ≦j ≦i) I It is e n o u gh t o s h o w th at z T ∈ Z fo r a n y

7 ∈ r .

L et B - A[T l , ･ ･ ･ , T d] b e t h e p oly n o m i al rin g w it h v a ri abl e s T 1 , ･ ･ ･ , T d O V e r A a n d

p : B → a(a) b e t h e h o m o m o r p h is m of A
- alg eb r a s s u ch t h at p(Tj) - f 3

･ fo r 1 ≦i _

< d ･

B e c a u s e a l ,
-

,
a d i s a d -

s e q u e n c e , k e r p I S g e n e r at ed b y h o m o g e n e o u s el e m e mi s of d e g r e e

o n e (cf ..[5】) , s o th at k e r p ⊆ I B a s ∑(Q) ⊆ I ･ N o w w e s et

f - ∑ y ^ T
入
+ ∑(y 7 -

Z
7) r ･

入∈A＼r 7 ∈r

T h e n I ∈ k er p ･ H e n c e w e g et z 7 ∈ Z f o r an y 7 ∈ r ･

L e m m a 4 . 5 . 3 W e h a v e

(1) 【0 : G f l] n - ‡石戸I w ∈ W n l
n

) ,

(2) 0 : G f l - [0 : G f l]1 0 [0 : G f l] 2 ,

(3) e G M (0 ‥G f l) - e A( W ), a n d h e n c e d ep t h G > 0 if d6p t h A > 0 ･

p r o of . (1) L et x ∈.
Z
n
a n d 石戸 ∈ o : a f l . T h e n a l X ∈ I

n + 2
,
s o t h at b y 4 ･ 5 ･ 2 w e h a v e

a l X
- a l y fo r s o m e y ∈ I

n + 1
,
w hich i m plie s x ∈ J

n + 1
+ w sin c e x -

y ∈ 0 : A a l
- W ･

H e n c e 評 - 諒戸 f o r s o m e
.

w ∈ W n Z
n

･ T h u s w e g et [0 : a f l] n ⊆(i6 戸I w ∈ W n Z
n

) ,

a n d th e c o n v e r s e i n cl u si o n i s o b v io u s .

(2) T his f ollo w f r o m th e a s s e rti o n (1) a s W n Z
n

⊆ W n Q - 0 fo r n ≧ 3 ･

(3) W e g et t his a s s e rti o n si n c e【0 : a f l]1 望 W / W n Z
2
an d [0 : a f l] 2 -

～

W n I
2

･

L e m m a 4 ･ 5 ･ 4 f l , -

, f d i s a st a n d a rd s y st e m of p? r a m ei e r s f o r G M ･ I n p a rti c ul a r , it

f oll o w s ih ai HR 4( a) - 0 : a f l , S O th at h
O
( G M) - h

O

(A) ･ M o r e o v e r
,
w e h a v e I( G M) - Ⅰ(A) ･
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P r o of . B y 4 . 5 .2 w e h a v e a /(f l , ･ ･ ･ , f d) a -

～

G (I/ Q) , s o th at

e G M ( a/(f l ,
-

, fd) a) - e A(A/ Q) I

S i m il a rly , s ett in g a - ( a l
e
,

･ ･ ･

,
a d
z
) , w e h a v e

e G M ( a/(f 1
2
,

-

, fd
2

) a) - e A( A/ a) ･

T h e n
,
u si n g 4 ･ 5 ･1 a n d th at a l ,

･ ･ I

,
a d is a st a n d a rd s y st e m of p a r a m et e r s f o r A , w e g et

e G M ( a/(f l ,
-

, fd) a)
-

e(f l , -

, fd; G M)

- e A( A/ Q)
-

e( a l ,
-

,
a d; A)

- e A( A/ a)
-

e( a 1
2
,

･ -

,
a d
2
; A)

- e G M ( a/(f 1
2
,

･ ･ ･

, fd
2

) a)
-

e(f 1
2

,

-

, f d
2

; G M ) ･

T h e r ef o r e b y [1 0 , T h e o r e m an d D e fi niti o n 1 7 i n A p p e n di x] , w e h a v e t h e r eq uir ed a s s e rti o n ･

L e m m a 4 . 5 . 5 W e h a v e th e f oll o w i n g .

(1) Il o < i < d , th e n H 払( a) is c o n c e n t r at ed in d e g r e e 1 - i ･

(2) a( a) ≦ 2
- d ･

P r o of . W e p r o v e b y i n d u cti o n o n d . L et d - 1 . I n t his c a s e
,
t h e a s s e rtio n (1) i n sists

n ot hi n g . I n o r d e r t o p r o v e t h e a s s e rti o n (2) , l et u s c o n sid e r t h e e x a ct s eq u e n c e

o → H
O

M ( a)( - I) → G(
- 1) 与 G ー G/f l G → 0 .

T his s e q u e n c e yield s t h e e x a ct s e q u e n c e

鞄( a/f l o) ー Hi4( a)( - 1) A Hi d( a) ー 0 ,

w h ich i m plie s 【H五4( a)] n l l 望[ H去4( a)] n fo r n ≧ 3 si n c e【G/f l G] n 望 ∫
n

/ Q Z
n

- 1
+ z

n + 1
- o

f o r n ≧ 3 . H e n c e w e g et 【H k( a)】n - O fo r n ≧ 2 , s o t h a七 a( a) ≦ 1 ･

N o w w e a s s ll m e th a七d ≧ 2 . L et B - A / W . T h e n t h e k e r n el of t h e g r a d ed h o m o m o r
-

p h is m a → G(Z B ) of A - alg eb r a s i n d u c e d fr o m t h e c a n o n i c al s u rj e ctio n A → B h a
-p

fi n it e le n gth , s o t h at w e h a v e H
8

L 4( a) 空 H払( G(Z B )) f o r i > 0 ･ O n t h e oth e r h a n d , Q B is

a st a n d a r d p a r a m et e r id e al of B s u ch t h at P B - Q Z B a n d ∑(Q B) ⊆ Z B ･ H e n c e b y 4 ･ 5 ･ 3

a n d 4 . 5 . 4 w e h a v e t h at f l is G(Z B) - r eg u l a r an d f l ･ H 払( G(Z B )) - 0 f o r an y 0 ≦ i < d ･
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F u rth e r m o r e
,
s etti n g C - B / a l B , w e h a v e a (Z B )/f l G(Z B) 空 G(Z C) b y 4 . 5 . 2 . T h e r ef o r e

w e g et th e e x a ct s eq u e n c e

o → G(I B)(
- 1) B G(Z B) → G(Z C) → 0 ,

fr o m w hich w e s e e t h a七 Hi4( G(Z B)) り H
8

L4( G(Z C)) f or 0 _

< i < d a n d H
d

M

- 1

( G(Z B)) is

a h o m o m o r p hi c i m 喝 e Of H
d

M

- 2

( G(I C))(1) . B e c a u s e Q C - ( a , ,
-

,
a d) a is a st a n d a rd

p a r am et e r id e al of C s u ch t h a七I
2
c - Q I C よn d ∑( Q C) ⊆ I C , t h e in d u ctiv e h y p ot h e si s

i n si遠t s t h at H弘( G(Z C)) - [H
8

L4( G(Z C))] 1 _ i fo r a n y 0 ≦ i < d
- 1 a n d a( G(I C)) ≦ 3

- d .

N o w 比e as s e rtio n (1) c a n b e v e ri丘e d e a sily . I n o rd e r 七o s e e t h e a s s e rti o n (2) , let u s

c o n sid e r t h e e x a ct s e q u e n c e

H
d

M

- 1

( G(I C)) → H
d

M( G(Z B)) ト1) 追 + H
d

M ( G(Z B )) → 0 .

If n > 3 - a
,
t h e n [ H

d

M

- 1

( G(I C))】n - 0
,
s o t h at 【H

d

M ( G(I B))] n - 1
聖【H鮎( G(Z B))】n ･ H e n c e

w e h a v e【H
d

M ( a)] n 望【H
d

M ( G(I B))] n - らf or a n y n ≧ 3 - d . T h e r ef o r e w e g et th e a s s e rtio n

(2) a n d t h e p r o of is c o m p let e d ･

L e m m a 4 . 5 . 6 S up p o s e th at a 1 ,
･ ･ ･

,
a d f o r m a w e a k s eq u e n c e (cf . Il o , D e& n iti o n 1 . 1]) i n

a n y o rd e r . W e a rbitrla ry t ak e x i ∈ m f o r 1 ≦i _

< d a n d s et E i - X i -

a il . T h e n

(E l , -

,E d) G n H
O

M ( a) - 0 .

P r o of . L et u s t a k e an y p ∈(E l ,
･ ･ ･

,E d) G n H
O

M ( a) . As H O
M ( a) - 0 : a f l b y 4 . 5 . 4

,
w e

c a n e x p r e s s p
- w ュt + w 2t

2
)
w it h w

,
･ ∈ W n P

'

f o r j - 1
,
2 . W e w o uld lik e t o s h o w t h at

w
,
. ∈ p

'

+ 1
f o r 3

'

- 1
,
2 1 F o r th at

,
w e w rit e p

- ∑f = 1 右 ･

帝, w it h qi ∈ R f o r 1 ≦ i ≦ d .

T ak i n g N ≫ 0 , w e c an e x pi e s 叩 i - ∑,
r
= 1 %

･t 3
'

( m ,
･ ∈ Ij) f o r 1 ≦i ≦ d ･ O u r a s s u m ptio n

i m p lie s m W - 0
,
s o t h at m Z

2
⊆ m Q Z . H e n c e P

'

⊆ Q f o r d ≧ 3 . T h e n
,
b y 4 . 5 .1 w e

h a*
/

hi3
1 ∈ Q P

'

~ 1 f o r i ≧ 3 ･ F u rt h e r m o r e
,
w e c a n ch o o s e q i 2 i n Q Z si n c e Ei ∈ m A[i] ,

z
2
E

:

Q I + W an d m W - 0 . B e c a u s e

d

w lt + w 2i
2
≡ ∑Eiq i m o d Z R ,
i = 1
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w e g et t h e f ollo w l n g C O n g ru e p C e eq u ati o n s :

W l

W 2

d

∑ x i m O m o d I ,
i = 1

d

∑( x iq il -

a iq i O) m o d I
2
,

i = 1

d

∑( x ini 2 -

a iq il) m o d Z
3
,

i = 1

d

∑( x i % ･ -

a i q i ,,
･

- 1) m o d P
l

' 1 f o r 3 ≦j ≦ N a n d

i = 1

d

∑ a iq i N m o d I
" ' 2

i = 1

T h e t hird eq u ati o n i m pli e s w 2 ∈ Q , s o th at w 2 - 0 . H e n c e it is e n o u gh t o s h o w w l ∈ Z
2

.

W e n e ed th e f oll o w l n g .

c l ai m T h e r e e xi st el e m e ni s yt
3

3 ∈ p
'

f o r a n y 1 ≦j ≦ N a n d 1 ≦ α < β≦d s u ch th at

d

∑ a i( % ･

+ ∑ x ｡ yi
3

i) -

∑ xβy5P) ∈ p
'

' 2

i - 1 α < i i < β

If this is tr u e
,
s etti n g

v i
-

n il + ∑ x αyt
l

i
)

- ∑ x βy5b
)
,

α < i i < β

w e h a v e ∑f = 1 a i V i ∈ Z
3

- Q Z
2

.
H e n c e th e r e e x ist v; ∈ Z

2
f o r 1 ≦ i ≦ d s u ch t h at

∑f = 1 a i( vi -

V;) - 0 . T h e n
,
f o r a n y 1 ≦i ≦ d w e g et

v i
-

V; ∈ ( a l , -

,
a i _ 1 , a i + 1 ,

-

,
a d) : A a i

- ( a l , ･ ･ ･ , a i _ 1 , a i + 1 ,
･ ･ ･

,
a d) : A m ,

s o t h at x i( v i
-

V言) ∈ Q , w hic h i m pli e s x i V i ∈ Q as x i V; ∈ m Z
2
⊆ Q . O n th e ot h e r

h a n d
,
w e h a v e ∑f = 1 X i V i - ∑f = 1 X iq il , S O t h at q ∈ Q , w h e r e q - ∑t? = 1( x i n i l

-

a i q i.) .

B e c a u s e w l
-

q ∈ Z
2
,
w e h a v e w l

-

q
-

q
'

+ w
/

f o r s o m e q
'

∈ Q Z a n d w
/

∈ W . T h e n
,
a s

w l
- W
'
- q + q

'

∈ Q n W - 0
,
w e g et w l ∈ Z

2
.

. 7 5



p r o of of Cl ai m ･ W e p r o v e b y d e s c e n di n g in d u ctio n o n j ･ F ir st
,
w e s e七 y諾

)
- o f o r an y

1 ≦ α < β≦d ･ N e x t
,
w e a s s u m e th at 2 ≦i ≦ N an d w e h a v e th e r e q ui r e d ele m e mi s yi

3

3 ･

o f c o u r s e
, yi
3

3 ∈ Q P
'

- 1
if j ≧ 3 ･ H o w e v e r

,
e v e n if 3

'

- 2 w e c a n ch o o s e yt
3

3 i n Q Zj
- 1
si n c e

Z
2
⊆ Q Z + W a n d m W - 0 . N o w w e s et

v i,
I -

%
･

+ ∑ x αyt
3

;
)

- ∑ xβy 8(P ･

α < i i < β

I J et K . - K .(f l , ･ ･ ･

, f d
･

,
a) b e t h e K o s z ul c o m pl e x w it h th e diffe r e n ti al m a p s a p : K p ー

K
p

- 1 a n d let T 1 , T 2 )
･ ･ ･

,
T d b e th e fr e e b a s e s of K 1 ･ W e s et

d

q - ∑ 研 ･ Ti ･

i = 1

T h e n J ∈(f l , - j d) K l a S V ij ∈ Q P
'

- 1 f o r a n y 1 ≦ i ≦ d ･ O n th e ot h e r h a n d ,

d d 1

8 1( q) - ∑fi ･石諦 - (∑a i Vi,･)t 3
'

' 1 - 0

i = 1 i = 1

i n a
,
s o t h at q ∈ Z l( K .) . B e c a u s e f l , ･ ･ ･

, f d is a d - s e q u e n c e o n a , w e h a N e

(f l , ･ ･ ･ , f d) K l n Z l( K .) - B l( K .) .

As a c o n s e q u e n c e , it foll o w s t h at t h e r e e xi st el e m e n t s yS
- 1)
∈ p

'

- 1
fo r an y 1 ≦ α < β≦ d

sll d l tb a七

8 2(∑嫁
1)
ij

- 1
･ T
Q ∧ T p) - q ･

α < β

T h e left h a n d sid e is e q u al t o

d

∑(∑a αyt
3

{
1)

- ∑ a β嫁
1)
)i3

'

･ T i ,
i - 1 α < i i < β

s o th at w e h a v e

v ii ･ ≡ ∑a αyi
3

{
1)

- ∑ a p 嫁
1)
m o d P

'

' 1

α < i i < β

f o r a 野y 1 ≦i ≦ d . T his i m plie s

d

∑ x i V i, ･ ≡ ∑a α X βyS
- 1)

- ∑ x a a β嫁
1)
m o d P

'

' 1

i - 1 α < β α < β
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O n t h e ot h e r b a n d ,

d d a

∑x i Vi 3
･ - ∑ x iqi,･ ≡ ∑ a iqi ,, ･ - 1 m o d P

'

' 1

i = 1 i = 1 i = 1

T h e r efo r e w e g et

d

∑ ai( % , ･ 1 1 + ∑ x ｡ yi
3

{
1)

-

∑ x 鵡
~ 1)
) ∈ p

'

' 1

i - 1 α < i i < β

a n d t h e p r o of is c o m plet ed .

P r o of of T h e o r e m 4 . 1 . 8 . O nly th e B u ch sb a u m n e s s of a is l eft t o sh o w . W e p r o v e b y

i n d u cti o n o n a . B e c a u s e H O
M ( a) - ( w it + w 2i

2
I w l ∈ W , w 2 ∈ W n I

2

) a n d m W - 0
,
w e

h a v e M ･ HR4( a) - 0 . H e n c e a is a B u ch sb a u m ri n g if d
- 1 .

S u p p o s e th at d ≧ 2 . L et B - A/ W a n d a - B / a l B ･ T h e n a a n d I C in h e rits th e

a s s u m ptio n o n A a n d I i n 4 .1 . 3 (cf . P r o of of 4 . 5 .5) . T h e r ef o r e t h e in d u cti v e h y p ot h e sis

i m p lie s t h at G(I C) is a B u ch sb a u m ri n g , s o th at G(Z B ) is al s o a B u ch sb a u m ri n g si n c e

G (Z B )/ F I G(Z B ) 望 G(Z C) , f l is G (Z B ) - r e g ul a r an d f l ･ H 8L 4( G(Z B)) - 0 f o r an y i < a

(cf . [1 0 , P r o p o sitio n 2 .1 9]) . F u rt h e r m o r e
,
it is e a sy t o S e e t h at t h e k e rn el of t h e g r a d ed

h o m o m o r p his m a → G(I B) c oin cid e s w ith H‰(a) .
T lm s w e g et t h at a/ H

O
M( a) is a

B u ch sb a u m r l n g .

L et V - 帆 + It ⊆ R . B e c a u s e w e m a y a s s u m e th at A/ m is in 丘nit e , w e c a n ch o o s e a

s y st e m of g e n e r at o r s E l , ･ ･ ･ ,E e of V s u ch t h at (E i)i e A f o r m a n s o p f o r G M f o r an y s l lb s et

A ⊆( 1 , 2 , -

,
A) w it h d - el e m e nt s . I n o rd e r t o p r o v e t h e B ll Ch s b a u m n e s s of a , it is e n o u gh

t o s b o w 七h at

((Eili ∈A) a n H
O

M ( a) - 0

fo r a n y A st at e d a b o v e ( cf . Fl o , P r o p o sitio n 2 .2 2]) . L et A - (i l < i2 <
･ ･ ･ < i d) an d

Ei た - X k
- b ki ( x た ∈ m , b k ∈ I) f o r 1 ≦ k ≦ d . B e c a u s e (b l i , - ･

,
b at) a + m G c oi n cid e s

w ith th e M -

p ri m a ry id e al (E i l , -

,E i d) a + m G , w e h a v e th at b li ,
-

,
b at is an s op f o r

a / m G ･ H e n c e Q
'
- (b l ,

･ ･ I

,
b d) is a r e d u cti o n of I ･ T h e n

,
b y o tir a s s u m ptio n t h at (i) A

is a B u c h s b a u m ri n g o r (ii) A is a q u a si - B u ch sb a u m ri n g an d I ⊆ m
2
,
w e h
_
a w e t h at Q

'

i s

a st an d a r d p a r a m et e r id e al of A , a n d h e n c e b y 4 .1 .1 w e g et P ⊆ Q
′

Z + W a n d ∑(Q
'

) ⊆ Z ･

T h e r ef o r e
,
b y 4 ･ 5 ･ 6 w e h a v e (Ei l , ･ -

,S i d) n H
O

M ( a) - 0 an d th e p r o of is c o m pl et e d ･

T h e n e x t e x a m p le i n si st s th at t h e a s s u m ptio n of 4 . 1 .3 t h at I ⊆ m
2
is n e c e s s a r y w h e n

A is a q l l a Si
- B u c h sb a u m r l n g b ut n ot a B u ch sb a u m r l n g .
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E x a m pl e 4 . 5 . 7 L ei F - k[[ X , Y , Z , W ]] 申e ik e f o r m al p o w e r S e ri e s ri n g w ith v a ri abl e s

X
ラ
Y
,
Z a n d y o v e r a 弟eld k ･ L ei a - ( X , Y) F n ( Z , W ) F n (X

2

_
,
y
,
z 2

, w ) F a n d A -

F/ a . L ei x
, y , z a n d 品 re sp e cii v eiy d e n ot e ik e i m a g e s of X , Y , Z a n d W in A . W e s et

m - ( Ll
l

, y , I , W) A , a - 3 J
.

一 之
,
() = こ y

- W a 77 ,d Q - ( a , b) A ･

'

17 )JC rL I

l l) e h a lu C th c f oll o w i n .

,J ･

(1) A is a 2 - di m e n si o n al q u a si - B u ch sb a u r T " i n 9 b u 書n oi a B u c h sb a u m ri n g ･

(2) Q is a s去a n d a rd p a n a m eまe r id e al of A s u ch th ai m
2
- Q m + W ･ W e o b vio u sly h a v e

∑(C2) ⊆ m .

(3) a( m) is n ot a B u ch sb a u m ri n 9 ･

P r () a/ . I ｣ c t n - ( X , Y , Z , Ⅳ) F 礼n d b - ( X , Y) F n ( Z , t
jt J
'

) F . T h e l l W e h a v e t･11 e e x a c t

s e q u ( n (: e O ー F/ b
-

｣ F /( X , Y ) F ¢ F /( Z , W ) F
-

1 F/ n → 0 , w hi cll i m p lie s 1 -1 m t

F/ b is a 2 - di n l e n Si o n al B u cl lSb a u l n ri n g s u ch t h at d e pt h F/ら - 1
,
H王( F/ら) 空 L

l

a r ld

()o( n/ b) こ = 2 ･ B e c a u s e b - a + X Z F an d X Z n ⊆ A , C O n Sid e ri llg tl l e C X a Ct S eq ll( n C e

() → b/ a ー A ー F/ b ー 0 , w e g et

W - 孤( A) - ら/ a - x z A 空 k
,

H
.

1

.I( A) 空 H .
1

.( F/ b) 望 L: ,

e o( m) - e o(I-/ b) - 2 ･

H e n c e A is a 2 - d i m e n si o n al q u a si - B n ch s b a u m ri n g w it h I(ji) - h O( A) + h
l
( A) - 2 .

0 卑 th e oth e r h a n d , Ⅰ七is e a s y t o s e e t h at Aj Q 望 k[[ X , Y]]/( X
3
,
x y

,
y
2

) a n d Q is

a r ed u cti o n of m . T h e n E A( A/ Q) - 4 a n d e( a , a; A) - e o( m) - 2
,
s o 七h at e A( A/ Q)

-

o((A , b ; A) - Ⅰ( A) , w lli cl l il n l )lie s tll at ･ a is a st a lld a r(1 i(t e a l of A ･ B e c a u s e F/ b is a

B llC h sl) a . um 1 r in g w itl l e o( n/ ら) - 2 a n (I (l ei)tll F/ ら > 0 , 1 Jy [1い111d r2] it , f ollo w Lq tb ilt F/ b

h 甲 m a Xi m al e m b ed din g di m e n si o n , s o th at w e h a 椛 n
2
- ( x

- z
,
y - w ) n + b 暮 H e n c e

w (
.
I g el , m

2
- Q m + W .

L et 化
′
-

.

,

I
-

W a l l'1 b
'

-

y
-

I . T ll e n A/((L
'

,
I)
I

) A ∈¥ k[[ X , Y]]/( X
2

,
x y

,
y
2

) an d

( a
'

,
I)
I

) A i s a r ed u ctio ll Of m . 冗( n (
･

,e e ^( A/( (!
'

,
t)
′

) A) - 3 之l ･n d e((1
'

,
b
/

; A ) - 2
,
s o t h a t ,

セA( A/( a
I

,
b
′

)A)
-

伝( a
'

,
b
l

; A) ≠･I( A) ･ T h e r ef o r e a
′

,
b f i s n o七 a st a n d a r d s o p fo r A , w hich

i n lpli(
､
s t h at A is n ot a B ll Cll Sl ) a u l n l

･

in g . T h c ll G( m) is al s o llりt a ･ B ll Cll S b ･
･

L u l n ri n g sil lC (-

G ( m ) 空 S/(( X , Y) S n ( Z , Ⅳ)S n ( X
2
,
y
,
z
2

,
Ⅵ′) s) ,

w h e r e S - k[ X , Y , Z , W ] , an d t h e p r o of is c o m pl e七ed ･
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