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Chapter 1

Introduction

1.1 Optimal control problem

Recently, the focuses of scientific and technological researches have been on predictions
and controls of physical phenomena (or technological process), based on the scientific
understanding. In view of such background, this thesis is devoted to the mathematical
analysis of optimal control problems governed by phase transition phenomena.

In general, the optimal control problem is known as a minimization problem for the
following type of functional, called cost :

J : u ∈ Uad 7→ J (u) := M(w,wad) + J0(u) ∈ (−∞,∞], with w = Su in X, (1.1.1)

and the cost is defined on an admissible (constrained) class Uad in a topological vector
space X. The minimizers of the cost are collectively called optimal control.

In the optimal control problem, the cost is usually considered with a phenomenon
which is aimed to be controlled, and the mathematical model of the phenomenon is called
state-system. In the context, u ∈ X is a variable, called control, which is associated with a
controllable factor, such as forcing terms in the state-system. S : X −→ X is the solution
operator in the state-system, i.e. S maps any control u ∈ X to the solution w = Su ∈ X
to the state-system. Also, wad ∈ X is a fixed admissible target profile, which is desired to
be realized via the controlling process. The functional:

M : w ∈ X 7→ M(w,wad) ∈ (−∞,∞],

is a convex function on X which is to measure the gap between the admissible target
profile wad ∈ X, and the profile w of the solution to the state-system. Meanwhile, the
functional:

J0 : u ∈ X 7→ J0(u) ∈ (−∞,∞],

is another convex function on X which is to indicate a generation cost J0 spent for u ∈ X,
such as energy, economical cost, and so on.

From the definition (1.1.1), we can figure out that the optimal control, i.e. minimizer of
J can be said as the equilibrium point of the trade-off relationship between the smallness
of the gap M(·, wad) from the target profile, and the smallness of the general cost J0(·).
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So, mathematically, it would be easy to deal with if the state-system, i.e. the solution
operator S is linear and smooth. In fact, if S is linear and smooth, then since we can
suppose the convexity and smoothness of the cost J , we can make a forecast for the
mathematical analysis on the basis of the standard theory of convex analysis.

Meanwhile, in the field of optimal control problem, there are a lot of previous works,
which adapted PDE models of phase transitions as the state-systems (cf. [4–6, 20, 22, 23,
28,29,34,45–47,57,58,62,66–68,72,75,77]). Here, “phase transition” is a collective word
of dramatic changes (transitions) between some different situations (phases), and a lot
of physical phenomena/technological processes belong to the category of phase transi-
tion: e.g. evaporation-melting-freezing of material, spinodal decomposition of alloy, grain
boundary motion of polycrystal, tumor growth, and so on. However, since most of phase
transition models include some nonlinearity, the standard theory of convex analysis would
not be applicable to the associated optimal control problems, any more. Indeed, in the
line of previous works, the researchers racked their brains for a rigorous theory to treat
nonconvexity of the cost, caused by the nonlinearity of each phenomenon. Furthermore,
in some phase transitions, such as grain boundary in polycrystal, the PDE model often
contains singular term to reproduce discontinuity of spatial phase-distribution, and such
singularity brings the non-smoothness of the associated optimization cost. Hence, in the
optimization (minimization) of nonconvex and nonsmooth cost, the mathematicians still
have a lot of open issues and the developments of new mathematical methods are needed
as theoretical backbones of advanced sciences and technologies.

Based on these, we focus on the following three nonlinear and singular PDE models
of phase transitions, as our state-systems:

(0) Micro-mesoscopic Allen–Cahn equation.

(I) Micro-mesoscopic solid-liquid phase transition models of Fix–Caginalp type.

(II) Kobayashi–Warren–Carter type model of grain boundary motion.

The derivations and mathematical formulas of the phase transition models (0)–(II) are
demonstrated in the following Sections 1.2–1.4, respectively.

1.2 Micro-mesoscopic Allen–Cahn equation with sin-

gularities

Allen–Cahn equation is known as a PDE model of solid-liquid phase transition, pro-
posed by S. M. Allen and J. W. Cahn [2]. The unknown variable is a kind of order
parameter, and the order parameter of Allen–Cahn equation is supposed to reproduce the
spatial-time distribution of solid-liquid phases.

In what follows, we fix a spatial dimension N ∈ N and a constant of time T > 0, and we
suppose the solid-liquid phase transition takes place in a product space Q := (0, T )×Ω of
a time-interval (0, T ), and a bounded domain Ω ⊂ RN with a smooth boundary Γ := ∂Ω.
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Also, we denote by w = w(t, x) the order parameter of Allen–Cahn equation, and assign
the value as follows:

w(t, x) = 1, if the phase is liquid,

w(t, x) = −1, if the phase is solid,

−1 < w(t, x) < 1, if the phase is intermediate,

at (t, x) ∈ Q. (1.2.1)

On this basis, the Allen–Cahn equation is derived as the gradient flow of a governing
functional F : L2(Ω) −→ (−∞,∞], called free energy. Roughly summarized, the free
energy is defined in a form of a sum:

w ∈ L2(Ω) 7→ F (w) := FB(w) + FI(w) ∈ (−∞,∞],

of two functionals FB : L2(Ω) −→ (−∞,∞] and FI : L2(Ω) −→ (−∞,∞], which are
called the bulk energy and interfacial energy, respectively.

The bulk energy FB = FB(w) is to reproduce the bistability of solid-liquid phases,
and it is defined as:

w ∈ L2(Ω) 7→ FB(w) :=

∫
Ω

WB(w) dx ∈ (−∞,∞],

with use of a double-well function WB : R −→ (−∞,∞], such as:

(# 0) (polynomial type) WB(w) =
c

4
(w4 − 2w2), for w ∈ R,

(# 1) (regular constraint type) WB(w) = (1+w) log(1+w)+(1−w) log(1−w)− c

2
w2,

for w ∈ R,

(# 2) (singular constraint type) WB(w) = I[−1,1](w) − c

2
w2, for w ∈ R;

where c > 0 is a constant, and I[−1,1] is the indicator function on the closed interval [−1, 1],
i.e.:

w ∈ R 7→ I[−1,1](w) :=

{
0, if w ∈ [−1, 1],

∞, otherwise .

Incidentally, the interest in this thesis is in the Allen–Cahn equation, adopting the double-
well function of (# 2) (singular constraint type).

On the other hand, the interfacial energy FI = FI(w) is to control the motion of the
interface, i.e. the free boundary between solid-liquid phases, and in this thesis we focus
on the interfacial energy, defined as:

w ∈ L2(Ω) 7→ FI(w) :=


κ

∫
Ω

|Dw| +
ν2

2

∫
Ω

|∇w|2 dx,

if the both integrals make sense,

∞, otherwise,

(1.2.2)
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where κ ≥ 0 and ν ≥ 0 are fixed constants, and
∫
Ω
|Dw| denotes the total variation of each

function w ∈ L2(Ω). The setting (1.2.2) can be said as a mixed interfacial energy under
the microscopic and mesoscopic settings, which were classified by A. Visintin [85, Chapter
VI].

For instance, when κ = 0 and ν > 0, the setting (1.2.2) defines the microscopic
interfacial energy as in [85, Chapter VI], and also, it coincides with the original setting
by Allen–Cahn [2]. Incidentally, the phrase “microscopic” is derived from the property,
brought by ν > 0, such that the solution to Allen–Cahn equation admits only spatially
smooth phase change, as in the microscopic scale.

Meanwhile, when κ > 0 and ν = 0, the setting (1.2.2) provides the mesoscopic interfa-
cial energy, proposed by Visintin [85, Chapter VI]. Here, the phrase “mesoscopic” implies
the property, brought by ν = 0, such that the solution to Allen–Cahn equation admits
the both situations: the discontinuous phase change as in the macroscopic scale; and the
smooth one as in the microscopic scale. In addition, Visintin suggests that the meso-
scopic interfacial energy brings the singular diffusion −κdiv

(
Dw
|Dw|

)
in the mathematical

expression of the corresponding Allen–Cahn equation.
Otherwise, when κ = ν = 0, the setting (1.2.2) is classified as the macroscopic setting

of interfacial energy (cf. [85, Chapter VI]).
In view of these, we call the Allen–Cahn equation under { (# 2), (1.2.2) } micro-

mesoscopic Allen–Cahn equation. Mathematically, the micro-mesoscopic Allen–Cahn type
equation is described in a form of quasilinear PDE:∂tw − div

(
κ
Dw

|Dw|
+ ν2∇w

)
+ ∂I[−1,1](w) 3 cw + u(t, x), (t, x) ∈ Q,

(B.C.) + (I.C.),

(1.2.3)

where u = u(t, x) is the given relative temperature with zero-degree of critical temperature,
e.g. melting/freezing point. We note that our Allen–Cahn type equation (1.2.3) contains
the following singularities:

• the singularity as in the diffusion term −div
(
κ Dw
|Dw| + ν2∇w

)
;

• the singularity of the set-valued subdifferential ∂I[−1,1] of the indicator function
I[−1,1], i.e.:

w ∈ R 7→ ∂I[−1,1](w) :=


0, if w ∈ (−1, 1),

[0,∞), if w = 1,

(−∞, 0], if w = −1,

∅, otherwise.

(1.2.4)

Also, we note the set-valued term forces to use the notation “3” of set theory instead of
equality “=” of the equation (1.2.3).

Now, in this thesis, we consider a class of optimal control problems governed by:

• time-discrete scheme of the micro-meso Allen–Cahn equation (1.2.3) under one-
dimensional setting of Ω (in Chapter 3).
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1.3 Micro-mesoscopic solid-liquid phase transition mod-

els of Fix–Caginalp type

Almost simultaneously, a modeling method of solid-liquid phase transition was pro-
posed by G. J. Fix [27] (1983) and G. Caginalp [19] (1986). The proposed mathematical
model is described as a system of PDEs, and it is based on the weak formulation of Stefan
problem:

∂t(u+ Lw) + ∆u = f(t, x), (t, x) ∈ Q, (1.3.1)

u ∈ ∂I[−1,1](w), in Q, (1.3.2)

subject to suitable initial-boundary condition. In the context, u = u(t, x) is the relative
temperature with the zero-degree of critical temperature, and w = w(t, x) is the order
parameter as in (1.2.1). ∂I[−1,1] is the subdifferential of the indicator function I[−1,1] on
the closed interval [−1, 1] as in (1.2.4). Besides, L > 0 is a fixed constant, and f = f(t, x)
is a given heat source.

The first equation (1.3.1) is a kinetic equation of heat exchange, and second one (1.3.2)
is to reproduce the temperature-phase rule:

w(t, x)


= 1 (liquid), if u(t, x) > 0,

= −1 (solid), if u(t, x) < 0,

∈ (−1, 1) (intermediate), if u(t, x) = 0,

for (t, x) ∈ Q. (1.3.3)

In the first equation (1.3.1), the term

e := u+ Lw (1.3.4)

is called enthalpy, i.e. the heat quantity, including the effect of latent heat. Indeed, from
(1.3.3) and (1.3.4), we can observe that the enthalpy e and temperature u are governed
by the relationship as in Figures 1.1 and 1.2, and in particular, Figure 1.2 reproduces the
effect of heat of melting (resp. heat of solidification) in the melting (resp. solidification)
process, with the constant L of latent heat.

Figure 1.1: Figure 1.2:
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Furthermore, it should be noted that the Stefan condition is contained in the first
equation (1.3.1), in a weak sense. More precisely, in the original Stefan problem, it is
supposed that the free boundary S is a surface, and S is formed iff. the temperature u is
at the critical temperature u = 0, i.e.:

S = u−1(0) =
{

(t, x) ∈ Q u(t, x) = 0
}
.

Under such situation, the Stefan condition can be derived, in the distributional sense, by
applying the integration by part onto the open set Q \ S.

The modeling idea of Fix–Caginalp is to describe the time-evolution of the phase-field
dynamics, by replacing the temperature-phase rule (1.3.2) (or (1.3.3)) with the Allen–
Cahn equation. In fact, the original model of Fix–Caginalp [19, 27] is based on the case
when:

• the setting of bulk energy FB is given by using the double-well function WB as in
(# 0) (polynomial type);

• the setting of interfacial energy FI is given by (1.2.2) with κ = 0 and ν > 0
(microscopic setting).

Now, in this thesis, we deal with a mathematical model, which corresponds to the case
when:

• the setting of bulk energy FB is given by using the double-well function WB as in
(# 2) (singular constraint type);

• the setting of interfacial energy FI is given by (1.2.2) (micro-mesoscopic setting).

Then, the mathematical model can be called as micro-meso solid-liquid phase transition
model of Fix–Caginalp type, and as a system of PDEs, it is formulated as follows:

∂t(u+ Lw) − ∆u = f(t, x), (t, x) ∈ Q,

∂tw − div

(
κ
Dw

|Dw|
+ ν2∇w

)
+ ∂I[−1,1](w) 3 cw + u in Q,

(B.C.) + (I.C.).

(1.3.5)

We note that the mathematical model (1.3.5) can be regarded as a generalized time-
evolving version of the weak formulation of Stefan problem. Additionally, we stress that
our mathematical model is to inherent the singularities of the micro-meso Allen–Cahn
equation, as in the previous Section 1.2.

Now, in this thesis, we consider a class of optimal control problems governed by:

• micro-mesoscopic Fix–Caginalp type (1.3.5) under one-dimensional setting of Ω (in
Chapter 4).
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1.4 Kobayashi–Warren–Carter type model of grain

boundary motion

In recent years, the phase-field models of grain boundary motions were proposed by
by R. Kobayashi, J. A. Warren, and W. C. Carter [46, 47]. The line of the phase-field
models are collectively called Kobayashi–Warren–Carter type model, or K.W.C. model in
short.

In the K.W.C. model, we consider a situation such that in a time-interval (0, T ) with
a constant T > 0, a spatial domain Ω ⊂ RN , with a spatial dimension N ∈ N, is occupied
by a polycrystal, like Ceramics. Figure 1.3 in the below is to see such situation

Figure 1.3: Sample illustration

As is illustrated in Figure 1.3, the polycrystal is supposed to be divided by a number
of small masses Ω1, Ω2, and Ω3 of crystals, called grains. Also, some grains Ω1 and Ω2

show the characteristic phases of orientations by stripe patterns, and the other one Ω3

has no such phase. The former phase is called oriented phase, and the latter one is called
disoriented phase. The free boundary between these phases are called grain boundary.

Based on this, the K.W.C. model is described as a system of parabolic PDEs with
two unknown order parameters, denoted by η and θ. Also, the crystalline orientation is
reproduced by using a vectorial function consisting of η, cos θ and sin θ, as follows:

$ =

[
η cos θ

η sin θ

]
.

Here, η is the length of this vector, and in physical, it indicates the orientation order of
grain. η is supposed to satisfy the range constraint property on the closed interval [0, 1].
More precisely, if η is equal to 1, then it means the completely oriented phase. Also, if
η is equal to 0, then it means the disoriented phase. Besides, if η holds 0 < η < 1, then
it means the intermediate phase. On the other hand, θ is the angle of the crystalline
orientation.

Based on these, the model of K.W.C. is derived as a gradient flow of the following
function F on [L2(Ω)]2, called free energy :

[η, θ] ∈ [L2(Ω)]2 7→ F (η, θ) := Ψ(η) + Φ(η, θ);

7



which is defined as a sum of two functionals Ψ : L2(Ω) −→ [0,∞] and Φ : [L2(Ω)]2 −→
[0,∞], defined as follows:

η ∈ L2(Ω) 7→ Ψ(η) :=


1

2

∫
Ω

|∇η|2 dx+
1

2

∫
Ω

G(η) dx, if η ∈ H1(Ω),

∞, otherwise,
(1.4.1)

and

[η, θ] ∈ [L2(Ω)]2 7→ Φ(η, θ) :=


∫
Ω

α(η)|∇θ| dx+
ν2

2

∫
Ω

|∇θ|2 dx,

if [η, θ] ∈ L2(Ω) ×H1(Ω),

∞, otherwise.

(1.4.2)

Here, Ψ is to describe the dynamics of η, with a fixed (smooth) function G : R −→ [0,∞),
and it consists of the potential of Laplacian −∆η of η, and the potential

∫
Ω
G(η) dx of

the perturbation of η. On the other hand, Φ is called interfacial energy, and it is to
describe the dynamics of the grain boundary interfaces. The interfacial energy is given
by the sum of the total variation

∫
Ω
α(η)|Dθ| of θ with unknown dependent weight α(η),

and the relaxation term ν2

2

∫
Ω
|∇θ|2 dx of θ with a fixed positive constant ν2. The weight

α : R −→ (0,∞) is called mobility and it causes the interaction between η and θ.
Now, K.W.C. model is derived as a gradient systems with respect to η and θ, as

follows: 
−∂tη = ∇ηF (η, θ) in Q := (0, T ) × Ω,

−α0(t, x, η)∂tθ = ∇θF (η, θ) in Q,

(B.C.) + (I.C.).

(1.4.3)

Here, due to the non-smoothness of the total variation, the equation for θ has some
singularities. In addition, this system has another weight α0(t, x, η) in front of the time-
derivative of θ. This weight α0 : Q×R −→ (0,∞) is called the mobility for time-variation,
and it can be different with the spatial mobility α(η). Incidentally, in the original paper
of Kobayashi–Warren–Carter [46], α and α0 are given by the same quadratic function as
follows:

α(η) = α0(t, x, η) =
1

2
η2 + δα for all (t, x) ∈ Q and η ∈ R, with a constant δα ≥ 0.

In view of such background, we set the following system of PDEs, as a state-system
of our optimal control problem:

∂tη − ∆η + g(η) + α′(η)|∇θ| = u(t, x), (t, x) ∈ Q,

α0(t, x)∂tθ − div

(
α(η)

Dθ

|Dθ|
+ ν2∇θ

)
= v(t, x), (t, x) ∈ Q,

(B.C.) + (I.C.).

(1.4.4)

The system (1.4.4) can be said as a modified version of K.W.C. model (1.4.3). In the
context, g = d

dη
G and α′ = d

dη
α are the derivatives of functions G and α, as in (1.4.1) and
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(1.4.2), respectively. u = u(t, x) and v = v(t, x) are forcing terms for the orientation order
η and orientation angle θ, respectively, and in particular, the forcing u can be regarded
as the temperature source (control) of the grain boundary formulation. Additionally,
α0 : Q −→ (0,∞) is a mobility for time-variation that is simplified by ignoring the
η-dependence of α0, as in (1.4.3).

We note that the singular diffusion −div
(
α(η) Dθ

|Dθ| + ν2∇θ
)

as in (1.4.4) is said to

be effective to reproduce the facet, i.e. the locally uniform (constant) phase in each
oriented grain (cf. [6, 20, 28, 29, 34, 45–47, 57, 58, 68, 72, 75, 77]). Furthermore, nowadays,
there are vast numbers of literatures (cf. [6, 20, 28, 29, 34, 45–47, 57, 58, 68, 72, 75, 77]),
which study the K.W.C. type systems, kindred to (1.4.2). In most of these previous
works, the boundary conditions have been considered under homogeneous settings of
zero-Dirichlet/zero-Neumann types. However, as a distinct case, we can quote [62], which
imposed boundary conditions containing the dynamic boundary type.

Hence, in this thesis, we deal with the optimal control problem, governed by the
following state-systems:

• K.W.C. models under one-dimensional setting of Ω, subject to:

(a) the zero-Neumann boundary condition for η, and zero-Dirichlet boundary con-
dition for θ (in Chapter 5);

(b) the dynamic boundary condition for η, and zero-Dirichlet boundary condition
for θ (in Chapter 6);

• K.W.C. models under higher-dimensional setting of Ω, subject to:

(c) the boundary condition (a), and various range-constraints for the temperature
u (temperature constraints) (in Chapter 7).

1.5 Outline of this thesis

This thesis consists of 7 Chapters. We state the results, concerned with the optimal
control problems, in each Chapter. These results are based on our submitted papers,
listed below:

• the result of Chapter 2 is based on my single authorship published in 2021 (cf. [49]);

• the results of Chapter 3 are based on my single authorship published in 2021 (cf.
[48]);

• the results of Chapter 4 are based on the joint-work with Ken Shirakawa and Noriaki
Yamazaki published in 2020 (cf. [51]);

• the results of Chapter 5 are based on the joint-work with Harbir Antil, Ken Shi-
rakawa, and Noriaki Yamazaki published in 2021 (cf. [7]);
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• the results of Chapter 6 are based on the joint-work with Ryota Nakayashiki and
Ken Shirakawa published in 2020 (cf. [50]);

• the results of Chapter 7 are based on the joint-work with Harbir Antil, Ken Shi-
rakawa, and Noriaki Yamazaki submitted in 2021 (cf. [8]).

In Chapter 2, we consider a convex function defined as a 1D-regularized total variation
with nonhomogeneous coefficients. Let Ω := (−L,L) ⊂ R be a one-dimensional spatial
domain with a constant 0 < L < ∞, and let us define H := L2(Ω) and V := H1(Ω). Let
0 ≤ α ∈ V and 0 < β ∈ V be fixed functions.

In this Chapter, we consider the following convex function on H:

θ ∈ H 7→ Φα,β(θ) := Vα(θ) +Wβ(θ); (1.5.1)

which is defined as a sum of two convex functions on H, defined as follows:

θ ∈ H 7→ Vα(θ) := sup

{ ∫
Ω

θ∂xϕdx,
ϕ ∈ V ∩ Cc(Ω), such
that |ϕ| ≤ α on Ω

}
, (1.5.2)

and

θ ∈ H 7→ Wβ(θ) :=


1

2

∫
Ω

β|∂xθ|2dx, if θ ∈ V,

∞, otherwise.
(1.5.3)

The functional Vα, defined in (1.5.2), is a kind of generalized total variation, so that
the functional Φα,β, defined in (1.5.1), can be called a regularized total variation with
nonhomogeneous coefficients α and β.

On this basis, we set the goal to prove the following Main Theorem.

Main Theorem (Decomposition of the subdifferential). The subdifferential ∂Φα,β ⊂
H ×H of the convex function Φα,β is decomposed as follows:

∂Φα,β = ∂Vα + ∂Wβ in H ×H, (1.5.4)

i.e. ∂Φα,β is represented as the sum the subdifferentials ∂Vα ⊂ H ×H and ∂Wβ ⊂ H ×H
of the respective convex functions Vα and Wβ.

The equation (1.5.4) leads to the H2-regularity of the following nonhomogeneous quasi-
linear equation with singularity:−∂x

(
α(x)

Dθ

|Dθ|
+ β(x)∂xθ

)
= θ∗ with θ∗ ∈ H,

∂xθ(±L) = 0.

(1.5.5)

When the both α and β are homogeneous (constants), we can obtain the H2-regularity by
using the mathematical method, developed in [60], which is based on the general theory
of PDEs (e.g. [53]). However, when α and β are nonhomogeneous, the extra error terms
brought by α and β make it difficult to see θ ∈ H2(Ω) in (1.5.5), by referring to the
existing method. Hence, it can be said that our Main Theorem will be to enhance the
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previous method of [60], and moreover, to report another variational approach based on
the subdifferential.

In the meantime, the Main Theorem is motivated by the mathematical analysis of
grain boundary motion, studied in [80, 89], and especially, the convex function Φα,β is
based on the free energy, proposed by Kobayashi–Warren–Carter [46,47]. In this context,
the variable θ is the order parameter of crystalline orientation, and the nonhomogeneous
coefficients α and β are associated with another order parameter, such as the orientation
order of grain in a polycrystal. In this light, our Main Theorem can be expected to
provide useful information for some advanced problems that require smoothness of the
system while including singularity, such as the optimal control problem governed by the
K.W.C. model.

Note that the result of this Chapter is based on the recent work [49].

In Chapter 3, let 0 < L < ∞ and 0 < T < ∞ be fixed positive constants, let
Ω := (−L,L) ⊂ R be a one-dimensional spatial domain. Besides, we set X := L2(Ω) and
Y := H1(Ω).

The aim of this Chapter is to give some advanced observations for the optimal control
problem, governed by the following micro-mesoscopic Allen–Cahn type equation with
singularities:

∂tw − ∂x

(
∂xw

|∂xw|
+ ν2∂xw

)
+ ∂I[−1,1](w) + g(w) 3Muu, in (0, T ) × Ω,

∂xw(t,±L) = 0, t ∈ (0, T ),

w(0, x) = w0(x), x ∈ Ω.

(1.5.6)

In this context, the unknown w = w(t, x) is the nonconserved order parameter as in
(1.2.1). Besides, w0 ∈ Y is a given initial data of w. The forcing term u = u(t, x) denotes
the control variable that controls the profile of the solution w, and physically, u is the
relative temperature. Furthermore, g is a semi-monotone C1-function on R, and ν > 0
and Mu ≥ 0 are fixed constants. In addition, ∂I[−1,1] is the subdifferential of the indicator
function I[−1,1] on the closed interval [−1, 1], that is defined as:

I[−1,1](z) :=

{
0, if z ∈ [−1, 1],

∞, otherwise.

Recently, Allen–Cahn type equations kindred to (1.5.6) have been studied by a lot
of mathematicians (cf. [22, 66–68, 77]), and in many previous works, the singular term
−∂x

(
∂xw
|∂xw|

)
is approximated by quasilinear diffusions:

− ∂x

(
∂xw√

ε2 + |∂xw|2
+ ν2∂xw

)
with a constant ε > 0, (1.5.7)

and the singular term ∂I[−1,1](w) of the set-valued subdifferential is approximated by
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means of the Yosida regularizations, or the following C1-regularizations:

∂Ĩδ[−1,1](r) :=



0, if −1 ≤ r ≤ 1,

1

2δ2
r

|r|
(r − 1)2, if 1 < |r| ≤ 1 + δ,

1

δ

r2

|r|
−
(

1

δ
+

1

2

)
, if |r| > 1 + δ,

for r ∈ R, and δ > 0. (1.5.8)

The setting {(1.5.7),(1.5.8)} was adopted as a representative effective range of approxi-
mating method for the singular terms. Indeed, the previous researches of [66–68] adopted
the setting {(1.5.7),(1.5.8)} to deal with the optimal control problems governed by (1.5.6),
and as a consequence, they obtained a distributional characterizations of the first neces-
sary optimality condition for the optimal control. However, in the previous results, we
still have two unfinished issues.

The first unfinished issue is to make clear the effective range of approximating meth-
ods, besides {(1.5.7),(1.5.8)}. From the viewpoint of application, it is beneficial if we
could choose a matching approximating method for specific property of each scientific/
technological background. In this light, it could be said that the current mathematical
results would not be sufficient to respond to the requirements for such flexibility.

In the meantime, the second unfinished one is concerned with the precise observation
for the distribution, which appears in the optimality condition, obtained in [66–68], and
is roughly expressed as:

ζ◦ ∼ ∂x
[
d(∂xw

◦)∂xu
◦]− [∂I[−1,1]

]
’(w◦)u◦ in D′((0, T ) × Ω

)
, (1.5.9)

with use of Dirac’s delta d, some operator
[
∂I[−1,1]

]
’ corresponding to derivative of the

subdifferential ∂I[−1,1], an optimal control u◦, and a solution w◦ to the singular Allen–Cahn
type equation (1.5.6) when u = u◦. The expression (1.5.9) looks ill-posed as a variational
formula. Nevertheless, it would be expectable that the support spt(ζ◦) of the distribution
ζ◦ would be somehow associated with {∂xw◦ = 0} ∪ {|w◦| = 1} (≈ {∂xw◦ = 0}), and ζ◦

would have some functional expression on the outside of the support:

spt(ζ◦)C ≈ {∂xw◦ 6= 0}
(
= {∂xw◦ 6= 0} ∩ {|w◦| < 1}

)
.

For developments of the unfinished issues, we now let n ∈ N be a fixed number,
define X := [X]n, and consider the time-discrete scheme for the singular Allen–Cahn type
equation (1.5.6), with the time step size τ := T/n, as a simplified state-equation of our
optimal control problem. On this basis, we set our goal to study a class of optimal control
problems, denoted by (OP)(ε,δ), with constant parameters ε, δ ∈ [0, 1].

(OP)(ε,δ): to find a sequence of functions u∗ = [u∗1, . . . , u
∗
n] ∈ X, called optimal control,

which minimizes the following cost functional J (ε,δ) = J (ε,δ)(u) on X, defined as

J (ε,δ) : u ∈ X 7→ J (ε,δ)(u) :=
Mw

2
|(w − wad)|2X +

Mu

2
|u|2X ∈ [0,∞), (1.5.10)

i.e.

J (ε,δ)(u∗) = min
{
J (ε,δ)(u) u ∈ X

}
,

where for any u = [u1, . . . , un] ∈ X, the sequence of functions w = [w1, . . . , wn] ∈ X is
a solution to the following time-discrete quasilinear equations, denoted by (AC)(ε,δ).
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(AC)(ε,δ): to find a sequence of functions w = [w1, · · · , wn] ∈ X, which fulfills
1

τ
(wi − wi−1) − ∂x

(
(f ε)′(∂xwi) + ν2∂xwi

)
+Kδ(wi) + g(wi) 3Muui in Ω,

∂xwi(±L) = 0, i = 1, 2, 3, . . . , n,

starting from the initial value w0 ∈ Y .

In this context, the equation (AC)(0,0), i.e. the case when ε = δ = 0, corresponds to
the time-discrete scheme of the Allen–Cahn type equation (1.5.6), while the equations
(AC)(ε,δ), for positive ε, δ, are its approximating equations. In this regard, the effective
range of approximation, brought in the first unfinished issue, will be presented in forms
of assumptions for:

– the regularization sequence {f ε}ε∈(0,1] ⊂ C2(R) for the function f 0 : r ∈ R 7→ |r| ∈
[0,∞) of the absolute value;

– the regularization sequence {Kδ}δ∈(0,1] ⊂ C1(R) for the set-valued function K0 : r ∈
R 7→ ∂I[−1,1](r) ∈ 2R of the subdifferential of indicator function.

In addition, we will obtain a positive answer for the second unfinished issue, as a conse-
quence of six results. Here, we give their assertions, briefly.

• Existence, uniqueness, and H2-regularity of the solution w = [w1, . . . , wn] to the
state-system (AC)(ε,δ), for every ε ∈ [0, 1], δ ∈ [0, 1], initial data w0 ∈ Y , and forcing
term u = [u1, . . . , un] ∈ X.

• Continuous dependence of solutions to the state-systems (AC)(ε,δ), with respect to
the constants ε ∈ [0, 1], δ ∈ [0, 1], initial data w0 ∈ Y , and forcing term u =
[u1, . . . , un] ∈ X, including the (strong) convergence in [C(Ω)]n.

• Existence for the optimal control problem (OP)(ε,δ), for every constants ε ∈ [0, 1],
δ ∈ [0, 1], and initial data w0 ∈ Y with K̂δ(w0) ∈ L1(Ω).

• Some semi-continuous dependence of the optimal controls, with respect to the con-
stants ε ∈ [0, 1], δ ∈ [0, 1], and initial data w0 ∈ Y with K̂δ(w0) ∈ L1(Ω).

• Derivation of the first order necessary optimality conditions for (OP)(ε,δ), via adjoint
method, under ε ∈ (0, 1] and δ ∈ (0, 1].

• The optimality conditions which are obtained as approximation limits of the neces-
sary conditions as ε, δ ↓ 0, and a precise characterization of the limiting optimality
conditions.

The results of this Chapter are based on the recent work [48].

In Chapter 4, we consider a class of approximate problems for the following one di-
mensional phase-filed system with singularity:

Problem (P;f, h, `)0.

[u+ w]t − uxx = a0f(t, x) (t, x) ∈ Q := (0, T ) × (0, L), (1.5.11)
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wt − κ

(
wx

|wx|

)
x

+ ∂I[−1,1](w) + g(w) 3 u in Q, (1.5.12)

− ux(t, 0) + n0(u(t, 0) − b1) = a1h(t), t ∈ (0, T ), (1.5.13)

ux(t, L) + n0(u(t, L) − b2) = a2`(t), t ∈ (0, T ), (1.5.14)

wx(t, 0) = wx(t, L) = 0, t ∈ (0, T ), (1.5.15)

u(0, x) = u0(x), w(0, x) = w0(x), x ∈ (0, L), (1.5.16)

where 0 < T < ∞ and 0 < L < ∞ are fixed positive constants, a0, a1, a2 are given
nonnegative constants, κ > 0, n0 > 0, b1, b2 are given constants, g is a given continuous
function on R, [f, h, `] is a triplet of given functions, and u0, w0 are given initial data. In
addition, ∂I[−1,1] is the subdifferential of an indicator function I[−1,1] on the closed interval
[−1, 1], that is defined as:

I[−1,1](z) :=

{
0, if z ∈ [−1, 1],

∞, otherwise.
(1.5.17)

In the physical context, the unknown function u = u(t, x) is the relative temperature, and
w = w(t, x) is the nonconserved order parameter as in (1.2.1).

Many mathematicians studied the singular diffusion equation (1.5.12) with or without
constraint ∂I[−1,1](w) from the various point of view (cf. [4–6, 22, 28–32, 41, 42, 45, 52, 63,
65–68,73,77,85]). For instance, Kenmochi–Shirakawa studied in [41] the precise structure
of steady-state solution, and characterized in [42] the asymptotic stability of steady-
states, by means of an original concept named “local stability”. Furthermore, the line
of results [41,42] was enhanced by Shirakawa–Kimura [77], under the higher dimensional
setting of spatial domain.

In addition, Ohtsuka–Shirakawa–Yamazaki [66–68] considered the optimal control
problem of (1.5.12) with respect to the temperature control u in the case when g(w) = −w.

The system (P;f, h, `)0 was considered by Kenmochi–Shirakawa [43] and Shirakawa
[74, 76]. In particular, Kenmochi–Shirakawa [43] discussed the large-time behavior of so-
lutions to (P;0, 0, 0)0 on the basis of the previous work [41, 42] of stability analysis. In
addition, Shirakawa–Yamazaki [81] considered the optimal control problem and its opti-
mality condition for (P;f, h, `)0 with g(w) = cw3−w for some small constant c ≥ 0 via the
limiting observation of approximate problems : in such approximate problems, the singu-

lar diffusion term
(

wx

|wx|

)
x

and the constraint ∂I[−1,1](w) as in (1.5.12) were approximated

by (
wε

x√
|wε

x|2 + ε2
+ εwε

x

)
x

and Kε(wε), (1.5.18)

respectively, for given small parameter ε ∈ (0, 1]. Here, Kε is a nondecreasing function
on R defined by

Kε(r) := sign(r)

∫ |r|

0

min
{1

ε
,
[s− 1]+

ε2

}
ds for r ∈ R, (1.5.19)

where [ · ]+ denotes the positive part of a function and sign(·) is a signal function so that
sign(0) = 0.
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In this present paper, we consider a class of approximate functions for singular diffusion

term
(

wx

|wx|

)
x

in (P;f, h, `)0. Then we investigate the following approximate problems,

denoted by (P;f, h, `)ε, with small parameter ε ∈ (0, 1]:

Problem (P;f, h, `)ε.

[uε + wε]t − uεxx = a0f(t, x) (t, x) ∈ Q, (1.5.20)

wε
t − κ (aε(wε

x) + εwε
x)x +Kε(wε) + g(wε) = uε in Q, (1.5.21)

− uεx(t, 0) + n0(u
ε(t, 0) − b1) = a1h(t), t ∈ (0, T ), (1.5.22)

uεx(t, L) + n0(u
ε(t, L) − b2) = a2`(t), t ∈ (0, T ), (1.5.23)

wε
x(t, 0) = wε

x(t, L) = 0, t ∈ (0, T ), (1.5.24)

uε(0, x) = u0(x), wε(0, x) = w0(x), x ∈ (0, L), (1.5.25)

where aε is a given function on R with aε(r) → a0(r) := r
|r| in an appropriate sense as

ε→ 0. The typical example is aε(r) = r√
r2+ε2

(cf. (1.5.18)). Then, we clarify the class of

approximate functions aε so that (P;f, h, `)ε is the approximate problem for (P;f, h, `)0

as ε→ 0.
In addition, we consider a class of approximate optimal control problems, denoted by

(OP)ε, as follows:

Problem (OP)ε: Find a triplet of control functions [f ε
∗ , h

ε
∗, `

ε
∗] ∈ U , called optimal

control, such that
Jε(f ε

∗ , h
ε
∗, `

ε
∗) = inf

[f,h,ℓ]∈U
Jε(f, h, `).

Here, we set U := L2(0, T ;L2(0, L))×L2(0, T )×L2(0, T ) as a control space, and Jε(f, h, `)
is the cost functional defined by

Jε(f, h, `) :=
c0
2

∫ T

0

|(uε − ud)(t)|2L2(0,L) dt+
c1
2

∫ T

0

|(wε − wd)(t)|2L2(0,L) dt

+
m0

2

∫ T

0

a20|f(t)|2L2(0,L) dt+
m1

2

∫ T

0

a21|h(t)|2 dt+
m2

2

∫ T

0

a22|`(t)|2 dt,
(1.5.26)

where | · |L2(0,L) is a standard norm of L2(0, L), c0, c1, m0, m1, m2 are given nonnegative
constants, and ud, wd are the given desired target profiles in L2(0, T ;L2(0, L)). In addi-
tion, a couple of functions [uε, wε] is a unique solution to the initial-boundary value state
problem (P;f, h, `)ε with the control parameter [f, h, `] ∈ U .

Note that (OP)ε can be regarded as an optimal control problem in solid-liquid phase
transition phenomena. Indeed, if the constant a0 is equal to 0, then (OP)ε is a boundary
control problem. Similarly, if a1 = a2 = 0, then (OP)ε reduces to a distributed control
problem with the heat source as control. Note that b1 (resp. b2) denotes the outside
temperature at x = 0 (resp. x = L). There is a vast amount of literature on optimal
control of phase transitions problems. In particular, we refer to the contributions [1, 12,
21,33,64–69,71,81,82,84].

In addition, note that (OP)0 is an optimal control problem for our original phase-
filed system (P;f, h, `)0 with singularity. Therefore, in this present paper, we show the
relationship between (OP)ε and its limiting problem (OP)0 as ε → 0. Furthermore,
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by using necessary conditions for (OP)ε, we propose the numerical scheme to find the
stationary point of the cost functional Jε(·, ·, ·) to (OP)ε, and show the convergence of
our numerical algorithm. Moreover, we give some numerical experiments for (OP)ε under
the simple situations.

On this basis, the main focus of the results is summarized as follows:

• Solvability and continuous dependence the systems (P;f, h, `)ε.

• Solvability and ε-dependence of optimal control problems (OP)ε.

• Necessary optimality conditions in the cases of ε > 0, and limiting optimality con-
ditions as ε ↓ 0.

• Numerical scheme for (OP)ε with small parameter ε > 0, and numerical experi-
ments.

The results of this Chapter are based on the joint-work with Ken Shirakawa and
Noriaki Yamazaki [51].

In Chapter 5, we consider a class of optimal control problems governed by the following
state-systems, which are denoted by (S)ε, with ε ≥ 0:

(S)ε
∂tη − ∂2xη + g(η) + α′(η)

√
ε2 + |∂xθ|2 = Muu in Q := (0, T ) × Ω,

∂xη(t, x) = 0, (t, x) ∈ Σ := (0, T ) × Γ,

η(0, x) = η0(x), x ∈ Ω;

(1.5.27)


α0(t, x)∂tθ − ∂x

(
α(η)

∂xθ√
ε2 + |∂xθ|2

+ ν2∂xθ

)
= Mvv in Q,

θ(t, x) = 0, (t, x) ∈ Σ,

θ(0, x) = θ0(x), x ∈ Ω.

(1.5.28)

For each ε ≥ 0, we denote the optimal control problem by (OP)ε, and prescribe the
problem as follows:

(OP)ε Find a pair of functions [u∗, v∗] ∈ [L2(0, T ;L2(Ω))]2, called optimal control, which
minimizes a cost functional Jε = Jε(u, v), defined as:

Jε : [u, v] ∈ [L2(0, T ;L2(Ω))]2 7→ Jε(u, v)

:=
Mη

2

∫ T

0

|(η − ηad)(t)|2H dt+
Mθ

2

∫ T

0

|(θ − θad)(t)|2H dt (1.5.29)

+
Mu

2

∫ T

0

|u(t)|2H dt+
Mv

2

∫ T

0

|v(t)|2H dt ∈ [0,∞),

where [η, θ] ∈ [L2(0, T ;L2(Ω))]2 solves the state-system (S)ε.
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Here, (0, T ) is a time-interval with a positive constant T > 0, Ω := (0, 1) ⊂ R is a
one-dimensional spatial domain with a boundary Γ := {0, 1}. The order parameters,
η ∈ L2(0, T ;L2(Ω)) and θ ∈ L2(0, T ;L2(Ω)) indicate the orientation order and orientation
angle of the polycrystal body, respectively. Moreover, [η0, θ0] ∈ H1(Ω)×H1

0 (Ω) is an initial
pair, i.e. a pair of initial data of [η, θ]. The forcing pair [u, v] ∈ [L2(0, T ;L2(Ω))]2 denotes
the control variables that can control the profile of solution [η, θ] ∈ [L2(0, T ;L2(Ω))]2

to (S)ε. Additionally, 0 < α0 ∈ W 1,∞(Q) and 0 < α ∈ C2(R) are given functions to
reproduce the mobilities of grain boundary motions. Besides, we set α0 is independent
of the order parameter η in our study. Finally, g ∈ W 1,∞

loc (R) is a perturbation for the
orientation order η, and ν > 0 is a fixed constant to relax the diffusion of the orientation
angle θ.

In the state-system (S)ε, the PDE part of the first initial-boundary value problem
(1.5.27) is a type of Allen–Cahn equation, so that the forcing term u can be regarded
as a temperature control of the grain boundary formation. Also, the second problem
(1.5.28) is to reproduce crystalline micro-structure of polycrystal, and the case of ε =
0 is the closest to the original setting adopted by Kobayashi–Warren–Carter [46, 47].
Indeed, when ε = 0, the quasilinear diffusion as in (1.5.28) is described in a singular

form −∂x
(
α(η) ∂xθ

|∂xθ| + ν2∂xθ
)

, and it is known that this type of singularity is effective

to reproduce the facet, i.e. the locally uniform (constant) phase in each oriented grain
(cf. [6, 20, 28, 29, 34, 45–47, 57, 58, 68, 72, 75, 77]). Hence, the systems (S)ε, for positive ε,
can be said as regularized approximating systems, that are to approach to the physically
realistic situation, reproduced by the limiting system (S)0, as ε ↓ 0.

On the other hand, the pair of functions [ηad, θad] ∈ [L2(0, T ;L2(Ω))]2, in the optimal
control problem (OP)ε, is a given admissible target profile of [η, θ] ∈ [L2(0, T ;L2(Ω))]2.
Moreover, Mη ≥ 0, Mθ ≥ 0, Mu ≥ 0, and Mv ≥ 0 are fixed constants, that are to adjust
the meaning of optimality in the problem (OP)ε.

This chapter focuses on two issues:

] 1) key-properties of the state-systems (S)ε, for ε ≥ 0;

] 2) mathematical analysis of the optimal control problem (OP)ε, for ε ≥ 0.

With regard to the first issue ] 1), various singular systems, related to (S)ε, have been
studied by several authors, e.g. [35–37, 44, 58, 62, 72, 78–80, 87, 88]. In particular, the
mathematical theories developed in [35, Theorems 2.1 and 2.2] and [62, Main Theorems 1
and 2] are applicable for the well-posedness and ε-dependence of the system (S)ε. However,
since the previous works dealt with only homogeneous case, i.e., the case of [u, v] = [0, 0],
some extension of the existing theories is needed for the application to our optimal control
problem (OP)ε. Meanwhile, for issue ] 2), the important point will be how to compute
the Gâteaux differential of the cost Jε. This will be carried via a linearization of the
state-system (S)ε. When ε > 0, the problem (OP)ε admits sufficient regularity, and we
can address the issue ] 2) by using the standard linearization method. Although such
linearization method does not work for the problem (OP)0, i.e. the case of ε = 0, it is
possible to obtain some partial results by considering the limit as ε ↓ 0 for (OP)ε.

On this basis, the main focus of the results is summarized as follows:
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• Solvability and continuous dependence of state-systems.

• Solvability and ε-dependence of optimal control problems.

• Necessary optimality conditions in the cases of ε > 0, and limiting optimality con-
ditions as ε ↓ 0.

The results of this Chapter are based on the joint-work with Harbir Antil, Ken Shi-
rakawa, and Noriaki Yamazaki [7].

In Chapter 6, we consider a class of optimal control problems governed by the one-
dimensional K.W.C. models with dynamic boundary conditions, which are denoted by
(S)ε, with ε ≥ 0:

(S)ε

∂tη − ∂2xη + g(η) + α′(η)
√
ε2 + |∂xθ|2 = Lu in Q := (0, T ) × Ω, (1.5.30a)

∂tηΓ(t, `) + (−1)ℓ−1∂xη|Γ
(t, `) = LΓuΓ(t, `), (t, `) ∈ Σ := (0, T ) × Γ, (1.5.30b)

η|Γ
= ηΓ on Σ (1.5.30c)

η(0, x) = η0(x), x ∈ Ω, ηΓ(0, `) = ηΓ,0(`), ` ∈ Γ; (1.5.30d)
α0(t, x)∂tθ − ∂x

(
α(η)

∂xθ√
ε2 + |∂xθ|2

+ ν2∂xθ

)
= Mv in Q, (1.5.31a)

θ(t, `) = 0, (t, `) ∈ Σ, (1.5.31b)

θ(0, x) = θ0(x), x ∈ Ω. (1.5.31c)

For each ε ≥ 0, we denote the optimal control problem by (OP)ε, and prescribe the
problem as follows:

(OP)ε Find a triplet [u∗, v∗] = [u∗, u∗Γ, v
∗] ∈ (L2(0, T ;L2(Ω))×L2(0, T ;HΓ))×L2(0, T ;L2(Ω))

with u∗ = [u∗, u∗Γ], called optimal control, which minimizes a cost functional Jε, de-
fined as:

Jε : [u, v] = [u, uΓ, v] ∈ (L2(0, T ;L2(Ω)) × L2(0, T ;HΓ)) × L2(0, T ;L2(Ω))

7→ Jε(u, v) = Jε(u, uΓ, v)

:=
K

2

∫ T

0

|(η − ηad)(t)|2H dt+
KΓ

2

∫ T

0

|(ηΓ − ηΓ,ad)(t)|2HΓ
dt

+
Λ

2

∫ T

0

|(θ − θad)(t)|2H dt

+
L

2

∫ T

0

|u(t)|2H dt+
LΓ

2

∫ T

0

|uΓ(t)|2HΓ
dt

+
M

2

∫ T

0

|v(t)|2H dt ∈ [0,∞), (1.5.32)

where [η, θ] = [η, ηΓ, θ] ∈ (L2(0, T ;L2(Ω)) × L2(0, T ;HΓ)) × L2(0, T ;L2(Ω)) with
η = [η, ηΓ] is a solution to the system (S)ε.

18



Here, (0, T ) is a time-interval with a positive constant T > 0, Ω := (0, 1) ⊂ R is a one-
dimensional spatial domain, and let Γ := {0, 1} be the boundary of Ω. The components
η ∈ L2(0, T ;L2(Ω)) and θ ∈ L2(0, T ;L2(Ω)) are order parameters which indicate the
orientation order and orientation angle of a polycrystal body Ω, respectively. Also, the
component ηΓ ∈ L2(0, T ;HΓ), where

HΓ :=
{
w̃ w̃ : Γ −→ R

}
(∼ R2),

is an order parameter, which influences the dynamics of η, as an external factor exchanged
via the boundary Γ of polycrystal. [η0, ηΓ,0] ∈ L2(Ω) × HΓ and θ0 ∈ L2(Ω) are initial
data of η = [η, ηΓ] and θ, respectively, and for simplicity, these initial data are written
in a form of a initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] ∈ (L2(Ω) × HΓ) × L2(Ω) with the
initial pair η0 = [η0, ηΓ,0]. The forcing triplet [u, v] ∈ (L2(0, T ;L2(Ω)) × L2(0, T ;HΓ)) ×
L2(0, T ;L2(Ω)) with the forcing pair u = [u, uΓ], denotes the control variables that can
control the profile of solution [η, θ] ∈ (L2(0, T ;L2(Ω)) × L2(0, T ;HΓ)) × L2(0, T ;L2(Ω))
to (S)ε. 0 < α0 ∈ W 1,∞(Q) and 0 < α ∈ C2(R) are given functions to reproduce the
mobilities of grain boundary motions. Besides, “|Γ” denotes the trace on Γ for a Sobolev
function. In addition, we set α0 is independent of the order parameter η in our study.
Finally, g ∈ W 1,∞

loc (R) is a perturbation for the orientation order η, and ν > 0 is a fixed
constant to relax the diffusion of the orientation angle θ.

As a mathematical model of grain boundary motion, (S)ε can be said as a coupled sys-
tem of an Allen–Cahn type equation (1.5.30a) subject to the dynamic boundary condition
{(1.5.30b),(1.5.30c)}, and a quasilinear diffusion equation (1.5.31a) subject to the homoge-
neous Dirichlet boundary condition (1.5.31b). However, it should be noted that the PDE
(1.5.30b) can be regarded as a governing equation on Γ, and the initial-boundary value
problem (1.5.30) also forms a kind of transmission problem between the PDE (1.5.30a) in
Ω and the PDE (1.5.30b) on Γ, subject to the transmission condition (1.5.30c).

Since u = [u, uΓ] ∈ X is a forcing term of the Allen-Cahn type equation (1.5.30a), the
components u ∈ H and uΓ ∈ HΓ can be understood as the temperature controls on the
interior Ω and the boundary Γ of polycrystal, respectively. Meanwhile, the quasilinear
diffusion equation (1.5.31a) is to reproduce crystalline micro-structure of polycrystal, and
the case when ε = 0 is the closest to the original setting adopted by Kobayashi–Warren–
Carter [46,47]. Indeed, when ε = 0, the quasilinear diffusion as in (1.5.31) is described in

a singular form −∂x
(
α(η) ∂xθ

|∂xθ| + ν2∂xθ
)

, and it is known that this type of singularity is

effective to reproduce the facet, i.e. the locally uniform (constant) phase in each oriented
grain (cf. [6,20,28,29,34,45–47,57,58,68,72,75,77]). Hence, the systems (S)ε, for positive
ε, can be said as regularized approximating systems, that are to approach to the physically
realistic situation, reproduced by the limiting system (S)0, as ε ↓ 0.

Furthermore, in the optimal control problems (OP)ε for ε ≥ 0, the functions ηad ∈
L2(0, T ;L2(Ω)), ηΓ,ad ∈ L2(0, T ;HΓ), and θad ∈ L2(0, T ;L2(Ω)) are given admissible target
profile of the order parameters η, ηΓ, and θ, respectively, and the coefficients K ≥ 0,
KΓ ≥ 0, Λ ≥ 0, L ≥ 0, LΓ ≥ 0, and M ≥ 0 are fixed constants which are to adjust the
meaning of optimality in the problems (OP)ε.

This chapter focuses on two issues:
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] 1) key-properties of the state-systems (S)ε, for ε ≥ 0;

] 2) mathematical analysis of the optimal control problems (OP)ε, for ε ≥ 0.

With regard to the first issue ] 1), some kindred K.W.C. type systems have been studied
by several mathematicians, e.g. [35,61,62], and in particular, the analytic ideas, as in [62,
Main Theorems 1 and 2], would be effective for the well-posedness and ε-dependence
of the system (S)ε. However, the previous works [35, 61, 62] adopted the homogeneous
setting of forcing, and imposed different types of boundary conditions with this study.
In this light, we need to enhance the existing mathematical method before we deal with
the study of our optimal control problems (OP)ε. Meanwhile, for issue ] 2), there are
now a number of previous works [16, 23, 81, 82, 84], which dealt with optimal control
problems, governed by PDE systems kindred to (S)ε. Hence, by integrating the previous
works [16,23,35,61,62,81,82,84], we can expect to develop a certain mathematical control
theory that enables to handle dynamically transmitted situations, as in the dynamic
boundary condition of our state-system (S)ε.

On this basis, the main focus of the results is summarized as follows:

• Solvability and continuous dependence of state-systems.

• Solvability and ε-dependence of optimal control problems.

• Necessary optimality conditions in the cases of ε > 0, and limiting optimality con-
ditions as ε ↓ 0.

The results of this Chapter are based on the joint-work with Ryota Nakayashiki and
Ken Shirakawa [50].

In Chapter 7, let (0, T ) be a time-interval with a constant 0 < T < ∞, and let
N ∈ {2, 3, 4} denote the spatial dimension. Let Ω ⊂ RN be a bounded domain with a
Lipschitz boundary Γ := ∂Ω, and let nΓ be the unit outer normal on Γ. Besides, we
set Q := (0, T ) × Ω and Σ := (0, T ) × Γ, and we define H := L2(Ω) with norm | · |H ,
V := H1(Ω), V0 := H1

0 (Ω), and H := L2(0, T ;L2(Ω)), as the base spaces for this Chapter.
Moreover, we set:

[[κ0, κ1]] :=
{
ũ ∈ H κ0 ≤ ũ ≤ κ1 a.e. in Q

}
,

for arbitrary measurable obstacles κℓ : Q −→ [−∞,∞], ` = 0, 1,

and define a family of functional classes K ⊂ 2H , as follows:

K :=

 K ⊂ H
K = [[κ0, κ1]] for some measurable obstacles
κℓ : Q −→ [−∞,∞], ` = 0, 1, such that
κ0 ≤ κ1 a.e. in Q (i.e. K 6= ∅)

 . (1.5.33)

In this thesis, we consider a class of optimal control problems, denoted by (OP)Kε ,
which are labeled by constants ε ≥ 0 and functional classes K = [[κ0, κ1]] ∈ K, with the
obstacles κℓ : Q −→ [−∞,∞], ` = 0, 1. For every ε ≥ 0 and K = [[κ0, κ1]] ∈ K, the
optimal control problem (OP)Kε is prescribed as follows:
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(OP)Kε Find a pair of functions [u∗, v∗] ∈ [H ]2, called the optimal control, such that

[u∗, v∗] ∈ U K
ad :=

{
[ũ, ṽ] ∈ [H ]2 ũ ∈ K

}
,

and Jε(u
∗, v∗) = min

{
Jε(u, v) [u, v] ∈ U K

ad

}
,

where Jε = Jε(u, v) is a cost functional on [H ]2, defined as follows:

Jε : [u, v] ∈ [H ]2 7→ Jε(u, v)

:=
Mη

2

∫ T

0

|(η − ηad)(t)|2H dt+
Mθ

2

∫ T

0

|(θ − θad)(t)|2H dt (1.5.34)

+
Mu

2

∫ T

0

|u(t)|2H dt+
Mv

2

∫ T

0

|v(t)|2H dt ∈ [0,∞),

with [η, θ] ∈ [H ]2 solving the state-system, denoted by (S)ε:

(S)ε 
∂tη − ∆η + g(η) + α′(η)

√
ε2 + |∇θ|2 = Muu in Q,

∇η(t, x) · nΓ = 0, (t, x) ∈ Σ,

η(0, x) = η0(x), x ∈ Ω;

(1.5.35)


α0(t, x)∂tθ−div

(
α(η)

∇θ√
ε2 + |∇θ|2

+ ν2∇θ

)
= Mvv in Q,

θ(t, x) = 0, (t, x) ∈ Σ,

θ(0, x) = θ0(x), x ∈ Ω.

(1.5.36)

The state-system (S)ε is based on a phase field model of grain boundary motion, known
as Kobayashi–Warren–Carter system (cf. [46,47]). In this context, the unknowns η ∈ H
and θ ∈ H are order parameters that indicate the orientation order and orientation angle
of the polycrystal body, respectively. Besides, [η0, θ0] ∈ V ×V0 is an initial pair, i.e. a pair
of initial data of [η, θ]. The forcing pair [u, v] ∈ [H ]2 denotes the control variables that
can control the profile of solution [η, θ] ∈ [H ]2 to (S)ε. Additionally, 0 < α0 ∈ W 1,∞(Q)
and 0 < α ∈ C2(R) are given functions to reproduce the mobilities of grain boundary
motions. Finally, g ∈ W 1,∞

loc (R) is a perturbation for the orientation order η, and ν > 0 is
a fixed constant to relax the diffusion of the orientation angle θ.

The first part (1.5.35) of the state-system (S)ε is the initial-boundary value problem of
an Allen–Cahn type equation, so that the forcing term u can be regarded as a temperature
control of the grain boundary formation. Also, the second problem (1.5.36) is the initial-
boundary value problem to reproduce crystalline micro-structure of polycrystal, and the
case of ε = 0 is the closest to the original setting adopted by Kobayashi–Warren–Carter
[46, 47]. Indeed, when ε = 0, the quasi-linear diffusion as in (1.5.36) is described in a
singular form −div

(
α(η) ∇θ

|∇θ| + ν2∇θ
)
, and it is known that this type of singularity is

effective to reproduce the facet, i.e. the locally uniform (constant) phase in each oriented
grain (cf. [6,20,28,29,34,45–47,57,58,68,72,75,77]). Hence, the systems (S)ε, for positive
ε, can be regarded as regularized approximating systems, that are to approach to the
physically realistic situation (S)0, in the limit ε ↓ 0.
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Meanwhile, in the optimal control problem (OP)Kε , the class K = [[κ0, κ1]] ∈ K is to
constrain the range of temperature control u, and the obstacles κℓ : Q −→ [−∞,∞],
` = 0, 1, indicate the control bounds of the temperature. The pair of functions [ηad, θad] ∈
[H ]2 is a given admissible target profile of [η, θ] ∈ [H ]2. Moreover, Mη ≥ 0, Mθ ≥ 0,
Mu ≥ 0, and Mv ≥ 0 are fixed constants.

The objective of this Chapter is to significantly extend the results of our previous
work [7], which dealt with:

] 1) key-properties of the state-systems (S)ε with 1-dimensional domain Ω = (0, 1);

] 2) mathematical analysis of the optimal control problem (OP)Kε , for ε ≥ 0, but with 1-
dimensional domain Ω ⊂ (0, 1) without any control constraints, i.e., K = [[κ0, κ1]] ∈
K (= H );

In light of this, the novelty of this Chapter is in:

] 3) the development of a mathematical analysis to obtain optimal controls of grain
boundaries under the higher dimensional setting N ∈ {2, 3, 4} of the spatial domain,
and the temperature constraint K = [[κ0, κ1]] ∈ K.

In addition, the presence of constraints K = [[κ0, κ1]] ∈ K makes the mathematical analysis
further challenging. Notice that such constraints are meaningful from a practical point of
view. We further emphasize that in the main part of this Chapter, the L∞-boundedness
of η will be essential, and the main results will be valid under the following assumption
on the data:

(r.s.0) ε > 0, [η0, θ0] ∈ D0 :=
(
V ∩ L∞(Ω)

)
× V0, and K ∈ K0, where

K0 := K ∩ 2L∞(Q) =

{
K

K = [[κ0, κ1]] ∈ K such that
κℓ ∈ L∞(Q), ` = 0, 1

}
. (1.5.37)

Hence, in general cases of constraints K ∈ K (including no constraint case), we will be
forced to adopt some limiting (approximating) approach on the basis of the results under
the restricted situation (r.s.0).

On this basis, the main focus of the results is summarized as follows:

• Solvability and continuous dependence of state-systems.

• Solvability and parameter-dependence of optimal control problems.

• Necessary optimality conditions for control constraints and ε > 0, and specific
parameter dependence of necessary optimality conditions.

• Limiting optimality conditions.

The results of this Chapter are based on the joint-work with Harbir Antil, Ken Shi-
rakawa, and Noriaki Yamazaki [8].

22



Chapter 2

Subdifferential decomposition of
1D-regularized total variation with
nonhomogeneous coefficients

Throughout this Chapter, we consider a convex function defined as a 1D-regularized
total variation with nonhomogeneous coefficients, and prove the Main Theorem concerned
with the decomposition of the subdifferential of this convex function to a weighted singular
diffusion and a linear regular diffusion. The Main Theorem will be to enhance the previous
regularity result for quasilinear equation with singularity, and moreover, it will be to
provide some useful information in the advanced mathematical studies of grain boundary
motion, based on K.W.C. type energy.

2.1 Preliminaries

We begin by prescribing the assumptions and notations used throughout this Chapter.

Assumptions. Throughout this paper, let Ω := (−L,L) ⊂ R be a fixed spatial bounded
domain with a constant 0 < L < ∞, and let Γ := ∂Ω = {−L,L} be the boundary of Ω.
Also, let ∂x be the distributional spatial differential. On this basis, we define

H := L2(Ω), HΓ :=
{
z̃ z̃ : Γ −→ R

}
(∼ R2), and V := H1(Ω) (⊂ C(Ω)).

Let α ∈ V and β ∈ V be fixed functions, such that:

minα(Ω) ≥ 0, and min β(Ω) > 0. (2.1.1)

Abstract notations. For an abstract Banach space X, we denote by | · |X the norm of
X. Let IX : X −→ X be the identity map from X onto X. In particular, when X is a
Hilbert space, we denote by (·, ·)X the inner product of X.

For any subset A of a Banach space X, let χA : X −→ {0, 1} be the characteristic
function of A, i.e.:

χA : w ∈ X 7→ χA(w) :=

{
1, if w ∈ A,

0, otherwise.
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Notations in convex analysis. (cf. [18, Chapter II]) LetX be an abstract Hilbert
space X. For a proper, lower semi-continuous (l.s.c.), and convex function Ψ : X −→
(−∞,∞] on a Hilbert space X, we denote by D(Ψ) the effective domain of Ψ. Also,
we denote by ∂Ψ the subdifferential of Ψ. The subdifferential ∂Ψ corresponds to a weak
differential of convex function Ψ, and it is known as a maximal monotone graph in the
product space X ×X. The set D(∂Ψ) :=

{
z ∈ X | ∂Ψ(z) 6= ∅

}
is called the domain of

∂Ψ. We often use the notation “[z0, z
∗
0 ] ∈ ∂Ψ in X ×X ”, to mean that “z∗0 ∈ ∂Ψ(z0) in

X for z0 ∈ D(∂Ψ)”, by identifying the operator ∂Ψ with its graph in X ×X.

Example 2.1 (Examples of the subdifferential). For any ε ≥ 0, let f ε : R −→ [0,∞) be
a continuous and convex function, defined as follows:

f ε : y ∈ R 7→ f ε(y) :=
√
ε2 + |y|2 ∈ [0,∞). (2.1.2)

When ε > 0, f ε ∈ C∞(R), and hence the subdifferential ∂f ε ⊂ R × R coincides with
the single-valued function of the standard differential (f ε)′ ∈ L∞(R), i.e.:

D(∂f ε) = R, and ∂f ε(y) = (f ε)′(y) =
y√

ε2 + |y|2
, for any y ∈ R.

Meanwhile, when ε = 0, the corresponding function f 0 coincides with the function of
absolute value | · | : R −→ [0,∞). Hence, the subdifferential ∂f 0 of this case coincides
with the set-valued signal function Sgn : R −→ 2R, which is defined as follows:

ξ ∈ R 7→ Sgn(ξ) :=


ξ

|ξ|
, if ξ 6= 0,

[−1, 1], otherwise,

(2.1.3)

i.e.:
D(∂f 0) = D(∂| · |) = R, and ∂f 0(y) = ∂| · |(y) = Sgn(y), for any y ∈ R.

Next, we mention about a notion of functional convergence, known as “Mosco-convergence”.

Definition 2.1 (Mosco-convergence: cf. [59]). Let X be an abstract Hilbert space. Let
Ψ : X −→ (−∞,∞] be a proper, l.s.c., and convex function, and let {Ψn}∞n=1 be a
sequence of proper, l.s.c., and convex functions Ψn : X −→ (−∞,∞], n = 1, 2, 3, . . . .
Then, it is said that Ψn → Ψ on X, in the sense of Mosco, as n → ∞, iff. the following
two conditions are fulfilled.

(M1) The condition of lower-bound: lim
n→∞

Ψn(w̌n) ≥ Ψ(w̌), if w̌ ∈ X, {w̌n}∞n=1 ⊂ X,

and w̌n → w̌ weakly in X, as n→ ∞.

(M2) The condition of optimality: for any ŵ ∈ D(Ψ), there exists a sequence {ŵn}∞n=1 ⊂
X such that ŵn → ŵ in X and Ψn(ŵn) → Ψ(ŵ), as n→ ∞.

Remark 2.1. Let X, Ψ, and {Ψn}∞n=1 be as in Definition 2.1. Then, the following facts
hold.
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(Fact 1) (cf. [10, Theorem 3.66]) Let us assume that

Ψn → Ψ on X, in the sense of Mosco, as n→ ∞,

and {
[w,w∗] ∈ X ×X, [wn, w

∗
n] ∈ ∂Ψn in X ×X, n ∈ N,

wn → w in X, and w∗
n → w∗ weakly in X, as n→ ∞.

Then, it holds that:

[w,w∗] ∈ ∂Ψ in X ×X, and Ψn(wn) → Ψ(w), as n→ ∞.

(Fact 2) (cf. [22, Lemma 4.1] and [30, Appendix]) Let N ∈ N denote a constant of di-
mension, and let S ⊂ RN be a bounded open set. Then, under the assumptions and
notations as in (Fact 1), a sequence {Ψ̂S

n}∞n=1 of proper, l.s.c., and convex functions
on L2(S;X), defined as:

z ∈ L2(S;X) 7→ Ψ̂S
n(z) :=


∫
S

Ψn(z(y)) dt,

if Ψn(z) ∈ L1(S),

∞, otherwise,

for n = 1, 2, 3, . . . ;

converges to a proper, l.s.c., and convex function Ψ̂S on L2(S;X), defined as:

z ∈ L2(S;X) 7→ Ψ̂S(z) :=


∫
S

Ψ(z(y)) dt, if Ψ(z) ∈ L1(S),

∞, otherwise;

on L2(S;X), in the sense of Mosco, as n→ ∞.

Example 2.2 (Example of Mosco-convergence). Let {f ε}ε≥0 ⊂ C(R) be the sequence of
nonexpansive convex functions, as in (2.1.2). Then, for any ε0 ≥ 0, f ε → f ε0 , uniformly on R, as ε→
ε0, so that:

f ε → f ε0 on R, in the sense of Mosco, as ε→ ε0.

Basic and specific notations. For arbitrary r0, s0 ∈ [−∞,∞], we define:

r0 ∨ s0 := max{r0, s0} and r0 ∧ s0 := min{r0, s0},

and in particular, we set:

[r]+ := r ∨ 0 and [r]− := −(r ∧ 0), for any r ∈ R.

Finally, we remark on the specific functionals Vα : H −→ [0,∞], Wβ : H −→ [0,∞],
and Φα,β : H −→ [0,∞], that are defined in (1.5.2), (1.5.3), and (1.5.1), respectively.

Remark 2.2. (cf. [3, 15]) The functional Vα coincides with the so-called lower semi-
continuous envelope of the following convex function:

θ ∈ W 1,1(Ω) 7→ Ṽα(θ) :=

∫
Ω

α|∂xθ| dx ∈ [0,∞),
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more precisely,

Vα(θ) = inf

 lim
i→∞

Ṽα(ϑ̃i)
{ϑ̃i}∞i=1 ⊂ W 1,1(Ω),
and ϑ̃i → θ in H, as
i→ ∞

 , (2.1.4)

for any θ ∈ H.

In the light of (1.5.2) and (2.1.4), we can verify the following facts.

(Fact 3) Vα is a proper, l.s.c., and convex function on H, such that:

• the restriction Vα|W 1,1(Ω) coincides with Ṽα;

• D(Vα) ⊃ BV (Ω), and D(Vα) = BV (Ω) if minα(Ω) > 0.

(Fact 4) For any θ ∈ D(Vα), there exists {ϑi}∞i=1 ⊂ W 1,1(Ω) such that ϑi → θ in H, and

Ṽα(ϑi) → Vα(θ), as i→ ∞.

Remark 2.3. The functional Wβ is a proper, l.s.c., and convex function on H, such that
D(Wβ) = V . Moreover, the subdifferential ∂Wβ ⊂ H × H is a single valued operator,
such that

[θ, θ∗] ∈ ∂Wβ in H ×H, iff. β∂xθ ∈ H1
0 (Ω), and θ∗ = −∂x(β∂xθ) in H.

Remark 2.4. Let us fix ε ≥ 0 and let Φε
α,β be a function on H, defined as follows:

Φε
α,β(θ) :=


∫
Ω

α
√
ε2 + |∂xθ|2 dx+

1

2

∫
Ω

β|∂xθ|2dx, if θ ∈ V,

∞, otherwise.

(2.1.5)

Under the assumption (2.1.1), the functions Φε
α,β, for ε ≥ 0, are proper, l.s.c., and convex

on H. Especially, when ε = 0, the corresponding functional Φ0
α,β coincides with the convex

function Φα,β, defined in (1.5.1).

Remark 2.5. Let us fix any ε > 0, and let us define a map Aε : D(Aε) ⊂ H −→ H, by
putting:

D(Aε) :=
{
θ ∈ V

∣∣∣ α(f ε)′(∂xθ) + β∂xθ ∈ H1
0 (Ω)

}
,

and
θ ∈ D(Aε) ⊂ H 7→ Aεθ := −∂x

(
α(f ε)′(∂xθ) + β∂xθ

)
.

Then, by applying the standard variational technique, we can observe that:

Aε = ∂Φε
α,β in H ×H.

2.2 Auxiliary lemma

In this Section, we prove an auxiliary lemma which is associated with the approximating
approach to the Main Theorem.
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Lemma 2.1. Let {εm}∞m=1 ⊂ (0,∞) be arbitrary sequence such that εm → 0 as m→ ∞.
Then, for the sequence {Φεm

α,β}∞m=1, it holds that:

Φεm
α,β → Φα,β on H, in the sense of Mosco, as m→ ∞.

Proof. First, we show the lower-bound condition (M1) in Definition 2.1. Let θ ∈ H and
{θm}∞m=1 ⊂ H be such that:

θm → θ weakly in H, as m→ ∞. (2.2.1)

Then, it is sufficient to consider only the case when limm→∞ Φεm
α,β(θm) < ∞, since the

other case is trivial. So, by taking a subsequence {mk}∞k=1 ⊂ {m}, one can say that:

lim
m→∞

Φεm
α,β(θm) = lim

k→∞
Φ

εmk
α,β (θmk) <∞. (2.2.2)

With (2.1.5), (2.2.1), and (2.2.2) in mind, we further see that:

∂xθ
mk → ∂xθ weakly in H,

and
√
β∂xθ

mk →
√
β∂xθ weakly in H, as k → ∞, (2.2.3)

by taking more one subsequence if necessary. In the light of (2.1.2), (2.2.1)–(2.2.3),
Remark 2.3, weakly lower semi-continuity of Φα,β, the lower-bound condition can be
verified (M1), as follows:

lim
k→∞

Φ
εmk
α,β (θmk) ≥ lim

k→∞
Φα,β(θmk) ≥ Φα,β(θ).

Next, we show the optimality condition (M2) in Definition2.1. Let us fix any θ ∈
D(Φα,β)(= V ), and let us take a sequence {ϕk}∞k=1 ⊂ C∞(Ω) such that:

ϕk → θ in V, and in the pointwise sense, a.e. in Ω, as k → ∞. (2.2.4)

By (2.2.4) and Lebesgue’s dominated convergence theorem, we can configure a sequence
{mk}∞k=0 ⊂ N such that 1 =: m0 < m1 < m2 < · · · < mk ↑ ∞, as k → ∞, and for any
k ∈ N ∪ {0},

sup
m≥mk

∣∣f εm(∂xϕ
k) − |∂xϕk|

∣∣
L1(Ω)

<
1

2k(|α|L∞(Ω) + 1)
. (2.2.5)

Based on these, let us define:

θm :=

{
ϕk if mk ≤ m < mk+1, for k ∈ N,
ϕ1 if 1 ≤ m < m1,

for any m ∈ N. (2.2.6)

Taking into account (2.2.4)–(2.2.6) and Hölder’s inequality, we obtain that:∣∣Φεm
α,β(θm) − Φα,β(θ)

∣∣
≤
∣∣∣∣∫

Ω

(
αf εm(∂xθ

m) − α|∂xθ|
)
dx

∣∣∣∣+
1

2

∫
Ω

β
∣∣|∂xθm|2 − |∂xθ|2

∣∣ dx
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≤ |α|L∞(Ω)

(∫
Ω

sup
m≥mk

∣∣f εm(∂xϕ
k) − |∂xϕk|

∣∣dx+

∫
Ω

∣∣|∂xϕk| − |∂xθ|
∣∣ dx)

+
|β|L∞(Ω)

2
|ϕk − θ|V

(∫
Ω

2(|∂xϕk|2 + |∂xθ|2) dx
) 1

2

≤ 1

2k
+ |ϕk − θ|V ·

·

(
√

2L|α|L∞(Ω) +
|β|L∞(Ω)

2

(∫
Ω

2(|∂xϕk|2 + |∂xθ|2) dx
) 1

2

)
,

for any k ∈ N ∪ {0} and any m ≥ mk,

and therefore,

Φεm
α,β(θm) → Φα,β(θ), as m→ ∞.

Thus, we conclude this lemma.

2.3 Proof of Main Theorem

In this Section, we give the proof of Main Theorem. Let us define a set-valued map
A0 : D(A0) ⊂ H −→ 2H , by putting:

D(A0) :=

 θ ∈ V

there exists $∗ ∈ L∞(Ω) such that

• $∗ ∈ Sgn(∂xθ) a.e. in Ω

• α$∗ + β∂xθ ∈ H1
0 (Ω)

 , (2.3.1)

and

θ ∈ D(A0) ⊂ H

7→ A0θ :=

 θ∗ ∈ H

θ∗ = −∂x
(
α$∗ + β∂xθ

)
in H,

for some $∗ ∈ L∞(Ω), satisfying

$∗ ∈ Sgn(∂xθ) a.e. in Ω

 . (2.3.2)

We prove Main Theorem in accordance with the following two Steps.

Step 1: A0 = ∂Φα,β in H ×H.

Step 2: ∂Φα,β = ∂Vα + ∂Wβ in H ×H.

Verification of Step 1.
First, we show A0 ⊂ Φα,β in H ×H. Let us assume θ ∈ D(A0) and θ∗ ∈ A0θ. Then,

by (2.3.2), there exists $∗ ∈ L∞(Ω) such that:

$∗ ∈ Sgn(∂xθ) a.e. in Ω and θ∗ = −∂x(α$∗ + β∂xθ) in H. (2.3.3)

From Remark 2.2, (2.1.3), (2.3.3), and Young’s inequality, we can compute that:

(θ∗, ϕ− θ)H =
(
−∂x

(
α$∗ + β∂xθ

)
, ϕ− θ

)
H
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=

∫
Ω

α$∗∂x(ϕ− θ) dx+

∫
Ω

β ∂xθ ∂x(ϕ− θ) dx

≤
∫
Ω

α
(
|∂xϕ| − |∂xθ|

)
dx+

1

2

∫
Ω

β(|∂xϕ|2 − |∂xθ|2) dx

= Φα,β(ϕ) − Φα,β(θ), for any ϕ ∈ V.

This implies that:

θ ∈ D(∂Φα,β) and θ∗ ∈ ∂Φα,β(θ) in H.

Thus, the inclusion A0 ⊂ ∂Φα,β in H ×H is verified.

Next, we prove the equality (A0 + IH)H = H. Since, the inclusion (A0 + IH)H ⊂ H
is trivial, it is sufficient to prove the converse inclusion.

Let us take any h ∈ H. Then, by Remark 2.5 and Minty’s theorem (cf. [14, The-
orem 2.2]), we can configure a class of function {θε}ε>0 ⊂ V , by setting {θε := (Aε +
IH)−1h}ε>0 in H, i.e.

h− θε = Aεθε = ∂Φε
α,β(θε) in H, for any ε > 0, (2.3.4)

so that: ∫
Ω

(
α(f ε)′(∂xθ

ε) + β∂xθ
ε
)
∂xϕdx+

∫
Ω

θεϕdx

=

∫
Ω

hϕdx, for any ϕ ∈ V, and any ε > 0. (2.3.5)

In the variational form (2.3.5), let us put ϕ = θε. Then, with (2.1.2) and Young’s
inequality in mind, we deduce that:

1

2
|θε|2H + |

√
β∂xθ

ε|2H ≤ 1

2
|h|2H , for any ε > 0. (2.3.6)

The above (2.3.6) enable us to take a function θ ∈ V and a sequence ε1 > ε2 > ε3 > · · · >
εm ↓ 0, as m→ ∞, such that:

θεm → θ in H, weakly in V,

and
√
β∂xθ

εm →
√
β∂xθ weakly in H, as m→ ∞. (2.3.7)

In the light of Lemma 2.1, (2.3.4), (2.3.7), and (Fact 1), it follows that:

h− θ ∈ ∂Φα,β(θ) in H, and Φεm
α,β(θεm) → Φα,β(θ), as m→ ∞. (2.3.8)

Also, by Remark 2.2, (2.1.2), (2.3.7), (2.3.8), and weakly lower semi-continuity of the
norm | · |H , we can compute that:

1

2

∫
Ω

β|∂xθ|2 dx ≤ 1

2
lim

m→∞

∫
Ω

β|∂xθεm|2 dx ≤ 1

2
lim

m→∞

∫
Ω

β|∂xθεm|2 dx

≤ lim
m→∞

Φεm
α,β(θεm) − lim

m→∞

∫
Ω

αf εm(∂xθ
εm) dx
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≤ Φα,β(θ) −
∫
Ω

α|∂xθ| dx =
1

2

∫
Ω

β|∂xθ|2 dx. (2.3.9)

Having in mind (2.3.7), (2.3.9), and the uniform convexity of L2-based topologies, it is
deduce that: √

β∂xθ
εm →

√
β∂xθ in H, as m→ ∞. (2.3.10)

Furthermore, by (2.1.1), (2.3.7), and (2.3.10), we obtain that:

θεm → θ in V, and ∂xθ
εm → ∂xθ in H, as m→ ∞. (2.3.11)

In the meantime, by Example 2.1, |(f εm)′(∂xθ
εm)| ≤ 1 a.e. in Ω, for any m ∈ N, and

one can say

(f εm)′(∂xθ
εm) → $∗ weakly-∗ in L∞(Ω), as m→ ∞,

for some $∗ ∈ L∞(Ω), (2.3.12)

by taking a subsequence if necessary.
From (2.1.3), (2.3.11), (2.3.12), Example 2.2, (Fact 1), and [18, Proposition 2.16], it is

inferred that:

$∗ ∈ Sgn(∂xθ) a.e. in Ω. (2.3.13)

On account of (2.3.10)–(2.3.12), letting m→ ∞ in (2.3.5) yields that:∫
Ω

(
α$∗ + β∂xθ

)
∂xϕdx+

∫
Ω

θϕ dx =

∫
Ω

hϕdx, for any ϕ ∈ V. (2.3.14)

In particular, putting ϕ = ϕ0 ∈ H1
0 (Ω) in (2.3.14), we have:

(h− θ, ϕ0)H =

∫
Ω

(
α$∗ + β∂xθ, ∂xϕ0

)
dx, for any ϕ0 ∈ H1

0 (Ω),

which implies:

−∂x
(
α$∗ + β∂xθ

)
= h− θ ∈ H, in D ′(Ω). (2.3.15)

In addition, we observe that:(
α$∗ + β∂xθ, ψ

)
HΓ

=
[(
α(x)$∗(x) + β(x)∂xθ(x)

)
ψ(x)

]L
−L

=

∫
Ω

∂x
((
α$∗ + β∂xθ

)
[ψ]ex

)
dx

= −
∫
Ω

(h− θ)[ψ]ex dx+

∫
Ω

(
α$∗ + β∂xθ

)
∂x[ψ]ex dx

= 0, for any ψ ∈ HΓ with any extension [ψ]ex ∈ V. (2.3.16)

(2.3.15) and (2.3.16) lead to:

α$∗ + β∂xθ ∈ H1
0 (Ω). (2.3.17)

As a consequence of (2.3.1), (2.3.2), (2.3.13), and (2.3.17), we obtain that:
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(A0 + IH)θ = h in H, i.e. h ∈ (A0 + IH)H,

and we verify H ⊂ (A0 + IH)H.
Finally, the inclusion A0 ⊂ ∂Φα,β in H ×H, and the equality (A0 + IH)H = H enable

us to apply Minty’s theorem (cf. [14, Theorem 2.2]), and to verify that A0 is a maximal
monotone. Moreover, the inclusion A0 ⊂ ∂Φα,β and the maximality of A0 will lead to the
coincidence A0 = ∂Φα,β in H ×H.

Thus we finish the proof of Step 1.

Verification of Step 2.
By the general theory of the convex analysis [24, Chapter 1], we immediately have

∂Φα,β ⊃ ∂Vα + ∂Wβ in H ×H. So, we prove the converse inclusion:

∂Φα,β ⊂ ∂Vα + ∂Wβ in H ×H. (2.3.18)

Let us take any [θ, θ∗] ∈ ∂Φα,β in H ×H, and apply the result of previous Step 1, to
have a function $∗ ∈ L∞(Ω) as in (2.3.3). On this basis, we verify this Step 2, via the
verifications of four Claims.

Claim ♯1). θ ∈ H2(Ω) and ∂xθ ∈ H1
0 (Ω).

For every a ≥ 0 and b > 0, let ρ(a,b) : R −→ 2R be a set-valued function, defined as:

ρ(a,b)(r) := a Sgn(r) + br ⊂ R, for any r ∈ R, (2.3.19)

and let ρ∗(a,b) be the inverse of ρ(a,b). Then, as is easily checked from (2.1.3) and (2.3.19),

ρ∗(a,b) : r ∈ R 7→ [r − a]+ − [r + a]−

b
∈ R, (2.3.20)

i.e. (ρ(a,b))
∗ is a single-valued Lipschitz function, such that

0 ≤ (ρ∗(a,b))
′ ≤ 1

b
on R, for every a ≥ 0 and b > 0.

Here, from (2.3.19), (2.3.20), and Step 1, we immediately see that:

θ̃ := ρ(α(·),β(·))(∂xθ) = α$∗ + β∂xθ ∈ H1
0 (Ω), and θ∗ = −∂xθ̃ in H. (2.3.21)

Therefore, having in mind (2.3.20) and (2.3.21), and applying the generalized chain rule
in BV-theory [3, Theorem 3.99], it is inferred that:

∂xθ = (ρ∗(α(·),β(·)))(θ̃) =
[θ̃ − α]+ − [θ̃ + α]−

β
∈ H1

0 (Ω),

∂2xθ = ∂x

[
[θ̃ − α]+ − [θ̃ + α]−

β

]
=

1

β

[
∂x(θ̃ − α)χ(α(·),∞)(θ̃) + ∂x(θ̃ + α)χ(−∞,−α(·))(θ̃)

]
− ∂xβ

β2

(
[θ̃ − α]+ − [θ̃ + α]−

)
∈ H.

Thus, Claim ]1) is verified.
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Claim ♯2). β∂xθ ∈ H1
0 (Ω) and [θ,−∂x(β∂xθ)] ∈ ∂Wβ in H ×H.

This Claim ]2) is immediately observed from Claim]1) and Remark 2.3.

Claim ♯3). α$∗ ∈ H1
0 (Ω) and [θ,−∂x(α$∗)] ∈ ∂Vα in H ×H.

By using (2.3.21), Claim]2), and the integration by part, we can observe that:

α$∗ = θ̃ − β∂xθ ∈ H1
0 (Ω), (2.3.22)

and ∫
Ω

− ∂x(α$∗)(ϕ− θ) dx =

∫
Ω

α$∗∂x(ϕ− θ) dx

≤
∫
Ω

α|∂xϕ| dx−
∫
Ω

α|∂xθ| dx, for any ϕ ∈ W 1,1(Ω). (2.3.23)

Next, let us take any z ∈ D(Vα), and invoke (Fact 4) to take a sequence {ϕi}∞i=1 ⊂
W 1,1(Ω) such that:

ϕi → z in H, and Ṽα(ϕi)

(
=

∫
Ω

α|∂xϕi| dx
)

→ Vα(z), as i→ ∞. (2.3.24)

Besides, putting ϕ = ϕi in (2.3.23), with i ∈ N, and using (2.3.24), we deduce that

(−∂x(α$∗), z − θ)H + Vα(θ)

= lim
i→∞

∫
Ω

−∂x(α$∗)(ϕi − θ) dx+ Vα(θ)

≤ lim
i→∞

Ṽα(ϕi) = Vα(z), for any z ∈ D(Vα). (2.3.25)

(2.3.22) and (2.3.25) finish the verification of Claim ]3).

Claim ♯4). θ∗ ∈ ∂Vα(θ) + ∂Wβ(θ) in H.
This Claim ]4) will be a straight forward consequence of (2.3.2), Step 1, Claim ]1)–

Claim ]3), and the linearity of distributional differential:

θ∗ = −∂x(α$∗ + β∂xθ) = −∂x(α$∗) − ∂x(β∂xθ) in D ′(Ω).

Claim ]1)–Claim ]4) enable us to verify the inclusion (2.3.18), and to complete the
proof of Main Theorem.
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Chapter 3

One-dimensional optimal control
problems for time-discrete
constrained quasilinear diffusion
equations of Allen–Cahn types

In this Chapter, we recall the class of optimal control problems for a one-dimensional
time-discrete constrained quasilinear diffusion state-systems of singular Allen–Cahn types
and its regularized approximating problems. We note that the control parameter for each
system is given by physical temperature. The principal part of this paper is started
with the verification of a Key-Theorem dealing with the decompositions of the subdif-
ferentials of the governing convex energies of the state-systems. On this basis, we will
prove five Main Theorems, concerned with: the solvability and precise regularity results of
state-systems; the continuous-dependence of the solutions to state-systems including con-
vergences in spatially C1-topologies; the existence and parameter-dependence of optimal
controls; the necessary optimality conditions for approximate optimal controls; precise
characterizations of the approximating limit of the optimality conditions.

3.1 Preliminaries

We begin by prescribing the notations used throughout this Chapter.

Basis notations. For arbitrary r0, s0 ∈ [−∞,∞], we define:

r0 ∨ s0 := max{r0, s0} and r0 ∧ s0 := min{r0, s0},

and in particular, we set:

[r]+ := r ∨ 0 and [r]− := −(r ∧ 0), for any r ∈ R.

Abstract notations. For an abstract Banach space E, we denote by | · |E the norm of
E, and denote by 〈·, ·〉E the duality pairing between E and its dual E∗. Let Id : E −→ E
be the identity map from E onto E. In particular, when H is a Hilbert space, we denote
by (·, ·)H the inner product of H.
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For any subset A of a Banach space E, let χA : E −→ {0, 1} be the characteristic
function of A, i.e.:

χA : w ∈ E 7→ χA(w) :=

{
1, if w ∈ A,

0, otherwise.

For two Banach spaces E and Ξ, we denote by L (E; Ξ) the Banach space of bounded
linear operators from E into Ξ, and in particular, we let L (E) := L (E;E).

For Banach spaces E1, . . . , EN , with 1 < N ∈ N, let E1 × · · · × EN be the product
Banach space endowed with the norm | · |E1×···×EN

:= | · |E1 + · · · + | · |EN
. However,

when all H1, . . . , HN are Hilbert spaces, H1×· · ·×HN denotes the product Hilbert space
endowed with the inner product (·, ·)H1×···×HN

:= (·, ·)H1 + · · · + (·, ·)HN
and the norm

| · |H1×···×HN
:=
(
| · |2H1

+ · · · + | · |2HN

) 1
2 . In particular, when all E1, . . . , EN coincide with

a Banach space Ξ, we write:

[Ξ]N :=

N times︷ ︸︸ ︷
Ξ × · · · × Ξ .

Additionally, for any transform (operator) T : E −→ Ξ, we let:

T [w1, . . . , wN ] :=
[
T w1, . . . , T wN

]
in [Ξ]N , for any [w1, . . . , wN ] ∈ [E]N .

Specific notations of this Chapter. As is mentioned in the previous section, let (0, T ) ⊂
R be a bounded time-interval with a finite constant T > 0. Let Ω := (−L,L) ⊂ R be a
fixed spatial bounded domain with a finite constant L > 0. Especially, we denote by ∂x
the distributional spatial derivative.

On this basis, we define

X := L2(Ω), Y := H1(Ω) (⊂ C(Ω)), X := [X]n, and Y := [Y ]n, for any n ∈ N.

Notations in convex analysis. (cf. [18, Chapter II]) LetH be an abstract Hilbert
space. For a proper, lower semi-continuous (l.s.c.), and convex function ψ : H −→
(−∞,∞], we denote by D(ψ) the effective domain of ψ. Also, we denote by ∂ψ the
subdifferential of ψ. The subdifferential ∂ψ corresponds to a weak differential of convex
function ψ, and it is known as a maximal monotone graph in the product space H ×H.
The set D(∂ψ) :=

{
z ∈ H | ∂ψ(z) 6= ∅

}
is called the domain of ∂ψ. We often use the

notation “[z0, z
∗
0 ] ∈ ∂ψ in H ×H ”, to mean that “z∗0 ∈ ∂ψ(z0) in H for z0 ∈ D(∂ψ)”, by

identifying the operator ∂ψ with its graph in H ×H.

Example 3.1 (Examples of the subdifferential). As one of the representatives of the
subdifferentials, we exemplify the following set-valued signal function SgnN : RN −→ 2RN

,
with N ∈ N, which is defined as:

ξ = [ξ1, . . . , ξN ] ∈ RN 7→ SgnN(ξ) = SgnN(ξ1, . . . , ξN)

:=


ξ

|ξ|
=

[ξ1, . . . , ξN ]√
ξ21 + · · · + ξ2N

, if ξ 6= 0,

DN , otherwise,

(3.1.1)
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where DN denotes the closed unit ball in RN centered at the origin. Indeed, the set-valued
function SgnN coincides with the subdifferential of the Euclidean norm | · | : ξ ∈ RN 7→
|ξ| =

√
ξ21 + · · · + ξ2N ∈ [0,∞), i.e.:

∂| · |(ξ) = SgnN(ξ), for any ξ ∈ D(∂| · |) = RN ,

and furthermore, it is observed that:

∂| · |(0) = DN ⊆
/

[−1, 1]N =
[
∂ξ1 | · | × · · · × ∂ξN | · |

]
(0).

Finally, we mention about a notion of functional convergence, known as “Mosco-
convergence”.

Definition 3.1 (Mosco-convergence: cf. [59]). Let H be an abstract Hilbert space. Let
ψ : H −→ (−∞,∞] be a proper, l.s.c., and convex function, and let {ψn}n∈N be a sequence
of proper, l.s.c., and convex functions ψn : H −→ (−∞,∞], n = 1, 2, 3, . . . . Then, it is
said that ψn → ψ on H, in the sense of Mosco, as n→ ∞, iff. the following two conditions
are fulfilled:

(M1) The condition of lower-bound: lim
n→∞

ψn(w̌n) ≥ ψ(w̌), if w̌ ∈ H, {w̌n}n∈N ⊂ H,

and w̌n → w̌ weakly in H, as n→ ∞;

(M2) The condition of optimality: for any ŵ ∈ D(ψ), there exists a sequence
{ŵn}n∈N ⊂ H such that ŵn → ŵ in H and ψn(ŵn) → ψ(ŵ), as n→ ∞.

As well as, if the sequence of convex functions {ψ̂ε}ε∈Λ is labeled by a continuous argument

ε ∈ Λ with a range Λ ⊂ R , then for any ε0 ∈ Λ, the Mosco-convergence of {ψ̂ε}ε∈Λ, as

ε → ε0, is defined by those of subsequences {ψ̂εn}n∈N, for all sequences {εn}n∈N ⊂ Λ,
satisfying εn → ε0 as n→ ∞.

Remark 3.1. Let H, ψ, and {ψn}n∈N be as in Definition 3.1. Then, the following hold.

(Fact 1) (cf. [10, Theorem 3.66] and [39, Chapter 2]) Let us assume that

ψn → ψ on H, in the sense of Mosco, as n→ ∞, (3.1.2)

and {
[w,w∗] ∈ H ×H, [wn, w

∗
n] ∈ ∂ψn in H ×H, n ∈ N,

wn → w in H and w∗
n → w∗ weakly in H, as n→ ∞.

Then, it holds that:

[w,w∗] ∈ ∂ψ in H ×H, and ψn(wn) → ψ(w), as n→ ∞.

(Fact 2) (cf. [22, Lemma 4.1] and [30, Appendix]) Let N ∈ N denote the dimension con-
stant, and let S ⊂ RN be a bounded open set. Then, under the Mosco convergence
as in (3.1.2), a sequence {ψ̂S

n}n∈N of proper, l.s.c., and convex functions on L2(S;H),
defined as:

w ∈ L2(S;H) 7→ ψ̂S
n (w) :=



∫
S

ψn(w(t)) dt,

if ψn(w) ∈ L1(S),

∞, otherwise,

for n = 1, 2, 3, . . . ;
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converges to a proper, l.s.c., and convex function ψ̂S on L2(S;H), defined as:

z ∈ L2(S;H) 7→ ψ̂S(z) :=


∫
S

ψ(z(t)) dt, if ψ(z) ∈ L1(S),

∞, otherwise;

on L2(S;H), in the sense of Mosco, as n→ ∞.

3.2 Auxiliary results

In this Section, we recall the previous work [49], and show some auxiliary results. Let
0 ≤ α ∈ Y and 0 < β ∈ Y be fixed functions, and let us set the following convex function
on X:

z ∈ X 7→ Φα,β(z) := Vα(z) +Wβ(z); (3.2.1)

which is defined as a sum of two convex functions on X, defined as follows:

z ∈ X 7→ Vα(z) := sup

{ ∫
Ω

z∂xϕdx,
ϕ ∈ Y ∩ Cc(Ω), such
that |ϕ| ≤ α on Ω

}
, (3.2.2)

and

z ∈ X 7→ Wβ(z) :=


1

2

∫
Ω

β|∂xz|2dx, if z ∈ Y,

∞, otherwise.
(3.2.3)

The functional Vα, defined in (3.2.2), is a kind of generalized total variation, so that
the functional Φα,β, defined in (3.2.1), can be called a regularized total variation with
nonhomogeneous coefficients α and β.

Remark 3.2. (cf. [3, 15]) The functional Vα coincides with the so-called lower semi-
continuous envelope of the following convex function:

z ∈ W 1,1(Ω) 7→ Ṽα(z) :=

∫
Ω

α|∂xz| dx ∈ [0,∞),

more precisely,

Vα(z) = inf
{

lim
i→∞

Ṽα(z̃i) {z̃i}i∈N ⊂ W 1,1(Ω), and z̃i → z in X, as i→ ∞
}
.

Remark 3.3. The functionalWβ, defined in (3.2.3), is a proper, l.s.c., and convex function
on X, such that D(Wβ) = Y . Moreover, the subdifferential ∂Wβ ⊂ X × X is a single
valued operator, such that

[z, z∗] ∈ ∂Wβ in X ×X, iff. β∂xz ∈ H1
0 (Ω), and z∗ = −∂x(β∂xz) in X.
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Now, we refer to the previous work [49], to recall the key-properties of Φα,β, in forms
of Proposition.

Proposition 3.1. [49, Main Theorem] The subdifferential ∂Φα,β ⊂ X×X of the convex
function Φα,β is decomposed as follows:

∂Φα,β = ∂Vα + ∂Wβ in X ×X,

i.e. ∂Φα,β is represented as the sum of the subdifferentials ∂Vα ⊂ X×X and ∂Wβ ⊂ X×X
of the respective convex functions Vα and Wβ.

3.3 Main Theorems

We begin by setting up the assumptions needed in our Main Theorems. All Main Theo-
rems are discussed under the following assumptions.

(A1) Let ν > 0 be a fixed constant.

(A2) We denote by f 0 the absolute value function on R, i.e., f 0(r) := |r| for all r ∈ R.
In addition, let {f ε}ε∈(0,1] ⊂ C2(R) be a sequence of convex C2-regularizations of
f 0(·) := | · |, such that:

f ε(0) = 0 and f ε(r) ≥ 0 for any r ∈ R and any ε ∈ (0, 1],{
f ε(r) → f ε0(r) for any r ∈ R,
f ε(·) → f ε0(·) on R, in the sense of Mosco,

as ε→ ε0, for any ε0 ∈ [0, 1],

and there exists a positive constant C0 > 0, independent of ε ∈ (0, 1], satisfying:

|(f ε)′(r)| ≤ C0(1 + |r|) for any r ∈ R and any ε ∈ (0, 1],

and

(f ε)′′ → 0 uniformly on {|r| ≥ λ}, for any λ > 0, as ε→ 0. (3.3.1)

(A3) Let g : R −→ R be a C1-function, which is a semi-monotone function on R, i.e.
there exists a positive constant Cg > 0 such that:

g(r) + Cgr is monotone in r ∈ R.

Also, g has a nonnegative primitive 0 ≤ G ∈ C2(R), i.e. the derivative G′ coincides
with g on R.

(A4) We denote by K̂0, and K0 the indicator function I[−1,1], and the subdifferential, i.e.

K̂0 = I[−1,1] on R, and K0 := ∂I[−1,1] in R× R,

respectively. In addition, let {K̂δ}δ∈(0,1] ⊂ C2(R), and {Kδ}δ∈(0,1] ⊂ C1(R) be,

respectively, the approximating sequence of K̂0, and K0, such that:
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• Kδ = (K̂δ)′ on R, and K̂δ ≡ 0 on [−1, 1], for all δ ∈ (0, 1];

• for any δ ∈ (0, 1], there exists a constant Cδ
K > 0 satisfying 0 ≤ (Kδ)′ ≤ Cδ

K

on R;

• for any δ0 ∈ [0, 1], K̂δ → K̂δ0 on R, in the sense of Mosco, as δ → δ0, and in
particular, if δ0 ∈ (0, 1], then K̂δ → K̂δ0 in Cloc(R), as δ → δ0.

(A5) Let T > 0 be a fixed constant, and let τ ∗ be a small positive constant, such that:

τ ∗ :=
1

8
(
Cg + 1

) .
On this basis, we fix constants of the time-step number n ∈ N and the time-step
size τ > 0, to satisfy that:

0 < τ :=
T

n
< τ ∗.

(A6) Let wad = [wad
1 , . . . , w

ad
n ] ∈ X be a fixed admissible target profile.

Remark 3.4. (cf. [22, 51, 58]) The assumption similar to (A2) was introduced in [22,
Section 3], [51, Remark 3.1], and [58, Definition 3.1]. In this context, the typical examples
of f ε are as follows:

• (Hyperbola type) f ε(r) =
√
r2 + ε2 − ε for any r ∈ R and any ε ∈ (0, 1].

• (Hyperbolic-tangent type) f ε(r) = ε log
(

cosh
(r
ε

))
for any r ∈ R and any ε ∈

(0, 1].

• (Arctangent type) f ε(r) =
2ε

π

[
r

ε
tan−1

(r
ε

)
− 1

2
log

(
1 +

(r
ε

)2)]
for any r ∈ R

and any ε ∈ (0, 1].

Remark 3.5. For any ε ∈ [0, 1], and let us define a functional Ṽ ε : D(Ṽ ε) ⊂ X −→ [0,∞],
as follows:

z ∈ X 7→ Ṽ ε(z) :=

∫
Ω

f ε(z) dx ∈ [0,∞]. (3.3.2)

Then, from (A2) and (Fact 1), it is immediately seen that:

(♠1) Ṽ ε is continuous and convex on X, with D(Ṽ ε) = X;

(♠2) for any ε0 ∈ [0, 1], Ṽ ε → Ṽ ε0 on X, in the sense of Mosco, as ε→ ε0.
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Remark 3.6. By the definition of f ε, the function (1/ν2)(f ε)′ is a maximal monotone
graph on R × R. Hence, its resolvent ((1/ν2)(f ε)′ + Id)

−1 is non-expansive. Therefore,
we can verify that ((f ε)′ + ν2Id)

−1
is a Lipschitz continuous function with a Lipschitz

constant 1/ν2.
In fact, let us fix zi ∈ R, for i = 1, 2, and let us set z∗i ∈ R, for i = 1, 2, as follows:

z∗i :=
(
(f ε)′ + ν2Id

)−1
(zi), for any i = 1, 2.

Then, we compute that:

zi =
(
(f ε)′ + ν2Id

)
(z∗i ) = ν2

(
1

ν2
(f ε)′ + Id

)
(z∗i ),

i.e.

1

ν2
zi =

(
1

ν2
(f ε)′ + Id

)
(z∗i ), for any i = 1, 2.

Thus, we obtain that:

z∗i =

(
1

ν2
(f ε)′ + Id

)−1(
1

ν2
zi

)
, for any i = 1, 2.

Based on these estimates, one can see that:∣∣∣((f ε)′ + ν2Id
)−1

(z1) −
(
(f ε)′ + ν2Id

)−1
(z2)

∣∣∣
=

∣∣∣∣∣
(

1

ν2
(f ε)′ + Id

)−1(
1

ν2
z1

)
−
(

1

ν2
(f ε)′ + Id

)−1(
1

ν2
z2

)∣∣∣∣∣
≤
∣∣∣ z1
ν2

− z2
ν2

∣∣∣ =
1

ν2
|z1 − z2|, for any z1, z2 ∈ R.

Remark 3.7. The assumption (A3) leads to:

g′ ≥ −Cg on R, i.e. |[g′]−|L∞(R) ≤ Cg.

Remark 3.8. The assumption (A4) guarantees that:

r ·Kδ(r) ≥ 0, for any r ∈ R,

and hence,

(Kδ(z), z)X ≥ 0, for any z ∈ X.

Next, let us set the convex function on X as follows:

z ∈ X 7→ Φ0(z) := V 0(z) + V D(z); (3.3.3)
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which is defined as a sum of two convex functions on X, defined as follows:

z ∈ X 7→ V 0(z) := sup

{ ∫
Ω

z∂xϕdx,
ϕ ∈ Y ∩ Cc(Ω), such
that |ϕ| ≤ 1 on Ω

}
, (3.3.4)

and

z ∈ X 7→ V D(z) :=


ν2

2

∫
Ω

|∂xz|2dx, if z ∈ Y,

∞, otherwise.
(3.3.5)

Also, for any ε ∈ (0, 1], let Φε be a proper, l.s.c, and convex function

z ∈ X 7→ Φε(z) :=


∫
Ω

f ε(∂xz) dx+
ν2

2

∫
Ω

|∂xz|2dx, if z ∈ Y,

∞, otherwise.

(3.3.6)

Moreover, for any δ ∈ [0, 1], let us denote by K̂δ a proper, l.s.c, and convex function on
X, defined as:

K̂δ : z ∈ X 7→ K̂δ(z) :=

∫
Ω

K̂δ(z) dx, (3.3.7)

and let us denote by Kδ the subdifferential ∂K̂δ of K̂δ in X ×X. As is easily seen,

Kδ(z) =


{
z∗ ∈ X

∣∣∣ z∗ ∈ ∂I[−1,1](z) a.e. in Ω
}

in X, if δ = 0,

Kδ(z), if δ ∈ (0, 1],

(3.3.8)

for all z ∈ X and δ ∈ [0, 1].

Based on these, let us denote by Ψ(ε,δ) a function on X, defined as follows:

z ∈ X 7→Ψ(ε,δ)(z) :=

{
Φε(z) + K̂δ(z), if z ∈ Y,

∞, otherwise,
(3.3.9)

and this definition implies that Ψ(ε,δ) is a proper, l.s.c, and convex on X, and

D(Ψ(ε,δ)) := D(Φε) ∩D(K̂δ) =


{
z̃ ∈ Y

∣∣∣ |z̃| ≤ 1 on Ω
}
, if δ = 0,

Y, if δ ∈ (0, 1],

for all ε, δ ∈ [0, 1].

The principal part of this paper is the verification of the following Key-Theorem, which
is concerned with the decomposition property of the subdifferential ∂Ψ(ε,δ) ⊂ X × X of
the convex function Ψ(ε,δ).
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Key-Theorem. Let us fix ε ∈ [0, 1] and δ ∈ [0, 1]. Then, [z, z∗] ∈ ∂Ψ(ε,δ) in X ×X if
and only if there exist $∗ ∈ Y ∩ L∞(Ω) and ξ ∈ X such that

• z ∈ H2(Ω) with ($∗ + ν2∂xz)(±L) = 0.

• z∗ = −∂x$∗ − ν2∂2xz + ξ in X, where $∗ ∈ ∂f ε(∂xz) and ξ ∈ Kδ(z) a.e. in Ω.

Key-Theorem plays an important role to lead the H2-regularity of the solution w =
[w1, . . . , wn] to the state-system (AC)(ε,δ) in Main Theorem 3.1.

Remark 3.9. In the proof of Key-Theorem, we will also use the following functional:

V ε : z ∈ X 7→ V ε(z) :=

{
Ṽ ε(∂xz), if z ∈ Y,

∞, otherwise,
for all ε ∈ (0, 1], (3.3.10)

as extra notations, where Ṽ ε is the continuous and convex function on X, given in (3.3.2).
As is easily seen from (A2), V ε is proper and convex on X. But while, the assumption
(A2) does not guarantee the lower semi-continuity of V ε on X. Nevertheless, we can
obtain:

∂Φε = ∂V ε + ∂V D in X ×X, for any ε ∈ (0, 1],

as a consequence of Key-Theorem (the Step 1 of the proof).

Remark 3.10. (cf. [49, Remark 5]) Let us fix any ε ∈ (0, 1], and let us define a map
Aε : D(Aε) ⊂ X −→ X, by putting:

D(Aε) :=
{
z ∈ Y

∣∣∣ α(f ε)′(∂xz) + β∂xz ∈ H1
0 (Ω)

}
,

and
z ∈ D(Aε) ⊂ X 7→ Aε(z) := −∂x

(
α(f ε)′(∂xz) + β∂xz

)
.

Then, by applying the standard variational technique, we can observe that:

Aε = ∂Φε in X ×X.

Now, the Main Theorems of this paper are stated as follows.

Main Theorem 3.1. Under the assumptions (A1)–(A6), let us fix a constant ε ∈ [0, 1]
and δ ∈ [0, 1], a forcing term u = [u1, . . . , un] ∈ X, an initial data w0 ∈ Y sat-
isfying K̂δ(w0) ∈ L1(Ω). Then, the state-system (AC)(ε,δ) admits a unique solution
w = [w1, . . . , wn] ∈ Y, and moreover, the following items holds:

(I) wi ∈ H2(Ω) with ∂xwi(±L) = 0, for any i = 1, 2, 3, . . . , n.

(II) There exist $∗ = [$∗
i , . . . , $

∗
n] ∈ Y ∩ [L∞(Ω)]n and ξ = [ξ1, . . . , ξn] ∈ X such that:

1

τ
(wi − wi−1) − ∂x$

∗
i − ν2∂2xwi + ξi + g(wi) = Muui in X, i = 1, 2, 3, . . . , n,

(3.3.11)

with {
•$∗

i ∈ ∂f ε(∂xwi) in R, a.e. in Ω,

• ξi ∈ Kδ(wi) in R, a.e. in Ω,
i = 1, 2, 3, . . . , n.
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(III)(Energy inequality)

1

2τ
|wi − wi−1|2X + F (ε,δ)(wi) − F (ε,δ)(wi−1) ≤ τM2

u |ui|2X , i = 1, 2, 3, . . . , n,

where F (ε,δ) is a functional, called free energy, which is defined as follows:

z ∈ X 7→ F (ε,δ)(z) := Ψ(ε,δ)(z) +

∫
Ω

G(z) dx,

= Φε(z) + K̂δ(z) +

∫
Ω

G(z)dx, for any z ∈ X. (3.3.12)

Remark 3.11. By the definition of subdifferentials, we observe that the equation (3.3.11)
is equivalent to the following variational inequality:

1

τ
(wi − wi−1, wi − z)X + (g(wi) −Muui, wi − z)X

+ Ψ(ε,δ)(wi) − Ψ(ε,δ)(z) ≤ 0, for any z ∈ D(Ψ(ε,δ)) and i = 1, 2, 3, . . . , n.

Main Theorem 3.2. Let ε ∈ [0, 1], δ ∈ [0, 1], {εm}m∈N ⊂ (0, 1], {δm}m∈N ⊂ (0, 1],
u = [u1, . . . , un] ∈ X, {um}m∈N = {[um1 , . . . , u

m
n ]}m∈N ⊂ X, w0 ∈ Y , and {wm

0 }m∈N ⊂ Y be
given sequences such that:

εm → ε, δm → δ, um → u weakly in X,

and wm
0 → w0 weakly in Y, as m→ ∞,

K̂∗ := sup
m∈N

∫
Ω

K̂δm(wm
0 ) dx <∞.

(3.3.13)

In addition, let w = [w1, . . . , wn] ∈ X be the unique solution to (AC)(ε,δ) for the forcing
term u and the initial data w0, and for any m ∈ N, let wm = [wm

1 , . . . , w
m
n ] ∈ X be the

unique solution to (AC)(εm,δm) for the forcing term um and the initial data wm
0 . Then, it

holds that:

wm → w in Y, in [C1(Ω)]n, and weakly in [H2(Ω)]n, as m→ ∞, (3.3.14)

and in particular,

f εm(∂xw
m
i ) → f ε(∂xwi) in X, and in the pointwise sense on Ω,

for any i = 1, 2, 3, . . . , n, as m→ ∞. (3.3.15)

Main Theorem 3.3. Let us assume (A1)–(A6). Let us fix the constants ε ∈ [0, 1] and
δ ∈ [0, 1], and fix the initial data w0 ∈ Y satisfying K̂δ(w0) ∈ L1(Ω). Then, the following
two items hold.

(III-A) The problem (OP)(ε,δ) has at least one optimal control u∗ = [u∗1, . . . , u
∗
n] ∈ X, so

that:
J (ε,δ)(u∗) = min

{
J (ε,δ)(u) u = [u1, . . . , un] ∈ X

}
.
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(III-B) Let us take the sequences {εm}m∈N ⊂ (0, 1], {δm}m∈N ⊂ (0, 1], and take the
sequence of initial data {wm

0 }m∈N ⊂ Y as in (3.3.13). In addition, for any m ∈ N, let

u(∗,m) = [u
(∗,m)
1 , . . . , u

(∗,m)
n ] ∈ X be the optimal control of (OP)(εm,δm) in the case when

the initial data of corresponding state-system (AC)(εm,δm) is given by wm
0 . Then,

there exist a subsequence {mk}k∈N ⊂ {m} and a function u∗∗ = [u∗∗1 , . . . , u
∗∗
n ] ∈ X,

such that:{
• Muu

(∗,mk) →Muu
∗∗ weakly in X, as k → ∞,

• u∗∗ is an optimal control of (OP)(ε,δ).

Main Theorem 3.4. (Necessary condition for (OP)(ε,δ) under positive ε, δ) Let us assume
(A1)–(A6). Let us fix the constants ε ∈ (0, 1] and δ ∈ (0, 1], and fix the initial data w0 ∈ Y
satisfying K̂δ(w0) ∈ L1(Ω). Let u∗ = [u∗1, . . . , u

∗
n] ∈ X be an optimal control of (OP)(ε,δ),

and let w∗ = [w∗
1, . . . , w

∗
n] ∈ X be the solution to (AC)(ε,δ) for the forcing term u∗ and

initial data w0. Then, it holds that:

Mu (p∗i + u∗i ) = 0 in X, for any i = 1, 2, 3, . . . , n.

In this context, p∗ = [p∗1, . . . , p
∗
n] ∈ X is a unique solution to the following variational

system:

1

τ
(p∗i − p∗i+1, ϕ)X +

(
(f ε)′′(∂xw

∗
i )∂xp

∗
i , ∂xϕ

)
X

+ ν2(∂xp
∗
i , ∂xϕ)X

+
(
g′(w∗

i )p
∗
i , ϕ
)
X

+
(
(Kδ)′(w∗

i )p
∗
i , ϕ
)
X

=
(
Mw(w∗

i − wad
i ), ϕ

)
X
,

for any ϕ ∈ Y , and i = n, . . . , 3, 2, 1,

subject to the terminal condition:

p∗n+1 = 0 in X.

Main Theorem 3.5. Let us assume (A1)–(A6), and let us fix an initial data w0 ∈ Y
satisfying |w0| ≤ 1 on Ω, i.e. K0(w0) ∈ L1(Ω). Also, Let us define a duality map
F : Y −→ Y ∗, as follows:

〈Fϕ, ψ〉Y := (ϕ, ψ)Y , for any ϕ, ψ ∈ Y.

Then, there exists an optimal control u◦ = [u◦1, . . . , u
◦
n] ∈ X of the problem (OP)(0,0),

together with the solution w◦ = [w◦
1, . . . , w

◦
n] to the state-system (AC)(0,0) for the forcing

term u◦ and initial data w0, and moreover, there exist p◦ = [p◦1, . . . , p
◦
n] ∈ X and ζ◦ =

[ζ◦1 , . . . , ζ
◦
n] ∈ Y∗, such that:

Mu (p◦i + u◦i ) = 0, in X, for any i = 1, 2, 3, . . . , n, (3.3.16)

p◦ ∈ Y ⊂ [C(Ω)]n, (3.3.17)

and

1

τ
(p◦i − p◦i+1, ϕ)X + ν2〈Fp◦i , ϕ〉Y − ν2(p◦i , ϕ)X +

(
g′(w◦

i )p
◦
i , ϕ)X + 〈ζ◦i , ϕ〉Y
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=
(
Mw(w◦

i − wad
i ), ϕ

)
X
, for any ϕ ∈ Y , and i = n, . . . , 3, 2, 1, (3.3.18)

subject to p◦n+1 = 0 in X.

Moreover, for any γ0 ∈ C1(R) ∩W 1,∞(R) satisfying γ0(0) = γ′0(0) = 0, it follows that:

γ0(∂xw
◦
i )

(
1

τ
(p◦i − p◦i+1) − ν2∂2xp

◦
i + g′(w◦

i )p
◦
i −Mw(w◦

i − wad
i )

)
= 0 in X,

for any i = n, . . . , 3, 2, 1, (3.3.19)

and therefore,

1

τ
(p◦i − p◦i+1) − ν2∂2xp

◦
i + g′(w◦

i )p
◦
i = Mw(w◦

i − wad
i ) a.e. in {∂xw◦

i 6= 0},

for any i = n, . . . , 3, 2, 1. (3.3.20)

Remark 3.12. From (3.3.19) and (3.3.20), it is observed that:

spt(ζ◦i ) ⊂ {∂xw◦
i = 0}, for any i = 1, 2, 3, . . . , n.

and

ζ◦i = Mw(w◦
i − wad

i ) − 1

τ
(p◦i − p◦i+1) + ν2∂2xp

◦
i − g′(w◦

i )p
◦
i ,

a.e. in {∂xw◦
i 6= 0}

(
⊃ Ω \ spt(ζ◦i )

)
, for any i = n, . . . , 3, 2, 1.

These are to answer the functional expression of the distribution ζ◦ ∈ Y∗, which somehow
link to the second unfinished issue, mentioned in the Introduction.

3.4 Proof of Key-Theorem

In this Section, we give the proof of Key-Theorem. Before the proof, we prepare a Key-
Lemma.

Key-Lemma. Let us fix ε0 ∈ [0, 1] and δ0 ∈ [0, 1]. Besides, let {εm}m∈N ⊂ (0, 1] and
{δm}m∈N ⊂ (0, 1] be given sequences such that εm → ε0 and δm → δ0, as m → ∞,
respectively. Then, for the sequence {Ψ(εm,δm)}m∈N, it holds that:

Ψ(εm,δm) → Ψ(ε0,δ0) on X, in the sense of Mosco, as m→ ∞.

Proof. First, we show the lower-bound condition (M1) in Definition 3.1. Let z ∈ X and
{zm}m∈N ⊂ X such that:

zm → z weakly in X, as m→ ∞. (3.4.1)
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Then, we may suppose limm→∞ Ψ(εm,δm)(zm) < ∞, since the other case is trivial. So, by
taking a subsequence {mk}k∈N ⊂ {m}, one can also say that:

lim
m→∞

Ψ(εm,δm)(zm) = lim
k→∞

Ψ(εmk
,δmk

)(zmk) <∞. (3.4.2)

Here, with (A2), (A4), (3.3.6), (3.3.7), (3.3.9), (3.4.1), and (3.4.2) in mind, we further see
that:

∂xz
mk → ∂xz weakly in X, as k → ∞, (3.4.3)

by taking a subsequence if necessary. In the light of Remark 3.5, (A2), (A4), (Fact 2),
(3.4.1)–(3.4.3), and weakly lower semi-continuity of the norms, the lower-bound condition
(M1) can be verified as follows:

lim
m→∞

Ψ(εm,δm)(zm) = lim
k→∞

Ψ(εmk
,δmk

)(zmk)

≥ lim
k→∞

∫
Ω

f εmk (∂xz
mk) dx+

ν2

2
lim
k→∞

∫
Ω

|∂xzmk |2 dx+ lim
k→∞

∫
Ω

K̂δmk (zmk) dx

≥ Ψ(ε0,δ0)(z).

Next, we show the optimality condition (M2) in Definition 3.1. Let us fix any z ∈
D(Ψ(ε0,δ0)). In the light of (A2), we can say that:

0 ≤ f εm(r) ≤ (f εm)′(r)r

≤ C0(1 + |r|)|r|, for any r ∈ R, and m ∈ N. (3.4.4)

With the assumption (A2) and (3.4.4) in mind, we can infer that:

f εm(∂xz) → f ε0(∂xz) in the pointwise sense a.e. in Ω, as m→ ∞, (3.4.5a)

f εm(∂xz) ≤ C0(1 + |∂xz|)|∂xz| a.e. in Ω, for any m ∈ N. (3.4.5b)

By (3.4.5) and Lebesgue’s dominated convergence theorem, it is verified that:

f εm(∂xz) → f ε0(∂xz) in L1(Ω), as m→ ∞. (3.4.6)

Furthermore, we can show:

K̂δm(z) → K̂δ0(z) in C(Ω), as m→ ∞. (3.4.7)

In fact, the case when δ0 = 0 is trivial since K̂δm(z) = K̂0(z)(= I[−1,1](z)) = 0 a.e. in Ω.
Meanwhile, when δ0 ∈ (0, 1], the uniform convergence (3.4.7) is obtained as a consequence
of (A4) and the embedding Y ⊂ C(Ω).

Based on these, let us define zm := z, for any m ∈ N. Taking into account (3.4.6) and
(3.4.7), we compute that:∣∣Ψ(εm,δm)(zm) − Ψ(ε0,δ0)(z)

∣∣ ≤ ∫
Ω

∣∣f εm(∂xz) − f ε0(∂xz)
∣∣ dx+

∫
Ω

∣∣K̂δm(z) − K̂δ0(z)
∣∣ dx
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≤
∫
Ω

∣∣f εm(∂xz) − f ε0(∂xz)
∣∣dx+ 2L

∣∣K̂δm(z) − K̂δ0(z)
∣∣
C(Ω)

→ 0, as m→ ∞,

and therefore,

Ψ(εm,δm)(zm) → Ψ(ε0,δ0)(z), as m→ ∞.

For efficiency of explanation, we prove the Key-Theorem in accordance with the fol-
lowing two Steps.

Step 1: For arbitrary ε ∈ (0, 1] and δ ∈ (0, 1], the subdifferential ∂Ψ(ε,δ) ⊂ X ×X of the
convex function Ψ(ε,δ) is decomposed as follows:

∂Ψ(ε,δ) = ∂V ε + ∂V D +Kδ in X ×X,

where Ψ(ε,δ), V ε, and V D are convex functions given in (3.3.5), (3.3.9), and (3.3.10),
respectively, and Kδ is the function as in (A4).

Step 2: For arbitrary ε ∈ [0, 1] and δ ∈ [0, 1], the subdifferential ∂Ψ(ε,δ) ⊂ X ×X of the
convex function Ψ(ε,δ) is decomposed as follows:

∂Ψ(ε,δ) = ∂V ε + ∂V D + Kδ in X ×X,

where Kδ is the operator given in (3.3.8).

Verification of Step 1.

Let us fix ε ∈ (0, 1] and δ ∈ (0, 1]. The assumption (A4) guarantees D(K̂δ) = X, i.e.

intD(K̂δ) = X. (3.4.8)

Due to (3.4.8), the decomposition of the subdifferential ∂Ψ(ε,δ) ⊂ X × X of the convex
function Ψ(ε,δ) = Φε + K̂δ will be a straightforward consequence of [14, Theorem 2.10],
and [18, Corollary 2.11], i.e.

∂Ψ(ε,δ) = ∂Φε +Kδ in X ×X. (3.4.9)

Hence, it is sufficient to prove that the subdifferential ∂Φε ⊂ X × X of the convex
function Φε is decomposed as follows:

∂Φε = ∂V ε + ∂V D in X ×X. (3.4.10)

First, we verify the following inclusion:

∂Φε ⊂ ∂V ε + ∂V D in X ×X. (3.4.11)

Let us take any [z, z∗] ∈ ∂Φε in X × X, and apply Remark 3.10 to the case when
α ≡ 1 and β ≡ ν2. Then, we have:

z∗ = −∂x
(
(f ε)′(∂xz) + ν2∂xz

)
in X, and
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(f ε)′(∂xz) + ν2∂xz ∈ H1
0 (Ω). (3.4.12)

Now, we define a function µν
ε : R −→ R as follows:

µν
ε(r) := (f ε)′(r) + ν2r, for any r ∈ R. (3.4.13)

On this basis, we infer that:

µν
ε(∂xz) = (f ε)′(∂xz) + ν2∂xz =

(
(f ε)′ + ν2Id

)
(∂xz) in Y. (3.4.14)

Based on Remark 3.6 and (3.4.14), we can apply the generalized chain rule in BV-theory [3,
Theorem 3.99], and can infer that:

∂xz = (µν
ε)−1(µν

ε(∂xz)) ∈ Y, i.e. z ∈ H2(Ω). (3.4.15)

Furthermore, having in mind (3.4.12), (3.4.14), (3.4.15), and applying Remark 3.3 to the
case when β ≡ ν2, one can see that:

∂xz ∈ H1
0 (Ω) and [z,−ν2∂2xz] ∈ ∂V D in X ×X. (3.4.16)

By using (A2), (3.4.12), (3.4.16), and the integration by part, we observe that:

(f ε)′(∂xz) ∈ H1
0 (Ω), (3.4.17)

and ∫
Ω

− ∂x ((f ε)′(∂xz)) (ϕ− z) dx =

∫
Ω

(f ε)′(∂xz)∂x(ϕ− z) dx

≤
∫
Ω

f ε(∂xϕ) dx−
∫
Ω

f ε(∂xz) dx, for any ϕ ∈ Y,

i.e.

[z,−∂x ((f ε)′(∂xz))] ∈ ∂V ε in X ×X. (3.4.18)

(3.4.15)–(3.4.18) enable us to verify the inclusion (3.4.11).
Now, from the maximality of ∂Φε in X × X, we can see the coincidence ∂Φε =

∂V ε + ∂V D in X ×X.

Verification of Step 2.
Let us fix ε ∈ [0, 1] and δ ∈ [0, 1]. By the general theory of the convex analysis [24,

Chapter 1], we immediately obtain that ∂Ψ(ε,δ) ⊃ ∂V ε + ∂V D + Kδ in X × X. This
inclusion implies the monotonicity of ∂V ε + ∂V D + Kδ in X × X. So, we next see the
maximality of ∂V ε + ∂V D + Kδ, by verifying:

(∂V ε + ∂V D + Kδ + Id)X = X,

and by applying Minty’s theorem (cf. [14, Theorem 2.2]).
Since, the inclusion (∂V ε + ∂V D + Kδ + Id)X ⊂ X is trivial, it is sufficient to prove

the converse inclusion. Let us fix h ∈ X. Then, by Step 1, we can configure a class of
functions {z(ε̃,δ̃)}ε̃,δ̃∈(0,1] ⊂ Y , by setting:

{z(ε̃,δ̃) := (∂V ε̃ + ∂V D +K δ̃ + Id)
−1(h)}ε̃,δ̃∈(0,1] in X,
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i.e.

h− z(ε̃,δ̃) = (∂V ε̃ + ∂V D +K δ̃)(z(ε̃,δ̃)) = ∂Ψ(ε̃,δ̃)(z(ε̃,δ̃)) in X, for any ε̃, δ̃ ∈ (0, 1].
(3.4.19)

In the light of (3.4.16), (3.4.18), and (3.4.19), there exist $ε̃ ∈ Y ∩ L∞(Ω) and ξ δ̃ ∈ X
such that

−∂x$ε̃ − ν2∂2xz
(ε̃,δ̃) + ξ δ̃ = h− z(ε̃,δ̃) in X,

where $ε̃ = ∂f ε̃(∂xz
(ε̃,δ̃)) and ξ δ̃ = K δ̃(z(ε̃,δ̃)) a.e. in Ω. (3.4.20)

Using (3.4.16), (3.4.17), and the integration by part, we can see that:∫
Ω

$ε̃∂xϕdx +

∫
Ω

ν2∂xz
(ε̃,δ̃)∂xϕdx+

∫
Ω

ξ δ̃ϕ+

∫
Ω

z(ε̃,δ̃)ϕdx

=

∫
Ω

hϕdx, for any ϕ ∈ Y, and any ε̃, δ̃ ∈ (0, 1]. (3.4.21)

In the variational form (3.4.21), let us put ϕ = z(ε̃,δ̃). Then, with Remark 3.8, (3.4.4),
and Young’s inequality in mind, we deduce that:

1

2
|z(ε̃,δ̃)|2X + ν2|∂xz(ε̃,δ̃)|2X ≤ 1

2
|h|2X , for any ε̃, δ̃ ∈ (0, 1], (3.4.22)

so that

|z(ε̃,δ̃)|2Y ≤ 1

1 ∧ (2ν2)
|h|2X , for any ε̃, δ̃ ∈ (0, 1]. (3.4.23)

On account of (3.4.23), we find a function z ∈ Y and sequences {ε̃m}m∈N ⊂ {ε̃} with
ε̃m → ε as m→ ∞, and {δ̃m}m∈N ⊂ {δ̃} with δ̃m → δ as m→ ∞, such that:

z(ε̃m,δ̃m) → z in X, weakly in Y, as m→ ∞. (3.4.24)

Furthermore, let us multiply ξ δ̃m the both sides of (3.4.19). Then, having in mind
(A4), (3.4.4), (3.4.22), and Young’s inequality, we deduce that:

1

2
|ξ δ̃m |2X ≤ |h|2X + |z(ε̃m,δ̃m)|2X ≤ 2|h|2X , for any m ∈ N, (3.4.25)

via the following calculation:∫
Ω

(
−∂x$ε̃m − ν2∂2xz

(ε̃m,δ̃m)
)
ξ δ̃m dx

=

∫
Ω

(
−∂x

(
$ε̃m + ν2∂xz

(ε̃m,δ̃m)
))
ξ δ̃m dx

=

∫
Ω

(
−∂x

(
(f ε̃m)′(∂xz

(ε̃m,δ̃m)) + ν2∂xz
(ε̃m,δ̃m)

))
K δ̃m(z(ε̃m,δ̃m)) dx

=

∫
Ω

(
(f ε̃m)′(∂xz

(ε̃m,δ̃m)) + ν2∂xz
(ε̃m,δ̃m)

)
∂xK

δ̃m(z(ε̃m,δ̃m)) dx
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=

∫
Ω

(K δ̃m)′(z(ε̃m,δ̃m))(f ε̃m)′(∂xz
(ε̃m,δ̃m))∂xz

(ε̃m,δ̃m) dx

+

∫
Ω

ν2(K δ̃m)′(∂xz
(ε̃m,δ̃m))|∂xz(ε̃m,δ̃m)|2 dx

≥ 0, for any m ∈ N. (3.4.26)

From the estimate (3.4.25), it is observed that:

ξ δ̃m → ξ weakly in X, as m→ ∞, for some ξ ∈ X, (3.4.27)

by taking a subsequence if necessary.
Additionally, by virtue of (3.4.20), (3.4.22), and (3.4.25), one can observe that :

(♢ 1) the sequence {∂x$ε̃m +ν2∂2xz
(ε̃m,δ̃m)}m∈N = {∂x($ε̃m +ν2∂xz

(ε̃m,δ̃m))}m∈N is bounded
in X.

Note that (3.4.13) leads to:

∂xz
(ε̃m,δ̃m) = (µν

ε̃m)−1
(
µν
ε̃m(∂xz

(ε̃m,δ̃m))
)

(3.4.28)

= (µν
ε̃m)−1($ε̃m + ν2∂xz

(ε̃m,δ̃m)), for any m ∈ N.

With Remark 3.6 and (3.4.28) in mind, we apply the generalized chain rule in BV-theory
[3, Theorem 3.99], and we infer that:

|∂2xz(ε̃m,δ̃m)|X =
∣∣((µν

ε̃m)−1
)′

($ε̃m + ν2∂xz
(ε̃m,δ̃m))∂x($ε̃m + ν2∂xz

(ε̃m,δ̃m))
∣∣
X

≤ 1

ν2
|∂x($ε̃m + ν2∂xz

(ε̃m,δ̃m))|X , for any m ∈ N. (3.4.29)

From (♢ 1) (3.4.23), and (3.4.29), it is deduced that:

(♢ 2) the sequence {∂2xz(ε̃m,δ̃m)}m∈N is bounded in X, and hence {z(ε̃m,δ̃m)}m∈N is bounded
in H2(Ω).

As a consequence of the one-dimensional compact embedding H2(Ω) ⊂ C1(Ω), (3.4.24),
and (♢ 2), it is observed that:

z(ε̃m,δ̃m) → z in Y, in C1(Ω), and weakly in H2(Ω), as m→ ∞, (3.4.30)

by taking a subsequence if necessary.
Note that by the assumption (A2) and (3.4.30), we can compute that:

|$ε̃m|2X = |(f ε̃m)′(∂xz
(ε̃m,δm))|2X

≤
∫
Ω

(
C0(1 + |∂xz(ε̃m,δ̃m)|)

)2
dx

≤ 2C2
0

∫
Ω

(1 + |∂xz(ε̃m,δ̃m)|2)dx

≤ 2C2
0

(
2L+ sup

m∈N
|∂xz(ε̃m,δ̃m)|2X

)
<∞, for any m ∈ N.

Based on these, it enables us to say

$ε̃m → $ weakly in X, as m→ ∞, for some $ ∈ X, (3.4.31)

by taking a subsequence if necessary. Besides, from (♢ 1) and (♢ 2), it is deduced that:
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(♢ 3) the sequence {−∂x$ε̃m}m∈N = {ωε̃m}m∈N is bounded in X;

and we obtain that

ωε̃m → ω weakly in X, as m→ ∞, for some ω ∈ X, (3.4.32)

by taking a subsequence if necessary.
In the light of (A2), (A4), (Fact 1), (Fact 2), (3.1.1), (3.4.27), and (3.4.30)–(3.4.32), it

is inferred that:

ξ ∈ Kδ(z), ω ∈ ∂V ε(z), and − ν2∂2xz ∈ ∂V D(z) in X. (3.4.33a)

Additionally, taking into account Remark 3.5, (Fact 1), (3.4.30), (3.4.31), [14, Theorem
2.10], and [18, Corollary 2.11], one can obtain that:

$ ∈ ∂f ε(∂xz) a.e. in Ω. (3.4.33b)

In the meantime, letting m→ ∞ in (3.4.21) yields that:∫
Ω

$∂xϕdx +

∫
Ω

ν2∂xz∂xϕdx+

∫
Ω

ξϕ+

∫
Ω

zϕ dx =

∫
Ω

hϕdx, for any ϕ ∈ Y.

This equation and (3.4.33) imply:

−∂x$ − ν2∂2xz + ξ + z = h in X,

i.e.

(∂V ε + ∂V D + Kδ + Id)(z) 3 h.

By applying Minty’s theorem (cf. [14, Theorem 2.2]), ∂V ε + ∂V D + Kδ is a maximal
monotone. Now, from this maximality, we can see the coincidence ∂Ψ(ε,δ) = ∂V ε +∂V D +
Kδ in X ×X.

Based on Step 1–Step 2, we conclude that for any ε ∈ [0, 1] and δ ∈ [0, 1], [z, z∗] ∈ Ψ(ε,δ)

in X ×X if and only if there exist $∗ ∈ Y and ξ ∈ X such that:

• z ∈ H2(Ω) with ($∗ + ν2∂xz)(±L) = 0;

• z∗ = −∂x$∗ − ν2∂2xz + ξ in X, where $∗ ∈ ∂f ε(∂xz) and ξ ∈ Kδ(z) a.e. in Ω.

Hence, we finish the proof of Key-Theorem.

Remark 3.13. The Key-Theorem is obtained on the basis of some previous works [49,77].
In fact, the proof of Step 1 is referred to the proving method of [49, Main Theorem], and
the case when ε = 0 and δ ∈ (0, 1] is verified as a consequence of [49, Main Theorem] and
[77, Theorem 3.1]. However, the Key-Theorem covers various approximating sequences
{f ε}ε∈(0,1] and {Kδ}δ∈(0,1] in the range of the assumptions (A2) and (A4) which includes
the previous setting adopted in [22,66–68,77].

In this light, it can be said that our Key-Theorem provides a general theory of ap-
proximating method for −∂x( ∂xw

|∂xw| + ν2∂xw) + ∂I[−1,1](w), and also brings a key-answer
for unfinished issue mentioned in Introduction.
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3.5 Proof of Main Theorem 3.1

In this Section, we give the proof of Main Theorem 3.1. Let us fix ε ∈ [0, 1] and δ ∈ [0, 1].
Let us fix a forcing term u = [u1, . . . , un] ∈ X, and an initial data w0 ∈ Y satisfying
K̂δ(w0) ∈ L1(Ω). Let us fix i ∈ {1, 2, 3, . . . , n}.

On this basis, we define a functional G : X −→ (−∞,∞], by letting:

w ∈ X 7→ G (w)

:=


1

2τ

∫
Ω

|w − wi−1|2 dx+ Ψ(ε,δ)(w) +

∫
Ω

G(w) dx− (Muui, w)X ,

if w ∈ Y ,

∞, otherwise.

(3.5.1)

Since the assumptions (A3), (A5), and Remark 3.7 imply

d2

dw2

(
1

4τ
|w − w̃0|2 +G(w)

)
=

1

2τ
+ g′(w) >

1

2τ ∗
− Cg >

Cg

τ ∗

(
1

8(Cg + 1)
− τ ∗

)
= 0,

for any fixed w̃0 ∈ R,

and the functional:

w ∈ D(G ) = Y ⊂ X 7→ G (w)

=
1

4τ
|w − wi−1|2X +

∫
Ω

(
1

4τ
|w − wi−1|2 +G(w)

)
dx+ Ψ(ε,δ)(w) − (Muui, w)X ,

is proper, l.s.c., strictly convex, and coercive on X.
Based on these, we find a unique minimizer of G , denoted by w∗ ∈ X, by applying [24,

Proposition 1.2, Chapter II]. Since w∗ is the minimizer of G and Ψ(ε,δ) is a convex on X,
we can compute that:

0 ≤ 1

λ

(
G (w∗ + λ(ϕ− w∗)) − G (w∗)

)
≤ 1

τ

∫
Ω

(ϕ− w∗)(w∗ − wi−1) dx+
λ

2τ

∫
Ω

|ϕ− w∗|2 dx

+
1

λ

∫
Ω

(
G(w∗ + λ(ϕ− w∗)) −G(w∗)

)
dx

+ Ψ(ε,δ)(ϕ) − Ψ(ε,δ)(w∗) − (Muui, ϕ− w∗)X , for any ϕ ∈ Y, and λ ∈ (0, 1). (3.5.2)

Letting λ ↓ 0 in (3.5.2), it is inferred that:

Ψ(ε,δ)(ϕ) − Ψ(ε,δ)(w∗) ≤
(
−
(

1

τ
(w∗ − wi−1) + g(w∗) −Muui

)
, ϕ− w∗

)
X

,

for any ϕ ∈ Y,

i.e.

−
(

1

τ
(w∗ − wi−1) + g(w∗) −Muui

)
∈ ∂Ψ(ε,δ)(w∗) in X. (3.5.3)
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Here, on account of (3.5.3) and Key-Theorem, wi ∈ H2(Ω), and there exist $∗
i ∈ Y ∩

L∞(Ω) and ξi ∈ X such that:

1

τ
(w∗ − wi−1)X − ∂x$

∗
i − ν2∂2xw

∗ + g(w∗) + ξi = Muui, in X, (3.5.4)

with {
•$∗

i ∈ ∂f ε(∂xw
∗) in R, a.e. in Ω,

• ξi ∈ Kδ(w∗) in R, a.e. in Ω,
i = 1, 2, 3, . . . , n.

The equation (3.5.4) implies that the state-system (AC)(ε,δ) has a solution w = [w1, . . . , wn] ∈
[H2(Ω)]n.

Next, we prove the energy inequality as in (III). Let us fix i ∈ {1, 2, 3, . . . , n} and
multiply wi − wi−1 the both sides of (3.3.11), we arrive at:

1

τ
|wi − wi−1|2X + ($∗

i , ∂x(wi − wi−1))X + ν2(∂xwi, ∂x(wi − wi−1))X

+ (ξi, wi − wi−1)X +
(
g(wi), wi − wi−1

)
X

= Mu(ui, wi − wi−1)X , (3.5.5)

with {
•$∗

i ∈ ∂f ε(∂xwi) in R, a.e. in Ω,

• ξi ∈ Kδ(wi) in R, a.e. in Ω.

Also, by applying the assumption (A3), Remark 3.7, and Taylor’s theorem, we have:

G(wi−1) ≥ G(wi) + g(wi)(wi−1 − wi) −
1

2
|[g′]−|L∞(R)(wi−1 − wi)

2

≥ G(wi) − g(wi)(wi − wi−1) −
Cg

2
|wi − wi−1|2, a.e. in Ω. (3.5.6)

By using (3.1.1), (3.5.6), the assumptions (A1)–(A4), and Young’s inequality, we can
deduce from (3.5.5) that:

3

4τ
|wi − wi−1|2X +

ν2

2
|∂xwi|2X − ν2

2
|∂xwi−1|2X

+

∫
Ω

f ε(∂xwi) dx−
∫
Ω

f ε(∂xwi−1) dx

+

∫
Ω

G(wi) dx−
∫
Ω

G(wi−1) dx−
Cg

2
|wi − wi−1|2X

+

∫
Ω

K̂δ(wi) dx−
∫
Ω

K̂δ(wi−1) dx ≤ τM2
u |ui|2X , (3.5.7)

via

($∗
i , ∂x(wi − wi−1))X ≥

∫
Ω

f ε(∂xwi) dx−
∫
Ω

f ε(∂xwi−1) dx,

ν2
(
∂xwi, ∂x(wi − wi−1)

)
X
≥ ν2

2
|∂xwi|2X − ν2

2
|∂xwi−1|2X ,

52



(ξi, wi − wi−1)X ≥
∫
Ω

K̂δ(wi) dx−
∫
Ω

K̂δ(wi−1) dx,

(
g(wi), wi − wi−1

)
X
≥
∫
Ω

G(wi) dx−
∫
Ω

G(wi−1) dx−
Cg

2
|wi − wi−1|2X ,

and

Mu(ui, wi − wi−1)X ≤ 1

4τ
|wi − wi−1|2X + τM2

u |ui|2X .

In view of (A5) and (3.5.7), we can see that:

1

2τ
|wi − wi−1|2X + F (ε,δ)(wi) − F (ε,δ)(wi−1) ≤ τM2

u |ui|2X , i = 1, 2, 3, . . . , n.

Thus we conclude Main Theorem 3.1.

Remark 3.14. For every ε, δ ∈ (0, 1] and i ∈ {1, 2, 3, . . . , n}, let us multiply the both
sides of (3.3.11) by ξi. Then, by using the assumption (A3) and (3.4.26), one can observe
that:

1

τ
(wi − wi−1, ξi)X + |ξi|2X − Cg(wi, ξi)X + (g(0), ξi)X ≤Mu(ui, ξi)X , (3.5.8)

via

(g(wi), ξi)X =
(
(g(wi) + Cgwi) − g(0), ξi

)
X
− (Cgwi, ξi)X + (g(0), ξi)X

≥ −Cg(wi, ξi)X + (g(0), ξi)X .

By using (3.5.8), Hölder’s and Young’s inequalities, we obtain that:

1

4
|ξi|2X ≤ 1

τ 2
|wi − wi−1|2X + C2

g |wi|2X + 2|g(0)|2X + 2Mu|ui|2X . (3.5.9)

The above estimate will be used later.

3.6 Proof of Main Theorem 3.2

Let us fix m ∈ N. On account of the energy inequality, we can see that:

1

2τ
|wm

i − wm
i−1|2X + F (εm,δm)(wm

i ) − F (εm,δm)(wm
i−1) ≤ τM2

u |umi |2X , i = 1, 2, 3, . . . , n.

Taking the sum of the above inequalities, for i = 1, 2, 3, . . . , n, we have:

1

2τ

l∑
i=1

|wm
i − wm

i−1|2X + F (εm,δm)(wm
i )

≤ F (εm,δm)(wm
0 ) + τM2

u

l∑
i=1

|umi |2X , l = 1, 2, 3, . . . , n, and m = 1, 2, 3, . . . .
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Here, from (A3) and (3.3.13), we will find a positive constant R0, independent of m ∈ N,
such that:

|um|X ≤ R0, |wm
0 |C(Ω) ≤ R0, |wm

0 |Y ≤ R0,

and |G(wm
0 )|C(Ω) ≤ R0, for m = 1, 2, 3, . . . . (3.6.1)

Also, by using (A2), it is estimated that:

|f εm(∂xw
m
0 )|L1(Ω) ≤

∫
Ω

(∫ 1

0

|(f εm)′(ς∂xw
m
0 )| dς

)
dx

≤ C0

(
2L+

1

2

∫
Ω

|∂xwm
0 | dx

)
≤ C0

(
2L+

√
L

2
R0

)
, for m = 1, 2, 3, . . . . (3.6.2)

On account of (3.3.13), (3.6.1), and (3.6.2), we compute that:

1

4T
|wm

i |2X + F (εm,δm)(wm
i )

≤ 1

2T
|wm

0 |2X +
1

2τ

l∑
i=1

|wm
i − wi−1|2X + F (εm,δm)(wm

i )

≤ R2
0

2T
+ F (εm,δm)(wm

0 ) + τM2
u |umi |2X

≤ R2
0

2T
+ C0

(
2L+

√
L

2
R0

)
+
ν2

2
R2

0 + K̂∗ + 2LR0 + τM2
uR

2
0,

for i = 1, 2, 3, . . . , n, and m = 1, 2, 3, . . . . (3.6.3)

As a consequence of (3.3.12), (3.3.13) and (3.6.3), one can observe that:

(♦ 1) the sequence {wm}m∈N = {[wm
1 , . . . , w

m
n ]}m∈N is bounded in Y.

Furthermore, by virtue of (A3), (3.3.11), (3.3.13), (3.5.9), and (♦ 1), it is derived that:

(♦ 2) the sequence {ξm}m∈N = {[ξm1 , . . . , ξ
m
n ]}m∈N is bounded in X,

(♦ 3) the sequence {∂x($(∗,m) + ν2∂xw
m)}m∈N = {[∂x($

(∗,m)
1 + ν2∂xw

m
1 ), . . . , ∂x($

(∗,m)
n +

ν2∂xw
m
n )]}m∈N is bounded in X, with a sequence {$(∗,m)

i }m∈N ⊂ X satisfying$
(∗,m)
i ∈

∂f εm(∂xw
m
i ) in R, a.e. in Ω.

Note that (3.4.13) leads to:

∂xw
m
i = (µν

εm)−1
(
µν
εm(∂xw

m
i )
)

= (µν
εm)−1($

(∗,m)
i + ν2∂xw

m
i ), for any m ∈ N and i = 1, 2, 3, . . . , n. (3.6.4)

With Remark 3.6 and (3.6.4) in mind, we apply the generalized chain rule in BV-theory [3,
Theorem 3.99], and we infer that:

|∂2xwm
i |X =

∣∣((µν
εm)−1

)′
($

(∗,m)
i + ν2∂xw

m
i )∂x($

(∗,m)
i + ν2∂xw

m
i )
∣∣
X
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≤ 1

ν2
|∂x($

(∗,m)
i + ν2∂xw

m
i )|X , for any m ∈ N and i = 1, 2, 3, . . . , n. (3.6.5)

From (♦ 3) and (3.6.5), it is deduced that:

(♦ 4) the sequence {∂2xwm}m∈N = {[∂2xw
m
1 , . . . , ∂

2
xw

m
n ]}m∈N is bounded in X, and hence

{wm}m∈N is bounded in [H2(Ω)]n.

As a consequence of the one-dimensional compact embedding H2(Ω) ⊂ C1(Ω) and (♦ 4),
there exist {mk}k∈N ⊂ {m}, w̃ = [w̃1, . . . , w̃n] ∈ [H2(Ω)]n such that:

wmk
i → w̃i in Y, in C1(Ω), and weakly in H2(Ω),

for any i = 1, 2, 3, . . . , n, as k → ∞. (3.6.6)

Next, we verify that the limit w̃ is the solution to the state-system (AC)(ε,δ). Let us fix
k ∈ N. From Remark 3.11, the solution wmk admits the following variational inequality:

1

τ
(wmk

i − wmk
i−1, w

mk
i − z)X + (g(wmk

i ) −Muu
mk
i , wmk

i − z)X

+ Ψ(εmk
,δmk

)(wmk
i ) − Ψ(εmk

,δmk
)(z) ≤ 0,

for any z ∈ D(Ψ(εmk
,δmk

)) and i = 1, 2, 3, . . . , n. (3.6.7)

Here, we compute the limit of the both sides of (3.6.7), as k → ∞. Then, with (A3),
Key-Lemma and (3.6.6) in mind, one can see that:

1

τ
(w̃i − w̃i−1, w̃i − z)X + (g(w̃i), w̃i − z)X + Ψ(ε,δ)(w̃i)

≤ 1

τ
lim
k→∞

(wmk
i − wmk

i−1, w
mk
i − z)X + lim

k→∞
(g(wmk

i ), wmk
i − z)X + lim

k→∞
Ψ(εmk

,δmk
)(wmk

i )

≤ Ψ(ε,δ)(z) + (Muui, w̃i − z)X , for any z ∈ D(Ψ(ε,δ)) and i = 1, 2, 3, . . . , n.

This implies that w̃ coincides with the solution w to (AC)(ε,δ).
Finally, we prove the convergence (3.3.15). Let us fix i ∈ {1, 2, 3, . . . , n}. Then, one

can see from (3.6.6) that:

∂xw
mk
i → ∂xwi in C(Ω), as k → ∞. (3.6.8)

In the light of (A2) and (3.6.8), we compute that:

|f εmk (∂xw
mk
i ) − f ε(∂xwi)|

≤ |f εmk (∂xw
mk
i ) − f εmk (∂xwi)| + |f εmk (∂xwi) − f ε(∂xwi)|

≤
∣∣∣∣(∫ 1

0

(f εmk )′(∂xwi + ς(∂xw
mk
i − ∂xwi)) dς

)
(∂xw

mk
i − ∂xwi)

∣∣∣∣
+ |f εmk (∂xwi) − f ε(∂xwi)|

≤
(∫ 1

0

C0(1 + |∂xwi + ς(∂xw
mk
i − ∂xwi)|) dς

)
|∂xwmk

i − ∂xwi|

+ |f εmk (∂xwi) − f ε(∂xwi)|
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≤ C0|∂xwmk
i − ∂xwi|C(Ω)

∫ 1

0

(1 + ς|∂xwi| + (1 − ς)|∂xwmk
i |) dς

+ |f εmk (∂xwi) − f ε(∂xwi)|

= C0|∂xwmk
i − ∂xwi|C(Ω)

(
1 +

1

2
|∂xwi| +

1

2
|∂xwmk

i |
)

+ |f εmk (∂xwi) − f ε(∂xwi)|
→ 0 in the pointwise sense on Ω, as k → ∞. (3.6.9)

On account of (A2) and (3.6.8), we can say that:

|f εmk (∂xw
mk
i )| ≤

∣∣∣∣∫ 1

0

(f εmk )(ς∂xw
mk
i ) dς

∣∣∣∣ ≤ ∫ 1

0

C0(1 + ς|∂xwmk
i |) dς

≤ C0

(
1 +

1

2
sup
k∈N

|∂xwmk
i |
)

on Ω, for any k ∈ N. (3.6.10)

By (3.6.9), (3.6.10), and Lebesgue’s dominated convergence theorem, we can infer that:

f εmk (∂xw
mk
i ) → f ε(∂xwi) in X, as k → ∞. (3.6.11)

Now, taking into account (3.6.6), (3.6.9), (3.6.11), and the uniqueness of the solution
w, we conclude the convergences (3.3.14) and (3.3.15), with no use of subsequence.

3.7 Proof of Main Theorem 3.3

In this section, we prove the third Main Theorem 3.3. Let us fix the constants ε, δ ∈ [0, 1],
and fix the initial data w0 ∈ Y satisfying K̂δ(w0) ∈ L1(Ω). Let us fix any forcing term
ū = [ū1, . . . , ūn] ∈ X. Then, invoking (1.5.10), it is estimated that:

0 ≤ J (ε,δ) := inf J (ε,δ)(X) ≤ J
(ε,δ)

:= J (ε,δ)(ū) <∞,

for all ε ∈ [0, 1] and δ ∈ [0, 1]. (3.7.1)

Also, for any ε ∈ [0, 1] and δ ∈ [0, 1], we denote by w̄ = [w̄1, . . . , w̄n] the solution to
(AC)(ε,δ) for the forcing term ū and initial data w0.

Based on these, the Main Theorem 3.3 is proved as follows.

Proof of Main Theorem 3.3 (III-A). From the estimate (3.7.1), we immediately
find a sequence of forcing functions {um}m∈N = {[um1 , . . . , u

m
n ]}m∈N ⊂ X, such that:

J (ε,δ)(um) ↓ J (ε,δ), as m→ ∞, (3.7.2a)

and

sup
m∈N

∣∣∣∣∣
√
Mu

2
um

∣∣∣∣∣
2

X

≤ J (ε,δ)(ū) <∞. (3.7.2b)
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Also, the estimate (3.7.2b) enables us to take a subsequence of {um}m∈N ⊂ X (not rela-
beled), and to find a function u∗ = [u∗1, . . . , u

∗
n] ∈ X, such that:

√
Muu

m →
√
Muu

∗ weakly in X, as m→ ∞. (3.7.3)

Let w∗ = [w∗
1, . . . , w

∗
n] ∈ X be the solution to (AC)(ε,δ) for the forcing term u∗ and

initial data w0. Also, for any m ∈ N, let wm = [wm
1 , . . . , w

m
n ] ∈ X be the solution

to (AC)(εm,δm) for the forcing term um and the initial data w0. Then, having in mind
(3.3.13), (3.7.3), we can apply Main Theorem 3.2, to see that:

wm → w∗ in Y, in [C1(Ω)]n, and weakly in [H2(Ω)]n, as m→ ∞. (3.7.4)

On account of (3.7.2a), (3.7.3), and (3.7.4), it is computed that:

J (ε,δ)(u∗) =
1

2

∣∣[√Mw(w∗ − wad)
∣∣2
X +

1

2

∣∣√Muu
∗∣∣2

X

≤ 1

2
lim

m→∞

∣∣[√Mw(wm − wad)]
∣∣2
X +

1

2
lim

m→∞

∣∣√Muu
m
∣∣2
X

= lim
m→∞

J (ε,δ)(um) = J (ε,δ) (≤ J (ε,δ)(u∗)),

and this leads to:
J (ε,δ)(u∗) = min

u∈X
J (ε,δ)(u).

Thus, we conclude the item (III-A).

Proof of Main Theorem 3.3 (III-B). Let ε, δ ∈ [0, 1], {εm}m∈N ⊂ (0, 1], {δm}m∈N ⊂
(0, 1], and {wm

0 }m∈N ⊂ Y be the sequences as in (3.3.13). Let w̄ = [w̄1, . . . , w̄n] ∈ X be
the solution to (AC)(ε,δ) for the forcing term ū and initial data w0, and for any m ∈ N, let
w̄m = [w̄m

1 , . . . , w̄
m
n ] ∈ X be the solution to (AC)(εm,δm) for the forcing term ū and initial

data wm
0 . Then, applying (Fact 2) and Main Theorem 3.2 to these solutions, it is observed

that:
w̄m → w̄ in Y, in [C1(Ω)]n, and weakly in [H2(Ω)]n, (3.7.5a)

and

sup
m∈N

|wm
0 |Y <∞, K̂δ(w0) ≤ lim

m→∞

∫
Ω

K̂δm(wm
0 ) ≤ K̂∗ <∞. (3.7.5b)

and hence,
J sup := sup

m∈N
J (εm,δm)(ū) <∞. (3.7.6)

Next, for any m ∈ N, let us denote by w(∗,m) = [w
(∗,m)
1 , . . . , w

(∗,m)
n ] ∈ X the solution

to (AC)(εm,δm) for the forcing term u(∗,m) = [u
(∗,m)
1 , . . . , u

(∗,m)
n ] of the optimal control of

(OP)(εm,δm) and initial data wm
0 . Then, in the light of (3.7.1) and (3.7.6), it is observed

that:

0 ≤ 1

2

∣∣√Muu
(∗,m)

∣∣2
X ≤ J (εm,δm) ≤ J sup <∞, for any m ∈ N.
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Therefore, one can find a subsequence {mk}k∈N ⊂ {m}, together with a limiting function
u∗∗ = [u∗∗1 , . . . , u

∗∗
n ] ∈ X, such that:

√
Muu

(∗,mk) →
√
Muu

∗∗ weakly in X, as k → ∞,

and as well as Muu
(∗,mk) →Muu

∗∗ weakly in X, as k → ∞.
(3.7.7)

Now, let us denote by w∗∗ = [w∗∗
1 , . . . , w

∗∗
n ] ∈ X the solution to (AC)(ε,δ) for the forcing

term u∗∗ and initial data w0. Then, applying Main Theorem 3.2, again, to the solutions
w∗∗ and w(∗,mk), k = 1, 2, 3, . . . , one can observe that:

w(∗,mk) → w∗∗ in Y, in [C1(Ω)]n, and weakly in [H2(Ω)]n, as k → ∞. (3.7.8)

As a consequence of (3.7.5), (3.7.7), and (3.7.8), it is verified that:

J (ε,δ)(u∗∗) =
1

2

∣∣√Mw(w∗∗ − wad)
∣∣2
X +

1

2

∣∣√Muu
∗∗]
∣∣2
X

≤ 1

2
lim
k→∞

∣∣√Mw(w(∗,mk) − wad)
∣∣2
X +

1

2
lim
k→∞

∣∣√Muu
(∗,mk)

∣∣2
X

= lim
k→∞

J (εmk
,δmk

)(u(∗,mk)) ≤ lim
k→∞

J (εmk
,δmk

)(ū)

=
1

2
lim
k→∞

∣∣√Mw(w̄mk − wad))
∣∣2
X +

1

2

∣∣√Muū
∣∣2
X

= J (ε,δ)(ū).

Since the choice of ū ∈ X is arbitrary, we conclude that:

J (ε,δ)(u∗∗) = min
u∈X

J (ε,δ)(u),

and complete the proof of Main Theorem 3.3 (III-B).

3.8 Proof of Main Theorem 3.4

Let ε ∈ (0, 1] and δ ∈ (0, 1] be fixed constants, and let w0 ∈ Y be the initial data,
satisfying K̂δ(w0) ∈ L1(Ω). Let us take any forcing term u = [u1, . . . , un] ∈ X, and take
the unique solution w = [w1, . . . , wn] ∈ X to the state-system (AC)(ε,δ). Also, let us take
any constant λ ∈ (0, 1) and any function h = [h1, . . . , hn] ∈ X, and consider another
solution wλ = [wλ

1 , . . . , w
λ
n] ∈ X to the state-system (AC)(ε,δ) for the perturbed forcing

term u+ λh = [u1 + λh1, . . . , un + λhn] and initial data w0. On this basis, we consider a
sequence of function {χλ}λ∈(0,1) = {[χλ

1 , . . . , χ
λ
n]}λ∈(0,1) ⊂ X, defined as:

χλ = [χλ
1 , . . . , χ

λ
n] :=

wλ − w

λ
=

[
wλ

1 − w1

λ
, . . . ,

wλ
n − wn

λ

]
∈ X, for λ ∈ (0, 1). (3.8.1)

This sequence acts a key-role in the computation of Gâteaux differential of the cost func-
tion J (ε,δ), for ε ∈ (0, 1] and δ ∈ (0, 1].
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Remark 3.15. Note that for any λ ∈ (0, 1), the function wλ = [wλ
1 , . . . , w

λ
n] ∈ X fulfills

the following variational forms:

1

τ
(χλ

i −χλ
i−1, ϕ)X + ν2(∂xχ

λ
i , ∂xϕ)X +

∫
Ω

(∫ 1

0

(f ε)′′(∂xwi + ςλ∂xχ
λ
i ) dς

)
∂xχ

λ
i ∂xϕdx

+

∫
Ω

(∫ 1

0

g′(wi + ςλχλ
i ) dς

)
χλ
i ϕdx+

∫
Ω

(∫ 1

0

(Kδ)′(wi + ςλχλ
i ) dς

)
χλ
i ϕdx

=(Muhi, ϕ)X , for any ϕ ∈ Y and i = 1, 2, 3, . . . , n, subject to χλ
0 = 0 in X.

In fact, this variational form is obtained by taking the difference between respective two
variational forms for wλ = [wλ

1 , . . . , w
λ
n] and w = [w1, . . . , wn], as in Main Theorem 3.1,

and by using the following linearization formulas:

1

λ

(
(f ε)′(∂xw

λ
i ) − (f ε)′(∂xwi)

)
=

(∫ 1

0

(f ε)′′(∂xwi + ςλ∂xχ
λ
i ) dς

)
∂xχ

λ
i in X,

1

λ

(
g(wλ

i ) − g(wi)
)

=

(∫ 1

0

g′(wi + ςλχλ
i ) dς

)
χλ
i in X,

and

1

λ

(
Kδ(wλ

i ) −Kδ(wi)
)

=

(∫ 1

0

(Kδ)′(wi + ςλχλ
i ) dς

)
χλ
i in X, for any i = 1, 2, 3, . . . , n.

Incidentally, the above linearization formulas can be verified as consequences of the as-
sumptions (A1)–(A6) and the mean-value theorem (cf. [54, Theorem 5 in p. 313]).

Now, we prepare the following three Lemmas, for the proof of Main Theorem 3.4.

Lemma 3.1. Let τ ∈ (0, τ ∗) be as in the assumption (A5), and let c ≥ 0 be a fixed
constant such that:

0 < cτ <
1

2
. (3.8.2)

Let {Ai}ni=0 ⊂ [0,∞), {Bi}ni=0 ⊂ [0,∞), and {Ci}ni=1 ⊂ [0,∞) be sequences such that:

1

τ
(Ai − Ai−1 + τBi) ≤ cAi + Ci, i = 1, 2, 3, . . . , n. (3.8.3)

Then, it is estimated that:

Ai + τBi ≤ 2n

(
A0 + τB0 + τ

n∑
j=1

Cj

)
, i = 1, 2, 3, . . . , n. (3.8.4)
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Proof. From the assumptions (3.8.2) and (3.8.3), it is easily derived that:

1

2
(Ai + τBi) ≤ Ai−1 + τCi

≤ (Ai−1 + τBi−1) + τCi, i = 1, 2, 3, . . . , n.

Next, we put:

Pi := (Ai + τBi), i = 0, 1, 2, . . . , n.

On this basis, we observe that:

P1 ≤ 2P0 + 2τC1,

P2 ≤ 22P0 + 22τC1 + 2τC2,

P3 ≤ 23P0 + 23τC1 + 22τC2 + 2τC3,

and in general,

Pi ≤ 2iP0 + τ(2iC1 + 2i−1C2 + · · · + 22Ci−1 + 2Ci)

≤ 2i(P0 + τ(C1 + · · · + Ci)), for i = 1, 2, 3, . . . , n. (3.8.5)

The estimate (3.8.4) is obtained as a straightforward consequence of (3.8.5).

Lemma 3.2. Under the assumptions (A1)–(A6), let us fix ε ∈ (0, 1] and δ ∈ (0, 1], and
fix the initial data w0 ∈ Y satisfying K̂δ(w0) ∈ L1(Ω). Then, for any u = [u1, . . . , un] ∈ X,

the cost function J (ε,δ) admits the Gâteaux derivative
(
J (ε,δ)

)′
(u) ∈ X(= X∗), such that:(

(J (ε,δ))′(u),h
)
X =

(
Mw(w − wad), χ

)
X +

(
Muu, h

)
X,

for any h = [h1, . . . , hn] ∈ X.

In the context, w = [w1, . . . , wn] ∈ X is the solution to the state-system (AC)(ε,δ) for the
forcing term u and initial data w0, and χ = [χ1, . . . , χn] ∈ X is a unique solution to the
following linearization system:

1

τ
(χi − χi−1) − ∂x((f ε)′′(∂xwi)∂xχi + ν2∂xχi) + g′(wi)χi + (Kδ)′(wi)χi

= Muhi, in Ω,

∂xχi(±L) = 0, for any i = 1, 2, 3, . . . , n,

χ0 = 0 in X.

(3.8.6)

Proof. We prove this Lemma in accordance with the following two Steps.

First Step: The linearization system (3.8.6) admits a unique solution.

Second Step: The cost function J (ε,δ) admits the Gâteaux derivative
(
J (ε,δ)

)′
(u) ∈ X,

for any u = [u1, . . . , un] ∈ X.
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Verification of First Step. At first, we verify that the linearization system (3.8.6)
admits a solution χ = [χ1, . . . , χn]. Let us fix i ∈ {1, 2, 3, . . . , n} and let us define a
functional G : X −→ (−∞,∞], by letting:

z ∈ X 7→ G(z)

:=



1

2τ

∫
Ω

|z − χi−1|2 dx+

∫
Ω

(f ε)′′(∂xwi)|∂xz|2 dx+
ν2

2

∫
Ω

|∂xz|2 dx

+
1

2

∫
Ω

g′(wi)|z|2 dx+
1

2

∫
Ω

(Kδ)′(wi)|z|2 dx− (Muhi, z)X ,

if z ∈ Y ,

∞, otherwise.

From (A5) and Remark 3.7, it is observed that:

1

τ
− g′(wi) ≥

1

τ
− [g′]−(wi) ≥

1

τ
− Cg > 0,

and this enables us to say that the functional

z ∈ X 7→ 1

2τ

∫
Ω

|z − χi−1|2 dx+
1

2

∫
Ω

g′(wi)|z|2 dx (3.8.7)

is strictly convex on X. From the assumptions (A1)–(A5), Remark 3.7, and (3.8.7), it is
easily checked that G is a proper, l.s.c., and strictly convex function on X, such that:

G(z) ≥ 1

4τ
|z|2X − 1

2τ
|χi−1|2X +

ν2

2
|∂xz|2X

− Cg

2
|z|2X −Mu|hi|X |z|X

≥ 1

4τ
|z|2X − 1

2τ
|χi−1|2X +

ν2

2
|∂xz|2X

− Cg

2
|z|2X − 1

16τ
|z|2X − 4τM2

u |hi|2X

≥ 1

8τ
|z|2X − 1

2τ
|χi−1|2X +

ν2

2
|∂xz|2X − 4τM2

u |hi|2X ,

for any z ∈ Y. (3.8.8)

(3.8.8) implies that G is coercive.
Now, applying [24, Proposition 1.2, Chapter II], we find a unique minimizer z̃ ∈ Y of

G, and hence, we can see that:

0 ≤ 1

λ

(
G(z̃ + λϕ) − G(z̃)

)
=

1

τ

∫
Ω

ϕ(z̃ − χi−1) dx+
λ

2τ

∫
Ω

|ϕ|2 dx

+

∫
Ω

(f ε)′′(∂xwi)∂xz̃∂xϕdx+
λ

2

∫
Ω

(f ε)′′(∂xwi)|∂xϕ|2 dx

61



+ ν2
∫
Ω

∂xz̃∂xϕdx+
ν2λ

2

∫
Ω

|∂xϕ|2 dx+

∫
Ω

g′(wi)z̃ϕ dx+
λ

2

∫
Ω

g′(wi)|ϕ|2 dx

+

∫
Ω

(Kδ)′(wi)z̃ϕ dx+
λ

2

∫
Ω

(Kδ)′(wi)|ϕ|2 dx− (Muhi, ϕ)X ,

for any ϕ ∈ Y, and λ ∈ (0, 1). (3.8.9)

Taking λ ↓ 0 in (3.8.9), it is inferred that:

0 ≤ 1

τ
(z̃ − χi−1, ϕ)X +

(
(f ε)′′(∂xwi)∂xz̃ + ν2∂xz̃, ∂xϕ

)
X

+
(
g′(wi)z̃, ϕ

)
X

+
(
(Kδ)′(wi)z̃, ϕ

)
X
− (Muhi, ϕ)X , for any ϕ ∈ Y, (3.8.10)

i.e.

1

τ
(z̃ − χi−1, ϕ)X +

(
(f ε)′′(∂xwi)∂xz̃ + ν2∂xz̃, ∂xϕ

)
X

+
(
g′(wi)z̃, ϕ

)
X

+
(
(Kδ)′(wi)z̃, ϕ

)
X

= (Muhi, ϕ)X , for any ϕ ∈ Y. (3.8.11)

In particular, taking any ϕ0 ∈ H1
0 (Ω) and putting ϕ = ϕ0 in (3.8.11),(

Muhi −
1

τ
(z̃ − χi−1) − g′(wi)z̃ − (Kδ)′(wi)z̃, ϕ0

)
X

=

∫
Ω

(
(f ε)′′(∂xwi)∂xz̃ + ν2∂xz̃

)
∂xϕ0 dx, for any ϕ0 ∈ H1

0 (Ω),

which implies:

−∂x
(
(f ε)′′(∂xwi)∂xz̃ + ν2∂xz̃

)
= Muhi −

1

τ
(z̃ − χi−1) − g′(wi)z̃ − (Kδ)′(wi)z̃ ∈ X, in D′(Ω). (3.8.12)

Additionally, having in mind Remark 3.6, (A2), (3.8.12), and wi ∈ H2(Ω) ⊂ C1(Ω), we
infer that

(f ε)′′(∂xwi)∂xz̃ + ν2∂xz̃ ∈ Y, and

|∂xz̃(±L)| ≤ 1

ν2
∣∣((f ε)′′(∂xwi)∂xz̃ + ν2∂xz̃

)
(±L)

∣∣ = 0, (3.8.13a)

i.e.

(f ε)′′(∂xwi)∂xz̃ + ν2∂xz̃ ∈ H1
0 (Ω). (3.8.13b)

As a consequence of (3.8.11)–(3.8.13), we obtain the existence and uniqueness of the
solution to the linearization system (3.8.6).

Verification of Second Step. Let us fix any u = [u1, . . . , un] ∈ X, and take any λ ∈
(0, 1) and any h = [h1, . . . , hn] ∈ X. Then, it is easily seen that:

Mu(u+ λh) →Muu in X, as λ ↓ 0,
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and also, as a consequence of Main Theorem 3.2, it is observed that:

wλ = [wλ
1 , . . . , w

λ
n] → w = [w1, . . . , wn]

in Y, in [C1(Ω)]n, and weakly in [H2(Ω)]n, as λ ↓ 0. (3.8.14)

Here, in the light of (A2)–(A4), (3.8.1), and (3.8.14), we can find a constant R1 > 0,
independent of λ ∈ (0, 1), such that:

|w|[C1(Ω)]n∩[H2(Ω)]n ∨ sup
λ∈(0,1)

|wλ|[C1(Ω)]n∩[H2(Ω)]n ≤ R1, (3.8.15a)

and

max
1≤i≤n
ς∈[0,1]

{
|(f ε)′′(∂xwi + ςλ∂xχ

λ
i )|C(Ω), |g′(wi + ςλχλ

i )|C(Ω),

|(Kδ)′(wi + ςλχλ
i )|L∞(Ω)

}
≤ R1,

for all 0 < λ < 1. (3.8.15b)

Also, taking a subsequence if necessary, we see from the assumptions (A2)–(A4) that:

f
ε

λ :=

(∫ 1

0

(f ε)′′(∂xwi + ςλ∂xχ
λ
i ) dς

)
→ (f ε)′′(∂xwi),

gλ :=

(∫ 1

0

g′(wi + ςλχλ
i ) dς

)
→ g′(wi),

K
δ

λ :=

(∫ 1

0

(Kδ)′(wi + ςλχλ
i ) dς

)
→ (Kδ)′(wi),

(3.8.16)

in the pointwise sense a.e. in Ω, as λ→ 0.

In the meantime, it is easily seen that:

1

λ

(
J (ε,δ)(u+ λh) − J (ε,δ)(u)

)
=

(
Mw

2
(wλ + w − 2wad), χλ

)
X

+

(
Mu

2
(2u+ λh), h

)
X
. (3.8.17)

Now, we fix i ∈ {1, 2, 3, . . . , n}. By using assumptions (A1)–(A4), and Remark 3.7,
and by choosing ϕ = χλ

i in Remark 3.15, we can deduce that:

1

2τ
(|χλ

i |2X − |χλ
i−1|2X) + IA + IB ≤ IC + ID, (3.8.18a)

via

1

τ
(χλ

i − χλ
i−1, χ

λ
i )X ≥ 1

τ
|χλ

i |2X − 1

τ
(χλ

i−1, χ
λ
i )X

≥ 1

2τ
(|χλ

i |2X − |χλ
i−1|2X), (3.8.18b)
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IA :=

(
−∂x

((∫ 1

0

(f ε)′′(∂xwi + ςλ∂xχ
λ
i ) dς

)
∂xχ

λ
i + ν2∂xχ

λ
i

)
, χλ

i

)
X

=

∫
Ω

(∫ 1

0

(f ε)′′(∂xwi + ςλ∂xχ
λ
i ) dς

)
|∂xχλ

i |2dx+ (ν2∂xχ
λ
i , ∂xχ

λ
i )X

≥ ν2|∂xχλ
i |2X , (3.8.18c)

IB :=

((∫ 1

0

(Kδ)′(wi + ςλχλ
i ) dς

)
χλ
i , χ

λ
i

)
X

=

∫
Ω

(∫ 1

0

(Kδ)′(wi + ςλχλ
i ) dς

)
|χλ

i |2dx

≥ 0, (3.8.18d)

IC := −
((∫ 1

0

g′(wi + ςλχλ
i ) dς

)
χλ
i , χ

λ
i

)
X

≤ −
∫
Ω

(∫ 1

0

−[g′]−(wi + ςλχλ
i ) dς

)
|χλ

i |2dx

≤ Cg|χλ
i |2X , (3.8.18e)

and

ID := (Muhi, χ
λ
i )X ≤ M2

u

2
|hi|2 +

1

2
|χλ

i |2X . (3.8.18f)

Based on the (3.8.18), we compute that:

1

τ
(|χλ

i |2X − |χλ
i−1|2X + 2τν2|∂xχλ

i |2X) ≤ (1 + 2Cg)|χλ
i |2X +M2

u |hi|2X .

Now, let us set:Ai := |χλ
i |2X , Bi := 2ν2|∂xχλ

i |2X with B0 := B1,

c := 1 + 2Cg, Ci := M2
u |hi|2X .

Then, in the light of Lemma 3.1, one can say that:

(? 1) the sequence {χλ}λ∈(0,1) = {[χλ
1 , . . . , χ

λ
n}λ∈(0,1) is bounded in Y, and compact in X.

As consequences of (A2)–(A4), (? 1), (3.8.15), (3.8.16), and Lebesgue’s dominated
convergence theorem, one can find a sequence {λm}m∈N ⊂ {λ}λ∈(0,1) and the function
χ = [χ1, . . . , χn] ∈ X such that:

0 < |λm| < 1, and λm → 0, as m→ ∞, (3.8.19a)

χλm
i → χi in X, and weakly in Y , as m→ ∞, for any i = 1, 2, 3, . . . , n, (3.8.19b)
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f
ε

λm
∂xϕ → (f ε)′′(∂xwi)∂xϕ in X,

for any ϕ ∈ Y , as m→ ∞, for any i = 1, 2, 3, . . . , n, (3.8.19c)

gλm
ϕ→ g′(wi)ϕ in X, for any ϕ ∈ Y , as m→ ∞, for any i = 1, 2, 3, . . . , n, (3.8.19d)

and

K
δ

λm
ϕ → (Kδ)′(wi)ϕ in X,

for any ϕ ∈ Y , as m→ ∞, for any i = 1, 2, 3, . . . , n. (3.8.19e)

On account of (3.8.19), Remark 3.15, and First Step, we will verify that χ is the unique
solution to the linearization system (3.8.6).

Now, taking into account (3.8.14), (3.8.17), and (3.8.19), and the uniqueness of the
limit χ, we can compute the directional derivative DhJ (ε,δ)(u) ∈ R, as follows:

DhJ (ε,δ)(u) := lim
λ→0

1

λ

(
J (ε,δ)(u+ λh) − J (ε,δ)(u)

)
= (Mw(w − wad), χ)X + (Muu, h)X,

for any u = [u1, . . . , un] ∈ X, and any direction h = [h1, . . . , hn] ∈ X. (3.8.20)

Moreover, with Riesz’s theorem in mind, we deduce the existence of the Gâteaux derivative(
J (ε,δ)

)′
(u) ∈ X∗(= X) at u = [u1, . . . , un] ∈ X, i.e.((
J (ε,δ)

)′
(u), h

)
X

= DhJ (ε,δ)(u),

for every u = [u1, . . . , un], h = [h1, . . . , hn] ∈ X. (3.8.21)

On account of (3.8.20) and (3.8.21), we conclude this Lemma.

Lemma 3.3. Under the assumptions (A1)–(A6), let us fix ε ∈ (0, 1] and δ ∈ (0, 1], and
fix the initial data w0 ∈ Y satisfying K̂δ(w0) ∈ L1(Ω). Also, let u∗ = [u∗1, . . . , u

∗
n] ∈ X be

an optimal control of the problem (OP)(ε,δ), and let w∗ = [w∗
1, . . . , w

∗
n] be the solution to

the state-system (AC)(ε,δ) for the forcing term u∗ and initial data w0. Then, we can get
the following equation:(

p, h
)
X =

(
v, χ
)
X, for all h = [h1, . . . , hn], v = [v1, . . . , vn] ∈ X.

In the context, χ = [χ1, . . . , χn] ∈ X and p = [p1, . . . , pn] ∈ X are unique solutions for the
following linearization system:

1

τ
(χi − χi−1) − ∂x((f ε)′′(∂xw

∗
i )∂xχi + ν2∂xχi) + g′(w∗

i )χi + (Kδ)′(w∗
i )χi

= hi, in Ω,

∂xχi(±L) = 0, for any i = 1, 2, 3, . . . , n,

χ0 = 0 in X;

(3.8.22)

and the adjoint system:

1

τ
(pi − pi+1) − ∂x((f ε)′′(∂xw

∗
i )∂xpi + ν2∂xpi) + g′(w∗

i )pi + (Kδ)′(w∗
i )pi

= vi, in Ω,

∂xpi(±L) = 0, for any i = n, . . . , 3, 2, 1,

pn+1 = 0 in X;

(3.8.23)

respectively.
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Proof. Let us fix arbitrary functions h = [h1, . . . , hn], v = [v1, . . . , vn] ∈ X.
First, we verify (3.8.22) and (3.8.23) admit unique solutions χ = [χ1, . . . , χn] and

p = [p1, . . . , pn], respectively. The existence and uniqueness of the solution χ to (3.8.22)
will be verified, immediately, by applying the same argument as in the First Step in the
proof of Lemma 3.2, to the special case when Mu = 1.

Now, we prove the existence and uniqueness for the system (3.8.23). Let us fix i ∈
{1, 2, 3, . . . , n} and we define a functional L : X −→ (−∞,∞], by letting:

z ∈ X 7→ L(z)

:=



1

2τ

∫
Ω

|z − pi+1|2 dx+

∫
Ω

(f ε)′′(∂xw
∗
i )|∂xz|2 dx+

ν2

2

∫
Ω

|∂xz|2 dx

+
1

2

∫
Ω

g′(w∗
i )|z|2 dx+

1

2

∫
Ω

(Kδ)′(w∗
i )|z|2 dx− (ui, z)X ,

if z ∈ Y ,

∞, otherwise.

Then, by using the assumptions (A1)–(A5), and Remark 3.7, and by applying similar
arguments as in (3.8.7)–(3.8.13), we can see the existence of the solution to the adjoint
system (3.8.23).

Next, having in mind (A2)–(A4), (3.8.22), (3.8.23), and Main Theorem 3.1, it is
deduced that:

1

τ

n∑
i=1

(χi − χi−1, pi)X

=
1

τ

(
(χ1 − χ0, p1)X + · · · + (χn − χn−1, pn)X − (χn, pn+1)X

)
=

1

τ

(
(p1 − p2, χ1)X + · · · + (pn−1 − pn, χn−1)X + (pn − pn+1, χn)X

)
=

1

τ

n∑
i=1

(pi − pi+1, χi)X , (3.8.24a)

(
(f ε)′′(∂xw

∗
i )∂xχi, ∂xpi

)
X

=
(
(f ε)′′(∂xw

∗
i )∂xpi, ∂xχi

)
X
, (3.8.24b)

(ν2∂xχi, ∂xpi)X = (ν2∂xpi, ∂xχi)X , (3.8.24c)

(g′(w∗
i )χi, pi)X = (g′(w∗

i )pi, χi)X , (3.8.24d)

and

((Kδ)′(w∗
i )χi, pi)X = ((Kδ)′(w∗

i )pi, χi)X , for any i = 1, 2, 3, . . . , n. (3.8.24e)

Here, invoking (3.8.22), (3.8.23), and (3.8.24), we compute that:

(
p, h
)
X =

n∑
i=1

(pi, hi)X =
n∑

i=1

〈hi, pi〉Y
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=
1

τ

n∑
i=1

(χi − χi−1, pi)X +
n∑

i=1

(
(f ε)′′(∂xw

∗
i )∂xχi, ∂xpi

)
X

+
n∑

i=1

(ν2∂xχi, ∂xpi)X +
n∑

i=1

(g′(w∗
i )χi, pi)X +

n∑
i=1

((Kδ)′(w∗
i )χi, pi)X

=
1

τ

n∑
i=1

(pi − pi+1, χi)X +
n∑

i=1

(
(f ε)′′(∂xw

∗
i )∂xpi, ∂xχi

)
X

+
n∑

i=1

(ν2∂xpi, ∂xχi)X +
n∑

i=1

(g′(w∗
i )pi, χi)X +

n∑
i=1

((Kδ)′(w∗
i )pi, χi)X

=
n∑

i=1

(vi, χi)X = (v, χ)X.

Thus, we conclude this Lemma.

Now, we are on the stage to prove the Main Theorem 3.4.

Proof of Main Theorem 3.4. Let u∗ = [u∗1, . . . , u
∗
n] ∈ X be the optimal control of

(OP)(ε,δ), with the solution w∗ = [w∗
1, . . . , w

∗
n] ∈ X to the state-system (AC)(ε,δ) for the

forcing term u∗ and initial data w0 ∈ Y satisfying K̂δ(w0) ∈ L1(Ω). Also, let us fix
h = [h1, . . . , hn] ∈ X and let χ∗ = [χ∗

1, . . . , χ
∗
n] ∈ X be the solution to the linearization

system (3.8.22) for the forcing term Muh, and let p∗ = [p∗1, . . . , p
∗
n] ∈ X be the solution to

the adjoint system (3.8.23) for the forcing term Mw(w∗−wad). Then, by applying Lemma
3.2, and by applying Lemma 3.3 to the case when h = Muh and v = Mw(w∗ − wad), we
compute that:

0 =
(
(J (ε,δ))′(u∗), h

)
X

= lim
λ→0

1

λ

(
J (ε,δ)(u∗ + λh) − J (ε,δ)(u∗)

)
=
(
Mw(w∗ − wad), χ

)
X +

(
Muu

∗, h
)
X

=
(
p∗,Muh

)
X +

(
Muu

∗, h
)
X

=
(
Mu(p∗ + u∗), h

)
X, for any h = [h1, . . . , hn] ∈ X.

Thus, we conclude Main Theorem 3.4.

3.9 Proof of Main Theorem 3.5

At first, we prepare the notations used throughout this Section. For every ε ∈ (0, 1] and

δ ∈ (0, 1], we denote by u(∗,(ε,δ)) = [u
(∗,(ε,δ))
1 , . . . , u

(∗,(ε,δ))
n ] ∈ X the optimal control of the ap-

proximating problem (OP)(ε,δ), together with the solution w(∗,(ε,δ)) = [w
(∗,(ε,δ))
1 , . . . , w

(∗,(ε,δ))
n ]

∈ X to the state-system (AC)(ε,δ) for the forcing term u(∗,(ε,δ)) and initial data w0 ∈ Y ,
satisfying |w0| ≤ 1, a.e. in Ω. Note that:

K̂ δ̃(w0) ≡ 0 on Ω, and hence
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|K̂ δ̃(w0)|L1(Ω) = 0, for all δ̃ ∈ [0, 1].

In addition, for every ε ∈ (0, 1] and δ ∈ (0, 1], we denote by p(∗,(ε,δ)) = [p
(∗,(ε,δ))
1 , . . . , p

(∗,(ε,δ))
n ]

∈ X the solution to the adjoint system (3.8.23) for the forcing term Mw(w(∗,(ε,δ)) − wad).
Now, by Main Theorem 3.3 (III-B), we find an optimal control u◦ = [u◦1, . . . , u

◦
n] ∈ X

of (OP)(0,0), with a zero-convergent sequences {εm}m∈N ⊂ (0, 1] and {δm}m∈N ⊂ (0, 1],
such that:

u(∗,m) := u(∗,(εm,δm)) → u◦ weakly in X, as m→ ∞. (3.9.1a)

Let w◦ = [w◦
1, . . . , w

◦
n] ∈ X be the solution to (AC)(0,0) for the forcing term u◦ and initial

data w0. Then, having in mind (A3) and Main Theorem 3.2, we can find subsequences of
{εm}m∈N and {δm}m∈N (not relabeled) such that:

w(∗,m) := w(∗,(εm,δm)) → w◦ in Y, in [C1(Ω)]n,

and weakly in [H2(Ω)]n, as m→ ∞, (3.9.1b)

∂xw
(∗,m) := ∂xw

(∗,(εm,δm)) → ∂xw
◦ in [C(Ω)]n, as m→ ∞, (3.9.1c)

and

g′(w
(∗,m)
i ) := g′(w

(∗,(εm,δm))
i ) → g′(w◦

i ) in C(Ω),

for any i = 1, 2, 3, . . . , n, as m→ ∞. (3.9.1d)

Here, in the light of (A3) and (3.9.1), we can find a constant R2 > 0, independent of
m ∈ N, such that:

max
1≤i≤n

|g′(w(∗,m)
i )|C(Ω) ≤ R2, for all m ∈ N. (3.9.2)

Next, let us fix m ∈ N. Then, by (3.8.23), p(∗,m) := p(∗,(εm,δm)) satisfies the following
equation:

1

τ
(p

(∗,m)
i − p

(∗,m)
i+1 , ϕ)X +

(
(f εm)′′(∂xw

(∗,m)
i )∂xp

(∗,m)
i , ∂xϕ

)
X

+ ν2(∂xp
(∗,m)
i , ∂xϕ)X +

(
g′(w

(∗,m)
i )p

(∗,m)
i , ϕ

)
X

+
(
(Kδ)′(w

(∗,m)
i )p

(∗,m)
i , ϕ

)
X

=
(
Mw(w

(∗,m)
i − wad

i ), ϕ
)
X
,

for any ϕ ∈ Y , and i = n, . . . , 3, 2, 1. (3.9.3)

Let us fix i ∈ {1, 2, 3, . . . , n}. Then, by applying the assumptions (A1)–(A4), and Remark

3.7, and by choosing ϕ = p
(∗,m)
i in (3.9.3), we can deduce that:

1

2τ
(|p(∗,m)

i |2X − |p(∗,m)
i+1 |2X) + ν2|∂xp(∗,m)

i |2X + LA + LB ≤ LC + LD, (3.9.4a)

with

LA :=
(
(f εm)′′(∂xw

(∗,m)
i )∂xp

(∗,m)
i , ∂xp

(∗,m)
i

)
X
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=

∫
Ω

(f εm)′′(∂xw
(∗,m)
i )|∂xp(∗,m)

i |2 dx ≥ 0, (3.9.4b)

LB :=
(
(Kδm)′(w

(∗,m)
i )p

(∗,m)
i , p

(∗,m)
i

)
X

=

∫
Ω

(Kδm)′(w
(∗,m)
i )|p(∗,m)

i |2 dx ≥ 0, (3.9.4c)

LC := −
(
g′(w

(∗,m)
i )p

(∗,m)
i , p

(∗,m)
i

)
X

≤
∫
Ω

|[g′]−|L∞(R)|p(∗,m)
i |2 dx

≤ Cg|p(∗,m)
i |2X , (3.9.4d)

and

LD :=
(
Mw(w

(∗,m)
i − wad

i ), p
(∗,m)
i

)
X

≤ 1

2
|p(∗,m)

i |2X +
M2

w

2
|w(∗,m)

i − wad
i |2X . (3.9.4e)

Based on the (3.9.4), we compute that:

1

τ

(
(|p(∗,m)

i |2X − |p(∗,m)
i+1 |2X) + 2τν2|∂xp(∗,m)

i |2X
)

≤ (1 + 2Cg)|p(∗,m)
i |2X +M2

w|w
(∗,m)
i − wad

i |2X .

Here, let us apply Lemma 3.1 to the case when:Ai := |p(∗,m)
n−i+1|2X , Bi := 2ν2|∂xp(∗,m)

n−i+1|2X with B0 := B1,

c := 1 + 2Cg, Ci := M2
w|w

(∗,m)
n−i+1 − wad

n−i+1|2X .

Then, in the light of Lemma 3.1 and (3.9.1b), one can say that:

(? 2) the sequence {p(∗,m)}m∈N = {[p
(∗,m)
1 , . . . , p

(∗,m)
n ]}m∈N is bounded in Y, and compact

in X.

Now, let us fix m ∈ N and i ∈ {1, 2, 3, . . . , n}, and define a bounded and linear
functional ζmi ∈ Y ∗ on Y , by putting:

〈ζmi , ϕ〉Y :=
(
(f εm)′′(∂xw

(∗,m)
i )∂xp

(∗,m)
i , ∂xϕ

)
X

+
(
(Kδm)′(w

(∗,m)
i )p

(∗,m)
i , ϕ

)
X
, for any ϕ ∈ Y. (3.9.5)

Then, on account of (3.9.2), (3.9.3), and (3.9.5), we can estimate that:

|〈ζmi , ϕ〉Y | ≤
1

τ
|p(∗,m)

i − p
(∗,m)
i+1 |X |ϕ|X + ν2|∂xp(∗,m)

i |X |∂xϕ|X

+

∫
Ω

|g′(w(∗,m)
i )p

(∗,m)
i ϕ| dx+Mw|w(∗,m)

i − wad
i |X |ϕ|X
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≤ sup
m∈N

(1

τ
|p(∗,m)

i − p
(∗,m)
i+1 |X | + ν2|∂xp(∗,m)

i |X

+R2|p(∗,m)
i |X +Mw|w(∗,m)

i − wad
i |X

)
|ϕ|Y ,

for any ϕ ∈ Y. (3.9.6)

From (3.9.1a), (3.9.6), and (? 2), we can see that:

(? 3) the sequence {ζm}m∈N = {[ζm1 , . . . , ζ
m
n ]}m∈N is bounded in Y∗.

Having in mind (3.9.1), (? 2), and (? 3), we can find subsequences of {w(∗,m)}m∈N ⊂ X,
{p(∗,m)}m∈N ⊂ X, and {ζm}m∈N = {[ζmi , . . . ζ

m
n ]}m∈N ⊂ Y∗ (not relabeled), together with

w◦ ∈ X, p◦ = [p◦1, . . . , p
◦
n] ∈ X, and ζ◦ = [ζ◦1 , . . . , ζ

◦
n] ∈ Y∗, such that:

p(∗,m) → p◦ in X, weakly in Y, as m→ ∞, (3.9.7a)

and

ζm → ζ◦ weakly in Y∗, as m→ ∞. (3.9.7b)

Now, the properties (3.3.16)–(3.3.18) will be verified through the limiting observations
for (3.9.3), as m→ ∞, with use of (3.9.1) and (3.9.7).

Next, let us fix ρ > 0 and define γρ, as follows:

γρ(r) :=


γ0(r − ρ), if r ≥ ρ,

γ0(r + ρ), if r ≤ −ρ,
0, if |r| < ρ.

(3.9.8)

Also, we fix i ∈ {1, 2, 3, . . . , n}, and we define

Mρ := {|∂xw◦
i | ≥ ρ}. (3.9.9)

In the light of Main Theorem 3.1, (3.9.1), and (3.9.9), there exists mρ ∈ N such that:

|∂xw(∗,m)
i | ≥ ρ

2
uniformly on Mρ, for all m ≥ mρ, (3.9.10)

and

w◦
i (Mρ) ∪ w(∗,m)

i (Mρ) ⊂ (−1, 1) for all m ≥ mρ,

i.e.

(Kδm)′(w
(∗,m)
i ) ≡ 0 on Mρ, for all m ≥ mρ. (3.9.11)

By (3.3.1) as in the assumption (A2), (3.9.1), and (3.9.7)–(3.9.10), we can obtain that:∫
Mρ

(f εm)′′(∂xw
(∗,m)
i )∂xp

(∗,m)
i ·

·
(
γ′ρ(∂xw

(∗,m)
i )∂2xw

(∗,m)
i ϕ+ γρ(∂xw

(∗,m)
i )∂xϕ

)
dx
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→ 0, for any ϕ ∈ Y, as m→ ∞. (3.9.12)

Moreover, from Main Theorem 3.1,

∂xw
(∗,m)
i (±L) = 0, for all m ≥ mρ. (3.9.13)

Hence, as a consequence of γρ(0) = γ′ρ(0) = 0, (3.9.1), (3.9.12), and (3.9.13), we can
compute that:

〈−γρ(∂xw(∗,m)
i )∂x

(
(f εm)′′(∂xw

(∗,m)
i )∂xp

(∗,m)
i + ν2∂xp

(∗,m)
i

)
, ϕ〉Y

=

∫
Ω

(
(f εm)′′(∂xw

(∗,m)
i )∂xp

(∗,m)
i + ν2∂xp

(∗,m)
i

)
∂x
(
γρ(∂xw

(∗,m)
i )ϕ

)
dx

=

∫
Mρ

(f εm)′′(∂xw
(∗,m)
i )∂xp

(∗,m)
i

(
γ′ρ(∂xw

(∗,m)
i )∂2xw

(∗,m)
i ϕ+ γρ(∂xw

(∗,m)
i )∂xϕ

)
dx

+

∫
Ω

ν2∂xp
(∗,m)
i

(
γ′ρ(∂xw

(∗,m)
i )∂2xw

(∗,m)
i ϕ+ γρ(∂xw

(∗,m)
i )∂xϕ

)
dx

→
∫
Ω

ν2∂xp
◦
i

(
γ′ρ(∂xw

◦
i )∂

2
xw

◦
iϕ+ γρ(∂xw

◦
i )∂xϕ

)
dx, for any ϕ ∈ Y, as m→ ∞. (3.9.14)

Meanwhile, on account of (3.9.8), (3.9.9), and (3.9.11), we can easily check that:

γρ(∂xw
(∗,m)
i )(Kδm)′(w

(∗,m)
i ) ≡ 0, for all m ≥ mρ. (3.9.15)

Here, we invoke that p(∗,m) is the solution to the adjoint system (3.8.23) for the forcing
term Mw(w(∗,m) − wad), i.e.

1

τ
(p

(∗,m)
i − p

(∗,m)
i+1 ) − ∂x((f εm)′′(∂xw

(∗,m)
i )∂xp

(∗,m)
i + ν2∂xp

(∗,m)
i )

+ g′(w
(∗,m)
i )p

(∗,m)
i + (Kδm)′(w

(∗,m)
i )p

(∗,m)
i

= Mw(w
(∗,m)
i − wad

i ) in Ω, for any i = n, . . . , 3, 2, 1, and any m ∈ N. (3.9.16)

On this basis, we multiply γρ(∂xw
(∗,m)
i ) and passing the limit of the both sides of (3.9.16),

as m→ ∞. Then, from (3.9.1), (3.9.7), (3.9.14), and (3.9.15), one can see that:

1

τ

∫
Ω

γρ(∂xw
◦
i )(p

◦
i − p◦i+1)ϕdx+

∫
Ω

ν2∂xp
◦
i

(
γ′ρ(∂xw

◦
i )∂

2
xw

◦
iϕ+ γρ(∂xw

◦
i )∂xϕ

)
dx,

+

∫
Ω

γρ(∂xw
◦
i )g

′(w◦
i )p

◦
iϕdx =

∫
Ω

Mwγρ(∂xw
◦
i )(w

◦
i − wad

i )ϕdx,

for all ϕ ∈ Y, and i = n, . . . , 3, 2, 1. (3.9.17)

Then, taking ρ→ 0 in (3.9.17), we can deduce that:

1

τ

∫
Ω

γ0(∂xw
◦
i )(p

◦
i − p◦i+1)ϕdx+

∫
Ω

ν2∂xp
◦
i

(
γ′0(∂xw

◦
i )∂

2
xw

◦
iϕ+ γ0(∂xw

◦
i )∂xϕ

)
dx

+

∫
Ω

γ0(∂xw
◦
i )g

′(w◦
i )p

◦
iϕdx =

∫
Ω

Mwγ0(∂xw
◦
i )(w

◦
i − wad

i )ϕdx,

for all ϕ ∈ Y, and i = n, . . . , 3, 2, 1. (3.9.18)
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Here, in the light of Main Theorem 3.1 and γ0(0) = γ′0(0) = 0, we compute that:∫
Ω

ν2∂xp
◦
i

(
γ′0(∂xw

◦
i )∂

2
xw

◦
iϕ + γ0(∂xw

◦
i )∂xϕ

)
dx

=

∫
Ω

ν2∂2xp
◦
i γ0(∂xw

◦
i )ϕdx, for any ϕ ∈ Y. (3.9.19)

From (3.9.18) and (3.9.19), we deduce that:(
1

τ
(p◦i − p◦i+1) − ν2∂2xp

◦
i + g′(w◦

i ) −Mw(w◦
i − wad

i )

)
γ0(∂xw

◦
i ) = 0 in Y ∗, (3.9.20)

and furthermore,

〈ν2∂2xp◦i γ0(∂xw◦
i ), ϕ〉Y

=

((
1

τ
(p◦i − p◦i+1) + g′(w◦

i ) −Mw(w◦
i − wad

i )

)
γ0(∂xw

◦
i ), ϕ

)
X

for any ϕ ∈ Y. (3.9.21)

(3.9.20) and (3.9.21) immediately leads to the required equation (3.3.19).
Thus, we complete the proof of Main Theorem 3.5.

Remark 3.16. Especially, if we assume that:

ε0 ∈ (0, 1] and (f ε)′′ → (f ε0)′′ in Cloc(R), as ε→ ε0; (3.9.22)

then we can obtain the characterization (3.3.19), more precisely. In fact, applying (3.9.1)
under (3.9.22) yields that:

(f εm)′′(∂xw
(∗,m)
i ) → (f ε0)′′(∂xw

◦
i )

in C(Ω), for any i = 1, 2, 3, . . . , n, as m→ ∞,

and this uniform convergence enables to improve, slightly, the characterization (3.3.19)
as follows:

γ0(∂xw
◦
i )
(1

τ
(p◦i − p◦i+1) − ∂x

(
(f ε0)′′(∂xw

◦
i )∂xp

◦
i + ν2∂xp

◦
i

)
+ g′(w◦

i )p
◦
i −Mw(w◦

i − wad
i )
)

= 0 in X, for any i = n, . . . , 3, 2, 1.
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Chapter 4

A class of approximate optimal
control problems for 1-D phase-field
system with singularity and its
numerical algorithm

In Chapter 4, We study an optimal control problem for a one dimensional phase-filed
system associated with the total variation energy, from the view-point of numerical anal-
ysis. Our state system consists of two parabolic PDEs: a heat equation and a singular
diffusion equation of an order parameter. In this paper, we give a class of approximate
optimal control problems for our original phase-filed system with singularity. Then, we
show the necessary condition of the optimal pair by using the control problem of the
approximate state system. In addition, by means of necessary conditions for the approx-
imate control problem, we propose the numerical scheme to find the stationary point of
the cost functional to the approximate control problem, and show the convergence of our
numerical algorithm. Furthermore, we perform the simple numerical experiments.

4.1 Notations and basic assumptions

First, we mention the notations that are used throughout this Chapter.
For each dimension n ∈ N, we denote by L n the n-dimensional Lebesgue measure,

and we use this measure unless otherwise specified.
For any reflexive Banach space B, we denote by | · |B the norm of B, and denote by

B′ the dual space of B. Additionally, we denote by 〈·, ·〉B′,B the duality pairing between
B′ and B.

In particular, we put H := L2(0, L) with the usual real Hilbert structure, and denote
by (·, ·)H the inner product in H, for simplicity.

Also, let X be the Sobolev space H1(0, L) with the norm

|z|X :=
{
|zx|2H + n0

(
|z(0)|2 + |z(L)|2

)}1/2
for any z ∈ X,

which is equivalent to the standard norm of H1(0, L). We denote by X ′ the dual space
of X. Also, 〈·, ·〉 denotes the duality pairing between X ′ and X. By identifying Hilbert
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spaces with their duals, we suppose that

X ⊂ H = H ′ ⊂ X ′ (4.1.1)

with dense and compact embeddings, and then we have 〈v, z〉 = (v, z)H for v ∈ H and
z ∈ X. Furthermore, let F : X → X ′ be the duality mapping defined by

〈Fv, z〉 := (vx, zx)H + n0 (v(0)z(0) + v(L)z(L)) for all v, z ∈ X. (4.1.2)

Also, for given f ∈ H, h ∈ R, ` ∈ R, a0 ∈ R, a1 ∈ R, a2 ∈ R, b1 ∈ R, b2 ∈ R, and n0 ∈ R,
an element f̃ ∈ X ′ is uniquely determined by

〈f̃ , z〉 := (a0f, z)H + (a1h+ n0b1)z(0) + (a2`+ n0b2)z(L) for all z ∈ X.

For this f̃ , it is easy to check that Fv = f̃ is formally equivalent to{ −vxx = a0f in (0, L),

−vx(0) + n0(v(0) − b1) = a1h, vx(L) + n0(v(L) − b2) = a2`.
(4.1.3)

Note that X ′ becomes a Hilbert space with inner product (·, ·)X′ given by

(v, z)X′ := 〈v, F−1z〉 for all v, z ∈ X ′.

We next list some notation and definitions of subdifferentials of convex functions. For
a proper (i.e., not identically equal to infinity), l.s.c. (lower semi-continuous), and convex
function ψ : H → R ∪ {∞}, the effective domain D(ψ) of ψ is defined by D(ψ) := {z ∈
H; ψ(z) < ∞}. We denote by ∂ψ the subdifferential of ψ in the topology of H. In
general, the subdifferential is a possibly multi-valued operator from H into itself, and for
any z ∈ H, the value ∂ψ(z) is defined as:

∂ψ(z) := {z∗ ∈ H ; (z∗, y − z)H ≤ ψ(y) − ψ(z) for all y ∈ H} .
Then, a set D(∂ψ) := {z ∈ H ; ∂ψ(z) 6= ∅} is called the domain of ∂ψ. For various
properties and related notions of a proper, l.s.c., convex function ψ and its subdifferential
∂ψ, we refer to the monograph by Brézis [18]. In particular, for those in Banach spaces,
we quote the books by Barbu [13,14].

We also recall a notion of convergence for convex functions, developed by Mosco [59].

Definition 4.1 (cf. [59]). Let ψ, ψn (n ∈ N) be proper, l.s.c., and convex functions on
H. Then, we say that ψn converges to ψ on H in the sense of Mosco [59] as n→ ∞ if the
following two conditions are satisfied:

(i) for any subsequence {ψnk
}k∈N ⊂ {ψn}n∈N, if zk → z weakly in H as k → ∞, then

lim inf
k→∞

ψnk
(zk) ≥ ψ(z);

(ii) for any z ∈ D(ψ), there is a sequence {zn}n∈N in H such that

zn → z in H as n→ ∞ and lim
n→∞

ψn(zn) = ψ(z).

As well as, if the sequence of convex functions {ψε}ε∈Ξ is labeled by a continuous argument
ε ∈ Ξ with a infinite set Ξ ⊂ R, then for any ε0 ∈ Ξ, the Mosco-convergence of {ψε}ε∈Ξ,
as ε → ε0, is defined by those of subsequences {ψεn}n∈N, for all sequences {εn}n∈N ⊂ Ξ,
satisfying εn → ε0 as n→ ∞.

Finally, throughout this paper, Ni, i = 1, 2, 3, · · · , denotes positive (or nonnegative)
constants depending only on their argument(s).
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4.2 Preliminaries

In this section, we recall the fundamentals concerned with the total variation and functions
of bounded variation. These notions are rigorously defined as follows.

Definition 4.2. (I) Let z ∈ L1(0, L). Then, z is called a function of bounded variation,
or simply a BV-function, on (0, L), if and only if:

V0(z) : =sup

{∫ L

0

z$xdx;
$ ∈ C1[0, L] with a compact support on (0, L),

|$| ≤ 1 on [0, L]

}
<∞.

Here, we call V0(z) the total variation of z.
(II) We denote by BV (0, L) the space of all BV-functions on (0, L).

Here are listed usual properties of BV-functions and the space BV (0, L), in forms of
some propositions and remarks.

Proposition 4.1 (cf. [26, Chapter 5]). Let z ∈ BV (0, L). Then, there exists a Radon
measure |Dz| on (0, L), and |Dz|-measurable function σz : (0, L) → R such that

(i) V0(z) =
∫ L

0
|Dz|, and |σz| = 1, |Dz|-a.e. on (0, L);

(ii)
∫ L

0
z$xdx = −

∫ L

0
$ σz|Dz| for any $ ∈ C1[0, L] with a compact support on (0, L).

Remark 4.1. If z belongs to the Sobolev space W 1,1(0, L), then |Dz| is absolutely con-
tinuous with respect to the Lebesgue measure, and it follows that:∫

U

|Dz| =

∫
U

|zx(x)|dx for all Borel subsets U ⊂ (0, L)

and

σz(x) =


zx(x)

|zx(x)|
, if zx(x) 6= 0,

0, otherwise,
a.a. x ∈ (0, L).

Proposition 4.2 (cf. [11, Chapter 10], [26, Chapter 5]). (I) The functional z ∈ L1(0, L) 7→
V0(z) forms a proper, l.s.c., and convex function on L1(0, L).
(II) The space BV (0, L) is a Banach space with the norm:

|z|BV (0,L) := |z|L1(0,L) + V0(z) for all z ∈ BV (0, L).

Proposition 4.3 (cf. [3, Corollary 3.49], [11, Chapter 10]). BV (0, L) is continuously
embedded in L∞(0, L), and compactly embedded in Lp(0, L) for any 1 ≤ p <∞.
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Next, let us set a proper, l.s.c., and convex functional I[−1,1] on H, by putting:

I[−1,1](z) :=

∫ L

0

I[−1,1](z(x))dx for all z ∈ H;

to define the following total variation functional V 0 with a constraint by the indicator
function I[−1,1]:

V 0(z) = V0(z) +
1

κ
I[−1,1](z) for all z ∈ H. (4.2.1)

Clearly, V 0 is proper, l.s.c., and convex on H, and its effective domain is formulated by:

D(V 0) = {z ∈ BV (0, L) ; |z| ≤ 1, a.e. on (0, L)} .

Finally, we recall the decomposition result of the subdifferential ∂V 0 of V 0. For the
detailed proof, we refer to [77, Theorem 3.1].

Proposition 4.4 (cf. [77, Theorem 3.1]). The subdifferential ∂V 0 of V 0 is decomposed
into the following form:

∂V 0(z) = ∂ (V0|H) (z) +
1

κ
∂I[−1,1](z) in H for all z ∈ H,

where V0|H denotes the restriction of V0 onto H.

4.3 Solvability of (P;f, h, `)ε

In this section, we discuss the existence-uniqueness of solutions to (P;f, h, `)ε for any
ε ≥ 0.

We begin with giving some assumptions on data. Throughout this paper, we assume
the following conditions (A1)–(A4).

(A1) â0 is an absolute value function on R, i.e., â0(r) := |r| for all r ∈ R. In addition,
let {âε}ε∈(0,1] ⊂ C1(R) be a sequence of convex functions and C1-regularizations for
â0(·) := | · |, such that:

âε(r) ≥ 0 for any r ∈ R and any ε ∈ (0, 1],{
âε(r) → â0(r) for any r ∈ R,
âε(·) → â0(·) on R, in the sense of Mosco,

as ε ↓ 0,

and there exists a constant δ0 > 0, independent of ε ∈ (0, 1], satisfying:

|aε(r)| ≤ δ0(|r| + 1) for any r ∈ R and any ε ∈ (0, 1],

where aε := (âε)′ is the derivative of âε. Furthermore, there exist bounded functions
δ1 : (0, 1] → (0, 1] and δ2 : (0, 1] → [0,∞) such that

δ1(ε) → 1, δ2(ε) → 0 as ε ↓ 0,

and
âε(r) ≥ δ1(ε)â

0(r) − δ2(ε) for any r ∈ R and any ε ∈ (0, 1].
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(A2) g is a continuous and semi-monotone function on R, i.e., there is a constant Cg > 0
such that g(r) + Cgr is monotone in r ∈ R. In addition, the function g(r) has a
non-negative potential function ĝ(r), that is,

ĝ(r) ≥ 0 and (ĝ)′(r) = g(r) for any r ∈ R.

(A3) T > 0, L > 0, κ > 0, n0 > 0, c0 ≥ 0, c1 ≥ 0, m0 ≥ 0, m1 ≥ 0, m2 ≥ 0 are fixed
constants. Also, a0, a1, a2, b1, b2 are fixed real numbers.

(A4) ud and wd are the given desired target profiles in L2(0, T ;H).

Remark 4.2 (cf. [22,58]). The assumption (A1) was introduced in [22, (A4)]. The similar
assumption was found in [58, Definition 3.1]. In addition, the typical examples of âε are
the followings:

• (Hyperbola type) âε(r) =
√
r2 + ε2 for any r ∈ R and any ε ∈ (0, 1].

• (Hyperbolic-tangent type) âε(r) = ε log
(

cosh
(r
ε

))
for any r ∈ R and any ε ∈

(0, 1].

• (Arctangent type) âε(r) =
2ε

π

[
r

ε
tan−1

(r
ε

)
− 1

2
log

(
1 +

(r
ε

)2)]
for any r ∈ R

and any ε ∈ (0, 1].

• (p-growth type) âε(r) =
1

1 + ε2
|r2 + ε2|

1+ε2

2 for any r ∈ R and any ε ∈ (0, 1].

Clearly, such functions satisfy (A1).

We now give the notion of solutions to (P;f, h, `)ε. To this end, for given f ∈
L2(0, T ;H), h ∈ L2(0, T ), and ` ∈ L2(0, T ), we define f̃ ∈ L2(0, T ;X ′) by putting

〈f̃(t), z〉 := (a0f(t), z)H + (a1h(t) + n0b1)z(0) + (a2`(t) + n0b2)z(L)

for all z ∈ X and a.a. t ∈ (0, T ).
(4.3.1)

In addition, let Kε be a function on R defined by (1.5.19). Clearly, Kε is a C1-function

with derivative (Kε)′ ∈ W 1,∞(R). We fix a primitive K̂ε ∈ C2(R) ∩W 3,∞
loc (R) of Kε such

that
K̂ε(0) = 0 and K̂ε(r) ≥ 0 for all r ∈ R. (4.3.2)

Then, for any ε ∈ (0, 1], let us set:

V ε(z) :=


∫ L

0

âε(zx(x))dx+
ε

2

∫ L

0

|zx(x)|2dx+
1

κ

∫ L

0

K̂ε(z(x)) dx, if z ∈ X,

∞, otherwise.

(4.3.3)
Clearly, each functional V ε (ε ∈ (0, 1]) forms a proper, l.s.c., and convex functional on H.

Based on functionals V ε (ε ∈ (0, 1]) and V 0 (cf. (4.2.1)), the solutions to (P;f, h, `)ε,
for ε ≥ 0, are defined as follows.
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Definition 4.3. Let ε ∈ [0, 1], u0 ∈ X ′, and w0 ∈ H. Then, a couple of functions [uε, wε]
is called a solution to (P;f, h, `)ε, or (P;u0, w0, f, h, `)

ε when the initial data are specified,
on [0, T ], if the following conditions are satisfied:

(S1) uε ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H).

(S2) wε ∈ W 1,2(0, T ;H) with V ε(wε) ∈ L∞(0, T ).

(S3) For all z ∈ X and a.a. t ∈ (0, T ),

〈(uε)′(t), z〉 + ((wε)′(t), z)H + 〈Fuε(t), z〉 = 〈f̃(t), z〉.

(S4) There is a function (wε)∗ ∈ L2(0, T ;H) such that (wε)∗(t) ∈ ∂V ε(wε(t)) in H and

(wε)′(t) + κ(wε)∗(t) + g(wε(t)) = uε(t) in H, a.a. t ∈ (0, T ).

(S5) uε(0) = u0 in X ′ and wε(0) = w0 in H.

Remark 4.3. By the definition of subdifferentials, we observe that the evolution equation
in (S4) of Definition 4.3 is equivalent to the following variational inequality:

((wε)′(t) + g(wε(t)) − uε(t), wε(t) − z)H + κV ε(wε(t)) − κV ε(z) ≤ 0

for any z ∈ D(V ε) and a.a. t ∈ (0, T ).
(4.3.4)

Note that (4.3.4) corresponds to a weak formulation of the second equation of (P;f, h, `)ε,
for any ε ≥ 0.

Remark 4.4. Let ε ∈ (0, 1]. Then, note that the subdifferential operator ∂V ε is single-
valued. In addition, we observe from the definition of subdifferential that w∗ = ∂V ε(wε)
if and only if

(w∗, z)H = (aε(wε
x) + εwε

x, zx)H +
1

κ
(Kε(wε), z)H , ∀z ∈ D(V ε).

The expression of ∂V ε is obtained by computing the first variations of the convex function
V ε, and the variational inequality (4.3.4) implicitly includes the homogeneous Neumann
type boundary condition.

Remark 4.5 (cf. [81, Remarks 3.1, 3.2, and 3.3]). Let ε = 0. By Proposition 4.4, the
condition (S4) of Definition 4.3 is equivalent to the following condition (S4)′ :

(S4)′ There is a function (wε
0)

∗ ∈ L2(0, T ;H) and a function ξε ∈ L2(0, T ;H) such that

(wε
0)

∗(t) ∈ ∂ (V0|H) (wε(t)) in H, ξε(t) ∈ ∂I[−1,1](w
ε(t)) in H,

(wε)′(t) + κ(wε
0)

∗(t) + ξε(t) + g(wε(t)) = uε(t) in H

for a.a. t ∈ (0, T ).
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Note that the function (wε
0)

∗ ∈ L2(0, T ;H) as in (S4)’ somehow links to the first variation
of the total variation functional V0|H . In addition, as is well-known (cf. [18, Proposition
2.16]),

∂I[−1,1](z) =
{
ξ ∈ H; ξ ∈ ∂I[−1,1](z), a.e. on (0, L)

}
for any z ∈ D(I[−1,1]).

Hence, the subdifferential ∂V 0 corresponds to the rigorous expression of the singular term

−
(

wx

|wx|

)
x

+ 1
κ
∂I[−1,1](w) as in (1.5.12), and the variational inequality (4.3.4) implicitly

includes the homogeneous Neumann type boundary condition.

We now mention the first main result in this paper, which is concerned with the
existence-uniqueness of solutions to (P;u0, w0, f, h, `)

ε for each ε ∈ [0, 1].

Theorem 4.1 (cf. [81, Propositions 3.1 and 3.2]). Assume (A1), (A2), (A3), and ε ∈
[0, 1]. Let [f, h, `] be arbitrary triplet of functions in U . Then, for each u0 ∈ H and
w0 ∈ D(V ε), there is a unique solution [uε, wε] to (P;u0, w0, f, h, `)

ε on [0, T ]. In addition,
there is a positive constant N1, dependent only on T and n0, and independent of ε ∈ [0, 1],
such that the following bounded estimate holds:

|(uε)′|2L2(0,T ;X′) + |uε|2L∞(0,T ;H) + |uε|2L2(0,T ;X) + |(wε)′|2L2(0,T ;H) + |wε|2L∞(0,T ;H)

+κ sup
0≤t≤T

V ε(wε(t)) + sup
0≤t≤T

∫ L

0

ĝ(wε(t, x)) dx

≤ N1

(
|u0|2H + |w0|2H + κV ε(w0) +

∫ L

0

ĝ(w0(x)) dx+ a20|f |2L2(0,T ;H)

+a21|h|2L2(0,T ) + a22|`|2L2(0,T ) + b21 + b22

)
.

(4.3.5)

Proof. By a similar argument to [40, Theorem 2.1], we get the unique solution [uε, wε] to
(P;u0, w0, f, h, `)

ε on [0, T ]. In fact, let [uεi , w
ε
i ] (i = 1, 2) be two solutions to (P;u0, w0, f, h, `)

ε

on [0, T ]. Then, note that the following variational identity holds:

〈((uε1)′ − (uε2)
′)(τ), z〉 + (((wε

1)
′ − (wε

2)
′)(τ), z)H + 〈(Fuε1 − Fuε2)(τ), z〉 = 0

for all z ∈ X and a.a. τ ∈ (0, T ).
(4.3.6)

By integrating (4.3.6) in time, we obtain that

((uε1 − uε2)(t), z)H + ((wε
1 − wε

2)(t), z)H +
(

(
∫ t

0
(uε1 − uε2)(τ)dτ)x, zx

)
H

+n0

{(∫ t

0
(uε1 − uε2)(τ, 0)dτ

)
z(0) +

(∫ t

0
(uε1 − uε2)(τ, L)dτ

)
z(L)

}
= 0

for all z ∈ X and all t ∈ [0, T ].

(4.3.7)

Taking z = (uε1 − uε2)(t) in (4.3.7), we get that

|(uε1 − uε2)(t)|2H + ((wε
1 − wε

2)(t), (u
ε
1 − uε2)(t))H +

1

2

d

dt

∣∣∣∣(∫ t

0

(uε1 − uε2)(τ)dτ

)
x

∣∣∣∣2
H

+
n0

2

d

dt

{∣∣∣∣∫ t

0

(uε1 − uε2)(τ, 0)dτ

∣∣∣∣2 +

∣∣∣∣∫ t

0

(uε1 − uε2)(τ, L)dτ

∣∣∣∣2
}

= 0

for all t ∈ [0, T ].
(4.3.8)
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By using the Schwarz inequality in (4.3.8), and integrating in time, we obtain:

1

2

∫ t

0

|(uε1 − uε2)(τ)|2Hdτ +
1

2

∣∣∣∣(∫ t

0

(uε1 − uε2)(τ)dτ

)
x

∣∣∣∣2
H

+
n0

2

{∣∣∣∣∫ t

0

(uε1 − uε2)(τ, 0)dτ

∣∣∣∣2 +

∣∣∣∣∫ t

0

(uε1 − uε2)(τ, L)dτ

∣∣∣∣2
}

≤ 1

2

∫ t

0

|(wε
1 − wε

2)(τ)|2Hdτ for all t ∈ [0, T ].

(4.3.9)

Note from the monotonicity of ∂V ε that

(((wε
1)

∗ − (wε
2)

∗)(τ), (wε
1 − wε

2)(τ))H ≥ 0, a.a. τ ∈ (0, T ),

where (wε
i )

∗(τ) ∈ ∂V ε(wε
i (τ)) in H for a.a. τ ∈ (0, T ) (i = 1, 2). Therefore, it follows

from (S4) of Definition 4.3 and (A2), i.e., the monotonicity of g(r) + Cgr, that

1

2

d

dτ
|(wε

1 − wε
2)(τ)|2H ≤ ((uε1 − uε2)(τ), (wε

1 − wε
2)(τ))H + Cg|(wε

1 − wε
2)(τ)|2H

for a.a. τ ∈ (0, T ).
(4.3.10)

By using the Schwarz inequality in (4.3.10), and integrating in time, we obtain:

1

2
|(wε

1 − wε
2)(t)|2H ≤

(
1

2
+ Cg

)∫ t

0

|(wε
1 − wε

2)(τ)|2Hdτ +
1

2

∫ t

0

|(uε1 − uε2)(τ)|2Hdτ

for all t ∈ [0, T ].
(4.3.11)

Hence, we infer from (4.3.9) and (4.3.11) that

1

2
|(wε

1 − wε
2)(t)|2H ≤ (1 + Cg)

∫ t

0

|(wε
1 − wε

2)(τ)|2Hdτ for all t ∈ [0, T ]. (4.3.12)

Thus, applying the Gronwall inequality to (4.3.12), we observe that

wε
1(t) = wε

2(t) in H for all t ∈ [0, T ]. (4.3.13)

By the quite standard arguments, we conclude from (4.3.6) with (4.3.13) that

uε1(t) = uε2(t) in H for all t ∈ [0, T ]. (4.3.14)

Thus, the solutions to (P;u0, w0, f, h, `)
ε on [0, T ] is unique.

Now, we show the existence of solutions to (P;u0, w0, f, h, `)
ε. Note that (P;u0, w0, f, h, `)

ε

can be reformulated to abstract evolution equations of the form:

(uε)′(t) + (wε)′(t) + ∂ϕ(uε(t)) 3 f̃(t) in X ′, for t ∈ (0, T ), (4.3.15)

(wε)′(t) + κ∂V ε(wε(t)) + g(wε(t)) 3 uε(t) in H, for t ∈ (0, T ), (4.3.16)

uε(0) = u0 in X ′ and wε(0) = w0 in H, (4.3.17)
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where ∂ϕ(·) is the subdifferential of a convex function ϕ(·) on X ′ defined by

ϕ(z) :=


1

2
|z|2H , if z ∈ H,

∞, otherwise.
(4.3.18)

Also, ∂V ε(·) is the subdifferential of the convex functional V ε on H defined in (4.3.3).
We first show the existence of a local (in time) solution to (4.3.15)–(4.3.17) by em-

ploying the fixed point argument for continuous operators in compact convex sets. To
this end, for T > 0 and M > 0, we define a (non-empty) compact convex subset E(T,M)
of L2(0, T ;H) by

E(T,M) :=

u ∈ L2(0, T ;H)

∣∣∣∣∣∣
u ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H),

|u′|2L2(0,T ;X′) + |u|2L2(0,T ;X) + sup
0≤t≤T

|u(t)|2H ≤M

 .

Now, for each u ∈ E(T,M) we consider the following problem, denoted by (P2)u, with
a given function u ∈ E(T,M). For a moment, we often omit the superscript ε ∈ [0, 1].

Problem (P2)u. Find a function w : [0, T ] → H which fulfills the following equation:

w′(t) + κ∂V ε(w(t)) + g(w(t)) 3 u(t) in H, for t ∈ (0, T ), (4.3.19)

w(0) = w0 in H. (4.3.20)

Taking account of (4.2.1) with Propositions 4.2–4.3 and (4.3.3) with (A1), we observe
that for each ε ∈ [0, 1], V ε is proper, l.s.c., and convex on H such that the level set of V ε

is compact in H, i.e.,

{z ∈ H ; V ε(z) ≤ r} is compact in H for any r > 0. (4.3.21)

Therefore, by using the abstract theory established by Brézis [18] and the perturbation
theory (cf. [17, 38]), we observe that (P2)u has a unique solution w ∈ W 1,2(0, T ;H) with
V ε(w) ∈ L∞(0, T ) for each w0 ∈ D(V ε) and u ∈ E(T,M). Indeed, (4.3.19) is equivalent
to the following equation:

w′(t) + κ∂V ε(w(t)) + g(w(t)) + Cgw(t) − Cgw(t) 3 u(t) in H, for t ∈ (0, T ),

where Cg is the positive constant in (A2). Therefore, by applying the general theory of
evolution equations with monotone and Lipschitz linear perturbations, we can get the
unique solution to (P2)u on [0, T ].

Moreover, by the standard calculation (cf. (4.3.29) below), we can obtain the following
inequality: ∫ t

0

|w′(τ)|2Hdτ + 2κV ε(w(t)) + 2

∫ L

0

ĝ(w(t, x))dx

≤ 2κV ε(w0) + 2

∫ L

0

ĝ(w0(x))dx+

∫ T

0

|u(τ)|2Hdτ, ∀t ∈ (0, T ).

(4.3.22)

Next, for the function w constructed above, we consider the following problem, denoted
by (P1)w.
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Problem (P1)w. Find a function u : [0, T ] → X ′ which fulfills the following equation:

u′(t) + ∂ϕ(u(t)) 3 f̃(t) − w′(t) in X ′, for t ∈ (0, T ), (4.3.23)

u(0) = u0 in X ′. (4.3.24)

We observe from (4.1.1) and (4.3.18) that ϕ is proper, l.s.c., and convex on X ′ such that

the level set of ϕ is compact in X ′. Since f̃ −w′ ∈ L2(0, T ;X ′), we can apply the abstract
theory established by Brézis [18]. Thus, we observe that (P1)w has a unique solution
u ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H) for each u0 ∈ H and solution w to (P2)u.
Moreover, by the standard calculation (cf. (4.3.28) below), we can obtain the following
inequality:

|u(t)|2H + 2

∫ t

0

|ux(τ)|2Hdτ + n0

(∫ t

0

|u(τ, 0)|2dτ +

∫ t

0

|u(τ, L)|2dτ
)

≤ e2T
(
|u0|2H + a20

∫ T

0

|f(τ)|2Hdτ +
2a21
n0

∫ T

0

|h(τ)|2dτ +
2a22
n0

∫ T

0

|`(τ)|2dτ
)

+2n0Te
2T (b21 + b22) + e2T

∫ T

0

|w′(τ)|2Hdτ, ∀t ∈ (0, T ).

(4.3.25)

Note that the solution u to (P1)w satisfies the following identity (cf. (S3) in Definition
4.3):∫ T

0

〈u′(t), ζ(t)〉dt+

∫ T

0

〈Fu(t), ζ(t)〉dt =

∫ T

0

〈f̃(t), ζ(t)〉dt−
∫ T

0

(w′(t), ζ(t))Hdt

for all ζ ∈ L2(0, T ;X).

(4.3.26)

From (4.1.2), (4.3.25), and (4.3.26), we infer that

|u′|2L2(0,T ;X′) ≤ N2

(
|ux|2L2(0,T ;H) + n0|u(·, 0)|2L2(0,T ) + n0|u(·, L)|2L2(0,T )

+a20|f |2L2(0,T ;H) +
a21
n0

|h|2L2(0,T ) +
a22
n0

|`|2L2(0,T )

+|w′|2L2(0,T ;H) + n0T (b21 + b22)
) (4.3.27)

for some constant N2 > 0 independent of the given function u ∈ E(T,M).
Here, we define an operator S : E(T,M) −→ L2(0, T ;H) as follows. For each u ∈

E(T,M), we denote by w a unique solution to (P2)u, and subsequently, we denote by u a
unique solution to (P1)w. On that basis, for any given u ∈ E(T,M), we put Su = u via
the solution w.

Now, we show that S is a self-mapping on E(T0,M0) for some positive constants T0
and M0, i.e., Su(= u) ∈ E(T0,M0) for any u ∈ E(T0,M0).

Here, we take M0 > 0 so large such that

(4N2 + 8)

(
|u0|2H + a20|f |2L2(0,T ;H) +

a21
n0

|h|2L2(0,T ) +
a22
n0

|`|2L2(0,T )

)

+N2

(
a20|f |2L2(0,T ;H) +

a21
n0

|h|2L2(0,T ) +
a22
n0

|`|2L2(0,T )

)
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+n0(b
2
1 + b22) + (6N2 + 8)

(
κV ε(w0) +

∫ L

0

ĝ(w0(x))dx+ 1

)
≤M0,

and then, choose T0 ∈ (0, T ] so small such that

e2T0 ≤ 2, M0T0 ≤ 1, N2T0 + 4T0e
2T0 + 2N2T0e

2T0 ≤ 1.

Then, estimates (4.3.22), (4.3.25), (4.3.27) implies that Su(= u) belongs to the set
E(T0,M0) for u ∈ E(T0,M0). Thus, the mapping S maps the set E(T0,M0) into itself for
T0 and M0 chosen as above.

Moreover, on account of the convergence theory as in [10], we observe that S is contin-
uous in E(T0,M0) with respect to the topology of L2(0, T ;H) (cf. Corollary 4.4 below).
Therefore, the Schauder fixed point theorem guarantees that S has at least one fixed point
u in E(T0,M0). The pair of functions [u,w], consisting of the fixed point u of S and the
solution w to (P)u when u = u, is a solution to (P;u0, w0, f, h, `)

ε on the time interval
[0, T0]. Thus, we have shown that the problem (P;u0, w0, f, h, `)

ε has a local (in time)
solution [u,w] on [0, T0].

We now give the energy estimate of the local (in time) solution [u,w] to (P;u0, w0, f, h, `)
ε

on [0, T0]. To this end, take z = u(t) in (S3) of Definition 4.3. Then, by using the Schwarz
inequality, we have:

1

2

d

dt
|u(t)|2H + (w′(t), u(t))H + |ux(t)|2H +

n0

2
|u(t, 0)|2 +

n0

2
|u(t, L)|2

≤ 1

2
|u(t)|2H +

a20
2
|f(t)|2H +

a21
n0

|h(t)|2 +
a22
n0

|`(t)|2 + n0(b
2
1 + b22)

for a.a. t ∈ (0, T0).

(4.3.28)

Next, multiplying (4.3.16) by w′(t) (cf. (S4) of Definition 4.3), we get:

|w′(t)|2H + κ
d

dt
V ε(w(t)) +

d

dt

∫ L

0

ĝ(w(t, x))dx = (u(t), w′(t))H

for a.a. t ∈ (0, T0).

(4.3.29)

Adding (4.3.29) to (4.3.28), and applying the Gronwall inequality to the resultant, we
have:

1

2
|u(t)|2H + κV ε(w(t)) +

∫ L

0

ĝ(w(t, x))dx+

+

∫ t

0

{
|ux(τ)|2H +

n0

2
|u(τ, 0)|2 +

n0

2
|u(τ, L)|2 + |w′(τ)|2H

}
dτ

≤ eT
(

1

2
|u0|2H + κV ε(w0) +

∫ L

0

ĝ(w0(x))dx+
a20
2
|f |2L2(0,T ;H)

+
a21
n0

|h|2L2(0,T ) +
a22
n0

|`|2L2(0,T ) + n0T (b21 + b22)

)
, ∀t ∈ [0, T0].

(4.3.30)
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In addition, it follows from (4.3.26) and (4.3.30) that

|u′|2L2(0,T0;X′) ≤ N3

(
|u0|2H + κV ε(w0) +

∫ L

0

ĝ(w0(x))dx+ a20|f |2L2(0,T ;H)

+
a21
n0

|h|2L2(0,T ) +
a22
n0

|`|2L2(0,T ) + n0(b
2
1 + b22)

)
,

(4.3.31)

where N3 is a positive constant independent of T0 and given data u0, w0, f , h, and `.
Multiplying (4.3.16) by w(t) (cf. (S4) of Definition 4.3), we observe from (A2) that:

1

2

d

dt
|w(t)|2H + κV ε(w(t)) ≤ Cg|w(t)|2H + (u(t), w(t))H

for a.a. t ∈ (0, T0).
(4.3.32)

By using the Schwarz inequality in (4.3.32), applying the Gronwall inequality to the
resultant, we have:

|w(t)|2H + 2κ

∫ t

0

V ε(w(τ))dτ ≤ e(1+2Cg)T
(
|w0|2H + |u|2L2(0,T0;H)

)
, ∀t ∈ [0, T0]. (4.3.33)

Therefore, by (4.3.30), (4.3.31), and (4.3.33), we can find a positive constant N4, inde-
pendent of T0, such that the following bounded estimate holds:

|u′|2L2(0,T0;X′) + |u|2L∞(0,T0;H) + |u|2L2(0,T0;X) + |w′|2L2(0,T0;H) + |w|2L∞(0,T0;H)

+κ sup
0≤t≤T0

V ε(w(t)) + sup
0≤t≤T0

∫ L

0

ĝ(w(t, x)) dx

≤ N4

(
|u0|2H + |w0|2H + κV ε(w0) +

∫ L

0

ĝ(w0(x)) dx+ a20|f |2L2(0,T ;H)

+a21|h|2L2(0,T ) + a22|`|2L2(0,T ) + b21 + b22

)
.

(4.3.34)

Hence, by (4.3.34), we can extend the solution to (P;u0, w0, f, h, `)
ε beyond the time

interval [0, T0]. Namely, we get the existence of a solution to (P;u0, w0, f, h, `)
εon [0, T ].

The a priori estimate (4.3.5) can be obtained by calculations similar to (4.3.34).
Thus, the proof of Theorem 4.1 has been completed.

4.4 Continuous dependence of solutions to (P;f, h, `)ε

In this section, we discuss the continuous dependence of solutions to systems (P;u0, w0, f, h, `)
ε

with respect to ε→ 0.
We begin with proving the Mosco convergence of V ε on H as ε→ 0.

Lemma 4.1 (cf. [58, Theorem 4.1], [73, Lemma 3.1]). Let V 0 and V ε (ε ∈ (0, 1]) be
convex functions given in (4.2.1) and (4.3.3), respectively. Then:

V ε(·) −→ V 0(·) on H in the sense of Mosco [59] as ε→ 0. (4.4.1)
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Proof. The proof of this lemma is merely a slight modification of that as in [58, Theorem
4.1] and [73, Lemma 3.1].

Indeed, note that:∫ L

0

K̂ε(·)dx −→
∫ L

0

I[−1,1](·)dx on H in the sense of Mosco [59] as ε→ 0; (4.4.2)

we easily show (4.4.2), therefore, we omit the detailed proof of (4.4.2).
Now, we show (i) of Definition 4.1 by using (A1), Proposition 4.2(I), and (4.4.2). To

this end, assume {εk}k∈N ⊂ (0, 1], {zk}k∈N ⊂ H, and z ∈ H so that

εk → 0 and zk → z weakly in H as k → ∞.

Note that we may suppose lim infk→∞ V εk(zk) < ∞, because the other case is trivial.
Then, from (A1), Proposition 4.2(I), and (4.4.2), we infer that:

∞ > lim inf
k→∞

V εk(zk)

= lim inf
k→∞

[∫ L

0

âεk((zk)x(x))dx+
εk
2

∫ L

0

|(zk)x(x)|2dx+
1

κ

∫ L

0

K̂εk(zk(x)) dx

]
≥ lim inf

k→∞

[∫ L

0

{
δ1(εk)â0((zk)x(x)) − δ2(εk)

}
dx+

1

κ

∫ L

0

K̂εk(zk(x)) dx

]
≥ lim

k→∞
δ1(εk) lim inf

k→∞

∫ L

0

â0((zk)x(x))dx− lim
k→∞

δ2(εk)L

+
1

κ
lim inf
k→∞

∫ L

0

K̂εk(zk(x)) dx

≥ lim inf
k→∞

V0(zk) +
1

κ

∫ L

0

I[−1,1](z(x))dx

≥ V0(z) +
1

κ

∫ L

0

I[−1,1](z(x))dx = V 0(z),

which implies that (i) of Definition 4.1 holds.
Next, we show (ii) of Definition 4.1. To this end, Let {εn}n∈N ⊂ (0, 1] be any sequence

such that εn → 0 as n→ ∞, and let z be any element of D(V 0). According to the result
in [3, Theorem 3.9] and [26, Chapter 5], there is a sequence {z̃i}i∈N∪{0} ⊂ C∞(0, L)∩D(V 0)
such that

|z̃i − z|H <
1

2i+1
and |V0(z̃i) − V0(z)| < 1

2i+1
for all i ∈ N ∪ {0}. (4.4.3)

By (A1), we can find a sequence {ni}i∈N such that

n0 = 1, ni ≥ i, ni+1 > ni,

and for any i ∈ N ∪ {0},
sup
n≥ni

∣∣∣∣∫ L

0

âεn((z̃i)x(x))dx−
∫ L

0

â0((z̃i)x(x))dx

∣∣∣∣ < 1

2i+1
,

sup
n≥ni

εn
2
|(z̃i)x|2H <

1

2i+1
.

(4.4.4)
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Based on these, let us define:

zn := z̃i if ni ≤ n < ni+1 for some i ∈ N ∪ {0}.

Then, we infer from (4.4.3) and (4.4.4) that

|zn − z|H = |z̃i − z|H <
1

2i+1

and
|V εn(zn) − V 0(z)|

≤
∣∣∣∣∫ L

0

âεn((zn)x(x))dx−
∫ L

0

â0((zn)x(x))dx

∣∣∣∣
+

∣∣∣∣∫ L

0

â0((zn)x(x))dx− V0(z)

∣∣∣∣+
εn
2
|(zn)x|2H

≤ 1

2i+1
+

1

2i+1
+

1

2i+1
<

1

2i−1

for any i ∈ N ∪ {0} and n ≥ ni,

which implies that (ii) of Definition 4.1 holds.
Thus, the proof of Lemma 4.1 is complete.

Taking account of (4.4.1), we get the following Corollary 4.2. For the detailed proof,
we refer to [10] or [30, Appendix], for instance.

Corollary 4.2 (cf. [10], [30, Appendix]). Let V 0 and V ε (ε ∈ (0, 1]) be convex functions
given in (4.2.1) and (4.3.3), respectively. Define

V̂ 0(z) :=

∫ T

0

V 0(z(t))dt and V̂ ε(z) :=

∫ T

0

V ε(z(t))dt, ∀z ∈ L2(0, T ;H).

Then:

V̂ ε(·) −→ V̂ 0(·) on L2(0, T ;H) in the sense of Mosco [59] as ε→ 0.

Now, we mention the main theorem concerning the continuous dependence of solutions
to systems (P;u0, w0, f, h, `)

ε with respect to ε→ 0.

Theorem 4.3. Assume (A1), (A2), and (A3). Let [f, h, `] ∈ U , u0 ∈ H, and w0 ∈ D(V 0).
Also, let ε ∈ (0, 1], {[f ε, hε, `ε]}ε∈(0,1] ⊂ U , {uε0}ε∈(0,1] ⊂ H, and {wε

0}ε∈(0,1] ⊂ D(V ε).
Furthermore, suppose that

f ε → f weakly in L2(0, T ;H), (4.4.5)

hε → h weakly in L2(0, T ), (4.4.6)

`ε → ` weakly in L2(0, T ), (4.4.7)

uε0 → u0 in X ′, wε
0 → w0 in H, and V ε(wε

0) → V 0(w0) (4.4.8)

as ε → 0. Then, the unique solution [uε, wε] to (P;uε0, w
ε
0, f

ε, hε, `ε)ε converges to the
solution [u,w] to (P;u0, w0, f, h, `)

0 in the following sense:

[uε, wε] −→ [u,w] in L2(0, T ;H) × C([0, T ];H) as ε→ 0. (4.4.9)
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Proof. Note from the Mosco convergence (4.4.1) in Lemma 4.1 that for each w0 ∈ D(V 0),
we can always find a sequence {wε

0}ε∈(0,1] ⊂ D(V ε) satisfying (4.4.8).
From (4.4.8), we infer that

V ε(wε
0) is bounded uniformly in ε ∈ (0, 1]. (4.4.10)

Therefore, we observe from (A1), Proposition 4.1(i), Remark 4.1, and the definitions of
V0(·) and V ε(·) that

V0(w
ε
0) is bounded uniformly in ε ∈ (0, 1]. (4.4.11)

Therefore, it follows from Propositions 4.2–4.3, (4.4.8), and (4.4.11) that |wε
0|BV (0,L) is

bounded uniformly in ε ∈ (0, 1], hence,

|wε
0|L∞(0,L) is bounded uniformly in ε ∈ (0, 1]. (4.4.12)

Thus, we observe from (A2) and (4.4.12) that∫ L

0

ĝ(wε
0(x)) dx is bounded uniformly in ε ∈ (0, 1]. (4.4.13)

Now, let [uε, wε] be the unique solution to (P;uε0, w
ε
0, f

ε, hε, `ε)ε on [0, T ]. Then, from
(4.4.5)–(4.4.8) and the stability estimate (4.3.5) with (4.4.10)–(4.4.13), we observe that

uε is bounded in W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ∩ L∞(0, T ;H), (4.4.14)

wε is bounded in W 1,2(0, T ;H), (4.4.15)

and
sup

0≤t≤T
V ε(wε(t)) is bounded (4.4.16)

uniformly in ε ∈ (0, 1].
Additionally, from similar arguments as above (cf. (4.4.10)–(4.4.12)), we infer that

sup
0≤t≤T

V0(w
ε(t)) is bounded uniformly in ε ∈ (0, 1], (4.4.17)

therefore,
sup

0≤t≤T
|wε(t)|BV (0,L) is bounded uniformly in ε ∈ (0, 1].

Hence, we have

sup
0≤t≤T

|wε(t)|L∞(0,L) is bounded uniformly in ε ∈ (0, 1] (4.4.18)

and

sup
0≤t≤T

∫ L

0

ĝ(wε(t, x))dx is bounded uniformly in ε ∈ (0, 1]. (4.4.19)
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Thus, by (4.4.14)–(4.4.19), there is a subsequence {εk}k∈N of {ε}ε∈(0,1] and functions
u ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ∩ L∞(0, T ;H) and w ∈ W 1,2(0, T ;H) ∩ L∞(Q) with
V0(w) ∈ L∞(0, T ) such that εk → 0,

uεk → u in L2(0, T ;H),
in C([0, T ];X ′),
weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
weakly-∗ in L∞(0, T ;H),

 (4.4.20)

wεk → w in C([0, T ];H),
weakly in W 1,2(0, T ;H),
weakly-∗ in L∞(Q),

 (4.4.21)

and
wεk(t) → w(t) weakly-∗ in BV (0, L), for any t ∈ [0, T ]

as k → ∞.
We now show that the pair of functions [u,w] is the solution to (P;u0, w0, f, h, `)

0 on

[0, T ]. To this end, we recall Corollary 4.2. Let z be any element in D(V̂ 0). Then, by the
Mosco convergence of V̂ ε(·), we can find a sequence {zk}k∈N ⊂ L2(0, T ;H) such that

zk → z in L2(0, T ;H) and V̂ εk(zk) → V̂ 0(z) (4.4.22)

as k → ∞.
Since [uεk , wεk ] is the unique solution to (P;uεk0 , w

εk
0 , f

εk , hεk , `εk)εk on [0, T ], we easily
observe that:∫ T

0

〈(uεk)′(t), $(t)〉dt+

∫ T

0

((wεk)′(t), $(t))Hdt+

∫ T

0

〈Fuεk(t), $(t)〉dt

=

∫ T

0

(a0f
εk(t), $(t))Hdt+

∫ T

0

(a1h
εk(t) + n0b1)$(t, 0)dt

+

∫ T

0

(a2`
εk(t) + n0b2)$(t, L)dt for any $ ∈ L2(0, T ;X),

(4.4.23)

∫ T

0

((wεk)′(t) + g(wεk(t)) − uεk(t), wεk(t) − zk(t))Hdt

+κ

∫ T

0

V εk(wεk(t))dt− κ

∫ T

0

V εk(zk(t))dt ≤ 0,

(4.4.24)

and
uεk(0) = uεk0 in X ′ and wεk(0) = wεk

0 in H. (4.4.25)

Therefore, from (4.4.5)–(4.4.8), (4.4.20)–(4.4.25), the Mosco convergence of V̂ ε(·), and the
Lebesgue dominated convergence theorem, we observe that:∫ T

0

〈u′(t), $(t)〉dt+

∫ T

0

(w′(t), $(t))Hdt+

∫ T

0

〈Fu(t), $(t)〉dt

=

∫ T

0

(a0f(t), $(t))Hdt+

∫ T

0

(a1h(t) + n0b1)$(t, 0)dt

+

∫ T

0

(a2`(t) + n0b2)$(t, L)dt for any $ ∈ L2(0, T ;X),

(4.4.26)
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∫ T

0

(w′(t) + g(w(t)) − u(t), w(t) − z(t))Hdt

+κ

∫ T

0

V 0(w(t))dt− κ

∫ T

0

V 0(z(t))dt ≤ 0

for any z ∈ L2(0, T ;H) with V 0(z) ∈ L1(0, T ),

(4.4.27)

and
u(0) = u0 in X ′ and w(0) = w0 in H. (4.4.28)

Thus, we conclude from (4.4.20), (4.4.21), and (4.4.26)–(4.4.28) that [u,w] is a unique
solution to (P;u0, w0, f, h, `)

0 on [0, T ], whence (4.4.9) holds without extracting any sub-
sequence from {ε}ε∈(0,1]. Thus, the proof of Theorem 4.3 has been completed.

By the slight modification of the proof of Theorem 4.3, we have the following conver-
gence result of solutions to (P;u0, w0, f, h, `)

ε on [0, T ] for the fixed parameter ε ∈ [0, 1].

Corollary 4.4 (cf. [10], [30, Appendix]). Assume (A1), (A2), and (A3). Let ε ∈ [0, 1]
be a fixed parameter, and let [f, h, `] ∈ U , u0 ∈ H, and w0 ∈ D(V ε). Also, let
{[fn, hn, `n]}n∈N ⊂ U , {u0n}n∈N ⊂ H, and {w0n}n∈N ⊂ D(V ε). Furthermore, suppose
that

fn → f weakly in L2(0, T ;H),

hn → h weakly in L2(0, T ),

`n → ` weakly in L2(0, T ),

u0n → u0 in X ′, w0n → w0 in H, and V ε(w0n) → V ε(w0)

as n → ∞. Then, the sequence of solutions [un, wn] to (P;u0n, w0n, fn, hn, `n)ε converges
to the solution [u,w] to (P;u0, w0, f, h, `)

ε in the following sense:

[un, wn] −→ [u,w] in L2(0, T ;H) × C([0, T ];H) as n→ ∞.

4.5 Optimal control to (OP)ε

In this section, we consider a class of approximate optimal control problems (OP)ε. In-
deed, we prove the following main result, which is concerned with the existence of an
optimal control to (OP)ε for each ε ∈ [0, 1] and the relationship between the limits (ω-
limit points) of sequences of approximate optimal pairs and the optimal pairs of the
limiting problem (OP)0.

Theorem 4.5. Suppose (A1)–(A4). Then, the following two statements hold.

(I) Let ε ∈ [0, 1], uε0 ∈ H, and wε
0 ∈ D(V ε). Then, the problem (OP)ε has at least one

optimal control [f ε
∗ , h

ε
∗, `

ε
∗] ∈ U , so that:

Jε(f ε
∗ , h

ε
∗, `

ε
∗) = inf

[f,h,ℓ]∈U
Jε(f, h, `).
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(II) Assume u0 ∈ H, {uε0}ε∈(0,1] ⊂ H, w0 ∈ D(V 0), {wε
0}ε∈(0,1] ⊂ D(V ε),

uε0 → u0 in X ′, wε
0 → w0 in H, and V ε(wε

0) −→ V 0(w0) as ε→ 0. (4.5.1)

Let [f ε
∗ , h

ε
∗, `

ε
∗] ∈ U be the optimal control of (OP)ε obtained in (I). In addition, let

[uε∗, w
ε
∗] be the unique solution to (P;uε0, w

ε
0, f

ε
∗ , h

ε
∗, `

ε
∗)

ε on [0, T ]. Then, there exist a
subsequence {εk}k∈N ⊂ {ε}ε∈(0,1], the triplet of functions [f∗∗, h∗∗, `∗∗] ∈ U , and the
unique solution [u∗∗, w∗∗] to (P;u0, w0, f∗∗, h∗∗, `∗∗)

0 on [0, T ] such that [f∗∗, h∗∗, `∗∗]
is the optimal control of (OP)0, εk → 0,

f εk
∗ → f∗∗ weakly in L2(0, T ;H), (4.5.2)

hεk∗ → h∗∗ weakly in L2(0, T ), (4.5.3)

`εk∗ → `∗∗ weakly in L2(0, T ), (4.5.4)

and
[uεk∗ , w

εk
∗ ] −→ [u∗∗, w∗∗] in L2(0, T ;H) × C([0, T ];H) (4.5.5)

as k → ∞.

Proof. By Corollary 4.4 and taking a minimizing sequence {[fn, hn, `n]}n∈N ⊂ U so that

lim
n→∞

Jε(fn, hn, `n) = inf
[f,h,ℓ]∈U

Jε(f, h, `),

we can prove (I). Such an argument is quite standard, thus, we omit the detailed proof of
(I).

Next, let us prove (II), which is concerned with the relationship between the optimal
control problems (OP)ε and (OP)0. To this end, let us fix any sequence {[f ε

∗ , h
ε
∗, `

ε
∗]}ε∈(0,1] ⊂

U of the optimal controls [f ε
∗ , h

ε
∗, `

ε
∗] to (OP)ε for ε ∈ (0, 1]. Let [f, h, `] be any function

in U . In addition, let [uε, wε] be a unique solution to (P;uε0, w
ε
0, f, h, `)

ε on [0, T ], and let
[u,w] be a unique solution to (P;u0, w0, f, h, `)

0 on [0, T ]. Then, we observe from Theorem
4.3 with (4.5.1) that

[uε, wε] −→ [u,w] in L2(0, T ;H) × C([0, T ];H) as ε→ 0. (4.5.6)

Since [f ε
∗ , h

ε
∗, `

ε
∗] is the optimal control to (OP)ε, we observe that

Jε(f ε
∗ , h

ε
∗, `

ε
∗) ≤ Jε(f, h, `)

=
c0
2

∫ T

0

|(uε − ud)(t)|2H dt+
c1
2

∫ T

0

|(wε − wd)(t)|2H dt

+
m0

2

∫ T

0

a20|f(t)|2H dt

+
m1

2

∫ T

0

a21|h(t)|2 dt+
m2

2

∫ T

0

a22|`(t)|2 dt.

(4.5.7)

Clearly, it follows from (1.5.26), (4.5.6), and (4.5.7) that {[f ε
∗ , h

ε
∗, `

ε
∗]}ε∈(0,1] is bounded in

U with respect to ε ∈ (0, 1]. Therefore, there are a subsequence {εk}k∈N ⊂ {ε}ε∈(0,1] and
the triplet of functions [f∗∗, h∗∗, `∗∗] ∈ U such that εk → 0,

f εk
∗ → f∗∗ weakly in L2(0, T ;H), (4.5.8)
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hεk∗ → h∗∗ weakly in L2(0, T ), (4.5.9)

`εk∗ → `∗∗ weakly in L2(0, T ) (4.5.10)

as k → ∞.
Let [uεk∗ , w

εk
∗ ] be a unique solution to (P;uεk0 , w

εk
0 , f

εk
∗ , h

εk
∗ , `

εk
∗ )εk on [0, T ]. Then, from

Theorem 4.3 with (4.5.1) and (4.5.8)–(4.5.10), we infer that [uεk∗ , w
εk
∗ ] converges to the

unique solution [u∗∗, w∗∗] to (P;u0, w0, f∗∗, h∗∗, `∗∗)
0 on [0, T ] in the sense that

[uεk∗ , w
εk
∗ ] −→ [u∗∗, w∗∗] in L2(0, T ;H) × C([0, T ];H) as k → ∞, (4.5.11)

hence, the convergence (4.5.5) holds.
Now, by using (4.5.6)–(4.5.11) and the weak lower semicontinuity of L2-norm, we see

that

J0(f∗∗, h∗∗, `∗∗) ≤ lim inf
k→∞

Jεk(f εk
∗ , h

εk
∗ , `

εk
∗ ) ≤ lim

k→∞
Jεk(f, h, `) = J0(f, h, `).

Since [f, h, `] is any function in U , we infer from the above inequality that [f∗∗, h∗∗, `∗∗] is
the optimal control to (OP)0. Hence, the assertion (II) of Theorem 4.5 holds. Thus, the
proof of Theorem 4.5 has been completed.

Remark 4.6. Unfortunately, Theorem 4.5 does not cover the uniqueness of optimal con-
trols. Although Hoffmann–Jiang [33] reported the uniqueness of optimal controls for a
regular Fix–Caginalp system, their technique is not applicable to our problem (OP)ε be-
cause of the nonlinear terms aε(wx) and Kε(w). Therefore, the uniqueness question of
optimal controls to (OP)ε is still open.

Remark 4.7. Theorem 4.5(II) shows that the weak limit function of optimal control of
(OP)ε is an optimal control for (OP)0. Note that we can approximate any optimal control
of (OP)0 by considering the following approximate control problems:

(?) Let α > 0 be a fixed constant. In addition, let [f∗, h∗, `∗] ∈ U be any optimal
control of (OP)0 obtained in Theorem 4.5(I). Then, for each ε ∈ (0, 1], we consider
the following approximate optimal control problem:

Problem (OP)εα . Find a triplet of control functions [f ε
∗ , h

ε
∗, `

ε
∗] ∈ U , called optimal

control, such that
Jε
α(f ε

∗ , h
ε
∗, `

ε
∗) = inf

[f,h,ℓ]∈U
Jε
α(f, h, `).

Here, Jε
α(f, h, `) is the cost functional defined by

Jε
α(f, h, `) :=

c0
2

∫ T

0

|(uε − ud)(t)|2H dt+
c1
2

∫ T

0

|(wε − wd)(t)|2H dt

+
m0

2

∫ T

0

a20|f(t)|2H dt+
m1

2

∫ T

0

a21|h(t)|2 dt

+
m2

2

∫ T

0

a22|`(t)|2 dt+
α

2

∫ T

0

|(f − f∗)(t)|2H dt

+
α

2

∫ T

0

|(h− h∗)(t)|2 dt+
α

2

∫ T

0

|(`− `∗)(t)|2 dt,

(4.5.12)
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where [f, h, `] ∈ U is the control, and a couple of functions [uε, wε] is a unique
solution to the state problem (P;uε0, w

ε
0, f, h, `)

ε.

Then, by arguments similar to those in [81, Theorem 3.3(II)], we can prove that there is
a subsequence {εk}k∈N ⊂ {ε}ε∈(0,1] such that εk → 0,

f εk
∗ → f∗ in L2(0, T ;H), hεk∗ → h∗ in L2(0, T ), `εk∗ → `∗ in L2(0, T ),

and
[uεk∗ , w

εk
∗ ] −→ [u∗, w∗] in L2(0, T ;H) × C([0, T ];H)

as k → ∞, where [uεk∗ , w
εk
∗ ] is a unique solution to (P;uεk0 , w

εk
0 , f

εk
∗ , h

εk
∗ , `

εk
∗ )εk and [u∗, w∗]

is a unique solution to (P;u0, w0, f∗, h∗, `∗)
0 on [0, T ].

4.6 Optimality condition for (OP)ε with ε > 0

In this section we show the necessary condition of an optimal pair [uε∗, w
ε
∗, f

ε
∗ , h

ε
∗, `

ε
∗] to

(OP)ε with ε > 0, where [uε∗, w
ε
∗] is the unique solution to (P;uε0, w

ε
0, f

ε
∗ , h

ε
∗, `

ε
∗)

ε, and
[f ε

∗ , h
ε
∗, `

ε
∗] ∈ U is the optimal control to (OP)ε obtained in Theorem 4.5(I).

Theorem 4.6. Suppose the same conditions as in Theorem 4.5. Additionally, assume

(A5) {âε}ε∈(0,1] ⊂ C2(R) is a sequence of convex functions and C2-regularizations for
â0(·) := | · |. Moreover, there exists a positive constant δ3, independent of ε ∈ (0, 1],
such that

0 ≤ (âε)′′(r) ≤ δ3
ε

for any r ∈ R.

(A6) g is a C1 function on R.

For the fixed number ε ∈ (0, 1], let uε0 ∈ H, wε
0 ∈ D(V ε), and let [f ε

∗ , h
ε
∗, `

ε
∗] ∈ U be

the optimal control to (OP)ε obtained in Theorem 4.5(I). In addition, let [uε∗, w
ε
∗] be the

unique solution to (P;uε0, w
ε
0, f

ε
∗ , h

ε
∗, `

ε
∗)

ε on [0, T ]. Then, there exists a unique solution
[pε, qε] to the adjoint equation on [0, T ] as follows:

pε ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X), (4.6.1)

qε ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H), (4.6.2)

− (pε)′ − pεxx − qε = c0(u
ε
∗ − ud) in Q, (4.6.3)∫ T

0

(−(pε)′(τ), ζ(τ))Hdτ +

∫ T

0

〈−(qε)′(τ), ζ(τ)〉dτ

+κ

∫ T

0

(((aε)′((wε
∗)x(τ)) + ε)qεx(τ), ζx(τ))H dτ

+

∫ T

0

((Kε)′(wε
∗(τ))qε(τ), ζ(τ))H dτ +

∫ T

0

(g′(wε
∗(τ))qε(τ), ζ(τ))H dτ

= c1

∫ T

0

((wε
∗ − wd)(τ), ζ(τ))H dτ for all ζ ∈ L2(0, T ;X),

(4.6.4)

− pεx(t, 0) + n0p
ε(t, 0) = pεx(t, L) + n0p

ε(t, L) = 0, t ∈ (0, T ), (4.6.5)
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pε(T, x) = qε(T, x) = 0, x ∈ (0, L), (4.6.6)

where (aε)′(·) and g′(·) are the derivatives of aε(·) and g(·), respectively. Moreover, pε

satisfies the following equations:

a0(p
ε +m0a0f

ε
∗ ) = 0 in L2(0, T ;H), (4.6.7)

a1(p
ε(·, 0) +m1a1h

ε
∗) = 0 in L2(0, T ), (4.6.8)

a2(p
ε(·, L) +m2a2`

ε
∗) = 0 in L2(0, T ). (4.6.9)

We prove Theorem 4.6 by showing the result of Gâteaux differentiability of the cost
functional Jε(·, ·, ·). To this end, we fix ε ∈ (0, 1] and the initial data [uε0, w

ε
0] ∈ H×D(V ε).

Then, we define the solution operator Λε to (P;uε0, w
ε
0, f, h, `)

ε as follows.

Definition 4.4. (I) We denote by Λε : U → L2(0, T ;H)×L2(0, T ;H) a solution operator
to (P;uε0, w

ε
0, f, h, `)

ε that assigns to any control [f, h, `] ∈ U the unique solution [uε, wε] :=
Λε(f, h, `) to the state system (P;uε0, w

ε
0, f, h, `)

ε.
(II) Let [f ε

∗ , h
ε
∗, `

ε
∗] ∈ U be the optimal control to (OP)ε. Then, [uε∗, w

ε
∗, f

ε
∗ , h

ε
∗, `

ε
∗] =

[Λε(f ε
∗ , h

ε
∗, `

ε
∗), f

ε
∗ , h

ε
∗, `

ε
∗] is called the optimal pair to the optimal control problem (OP)ε.

For a moment, we often omit the superscript ε ∈ (0, 1].
At first, we show the Gâteaux differentiability of Λε and Jε. For any λ ∈ [−1, 1] \ {0},

any [f, h, `] ∈ U , and any [f̌ , ȟ, ˇ̀] ∈ U , we put [uλ, wλ] := Λε(f + λf̌ , h + λȟ, ` + λˇ̀),
[u,w] := Λε(f, h, `), θλ := uλ−u

λ
, and χλ := wλ−w

λ
.

Note that the pair of functions [θλ, χλ] satisfies the following system:

〈θ′λ(t), z〉 + 〈χ′
λ(t), z〉 + ((θλ)x(t), zx)H + n0θλ(t, 0)z(0) + n0θλ(t, L)z(L)

= (a0f̌(t), z)H + a1ȟ(t)z(0) + a2 ˇ̀(t)z(L),

a.a. t ∈ (0, T ), for all z ∈ X;

(4.6.10)

〈χ′
λ(t), z〉 + κ(aελ(t)(χλ)x(t), zx)H +

(
K

ε

λ(t)χλ(t), z
)
H

+ (gλ(t)χλ(t), z)H = (θλ(t), z)H ,

a.a. t ∈ (0, T ), for all z ∈ X; (4.6.11)

θλ(0, x) = χλ(0, x) = 0, a.a. x ∈ (0, L), (4.6.12)

where notations aελ, K
ε

λ, and gλ are functions on Q, given as:

aελ(t, x) =

∫ 1

0

(aε)′(wx(t, x) + s((wλ)x(t, x) − wx(t, x)))ds+ ε;

K
ε

λ(t, x) =

∫ 1

0

(Kε)′(w(t, x) + s(wλ(t, x) − w(t, x)))ds;

gλ(t, x) =

∫ 1

0

g′ (w(t, x) + s(wλ(t, x) − w(t, x))) ds;

for (t, x) ∈ Q, with use of the derivatives (aε)′, (Kε)′, and g′ of the single-valued functions.
Now, we give the uniform estimate of solutions [θλ, χλ] to (4.6.10)–(4.6.12) with respect

to λ ∈ [−1, 1] \ {0}.
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Lemma 4.2. Suppose all the same conditions in Theorem 4.6. Then, there is a positive
number N5 > 0, dependent on ε, T, κ, n0 and independent of λ, such that

sup
0≤t≤T

|θλ(t)|2H +

∫ T

0

|θ′λ(t)|2X′dt+

∫ T

0

|θλ(t)|2Xdt

+ sup
0≤t≤T

|χλ(t)|2H +

∫ T

0

|χ′
λ(t)|2X′dt+

∫ T

0

|χλ(t)|2Xdt

≤ N5

(
a20|f̌ |2L2(0,T ;H) + a21|ȟ|2L2(0,T ) + a22|ˇ̀|2L2(0,T )

) (4.6.13)

for any [f̌ , ȟ, ˇ̀] ∈ U .

Proof. Clearly, we observe from (A1) and (A5) that (âε)′(·) = aε(·) ∈ C1(R) and

0 ≤ (aε)′(r) ≤ δ3
ε

for any r ∈ R. (4.6.14)

In addition, from the definitions of Kε in (1.5.19) we infer that

0 ≤ K
ε

λ(t, x) ≤ 1

ε
, a.a. (t, x) ∈ Q. (4.6.15)

Here, from the boundedness (4.3.5) of solutions to (P;f, h, `)ε, we note that

sup
0≤t≤T

|w(t)|2H + sup
0≤t≤T

|wλ(t)|2H + κ sup
0≤t≤T

V ε(w(t)) + κ sup
0≤t≤T

V ε(wλ(t))

≤ N6

(
|uε0|2H + |wε

0|2H + κV ε(wε
0) +

∫ L

0

ĝ(wε
0(x))dx

+a20|f |2L2(0,T ;H) + a21|h|2L2(0,T ) + a22|`|2L2(0,T )

+a20|f̌ |2L2(0,T ;H) + a21|ȟ|2L2(0,T ) + a22|ˇ̀|2L2(0,T ) + b21 + b22

)
,

(4.6.16)

where N6 > 0 is a positive constant independent of λ ∈ [−1, 1]\{0}. Since the embedding
BV (0, L) ↪→ L∞(0, L) is continuous (cf. Proposition 4.3), we infer from (4.6.16) that

sup
0≤t≤T

|w(t)|2L∞(0,L) + sup
0≤t≤T

|wλ(t)|2L∞(0,L)

≤ N ′
6

(
|uε0|2H + |wε

0|2H + κV ε(wε
0) +

∫ L

0

ĝ(wε
0(x))dx

+a20|f |2L2(0,T ;H) + a21|h|2L2(0,T ) + a22|`|2L2(0,T )

+a20|f̌ |2L2(0,T ;H) + a21|ȟ|2L2(0,T ) + a22|ˇ̀|2L2(0,T ) + b21 + b22

)
,

(4.6.17)

for some positive constant N ′
6 independent of λ ∈ [−1, 1] \ {0} (cf. (4.4.18)). Thus, by

(4.6.17), we find a positive constant N7, independent of λ ∈ [−1, 1] \ {0}, such that

sup
0≤t≤T

|gλ(t)|L∞(0,L) ≤ N7, for all λ ∈ [−1, 1] \ {0}. (4.6.18)

Now, we show a priori estimate (4.6.13). Taking account of (4.6.14)–(4.6.18), we can
get the following estimate:

sup
0≤t≤T

|θλ(t)|2H +

∫ T

0

|θλ(t)|2Xdt+ sup
0≤t≤T

|χλ(t)|2H +

∫ T

0

|χλ(t)|2Xdt

≤ N8

(
a20|f̌ |2L2(0,T ;H) + a21|ȟ|2L2(0,T ) + a22|ˇ̀|2L2(0,T )

)
,

(4.6.19)
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where N8 > 0 is some positive constant, dependent on ε, T, κ, n0 and independent of
λ ∈ [−1, 1] \ {0}. In fact, taking the sum of (4.6.10) with z = θλ, (4.6.11) with z = θλ,
and (4.6.11) with z = κ

ε
( δ3
ε

+ ε)2χλ, and applying the Gronwall-type inequality (e.g., [39,
Proposition 0.4.1]), we get (4.6.19). Such calculations are standard one, so we omit the
detailed arguments (cf. (4.8.34) in Lemma 4.3).

By using (4.6.14), (4.6.15), and (4.6.18), we infer from (4.6.11) that∣∣∣∣∫ T

0

〈χ′
λ(t), ζ(t)〉dt

∣∣∣∣ ≤ N9

(
|χλ|L2(0,T ;X) + |θλ|L2(0,T ;H)

)
|ζ|L2(0,T ;X)

for any ζ ∈ L2(0, T ;X),
(4.6.20)

where N9 > 0 is some positive constant, dependent on ε, κ and independent of λ ∈
[−1, 1] \ {0}. Hence, we infer from (4.6.19) and (4.6.20) that

|χ′
λ|L2(0,T ;X′) ≤ N ′

9

(
|a0||f̌ |L2(0,T ;H) + |a1||ȟ|L2(0,T ) + |a2||ˇ̀|L2(0,T )

)
(4.6.21)

for some positive constant N ′
9 > 0, dependent on ε, T, κ, n0 and independent of λ ∈

[−1, 1] \ {0}.
Similarly, we infer from (4.6.10), (4.6.19), and (4.6.21) that

|θ′λ|L2(0,T ;X′) ≤ N10

(
|a0||f̌ |L2(0,T ;H) + |a1||ȟ|L2(0,T ) + |a2||ˇ̀|L2(0,T )

)
(4.6.22)

for some positive constant N10 > 0, dependent on ε, T, κ, n0 and independent of λ ∈
[−1, 1] \ {0}.

By (4.6.19), (4.6.21), and (4.6.22), we get the boundedness (4.6.13). Thus, the proof
of Lemma 4.2 has been completed.

Now, let us mention the result of the Gâteaux differentiability of Λε and Jε.

Proposition 4.5. Assume the same conditions in Theorem 4.6. Then, the following two
statements hold.

(I) The solution operator Λε admits the Gâteaux derivative at any [f, h, `] ∈ U . More pre-
cisely, for arbitrary [f, h, `] ∈ U , there exists a pair of functions [θ, χ] ∈ L2(0, T ;H)×
L2(0, T ;H) such that:

D[f̌ ,ȟ,ℓ̌]Λ
ε(f, h, `) := lim

λ→0

Λε(f + λf̌ , h+ λȟ, `+ λˇ̀) − Λε(f, h, `)

λ
= [θ, χ]

for all direction [f̌ , ȟ, ˇ̀] ∈ U ,

(4.6.23)

θ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H), (4.6.24)

χ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂ C([0, T ];H), (4.6.25)

and [θ, χ] solves the following linear system:

〈θ′(t), z〉 + 〈χ′(t), z〉 + (θx(t), zx)H + n0 (θ(t, 0)z(0) + θ(t, L)z(L))

= (a0f̌(t), z)H + a1ȟ(t)z(0) + a2 ˇ̀(t)z(L),

a.a. t ∈ (0, T ), for all z ∈ X;

(4.6.26)
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〈χ′(t), z〉 + κ (((aε)′(wx(t)) + ε)χx(t), zx)H + ((Kε)′(w(t))χ(t), z)H

+(g′(w(t))χ(t), z)H = (θ(t), z)H ,

a.a. t ∈ (0, T ), for all z ∈ X;

(4.6.27)

θ(0, x) = χ(0, x) = 0, a.a. x ∈ (0, L). (4.6.28)

(II) The cost function Jε admits the Gâteaux derivative at any [f, h, `] ∈ U . More
precisely,

D[f̌ ,ȟ,ℓ̌]J
ε(f, h, `) := lim

λ→0

Jε(f + λf̌ , h+ λȟ, `+ λˇ̀) − Jε(f, h, `)

λ

= c0

∫ T

0

((u− ud)(t), θ(t))Hdt+ c1

∫ T

0

((w − wd)(t), χ(t))Hdt

+m0a
2
0

∫ T

0

(f(t), f̌(t))Hdt

+m1a
2
1

∫ T

0

h(t)ȟ(t)dt+m2a
2
2

∫ T

0

`(t)ˇ̀(t)dt

(4.6.29)
for any [f, h, `] ∈ U and any direction [f̌ , ȟ, ˇ̀] ∈ U , where [u,w] = Λε(f, h, `) is the
solution to (P;uε0, w

ε
0, f, h, `)

ε, ud and wd are the given target profiles in L2(0, T ;H),
and [θ, χ](= D[f̌ ,ȟ,ℓ̌]Λ

ε(f, h, `)) is the pair of functions obtained in the assertion (I).

Proof. At first, we show (I). To this end, we put [uλ, wλ] := Λε(f + λf̌ , h + λȟ, ` + λˇ̀),
[u,w] := Λε(f, h, `), θλ := uλ−u

λ
, and χλ := wλ−w

λ
for all [f, h, `] ∈ U , [f̌ , ȟ, ˇ̀] ∈ U , and

λ ∈ [−1, 1] \ {0}. Then, by the uniform estimate (4.6.13) of [θλ, χλ], there is a subse-
quence {λn}n∈N ⊂ {λ}λ∈[−1,1]\{0} and the functions θ, χ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ⊂
C([0, T ];H) such that λn → 0,

θλn → θ in C([0, T ];X ′),
in L2(0, T ;H),
weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
weakly-∗ in L∞(0, T ;H),

 (4.6.30)

χλn → χ in C([0, T ];X ′),
in L2(0, T ;H),
weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
weakly-∗ in L∞(0, T ;H),

 (4.6.31)

as n→ ∞, and

sup
0≤t≤T

|θ(t)|2H +

∫ T

0

|θ′(t)|2X′dt+

∫ T

0

|θ(t)|2Xdt

+ sup
0≤t≤T

|χ(t)|2H +

∫ T

0

|χ′(t)|2X′dt+

∫ T

0

|χ(t)|2Xdt

≤ N5

(
a20|f̌ |2L2(0,T ;H) + a21|ȟ|2L2(0,T ) + a22|ˇ̀|2L2(0,T )

)
,

(4.6.32)
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where N5 is the same constant as in Lemma 4.2.
Now, let us show a pair of the limit functions [θ, χ] of [θλn , χλn ] satisfies (4.6.26)–

(4.6.28). To this end, note from (4.6.13) that

|wλ − w|L2(0,T ;X) = λ|χλ|L2(0,T ;X)

≤ λN
1
2
5

(
|a0||f̌ |L2(0,T ;H) + |a1||ȟ|L2(0,T ) + |a2||ˇ̀|L2(0,T )

)
→ 0 as λ→ 0.

(4.6.33)

So, taking a subsequence if necessary, we see from the definition of functions aελ, K
ε

λ, gλ
(λ ∈ [−1, 1] \ {0}) and continuity of functions (aε)′, (Kε)′, and g′(·) that

aελn
(t, x) → (aε)′(wx(t, x)) + ε,

K
ε

λn
(t, x) → (Kε)′(w(t, x)),

gλn
(t, x) → g′(w(t, x)),

a.a. (t, x) ∈ Q, in the pointwise sense, as n→ ∞.

Here, let us fix arbitrary 0 ≤ t0 < t1 ≤ T . Since functions aελ, K
ε

λ and gλ (λ ∈
[−1, 1] \ {0}) are respectively bounded in senses of (4.6.14), (4.6.15), and (4.6.18), we can
apply the Lebesgue dominated convergence theorem to show that

aελn
→ (aε)′(wx) + ε,

K
ε

λn
→ (Kε)′(w),

gλn
→ g′(w),

in L2(t0, t1;H), as n→ ∞. (4.6.34)

Combining (4.6.30), (4.6.31), (4.6.32), and (4.6.34), it is deduced that:

θλn → θ weakly in L2(t0, t1;X), (4.6.35)

θ′λn
→ θ′ weakly in L2(t0, t1;X

′), (4.6.36)

χλn → χ weakly in L2(t0, t1;X), (4.6.37)

χ′
λn

→ χ′ weakly in L2(t0, t1;X
′), (4.6.38)

and 
aελn

(χλn)x → ((aε)′(wx) + ε)χx,

K
ε

λn
χλn → (Kε)′(w)χ,

gλn
χλn → g′(w)χ,

weakly in L2(t0, t1;H) (4.6.39)

as n→ ∞.
Here, note from (4.6.10) and (4.6.11) that∫ t1

t0

〈θ′λn
(t), z〉dt+

∫ t1

t0

〈χ′
λn

(t), z〉dt+

∫ t1

t0

((θλn)x(t), zx)H dt

+n0

∫ t1

t0

θλn(t, 0)z(0)dt+ n0

∫ t1

t0

θλn(t, L)z(L)dt

=

∫ t1

t0

(a0f̌(t), z)Hdt+

∫ t1

t0

a1ȟ(t)z(0)dt+

∫ t1

t0

a2 ˇ̀(t)z(L)dt

for all z ∈ X and n = 1, 2, 3, · · ·

(4.6.40)
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and ∫ t1

t0

〈χ′
λn

(t), z〉dt+ κ

∫ t1

t0

(aελn
(t)(χλn)x(t), zx)Hdt+

∫ t1

t0

(K
ε

λn
(t)χλn(t), z)Hdt

+

∫ t1

t0

(gλn
(t)χλn(t), z)Hdt =

∫ t1

t0

(θλn(t), z)Hdt

for all z ∈ X and n = 1, 2, 3, · · · .
(4.6.41)

On account of (4.6.35)–(4.6.39), we obtain the variational form (4.6.26) (resp. (4.6.27))
by taking the limits in (4.6.40) (resp. (4.6.41)) as n→ ∞.

On the other hand, by (4.6.30) and (4.6.31),

θ(0, ·) = lim
n→∞

θλn(0, ·) = 0 (∈ H) in X ′,

χ(0, ·) = lim
n→∞

χλn(0, ·) = 0 (∈ H) in X ′,

which implies (4.6.28).
Furthermore, by the usual method with helps from the facts that (aε)′ ≥ 0 (on R),

(Kε)′ ≥ 0 (on R), and g′(w) + Cg ≥ 0, a.e. in Q, we easily prove that the solutions to
the Cauchy problem {(4.6.26)–(4.6.28)} are uniquely determined within (4.6.24)–(4.6.25).
Hence, the uniqueness of solution to {(4.6.26)–(4.6.28)} guarantees that of cluster points
of the sequence [θλ, χλ] as λ→ 0. Namely:

(∗) [θλ, χλ] originally converges to the unique solution [θ, χ] to {(4.6.26)–(4.6.28)} in
the senses as in (4.6.30)–(4.6.31), as λ → 0, and hence the operator X[f,h,ℓ] : U →
L2(0, T ;H) × L2(0, T ;H), defined by X[f,h,ℓ](f̌ , ȟ, ˇ̀) := D[f̌ ,ȟ,ℓ̌]Λ

ε(f, h, `) for all di-

rection [f̌ , ȟ, ˇ̀] ∈ U , is well-defined.

Now, on account of the linearity inherent in (4.6.26)–(4.6.27) and the estimate (4.6.32),
we observe that each operator X[f,h,ℓ] ([f, h, `] ∈ U) is a bounded and linear operator from
U into L2(0, T ;H)×L2(0, T ;H), and hence, the solution operator Λε admits the Gâteaux
derivative at any [f, h, `] ∈ U . Thus, we conclude the assertion (I) of this proposition.

Next, we show (II). The Gâteaux differentiability of the cost function Jε will be a
direct consequence of the assertion (I). In fact, note from (4.6.13) that

|uλ − u|L2(0,T ;X) = λ|θλ|L2(0,T ;X)

≤ λN
1
2
5

(
|a0||f̌ |L2(0,T ;H) + |a1||ȟ|L2(0,T ) + |a2||ˇ̀|L2(0,T )

)
→ 0 as λ→ 0.

(4.6.42)

Then, by virtue of (4.6.33), (4.6.42), and (∗), it is computed that

D[f̌ ,ȟ,ℓ̌]J
ε(f, h, `)

:= lim
λ→0

Jε(f + λf̌ , h+ λȟ, `+ λˇ̀) − Jε(f, h, `)

λ

= lim
λ→0

{
c0
2

∫ T

0

((uλ + u− 2ud)(t), θλ(t))Hdt+
c1
2

∫ T

0

((wλ + w − 2wd)(t), χλ(t))Hdt
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+
m0a

2
0

2

∫ T

0

((2f + λf̌)(t), f̌(t))Hdt

+
m1a

2
1

2

∫ T

0

(2h+ λȟ)(t)ȟ(t)dt+
m2a

2
2

2

∫ T

0

(2`+ λˇ̀)(t)ˇ̀(t)dt

}
= c0

∫ T

0

((u− ud)(t), θ(t))Hdt+ c1

∫ T

0

((w − wd)(t), χ(t))Hdt

+m0a
2
0

∫ T

0

(f(t), f̌(t))Hdt+m1a
2
1

∫ T

0

h(t)ȟ(t)dt+m2a
2
2

∫ T

0

`(t)ˇ̀(t)dt

for any [f, h, `] ∈ U and any direction [f̌ , ȟ, ˇ̀] ∈ U .
Clearly, we infer from (4.6.32) and (∗) that for any [f, h, `] ∈ U , the functional:

[f̌ , ȟ, ˇ̀] ∈ U 7→ D[f̌ ,ȟ,ℓ̌]J
ε(f, h, `)

will form a bounded linear functional on U . Hence, the cost functional Jε admits the
Gâteaux derivative at any [f, h, `] ∈ U with the directional derivative as in (4.6.29).

Thus, the proof of Proposition 4.5 has been completed.

By taking account of Proposition 4.5, we can prove Theorem 4.6 concerning the nec-
essary condition of an optimal pair [uε∗, w

ε
∗, f

ε
∗ , h

ε
∗, `

ε
∗] = [Λε(f ε

∗ , h
ε
∗, `

ε
∗), f

ε
∗ , h

ε
∗, `

ε
∗] to (OP)ε

with ε > 0.

Proof of Theorem 4.6. By using the Schauder fixed point theorem and the general results
by Ladyženskaja–Solonnikov–Ural’ceva [53, Chapter 3], we can get the unique solution
[pε, qε] to the adjoint equations (4.6.1)–(4.6.6).

Now, let [uε∗, w
ε
∗, f

ε
∗ , h

ε
∗, `

ε
∗] = [Λε(f ε

∗ , h
ε
∗, `

ε
∗), f

ε
∗ , h

ε
∗, `

ε
∗] be the optimal pair to the prob-

lem (OP)ε with ε > 0. Let [θε∗, χ
ε
∗] be the limit of Λε(fε

∗+λf̌ ,hε
∗+λȟ,ℓε∗+λℓ̌)−Λε(fε

∗ ,h
ε
∗,ℓ

ε
∗)

λ
as λ→ 0

in the sense of (4.6.23).
Since [f ε

∗ , h
ε
∗, `

ε
∗] is a minimizer for Jε(·, ·, ·), we have

0 ≤ lim
λ→0

Jε(f ε
∗ + λf̌ , hε∗ + λȟ, `ε∗ + λˇ̀) − Jε(f ε

∗ , h
ε
∗, `

ε
∗)

λ

= c0

∫ T

0

((uε∗ − ud)(t), θ
ε
∗(t))Hdt+ c1

∫ T

0

((wε
∗ − wd)(t), χ

ε
∗(t))Hdt

+m0a
2
0

∫ T

0

(f ε
∗ (t), f̌(t))Hdt+m1a

2
1

∫ T

0

hε∗(t)ȟ(t)dt+m2a
2
2

∫ T

0

`ε∗(t)
ˇ̀(t)dt

=

∫ T

0

〈−(pε)′(t), θε∗(t)〉dt+

∫ T

0

(pεx(t), (θε∗)x(t))Hdt+ n0

∫ T

0

pε(t, 0)θε∗(t, 0)dt

+n0

∫ T

0

pε(t, L)θε∗(t, L)dt−
∫ T

0

(qε(t), θε∗(t))Hdt

+

∫ T

0

(−(pε)′(t), χε
∗(t))Hdt+

∫ T

0

〈−(qε)′(t), χε
∗(t)〉dt

+κ

∫ T

0

(((aε)′ ((wε
∗)x(t)) + ε)qεx(t), (χε

∗)x(t))H dt+

∫ T

0

((Kε)′(wε
∗(t))q

ε(t), χε
∗(t))H dt
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+

∫ T

0

(g′(wε
∗(t))q

ε(t), χε
∗(t))H dt

+m0a
2
0

∫ T

0

(f ε
∗ (t), f̌(t))Hdt+m1a

2
1

∫ T

0

hε∗(t)ȟ(t)dt+m2a
2
2

∫ T

0

`ε∗(t)
ˇ̀(t)dt

=

∫ T

0

〈(θε∗)′(t), pε(t)〉dt+

∫ T

0

((θε∗)x(t), pεx(t))Hdt+ n0

∫ T

0

θε∗(t, 0)pε(t, 0)dt

+n0

∫ T

0

θε∗(t, L)pε(t, L)dt−
∫ T

0

(qε(t), θε∗(t))Hdt

+

∫ T

0

〈(χε
∗)

′(t), pε(t)〉dt+

∫ T

0

〈(χε
∗)

′(t), qε(t)〉dt

+κ

∫ T

0

(((aε)′ ((wε
∗)x(t)) + ε)(χε

∗)x(t), qεx(t))H dt+

∫ T

0

((Kε)′(wε
∗(t))χ

ε
∗(t), q

ε(t))H dt

+

∫ T

0

(g′(wε
∗(t))χ

ε
∗(t), q

ε(t))H dt

+m0a
2
0

∫ T

0

(f ε
∗ (t), f̌(t))Hdt+m1a

2
1

∫ T

0

hε∗(t)ȟ(t)dt+m2a
2
2

∫ T

0

`ε∗(t)
ˇ̀(t)dt

=

∫ T

0

(a0p
ε(t) +m0a

2
0f

ε
∗ (t), f̌(t))Hdt+

∫ T

0

(a1p
ε(t, 0) +m1a

2
1h

ε
∗(t))ȟ(t)dt

+

∫ T

0

(a2p
ε(t, L) +m2a

2
2`

ε
∗(t))

ˇ̀(t)dt

for any [f̌ , ȟ, ˇ̀] ∈ U . Here, we use the equations (4.6.3)–(4.6.6) and (4.6.26)–(4.6.28) for
[pε, qε] and [θε∗, χ

ε
∗], respectively. Since [f̌ , ȟ, ˇ̀] ∈ U is arbitrary, we infer from the inequality

as above that the equations in (4.6.7)–(4.6.9) hold. Thus, the proof of Theorem 4.6 has
been completed.

4.7 Optimality condition for (OP)0

In previous Section 6, we proved Theorem 4.6, which is concerned with the optimality
condition to the approximate problem (OP)ε with ε > 0. But, in general, it is difficult to
show the necessary condition of the optimal control to (OP)0, i.e., ε = 0, since (1.5.12)
is the singular diffusion equation with constraint ∂I[−1,1](·). Therefore, by using Theorem
4.6, more precisely, by the limiting observation of (OP)ε as ε→ 0, we derive the optimality
condition to (OP)0.

Now, we mention the main result in this paper, which is concerned with the necessary
condition of the optimal control to (OP)0

Theorem 4.7. Suppose that all the assumptions of Theorem 4.6 are fulfilled. Let u0 ∈ H,
w0 ∈ D(V 0), and let [f∗∗, h∗∗, `∗∗] be the optimal control to (OP)0 obtained in Theorem
4.5(II). Let [u∗∗, w∗∗] be the unique solution to (P;u0, w0, f∗∗, h∗∗, `∗∗)

0 on [0, T ]. Addi-
tionally, let us set:

W := {z ∈ H1(Q) ; z(0, x) = 0, a.a. x ∈ (0, L)}.
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Then, there are the functions p ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X), q ∈ L∞(0, T ;H), and an
element µ ∈ W ′ satisfying the following:

− p′ − pxx − q = c0(u∗∗ − ud) in Q, (4.7.1)∫ T

0

(−p′(τ), z(τ))Hdτ +

∫ T

0

(q(τ), z′(τ))Hdτ + 〈µ, z〉W ′,W +

∫ T

0

(g′(w∗∗(τ))q(τ), z(τ))Hdτ

= c1

∫ T

0

((w∗∗ − wd)(τ), z(τ))Hdτ for all z ∈ W. (4.7.2)

− px(t, 0) + n0p(t, 0) = px(t, L) + n0p(t, L) = 0, t ∈ (0, T ), (4.7.3)

p(T, x) = 0, x ∈ (0, L). (4.7.4)

Moreover, p satisfies the following equations:

a0(p+m0a0f∗∗) = 0 in L2(0, T ;H), (4.7.5)

a1(p(·, 0) +m1a1h∗∗) = 0 in L2(0, T ), (4.7.6)

a2(p(·, L) +m2a2`∗∗) = 0 in L2(0, T ). (4.7.7)

Proof. Let u0 ∈ H and w0 ∈ D(V 0). Then, note from (4.1.1) and Lemma 4.1 that we
find sequences {uε0}ε∈(0,1] ⊂ H and {wε

0}ε∈(0,1] ⊂ D(V ε) satisfying

uε0 → u0 in X ′, wε
0 → w0 in H, and V ε(wε

0) −→ V 0(w0) as ε→ 0. (4.7.8)

Now, let [f∗∗, h∗∗, `∗∗] be the optimal control to (OP)0 obtained in Theorem 4.5(II).
Namely, there exists a subsequence of ε ∈ (0, 1] (which we also denote ε for simplicity)
such that [f ε

∗ , h
ε
∗, `

ε
∗] is the optimal control to (OP)ε and

f ε
∗ → f∗∗ weakly in L2(0, T ;H), (4.7.9)

hε∗ → h∗∗ weakly in L2(0, T ), (4.7.10)

`ε∗ → `∗∗ weakly in L2(0, T ), (4.7.11)

and
[uε∗, w

ε
∗] −→ [u∗∗, w∗∗] in L2(0, T ;H) × C([0, T ];H) (4.7.12)

as ε → 0, where [uε∗, w
ε
∗] is the unique solution to (P;uε0, w

ε
0, f

ε
∗ , h

ε
∗, `

ε
∗)

ε on [0, T ], and
[u∗∗, w∗∗] is the unique solution to (P;u0, w0, f∗∗, h∗∗, `∗∗)

0 on [0, T ].
Now, by taking the limit with respect to ε, we prove Theorem 4.7. To this end, we

give a priori estimate of the solution [pε, qε] to the adjoint equations (4.6.3)–(4.6.6).
Now, we multiply (4.6.3) by pε. Then, by applying the Schwarz inequality, we have

−1

2

d

dτ
|pε(τ)|2H + |pεx(τ)|2H + n0|pε(τ, 0)|2 + n0|pε(τ, L)|2

≤ |pε(τ)|2H +
1

2
|qε(τ)|2H +

c20
2
|(uε∗ − ud)(τ)|2H , a.a. τ ∈ (0, T ).

(4.7.13)
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By integrating (4.7.13) in τ over [T − t, T ] (t ∈ [0, T ]), we have

1

2
|pε(T − t)|2H +

∫ T

T−t

|pεx(τ)|2Hdτ

+n0

∫ T

T−t

|pε(τ, 0)|2dτ + n0

∫ T

T−t

|pε(τ, L)|2dτ

≤
∫ T

T−t

|pε(τ)|2Hdτ +
1

2

∫ T

T−t

|qε(τ)|2Hdτ +
c20
2

∫ T

T−t

|(uε∗ − ud)(τ)|2Hdτ

(4.7.14)

for all t ∈ [0, T ].
Next, multiply (4.6.3) by −(pε)′. Then, by applying the Schwarz inequality, we get

1

2
|(pε)′(τ)|2H − 1

2

d

dτ

{
|pεx(τ)|2H + n0|pε(τ, 0)|2 + n0|pε(τ, L)|2

}
≤ |qε(τ)|2H + c20|(uε∗ − ud)(τ)|2H , a.a. τ ∈ (0, T ).

(4.7.15)

By integrating (4.7.15) in τ over [T − t, T ] (t ∈ [0, T ]), we have

1

2

∫ T

T−t

|(pε)′(τ)|2Hdτ +
1

2

{
|pεx(T − t)|2H + n0|pε(T − t, 0)|2 + n0|pε(T − t, L)|2

}
≤
∫ T

T−t

|qε(τ)|2Hdτ + c20

∫ T

T−t

|(uε∗ − ud)(τ)|2Hdτ, ∀t ∈ [0, T ]. (4.7.16)

Here, note that the pair of functions [pε, qε] satisfies the following variational identity
(cf. (4.6.4)):∫ T

T−t

(−(pε)′(τ), ζ(τ))Hdτ +

∫ T

T−t

〈−(qε)′(τ), ζ(τ)〉dτ

+ κ

∫ T

T−t

(((aε)′((wε
∗)x(τ)) + ε)qεx(τ), ζx(τ))H dτ +

∫ T

T−t

((Kε)′(wε
∗(τ))qε(τ), ζ(τ))H dτ

+

∫ T

T−t

(g′(wε
∗(τ))qε(τ), ζ(τ))H dτ (4.7.17)

=c1

∫ T

T−t

((wε
∗ − wd)(τ), ζ(τ))H dτ for all t ∈ [0, T ] and all ζ ∈ L2(T − t, T ;X).

Therefore, let us assign qε to the test function ζ as in (4.7.17). Then, by applying the
Schwarz inequality, we see that

1

2
|qε(T − t)|2H ≤ (2 + Cg)

∫ T

T−t

|qε(τ)|2Hdτ +
1

4

∫ T

T−t

|(pε)′(τ)|2Hdτ

+
c21
4

∫ T

T−t

|(wε
∗ − wd)(τ)|2Hdτ, ∀t ∈ [0, T ],

(4.7.18)

since aε and Kε are nondecreasing on R (cf. (4.6.14), (4.6.15)), and g′(wε
∗) +Cg ≥ 0, a.e.

in Q. Adding (4.7.14), (4.7.16), and (4.7.18), we have

1

2

{
|pε(T − t)|2H + |qε(T − t)|2H + |pεx(T − t)|2H + n0|pε(T − t, 0)|2 + n0|pε(T − t, L)|2

}
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+
1

4

∫ T

T−t

|(pε)′(τ)|2Hdτ +

∫ T

T−t

|pεx(τ)|2Hdτ + n0

∫ T

T−t

|pε(τ, 0)|2dτ + n0

∫ T

T−t

|pε(τ, L)|2dτ

≤
∫ T

T−t

|pε(τ)|2Hdτ +

(
7

2
+ Cg

)∫ T

T−t

|qε(τ)|2Hdτ +
3c20
2

∫ T

T−t

|(uε∗ − ud)(τ)|2Hdτ (4.7.19)

+
c21
4

∫ T

T−t

|(wε
∗ − wd)(τ)|2Hdτ, ∀t ∈ [0, T ].

Thus, by (4.7.12) and applying the Gronwall-type inequality (e.g., [39, Proposition 0.4.1])
to (4.7.19), we have∫ T

0

{
|pε(t)|2H + |qε(t)|2H + |pεx(t)|2H + n0|pε(t, 0)|2 + n0|pε(t, L)|2

}
dt

≤N11

(∫ T

0

|(u∗∗ − ud)(t)|2Hdt+

∫ T

0

|(w∗∗ − wd)(t)|2Hdt+ 1

)
(4.7.20)

for some constant N11 > 0, independent of ε ∈ (0, 1] and dependent on T . Hence, it
follows from (4.7.19) and (4.7.20) that

sup
0≤t≤T

{
|pε(t)|2H + |qε(t)|2H + |pεx(t)|2H + n0|pε(t, 0)|2 + n0|pε(t, L)|2

}
+

∫ T

0

|(pε)′(t)|2Hdt+

∫ T

0

|pεx(t)|2Hdt+ n0

∫ T

0

|pε(t, 0)|2dt+ n0

∫ T

0

|pε(t, L)|2dt

≤N12

(∫ T

0

|(u∗∗ − ud)(t)|2Hdt+

∫ T

0

|(w∗∗ − wd)(t)|2Hdt+ 1

)
(4.7.21)

for some constant N12 > 0, independent of ε ∈ (0, 1] and dependent on T .
Now, for any ε ∈ (0, 1], let us define a bounded and linear functional µε ∈ W ′ on W ,

by putting, for all ζ ∈ W ,

〈µε, ζ〉W ′,W :=

∫ T

0

{(κ((aε)′((wε
∗)x(t)) + ε)qεx(t), ζx(t))H + ((Kε)′(wε

∗(t))q
ε(t), ζ(t))H} dt.

Here, note from (4.3.5) and (4.7.8) that (cf. (4.4.18), (4.6.17)):

{wε
∗} is bounded in L∞(Q) uniformly in ε ∈ (0, 1]. (4.7.22)

In addition, we infer from (A6) snd (4.7.22) that (cf. (4.4.19), (4.6.18)):

{g′(wε
∗)} is bounded in L∞(Q) uniformly in ε ∈ (0, 1]. (4.7.23)

Then, on account of (4.6.6), (4.7.12), (4.7.17), and (4.7.21)–(4.7.23), there exists a positive
constant N13, independent of ε ∈ (0, 1], such that

|〈µε, ζ〉W ′,W | ≤
∣∣∣∣∫ T

0

((pε)′(t), ζ(t))H dt

∣∣∣∣+

∣∣∣∣∫ T

0

〈(qε)′(t), ζ(t)〉dt
∣∣∣∣

+

∣∣∣∣∫ T

0

(g′(wε
∗(t))q

ε(t), ζ(t))H dt

∣∣∣∣+

∣∣∣∣c1∫ T

0

((wε
∗ − wd)(t), ζ(t))H dt

∣∣∣∣
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=

∣∣∣∣∫ T

0

((pε)′(t), ζ(t))H dt

∣∣∣∣+

∣∣∣∣∫ T

0

(−qε(t), ζ ′(t))H dt
∣∣∣∣

+

∣∣∣∣∫ T

0

(g′(wε
∗(t))q

ε(t), ζ(t))H dt

∣∣∣∣+

∣∣∣∣c1∫ T

0

((wε
∗ − wd)(t), ζ(t))H dt

∣∣∣∣
≤ N13

(
|u∗∗ − ud|L2(0,T ;H) + |w∗∗ − wd|L2(0,T ;H) + 1

)
|ζ|W

for any ζ ∈ W := {z ∈ H1(Q) ; z(0, x) = 0, a.a. x ∈ (0, L)}.

Therefore, we get

|µε|W ′ ≤ N13

(
|u∗∗ − ud|L2(0,T ;H) + |w∗∗ − wd|L2(0,T ;H) + 1

)
(4.7.24)

for all ε ∈ (0, 1].
By the boundedness estimates (4.7.21) and (4.7.24), there are the functions p ∈

W 1,2(0, T ;H) ∩ L∞(0, T ;X), q ∈ L∞(0, T ;H) and an element µ ∈ W ′ such that

pε → p in C([0, T ];H),
weakly in W 1,2(0, T ;H),
weakly-∗ in L∞(0, T ;X),

 (4.7.25)

qε → q weakly-∗ in L∞(0, T ;H), (4.7.26)

µε → µ weakly in W ′ (4.7.27)

as ε→ 0, by taking a subsequence if necessary.
Taking account of the convergence (4.7.9)–(4.7.12) and (4.7.25)–(4.7.27), we observe

that the equations (4.7.1)–(4.7.7) hold. In fact, the system {(4.6.3)–(4.6.6)} is equivalent
to the following variational identities:∫ T

0

(−(pε)′(t), ζ(t))Hdt+

∫ T

0

(pεx(t), ζx(t))Hdt+ n0

∫ T

0

pε(t, 0)ζ(t, 0)dt

+n0

∫ T

0

pε(t, L)ζ(t, L)dt−
∫ T

0

(qε(t), ζ(t))Hdt

=

∫ T

0

c0((u
ε
∗ − ud)(t), ζ(t))Hdt for all ζ ∈ L2(0, T ;X)

(4.7.28)

and ∫ T

0

(−(pε)′(t), z(t))Hdt+

∫ T

0

(qε(t), z′(t))Hdt+ 〈µε, z〉W ′,W

+

∫ T

0

(g′(wε
∗(t))q

ε(t), z(t))H dt

= c1

∫ T

0

((wε
∗ − wd)(t), z(t))H dt for all z ∈ W.

(4.7.29)

Thus, we easily see from (4.7.9)–(4.7.12), (A6) with (4.7.23) (cf. (4.6.39)), and (4.7.25)–
(4.7.29) that the equations (4.7.1)–(4.7.4) hold. Moreover, we easily see from (4.6.7)–
(4.6.9), (4.7.9)–(4.7.11), and (4.7.25) that (4.7.5)–(4.7.7) hold. Thus, the proof of Theorem
4.7 has been completed.
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Remark 4.8. Theorem 4.7 is to be proved through the limiting observation of the ap-
proximate situations shown in Theorem 4.6. In addition, the identities (4.6.4) and (4.7.2)
can be regarded as some variational forms of the equations:

−pεt − qεt − κ(((aε)′((wε
∗)x) + ε)qεx)x + (Kε)′(wε

∗)q
ε + g′(wε

∗)q
ε = c1(w

ε
∗ − wd)

and
−pt − qt + µ+ g′(w∗∗)q = c1(w∗∗ − wd)

in the distribution sense, respectively.

Remark 4.9. In Remark 4.7 we mentioned that any optimal control of (OP)0 can be
approximated by the control problem (OP)εα with α > 0. Then, by arguments similar to
those in Theorem 4.7 and [81, Theorem 3.5], we can show the necessary conditions for
any optimal control of (OP)0, which are the same ones (4.7.5)–(4.7.7) as in Theorem 4.7.

Remark 4.10. In Remark 4.7 we mentioned that for each optimal control [f∗, h∗, `∗] of
(OP)0, we can find the sequence of optimal controls of (OP)εα which converges to [f∗, h∗, `∗]
strongly in U . However, it is very difficult to give the numerical experiments of (OP)εα,
since the cost function Jε

α defined by (4.5.12) depends on the unknown optimal control
[f∗, h∗, `∗] of (OP)0. Therefore, in the numerical analysis, we are forced to adopt (OP)ε

with ε > 0 as the approximate problem of (OP)0, since the cost function Jε defined
by (1.5.26) is independent of optimal controls of (OP)0. Thus, from the viewpoint of
applications, the main results for (OP)ε would be more useful than those for (OP)εα with
α > 0.

4.8 Numerical Scheme for (OP)ε

Note from the singularity and nonlinearity in (1.5.12) that the numerical consideration of
(OP)0 is very difficult (cf. Theorem 4.7 and Remark 4.8). In Section 5, we proved the

relationship between the limits (ω-limit points) of sequences of approximate optimal pairs
of (OP)ε as ε → 0 and the optimal pairs of the limiting problem (OP)0 (cf. Theorem
4.5(II)). Therefore, it is worth considering the approximate optimal control problem (OP)ε

with ε > 0 from the viewpoint of numerical analysis.
In this section, we propose the numerical scheme to find the stationary point of the

cost functional Jε to (OP)ε with ε > 0, and show the convergence of our numerical
algorithm. To this end, we fix the small parameter ε ∈ (0, 1] and the pair of initial data
[uε0, w

ε
0] ∈ H × D(V ε). Then, we define the solution operator Λε

ad of the adjoint system
{(4.6.3)–(4.6.6)}:

Definition 4.5. We denote by Λε
ad : U → L2(0, T ;H)×L2(0, T ;H) the solution operator

that assigns to any control [f, h, `] ∈ U the unique solution [pε, qε] := Λε
ad(f, h, `) to the

adjoint system {(4.6.3)–(4.6.6)} on [0, T ].

For a moment, we often omit the superscript ε ∈ (0, 1].

105



Now, by the similar idea used in [1, 64, 66, 68, 69, 82], namely, by using the necessary
conditions (4.6.7), (4.6.8), and (4.6.9) of (OP)ε obtained in Theorem 4.6, we propose the
following numerical algorithm, denoted by (NA), to find the stationary point of the cost
functional Jε with ε > 0.

Numerical Algorithm (NA) of (OP)ε with ε > 0

(Step 0) Give the stop parameter µ;

(Step 1) Choose the triplet of initial functions [f, h, `] ∈ U , and put [fn, hn, `n] :=
[f, h, `];

(Step 2) Solve the approximate state system (P;uε0, w
ε
0, fn, hn, `n)ε for n, and let [un, wn] :=

Λε(fn, hn, `n), where Λε is the solution operator to (P;uε0, w
ε
0, fn, hn, `n)ε defined in

Definition 4.4(I);

(Step 3) Solve the adjoint system {(4.6.3)–(4.6.6)} for n, and let [pn, qn] := Λε
ad(fn, hn, `n);

(Step 4) Put

d0n := a0(pn+m0a0fn), d1n := a1(pn(·, 0)+m1a1hn), and d2n := a2(pn(·, L)+m2a2`n).

Test: If
|[d0n, d1n, d2n]|U < µ,

then, STOP; Otherwise, go to (Step 5); note here that U is the product Hilbert
space endowed with the usual norm

|[f, h, `]|2U := |f |2L2(0,T ;H) + |h|2L2(0,T ) + |`|2L2(0,T ), ∀[f, h, `] ∈ U ; (4.8.1)

(Step 5) Put

fn+1 := fn − ρnd0n, hn+1 := hn − ρnd1n, and `n+1 := `n − ρnd2n,

where ρn is some appropriate constant found by using a line search. More precisely,
let β ∈ (0, 1). Then, find the minimal constant ςn ∈ N ∪ {0} such that

Jε (fn − βςnd0n, hn − βςnd1n, `n − βςnd2n) − Jε(fn, hn, `n)

≤ −µβςn |[d0n, d1n, d2n]|U ,

and put the constant ρn := βςn ;

(Step 6) Set n = n+ 1, and go to (Step 2).

Remark 4.11. In (Step 5), we need to find the constant ρn (cf. the so-called ”the learning
rate” in neural networks) for each step n, because of the nonlinear term (aε(wε

x))x in
(1.5.21) (cf. Remark 4.2). If the main diffusion term in (1.5.21) is just only linear (i.e.,
wε

xx), we can take the constant ρ ≡ ρn independent of n. Indeed, Aiki et al. [1] considered
the optimal control problem for phase-field equations of a regular Fix–Caginalp type with
dynamic boundary conditions, and proved the existence of a constant ρ, independent of
n, in the descend method. For the detailed statement, we refer to [1, Section 4].
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Now, we mention our final theoretical result in this paper, which is concerned with
the convergence of the numerical algorithm (NA).

Theorem 4.8. Suppose that all the assumptions of Theorem 4.6 are fulfilled. Let ε ∈
(0, 1] and [uε0, w

ε
0] ∈ H ×D(V ε). Let {[fn, hn, `n]}n∈N be a sequence in U defined by the

numerical algorithm (NA). In addition, let [pn, qn] = Λε
ad(fn, hn, `n). Then:

(I) lim
n→∞

Jε(fn, hn, `n) exists.

(II)
lim
n→∞

a0(pn +m0a0fn) = 0 in L2(0, T ;H), (4.8.2)

lim
n→∞

a1(pn(·, 0) +m1a1hn) = 0 in L2(0, T ), (4.8.3)

lim
n→∞

a2(pn(·, L) +m2a2`n) = 0 in L2(0, T ). (4.8.4)

(III) There are the triplet of functions [f ε
∗∗, h

ε
∗∗, `

ε
∗∗] ∈ U , the pair of functions [pε∗∗, q

ε
∗∗] ∈

L2(0, T ;H) × L2(0, T ;H), and a subsequence {nk}k∈N ⊂ {n}n∈N such that pε∗∗ ∈
W 1,2(0, T ;H)∩L∞(0, T ;X), qε∗∗ ∈ W 1,2(0, T ;X ′)∩L2(0, T ;X)∩L∞(0, T ;H), [pε∗∗, q

ε
∗∗]

is a unique solution of the adjoint system {(4.6.3)–(4.6.6)} for (P;uε0, w
ε
0, f

ε
∗∗, h

ε
∗∗, `

ε
∗∗)

ε,
i.e., [pε∗∗, q

ε
∗∗] = Λε

ad(f
ε
∗∗, h

ε
∗∗, `

ε
∗∗),

fnk
−→ f ε

∗∗ in L2(0, T ;H), (4.8.5)

hnk
−→ hε∗∗ in L2(0, T ), (4.8.6)

`nk
−→ `ε∗∗ in L2(0, T ), (4.8.7)

pnk
−→ pε∗∗ in C([0, T ];H),

in L2(0, T ;X),

}
(4.8.8)

qnk
−→ qε∗∗ in L2(0, T ;H) (4.8.9)

as k → ∞, and
a0(p

ε
∗∗ +m0a0f

ε
∗∗) = 0 in L2(0, T ;H), (4.8.10)

a1(p
ε
∗∗(·, 0) +m1a1h

ε
∗∗) = 0 in L2(0, T ), (4.8.11)

a2(p
ε
∗∗(·, L) +m2a2`

ε
∗∗) = 0 in L2(0, T ). (4.8.12)

Hence,

D[f̌ ,ȟ,ℓ̌]J
ε(f ε

∗∗, h
ε
∗∗, `

ε
∗∗)

:= lim
λ→0

Jε(f ε
∗∗ + λf̌ , hε∗∗ + λȟ, `ε∗∗ + λˇ̀) − Jε(f ε

∗∗, h
ε
∗∗, `

ε
∗∗)

λ
= 0

for all direction [f̌ , ȟ, ˇ̀] ∈ U ;

(4.8.13)

thus, [f ε
∗∗, h

ε
∗∗, `

ε
∗∗] ∈ U is the stationary point of the cost functional Jε with ε ∈ (0, 1].
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To prove Theorem 4.8, we need some lemmas.
Note from Corollary 4.4 that we have the result of continuous dependence of solutions

to the approximate state system (P;uε0, w
ε
0, f, h, `)

ε. In addition, note from Proposition
4.5(I) that the solution operator Λε admits the Gâteaux derivative at any [f, h, l] ∈ U .

Now we show the continuity of Gâteaux derivative of Λε, which is the key to proving
Theorem 4.8.

Lemma 4.3. Assume the same conditions as in Theorem 4.8. Let ε ∈ (0, 1], ξ ∈ [−1, 1] \
{0}, and fix the pair of initial data [uε0, w

ε
0] ∈ H ×D(V ε). Then, the Gâteaux derivative

of the control-to-state mapping Λε is continuous in the following sense:

[θξ, χξ] := D[f̌ ,ȟ,ℓ̌]Λ
ε(f + ξ$1, h+ ξ$2, `+ ξ$3)

−→ [θ, χ] = D[f̌ ,ȟ,ℓ̌]Λ
ε(f, h, `) in L2(0, T ;H) × L2(0, T ;H)

for all [f, h, `] ∈ U , [$1, $2, $3] ∈ U , and all direction [f̌ , ȟ, ˇ̀] ∈ U

(4.8.14)

as ξ → 0.

Proof. For any [f, h, `] ∈ U , [$1, $2, $3] ∈ U , and ξ ∈ [−1, 1] \ {0}, we put [uξ, wξ] :=
Λε(f + ξ$1, h+ ξ$2, `+ ξ$3) and [u,w] := Λε(f, h, `). Then, we observe from Corollary
4.4 that

[uξ, wξ] −→ [u,w] in L2(0, T ;H) × C([0, T ];H) as ξ → 0. (4.8.15)

In addition, we have:
wξ −→ w in L2(0, T ;X) as ξ → 0. (4.8.16)

Indeed, subtract (1.5.21) for (P;uε0, w
ε
0, f + ξ$1, h + ξ$2, ` + ξ$3)

ε from the one for
(P;uε0, w

ε
0, f, h, `)

ε, and multiply it by wξ − w. Then, from the monotonicity of aε(wε
x),

Kε(wε), and g(wε) +Cgw
ε (cf. (A1), (1.5.19), and (A2)), and the Schwarz inequality, we

observe that

1

2

d

dt
|(wξ − w)(t)|2H + εκ|(wξ − w)x(t)|2H ≤

(
1

2
+ Cg

)
|(wξ − w)(t)|2H +

1

2
|(uξ − u)(t)|2H

(4.8.17)
for a.a. t ∈ (0, T ). Hence, applying the Gronwall inequality to (4.8.17), we conclude that

1

2
sup

t∈[0,T ]

|(wξ − w)(t)|2H + εκ

∫ T

0

|(wξ − w)x(t)|2Hdt ≤
1

2
e(1+2Cg)T |uξ − u|2L2(0,T ;H). (4.8.18)

Thus, we infer from (4.8.15) and (4.8.18) that the convergence (4.8.16) holds.
Now, we show (4.8.14) by using the convergences (4.8.15) and (4.8.16). Note from

Proposition 4.5(I) that [θξ, χξ] = D[f̌ ,ȟ,ℓ̌]Λ
ε(f+ξ$1, h+ξ$2, `+ξ$3) satisfies the following

variational identities:

〈θ′ξ(t), z〉 + 〈χ′
ξ(t), z〉 + ((θξ)x(t), zx)H + n0 (θξ(t, 0)z(0) + θξ(t, L)z(L))

= (a0f̌(t), z)H + a1ȟ(t)z(0) + a2 ˇ̀(t)z(L),

a.a. t ∈ (0, T ), for all z ∈ X;

(4.8.19)

〈χ′
ξ(t), z〉 + κ (((aε)′((wξ)x(t)) + ε)(χξ)x(t), zx)H + ((Kε)′(wξ(t))χξ(t), z)H

+(g′(wξ(t))χξ(t), z)H = (θξ(t), z)H ,

a.a. t ∈ (0, T ), for all z ∈ X;

(4.8.20)
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θξ(0, x) = χξ(0, x) = 0, a.a. x ∈ (0, L). (4.8.21)

Then, by arguments similar to Lemma 4.2, we can obtain the uniform estimate of functions
θξ and χξ with respect to ξ ∈ [−1, 1] \ {0}. Indeed, taking z = θξ in (4.8.19), using the
Schwarz inequality, and integrating in time, we obtain:

1

2
|θξ(t)|2H +

∫ t

0

〈χ′
ξ(s), θξ(s)〉ds+

∫ t

0

|(θξ)x(s)|2Hds

+
n0

2

∫ t

0

|θξ(s, 0)|2ds+
n0

2

∫ t

0

|θξ(s, L)|2ds

≤ 1

2

∫ t

0

|θξ(s)|2Hds+
a20
2

∫ t

0

|f̌(s)|2Hds+
a21

2n0

∫ t

0

|ȟ(s)|2ds+
a22

2n0

∫ t

0

|ˇ̀(s)|2ds

for all t ∈ [0, T ].

(4.8.22)

Next, we note from (A1) and (A5) that (âε)′(·) = aε(·) ∈ C1(R) and

0 ≤ (aε)′(r) ≤ δ3
ε

for any r ∈ R. (4.8.23)

In addition, note from (1.5.19) that Kε(·) ∈ C1(R) and

0 ≤ (Kε)′(r) ≤ 1

ε
for any r ∈ R. (4.8.24)

Furthermore, note from (A2) and (A6) that g(·) ∈ C1(R) and

g′(r) + Cg ≥ 0 for any r ∈ R. (4.8.25)

Then, taking z = χξ in (4.8.20), using (4.8.23)–(4.8.25) and the Schwarz inequality,
and integrating in time, we obtain:

1

2
|χξ(t)|2H + εκ

∫ t

0

|(χξ)x(s)|2Hds ≤
(

1

2
+ Cg

)∫ t

0

|χξ(s)|2Hds+
1

2

∫ t

0

|θξ(s)|2Hds

for all t ∈ [0, T ].
(4.8.26)

Similarly, taking z = θξ in (4.8.20), using (4.8.23), (4.8.24), and the Höder inequality,
and integrating in time, we obtain:∣∣∣∣∫ t

0

〈χ′
ξ(s), θξ(s)〉ds

∣∣∣∣ ≤ κ

(
δ3
ε

+ ε

)∫ t

0

|(χξ)x(s)|H |(θξ)x(s)|Hds

+
1

ε

∫ t

0

|χξ(s)|H |θξ(s)|Hds

+

∫ t

0

|g′(wξ(s))χξ(s)|H |θξ(s)|Hds+

∫ t

0

|θξ(s)|2Hds

for all t ∈ [0, T ].

(4.8.27)

Note from (4.3.5) that we get the the following uniform estimate of solutions [uξ, wξ] :=
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Λε(f + ξ$1, h+ ξ$2, `+ ξ$3) with respect to ξ ∈ [−1, 1] \ {0}:

|u′ξ|2L2(0,T ;X′) + |uξ|2L∞(0,T ;H) + |uξ|2L2(0,T ;X) + |w′
ξ|2L2(0,T ;H)

+|wξ|2L∞(0,T ;H) + κ sup
0≤t≤T

V ε(wξ(t)) + sup
0≤t≤T

∫ L

0

ĝ(wξ(t, x)) dx

≤ N1

(
|uε0|2H + |wε

0|2H + κV ε(wε
0) +

∫ L

0

ĝ(wε
0(x)) dx+ a20|f + ξ$1|2L2(0,T ;H)

+a21|h+ ξ$2|2L2(0,T ) + a22|`+ ξ$3|2L2(0,T ) + b21 + b22

)
,

(4.8.28)

where N1 is the same positive constant in (4.3.5).
Taking account of (4.8.28), ξ ∈ [−1, 1]\{0}, and the continuous embeddingBV (0, L) ↪→

L∞(0, L) (cf. Proposition 4.3), we see that

sup
t∈[0,T ]

|wξ(t)|L∞(0,L) ≤ N14

(
|uε0|2H + |wε

0|2H + κV ε(wε
0) +

∫ L

0

ĝ(wε
0(x)) dx

+a20|f |2L2(0,T ;H) + a20|$1|2L2(0,T ;H)

+a21|h|2L2(0,T ) + a21|$2|2L2(0,T )

+a22|`|2L2(0,T ) + a22|$3|2L2(0,T ) + b21 + b22

)
,

(4.8.29)

hence, we observe from (A6) that

sup
t∈[0,T ]

|g′(wξ(t))|L∞(0,L) ≤ N14,ε, (4.8.30)

where N14 and N14,ε are positive constants independent of ξ ∈ [−1, 1] \ {0}. Therefore, it
follows from (4.8.27), (4.8.30), and the Schwarz inequality that∣∣∣∣∫ t

0

〈χ′
ξ(s), θξ(s)〉ds

∣∣∣∣ ≤ 1

2

∫ t

0

|(θξ)x(s)|2Hds+
1

2
κ2
(
δ3
ε

+ ε

)2 ∫ t

0

|(χξ)x(s)|2Hds

+

(
1

2ε2
+
N2

14,ε

2

)∫ t

0

|χξ(s)|2Hds+ 2

∫ t

0

|θξ(s)|2Hds

for all t ∈ [0, T ].
(4.8.31)

Hence, we infer from (4.8.22) and (4.8.31) that

1

2
|θξ(t)|2H +

1

2

∫ t

0

|(θξ)x(s)|2Hds+
n0

2

∫ t

0

|θξ(s, 0)|2ds+
n0

2

∫ t

0

|θξ(s, L)|2ds

≤ 1

2
κ2
(
δ3
ε

+ ε

)2 ∫ t

0

|(χξ)x(s)|2Hds+
5

2

∫ t

0

|θξ(s)|2Hds

+

(
1

2ε2
+
N2

14,ε

2

)∫ t

0

|χξ(s)|2Hds

+
a20
2

∫ t

0

|f̌(s)|2Hds+
a21

2n0

∫ t

0

|ȟ(s)|2ds+
a22

2n0

∫ t

0

|ˇ̀(s)|2ds

for all t ∈ [0, T ].

(4.8.32)
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Now, by adding (4.8.32) and (4.8.26)×κ
ε

(
δ3
ε

+ ε
)2

, we have

1

2
|θξ(t)|2H +

κ

2ε

(
δ3
ε

+ ε

)2

|χξ(t)|2H +
1

2

∫ t

0

|(θξ)x(s)|2Hds

+
1

2
κ2
(
δ3
ε

+ ε

)2 ∫ t

0

|(χξ)x(s)|2Hds

+
n0

2

∫ t

0

|θξ(s, 0)|2ds+
n0

2

∫ t

0

|θξ(s, L)|2ds

≤

(
5

2
+

κ

2ε

(
δ3
ε

+ ε

)2
)∫ t

0

|θξ(s)|2Hds

+

(
1

2ε2
+
N2

14,ε

2
+
κ

ε

(
1

2
+ Cg

)(
δ3
ε

+ ε

)2
)∫ t

0

|χξ(s)|2Hds

+
a20
2

∫ t

0

|f̌(s)|2Hds+
a21

2n0

∫ t

0

|ȟ(s)|2ds+
a22

2n0

∫ t

0

|ˇ̀(s)|2ds

for all t ∈ [0, T ].

(4.8.33)

Thus, by applying the Gronwall inequality to (4.8.33) and the standard calculations, we
have

|θξ(t)|2H + C1(ε)|χξ(t)|2H +

∫ t

0

|(θξ)x(s)|2Hds+ C2(ε)

∫ t

0

|(χξ)x(s)|2Hds

+n0

∫ t

0

|θξ(s, 0)|2ds+ n0

∫ t

0

|θξ(s, L)|2ds

≤ N15,ε

(
a20|f̌ |2L2(0,T ;H) +

a21
n0

|ȟ|2L2(0,T ) +
a22
n0

|ˇ̀|2L2(0,T )

)
for all t ∈ [0, T ],

(4.8.34)

where C1(ε), C2(ε), and N15,ε are positive constants dependent on ε and are independent
of ξ ∈ [−1, 1] \ {0}. In addition, by (4.8.20), (4.8.23), and (4.8.24), we have (cf. (4.8.27)):∣∣∣∣∫ T

0

〈χ′
ξ(s), z(s)〉ds

∣∣∣∣ ≤ κ

(
δ3
ε

+ ε

)
|(χξ)x|L2(0,T ;H)|zx|L2(0,T ;H)

+
1

ε
|χξ|L2(0,T ;H)|z|L2(0,T ;H)

+ |g′(wξ)χξ|L2(0,T ;H) |z|L2(0,T ;H)

+|θξ|L2(0,T ;H)|z|L2(0,T ;H), ∀z ∈ L2(0, T ;X).

(4.8.35)

Hence, we infer from (4.8.30), (4.8.34), and (4.8.35) that

|χ′
ξ|L2(0,T ;X′) ≤ N16,ε

(
a0|f̌ |L2(0,T ;H) +

a1√
n0

|ȟ|L2(0,T ) +
a2√
n0

|ˇ̀|L2(0,T )

)
, (4.8.36)

where N16,ε is a positive constant dependent on ε and is independent of ξ ∈ [−1, 1] \ {0}.
Similarly, we observe from (4.8.19), (4.8.34), and (4.8.36) that

|θ′ξ|L2(0,T ;X′) ≤ Ñ16,ε

(
a0|f̌ |L2(0,T ;H) +

a1√
n0

|ȟ|L2(0,T ) +
a2√
n0

|ˇ̀|L2(0,T )

)
, (4.8.37)
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where Ñ16,ε is a positive constant dependent on ε and is independent of ξ ∈ [−1, 1] \ {0}.
By the uniform estimates (4.8.34), (4.8.36), and (4.8.37) of [θξ, χξ], there is a subse-

quence {ξn}n∈N ⊂ {ξ}ξ∈[−1,1]\{0} and the functions θ, χ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ∩
L∞(0, T ;H) such that ξn → 0,

θξn → θ in C([0, T ];X ′),
in L2(0, T ;H),
weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
weakly-∗ in L∞(0, T ;H),

 (4.8.38)

θξn(·, 0) → θ(·, 0) weakly in L2(0, T ), (4.8.39)

θξn(·, L) → θ(·, L) weakly in L2(0, T ), (4.8.40)

and
χξn → χ in C([0, T ];X ′),

in L2(0, T ;H),
weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
weakly-∗ in L∞(0, T ;H),

 (4.8.41)

as n→ ∞.
Here, from (4.8.16), (4.8.23), (4.8.24), (4.8.30), continuity of functions (aε)′, (Kε)′,

and g′, and the Lebesgue dominated convergence theorem, we note that:
(aε)′((wξn)x) −→ (aε)′(wx),

(Kε)′(wξn) −→ (Kε)′(w),

g′(wξn) −→ g′(w),

in L2(0, T ;H),

weakly-∗ in L∞(Q),
as n→ ∞. (4.8.42)

Thus, taking a subsequence if necessary, we observe from (4.8.23), (4.8.24), (4.8.30), and
(4.8.38)–(4.8.42) that:

(aε)′((wξn)x)(χξn)x ⇀ (aε)′(wx)χx,

(Kε)′(wξn)χξn ⇀ (Kε)′(w)χ,

g′(wξn)χξn ⇀ g′(w)χ,

weakly in L2(0, T ;H), as n→ ∞. (4.8.43)

Note from Proposition 4.5(I) that [θξn , χξn ] = D[f̌ ,ȟ,ℓ̌]Λ
ε(f + ξn$1, h+ ξn$2, `+ ξn$3)

satisfies the following variational identities:∫ T

0

〈θ′ξn(t), z(t)〉dt+

∫ T

0

〈χ′
ξn(t), z(t)〉dt+

∫ T

0

((θξn)x(t), zx(t))H dt

+n0

∫ T

0

θξn(t, 0)z(t, 0)dt+ n0

∫ T

0

θξn(t, L)z(t, L)dt

=

∫ T

0

(a0f̌(t), z(t))Hdt+ a1

∫ T

0

ȟ(t)z(t, 0)dt+ a2

∫ T

0

ˇ̀(t)z(t, L)dt

for all z ∈ L2(0, T ;X) and all direction [f̌ , ȟ, ˇ̀] ∈ U ;

(4.8.44)
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∫ T

0

〈χ′
ξn(t), z(t)〉dt+ κ

∫ T

0

(((aε)′((wξn)x(t)) + ε)(χξn)x(t), zx(t))H dt

+

∫ T

0

((Kε)′(wξn(t))χξn(t), z(t))Hdt+

∫ T

0

(g′(wξn(t))χξn(t), z(t))Hdt

=

∫ T

0

(θξn(t), z(t))Hdt for all z ∈ L2(0, T ;X);

(4.8.45)

θξn(0, x) = χξn(0, x) = 0 (∈ H) in X ′. (4.8.46)

By (4.8.38)–(4.8.43), and by taking the limits in (4.8.44)–(4.8.46) as n → ∞, we
observe that [θ, χ] satisfies the following system:∫ T

0

〈θ′(t), z(t)〉dt+

∫ T

0

〈χ′(t), z(t)〉dt+

∫ T

0

(
θx(t), zx(t)

)
H
dt

+n0

∫ T

0

θ(t, 0)z(t, 0)dt+ n0

∫ T

0

θ(t, L)z(t, L)dt

=

∫ T

0

(a0f̌(t), z(t))Hdt+ a1

∫ T

0

ȟ(t)z(t, 0)dt+ a2

∫ T

0

ˇ̀(t)z(t, L)dt

for all z ∈ L2(0, T ;X) and all direction [f̌ , ȟ, ˇ̀] ∈ U ;

(4.8.47)

∫ T

0

〈χ′(t), z(t)〉dt+ κ

∫ T

0

(((aε)′(wx(t)) + ε)χx(t), zx(t))H dt

+

∫ T

0

((Kε)′(w(t))χ(t), z(t))Hdt+

∫ T

0

(g′(w(t))χ(t), z(t))Hdt

=

∫ T

0

(θ(t), z(t))Hdt for all z ∈ L2(0, T ;X);

(4.8.48)

θ(0, x) = χ(0, x) = 0 (∈ H) in X ′. (4.8.49)

Since the solutions of the Cauchy problem {(4.8.47)–(4.8.49)} are uniquely determined,
we observe that [θ, χ] = [θ, χ] and the convergence (4.8.14) holds without extracting any
subsequence from {ξ}ξ∈[−1,1]\{0}, i.e.,

[θξ, χξ] = D[f̌ ,ȟ,ℓ̌]Λ
ε(f + ξ$1, h+ ξ$2, `+ ξ$3)

−→ [θ, χ] = D[f̌ ,ȟ,ℓ̌]Λ
ε(f, h, `) in L2(0, T ;H) × L2(0, T ;H)

for all [f, h, `] ∈ U , [$1, $2, $3] ∈ U , and all direction [f̌ , ȟ, ˇ̀] ∈ U

as ξ → 0.
Thus, the proof of this lemma has been completed.

Note from Proposition 4.5(II) that the cost functional Jε admits the Gâteaux deriva-
tive at any [f, h, l] ∈ U . Moreover, by Lemma 4.3 we can prove the continuity of Gâteaux
derivative of Jε as follows:

Corollary 4.9. Assume the same conditions as in Theorem 4.8. Let ε ∈ (0, 1] and
ξ ∈ [−1, 1] \ {0}. Then, the Gâteaux derivative of the cost functional Jε is continuous in
the following sense:

D[f̌ ,ȟ,ℓ̌]J
ε(f + ξ$1, h+ ξ$2, `+ ξ$3) −→ D[f̌ ,ȟ,ℓ̌]J

ε(f, h, `)

for all [f, h, `] ∈ U , [$1, $2, $3] ∈ U , and all direction [f̌ , ȟ, ˇ̀] ∈ U
(4.8.50)
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as ξ → 0.

Proof. Note from (4.6.29) that

D[f̌ ,ȟ,ℓ̌]J
ε(f + ξ$1, h+ ξ$2, `+ ξ$3)

= c0

∫ T

0

((uξ − ud)(t), θξ(t))Hdt+ c1

∫ T

0

((wξ − wd)(t), χξ(t))Hdt

+m0a
2
0

∫ T

0

((f + ξ$1)(t), f̌(t))Hdt

+m1a
2
1

∫ T

0

(h+ ξ$2)(t)ȟ(t)dt+m2a
2
2

∫ T

0

(`+ ξ$3)(t)ˇ̀(t)dt

for any [f, h, `] ∈ U , [$1, $2, $3] ∈ U , and any direction [f̌ , ȟ, ˇ̀] ∈ U , where [uξ, wξ] =
Λε(f + ξ$1, h+ ξ$2, `+ ξ$3) and [θξ, χξ] = D[f̌ ,ȟ,ℓ̌]Λ

ε(f + ξ$1, h+ ξ$2, `+ ξ$3). Thus,
taking account of (4.8.14) and (4.8.15), we easily observe that the convergence (4.8.50)
holds.

Lemma 4.4. Suppose the same conditions as in Theorem 4.8. Fix ε ∈ (0, 1] and the pair
of initial data [uε0, w

ε
0] ∈ H ×D(V ε). In addition, for any ξ ∈ [−1, 1] \ {0}, [f, h, `] ∈ U ,

and [$1, $2, $3] ∈ U , let [pξ, qξ] = Λε
ad(f + ξ$1, h + ξ$2, ` + ξ$3). Then, [pξ, qξ] =

Λε
ad(f+ξ$1, h+ξ$2, `+ξ$3) converges to [p, q] = Λε

ad(f, h, `) in L2(0, T ;H)×L2(0, T ;H)
as ξ → 0. Furthermore,

pξ → p in L2(0, T ;X) as ξ → 0. (4.8.51)

Proof. For any ξ ∈ [−1, 1] \ {0}, [f, h, `] ∈ U , and [$1, $2, $3] ∈ U , let [uξ, wξ] =
Λε(f + ξ$1, h + ξ$2, ` + ξ$3). Then, note from Theorem 4.6 that [pξ, qξ] = Λε

ad(f +
ξ$1, h+ ξ$2, `+ ξ$3) satisfies the following:

− p′ξ − (pξ)xx − qξ = c0(uξ − ud) in Q; (4.8.52)∫ T

t

(−p′ξ(τ), ζ(τ))Hdτ +

∫ T

t

〈−q′ξ(τ), ζ(τ)〉dτ

+κ

∫ T

t

(((aε)′((wξ)x(τ)) + ε)(qξ)x(τ), ζx(τ))H dτ

+

∫ T

t

((Kε)′(wξ(τ))qξ(τ), ζ(τ))H dτ +

∫ T

t

(g′(wξ(τ))qξ(τ), ζ(τ))H dτ

= c1

∫ T

t

((wξ − wd)(τ), ζ(τ))H dτ

for all t ∈ [0, T ] and ζ ∈ L2(0, T ;X);

(4.8.53)

− (pξ)x(t, 0) + n0pξ(t, 0) = (pξ)x(t, L) + n0pξ(t, L) = 0, t ∈ (0, T ), (4.8.54)

pξ(T, x) = qξ(T, x) = 0, x ∈ (0, L). (4.8.55)

Now, we give the uniform estimate of functions pξ and qξ with respect to ξ ∈ [−1, 1] \
{0}.
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Multiplying (4.8.52) by pξ and using the Schwarz inequality, we obtain:

−1

2

d

dt
|pξ(t)|2H + |(pξ)x(t)|2H + n0|pξ(t, 0)|2 + n0|pξ(t, L)|2

≤ |pξ(t)|2H +
1

2
|qξ(t)|2H +

c20
2
|(uξ − ud)(t)|2H , a.a. t ∈ (0, T ).

(4.8.56)

Then, by (4.8.56) and the standard calculation (e.g., Gronwall inequality), we have

|pξ(t)|2H +

∫ T

t

|(pξ)x(s)|2Hds+ n0

∫ T

t

|pξ(s, 0)|2ds+ n0

∫ T

t

|pξ(s, L)|2ds

≤ N17

(∫ T

t

|qξ(s)|2Hds+ c20

∫ T

t

|(uξ − ud)(s)|2Hds
)

for all t ∈ [0, T ],

(4.8.57)

where N17 is a positive constant independent of ξ ∈ [−1, 1] \ {0}.
Next, multiplying (4.8.52) by −p′ξ, using the Schwarz inequality, and integrating in

time, we obtain:

1

2

∫ T

t

|p′ξ(s)|2Hds+
1

2
|(pξ)x(t)|2H +

n0

2
|pξ(t, 0)| +

n0

2
|pξ(t, L)|

≤
∫ T

t

|qξ(s)|2Hds+ c20

∫ T

t

|(uξ − ud)(s)|2Hds for all t ∈ [0, T ].

(4.8.58)

In addition, taking ζ = qξ in (4.8.53), using (4.8.23)–(4.8.25), (4.8.58), and the Schwarz
inequality, and integrating in time, we obtain:

1

2
|qξ(t)|2H + εκ

∫ T

t

|(qξ)x(s)|2Hds

≤ (2 + Cg)

∫ T

t

|qξ(s)|2Hds+ c20

∫ T

t

|(uξ − ud)(s)|2Hds

+
c21
2

∫ T

t

|(wξ − wd)(s)|2Hds for all t ∈ [0, T ].

(4.8.59)

On account of (4.8.15), (4.8.59), and the Gronwall inequality, we can get the following
estimate:

|qξ(t)|2H + εκ

∫ T

t

|(qξ)x(s)|2Hds

≤ N18

(
c20|u− ud|2L2(0,T ;H) + c21|w − wd|2L2(0,T ;H) + 1

)
for all t ∈ [0, T ],

(4.8.60)

where N18 is a positive constant independent of ξ ∈ [−1, 1] \ {0}. Consequently, we infer
from (4.8.57), (4.8.58), and (4.8.60) that

|pξ(t)|2H +

∫ T

t

|(pξ)x(s)|2Hds+ n0

∫ T

t

|pξ(s, 0)|2ds+ n0

∫ T

t

|pξ(s, L)|2ds

+

∫ T

t

|p′ξ(s)|2Hds+ |(pξ)x(t)|2H + n0|pξ(t, 0)| + n0|pξ(t, L)|

≤ N19

(
c20|u− ud|2L2(0,T ;H) + c21|w − wd|2L2(0,T ;H) + 1

)
for all t ∈ [0, T ],

(4.8.61)
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where N19 is a positive constant independent of ξ ∈ [−1, 1] \ {0}.
Additionally, we infer from (4.8.23), (4.8.24), and (4.8.53) that (cf. (4.8.27)):∣∣∣∣∫ T

0

〈−q′ξ(τ), ζ(τ)〉dτ
∣∣∣∣

≤ |p′ξ|L2(0,T ;H)|ζ|L2(0,T ;H) + κ

(
δ3
ε

+ ε

)
|(qξ)x|L2(0,T ;H)|ζx|L2(0,T ;H)

+
1

ε
|qξ|L2(0,T ;H)|ζ|L2(0,T ;H) + |g′(wξ)qξ|L2(0,T ;H) |ζ|L2(0,T ;H)

+c1|wξ − wd|L2(0,T ;H)|ζ|L2(0,T ;H) for all ζ ∈ L2(0, T ;X),

which implies from (4.8.30), (4.8.60), and (4.8.61) that

|q′ξ|L2(0,T ;X′) ≤ Ñ19,ε

(
c20|u− ud|2L2(0,T ;H) + c21|w − wd|2L2(0,T ;H) + 1

)
, (4.8.62)

where Ñ19,ε is a positive constant dependent on ε and is independent of ξ ∈ [−1, 1] \ {0}.
By the uniform estimates (4.8.60)–(4.8.62) of [pξ, qξ], there are a subsequence {ξn}n∈N ⊂

{ξ}ξ∈[−1,1]\{0}, and the functions p ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X), q ∈ W 1,2(0, T ;X ′) ∩
L2(0, T ;X) ∩ L∞(0, T ;H) such that ξn → 0,

pξn → p in C([0, T ];H),
weakly in W 1,2(0, T ;H),
weakly-∗ in L∞(0, T ;X),

 (4.8.63)

pξn(·, 0) → p(·, 0) weakly in L2(0, T ), (4.8.64)

pξn(·, L) → p(·, L) weakly in L2(0, T ), (4.8.65)

and
qξn → q in C([0, T ];X ′),

in L2(0, T ;H),
weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
weakly-∗ in L∞(0, T ;H),

 (4.8.66)

as n→ ∞.
Then, by (4.8.42), the uniqueness of the adjoint system {(4.6.3)–(4.6.6)}, and the

similar argument in Lemma 4.3, we can show that

[pξ, qξ] = Λε
ad(f + ξ$1, h+ ξ$2, `+ ξ$3)

−→ [p, q] = [p, q] = Λε
ad(f, h, `) in L2(0, T ;H) × L2(0, T ;H) as ξ → 0.

Finally, we show (4.8.51). To this end, subtract (4.6.3) for [pξ, qξ] = Λε
ad(f + ξ$1, h+

ξ$2, `+ ξ$3) from the one for [p, q] = Λε
ad(f, h, `), and multiply it by pξ − p. Then, using

the Schwarz inequality, we obtain:

−1

2

d

dt
|(pξ − p)(t)|2H + |(pξ − p)x(t)|2H

+n0|(pξ − p)(t, 0)|2 + n0|(pξ − p)(t, L)|2

≤ |(pξ − p)(t)|2H +
1

2
|(qξ − q)(t)|2H +

c20
2
|(uξ − u)(t)|2H ,

for a.a. t ∈ (0, T ).

(4.8.67)
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Then, by (4.8.67) and the standard calculation (e.g., Gronwall inequality), we have

|(pξ − p)(t)|2H +

∫ T

t

|(pξ − p)x(s)|2Hds

+n0

∫ T

t

|(pξ − p)(s, 0)|2ds+ n0

∫ T

t

|(pξ − p)(s, L)|2ds

≤ N20

(∫ T

t

|(qξ − q)(s)|2Hds+ c20

∫ T

t

|(uξ − u)(s)|2Hds
)

for all t ∈ [0, T ],

(4.8.68)

where N20 is a positive constant independent of ξ ∈ [−1, 1] \ {0}. Hence, we conclude
from (4.8.15), (4.8.66), and (4.8.68) that (4.8.51) holds.

Thus, the proof of this lemma has been completed.

Definition 4.6. We define the function γ : [0,∞) → [0,∞) by

γ(t) := inf

|[ξ$1, ξ$2, ξ$3]|U ;

∣∣∣∣∣∣
t
 ξ$1 + a0(pξ − p)
ξ$2 + a1(pξ − p)(·, 0)
ξ$3 + a2(pξ − p)(·, L)

∣∣∣∣∣∣
U

≥ t

 , for t ≥ 0,

(4.8.69)

where [$1, $2, $3] ∈ U , ξ ∈ R, the symbol

t
 $1

$2

$3

 means the transposed matrix of $1

$2

$3

, namely,

t
 $1

$2

$3

 = [$1, $2, $3], |·|U is the norm of U defined in (4.8.1), [pξ, qξ] =

Λε
ad(f + ξ$1, h + ξ$2, ` + ξ$3), and [p, q] = Λε

ad(f, h, `). Clearly, γ(·) is a well-defined
increasing function with γ(0) = 0, because of the continuity of Λε

ad and (4.8.51) (cf.
Lemma 4.4).

Lemma 4.5. Assume the same conditions as in Theorem 4.8. Let n ∈ N be a fixed
number, and let {[fk, hk, `k]; k = 1, 2, · · · , n} be a sequence in U defined by the numerical
algorithm (NA). Let [pn, qn] = Λε

ad(fn, hn, `n), β ∈ (0, 1), and µ ∈ (0, 1). Put

d0n := a0(pn +m0a0fn), d1n := a1(pn(·, 0) +m1a1hn), d2n := a2(pn(·, L) +m2a2`n).

Assume that at least one of the following conditions is satisfied:

d0n 6= 0 in L2(0, T ;H), d1n 6= 0 in L2(0, T ), or d2n 6= 0 in L2(0, T ). (4.8.70)

Then, there is a minimal constant ςn ∈ N ∪ {0} such that

Jε (fn − βςnd0n, hn − βςnd1n, `n − βςnd2n) − Jε(fn, hn, `n)

≤ −µβςn |[d0n, d1n, d2n]|2U .
(4.8.71)
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Proof. By assumption (4.8.70) and by the definition of the Gâteaux derivative of Jε(·, ·, ·),
there is a constant δµ,n > 0 such that∣∣∣∣Jε(fn − λd0n, hn − λd1n, `n − λd2n) − Jε(fn, hn, `n)

λ
−D[−d0n,−d1n,−d2n]J

ε(fn, hn, `n)

∣∣∣∣
<(1 − µ)|[d0n, d1n, d2n]|2U for any λ ∈ (−δµ,n, δµ,n) \ {0}. (4.8.72)

Put [un, wn] = Λε[fn, hn, `n] and [θn, χn] = D[−d0n,−d1n,−d2n]Λ
ε(fn, hn, `n). Then, by the

proof of Theorem 4.6, we observe that

D[−d0n,−d1n,−d2n]J
ε(fn, hn, `n)

= c0

∫ T

0

((un − ud)(t), θn(t))Hdt+ c1

∫ T

0

((wn − wd)(t), χn(t))Hdt

+m0a
2
0

∫ T

0

(fn(t),−d0n(t))Hdt+m1a
2
1

∫ T

0

hn(t)(−d1n(t))dt

+m2a
2
2

∫ T

0

`n(t)(−d2n(t))dt

=

∫ T

0

(a0pn(t) +m0a
2
0fn(t),−d0n(t))Hdt

+

∫ T

0

(a1pn(t, 0) +m1a
2
1hn(t))(−d1n(t))dt

+

∫ T

0

(a2pn(t, L) +m2a
2
2`n(t))(−d2n(t))dt

= −|[d0n, d1n, d2n]|2U .

(4.8.73)

Therefore, we observe from (4.8.72) that

Jε(fn − λd0n, hn − λd1n, `n − λd2n) − Jε(fn, hn, `n) ≤ −λµ|[d0n, d1n, d2n]|2U

for any λ ∈ (0, δµ,n). Therefore, we have only to take a minimal constant ςn ∈ N ∪ {0}
such that

0 < βςn < δµ,n.

Thus, the proof of this lemma has been completed.

Lemma 4.6. Assume the same conditions as in Theorem 4.8. Let n ∈ N be a fixed
number, and let {[fk, hk, `k]; k = 1, 2, · · · , n} be a sequence in U defined by the numerical
algorithm (NA). Let [pn, qn] = Λε

ad(fn, hn, `n), β ∈ (0, 1), and µ ∈ (0, 1). Put

d0n := a0(pn+m0a0fn), d1n := a1(pn(·, 0)+m1a1hn), d2n := a2(pn(·, L)+m2a2`n). (4.8.74)

Assume that at least one of the following conditions is satisfied:

d0n 6= 0 in L2(0, T ;H), d1n 6= 0 in L2(0, T ), or d2n 6= 0 in L2(0, T ).
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Let ςn be the constant obtained in Lemma 4.5, and put

Mmax := max{m0a
2
0, m1a

2
1, m2a

2
2}. (4.8.75)

Then, we have

βγ ((1 − µ)|[d0n, d1n, d2n]|U) ≤ βςnMmax|[d0n, d1n, d2n]|U , (4.8.76)

where γ(·) is the function defined by (4.8.69) in Definition 4.6.

Proof. From the definition of ςn obtained in Lemma 4.5, we observe that

Jε

(
fn −

βςn

β
d0n, hn −

βςn

β
d1n, `n −

βςn

β
d2n

)
− Jε(fn, hn, `n)

> −µβ
ςn

β
|[d0n, d1n, d2n]|2U .

(4.8.77)

Here, by (4.8.73), the mean-valued theorem, and the continuity ofD[−d0n,−d1n,−d2n]J
ε(fn+

ξ$1, hn + ξ$2, `n + ξ$3) with respect to ξ, there is a constant ϑ ∈ (0, 1) satisfying

Jε

(
fn −

βςn

β
d0n, hn −

βςn

β
d1n, `n −

βςn

β
d2n

)
− Jε(fn, hn, `n)

=

∫ βςn

β

0

d

dξ
Jε (fn − ξd0n, hn − ξd1n, `n − ξd2n) dξ

=
βςn

β
D[−d0n,−d1n,−d2n]J

ε

(
fn − ϑ

βςn

β
d0n, hn − ϑ

βςn

β
d1n, `n − ϑ

βςn

β
d2n

)

=
βςn

β

[∫ T

0

(
a0pn,ϑ(t) +m0a

2
0

(
fn(t) − ϑ

βςn

β
d0n(t)

)
,−d0n(t)

)
H

dt

+

∫ T

0

(
a1pn,ϑ(t, 0) +m1a

2
1(hn(t) − ϑ

βςn

β
d1n(t))

)
(−d1n(t))dt

+

∫ T

0

(
a2pn,ϑ(t, L) +m2a

2
2(`n(t) − ϑ

βςn

β
d2n(t))

)
(−d2n(t))dt

]
,

(4.8.78)

where [pn,ϑ, qn,ϑ] = Λε
ad

(
fn − ϑβςn

β
d0n, hn − ϑβςn

β
d1n, `n − ϑβςn

β
d2n

)
.

It follows from (4.8.77) and (4.8.78) that

(1 − µ) |[d0n, d1n, d2n]|2U

≤ |[d0n, d1n, d2n]|2U +

∫ T

0

(
a0pn,ϑ(t) +m0a

2
0

(
fn(t) − ϑ

βςn

β
d0n(t)

)
,−d0n(t)

)
H

dt

+

∫ T

0

(
a1pn,ϑ(t, 0) +m1a

2
1(hn(t) − ϑ

βςn

β
d1n(t))

)
(−d1n(t))dt

+

∫ T

0

(
a2pn,ϑ(t, L) +m2a

2
2(`n(t) − ϑ

βςn

β
d2n(t))

)
(−d2n(t))dt
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=

∫ T

0

(
a0pn,ϑ(t) +m0a

2
0

(
fn(t) − ϑ

βςn

β
d0n(t)

)
− d0n(t),−d0n(t)

)
H

dt

+

∫ T

0

(
a1pn,ϑ(t, 0) +m1a

2
1(hn(t) − ϑ

βςn

β
d1n(t)) − d1n(t)

)
(−d1n(t))dt

+

∫ T

0

(
a2pn,ϑ(t, L) +m2a

2
2(`n(t) − ϑ

βςn

β
d2n(t)) − d2n(t)

)
(−d2n(t))dt.

Hence, we infer from the Hölder inequality and (4.8.74) that

(1 − µ)
∣∣[d0n, d1n, d2n]

∣∣
U ≤

∣∣∣∣∣∣∣∣∣∣∣∣

t


a0pn,ϑ +m0a
2
0

(
fn − ϑ

βςn

β
d0n
)
− d0n

a1pn,ϑ(·, 0) +m1a
2
1

(
hn − ϑ

βςn

β
d1n
)
− d1n

a2pn,ϑ(·, L) +m2a
2
2

(
`n − ϑ

βςn

β
d2n
)
− d2n



∣∣∣∣∣∣∣∣∣∣∣∣
U

=

∣∣∣∣∣∣∣∣∣∣∣∣

t


−ϑβ
ςn

β
m0a

2
0d0n + a0(pn,ϑ − pn)

−ϑβ
ςn

β
m1a

2
1d1n + a1(pn,ϑ(·, 0) − pn(·, 0))

−ϑβ
ςn

β
m2a

2
2d2n + a2(pn,ϑ(·, L) − pn(·, L))



∣∣∣∣∣∣∣∣∣∣∣∣
U

.

(4.8.79)
By the definition of the function γ, we observe from (4.8.79) and θ ∈ (0, 1) that

γ
(
(1 − µ)

∣∣[d0n, d1n, d2n]
∣∣
U

)
≤ ϑ

βςn

β

∣∣[m0a
2
0d0n,m1a

2
1d1n,m2a

2
2d2n

]∣∣
U ,

≤ βςn

β
Mmax|[d0n, d1n, d2n]|U ,

which implies that the inequality (4.8.76) holds.

Now, we show our main Theorem 4.8 in this paper, which is concerned with the
convergence for numerical algorithm (NA).

Proof of Theorem 4.8. We show (I). By (Step 5) in the numerical algorithm (NA) (cf.
(4.8.71) or (4.8.82) below), we easily observe that Jε(fn, hn, `n) is the non-increasing
sequence with respect to n. Thus, from the non-negativity of Jε(·, ·, ·) (cf. (1.5.26)), we
infer that lim

n→∞
Jε(fn, hn, `n) exists.

We next show (II). Indeed, we first prove (4.8.2) by contradiction. To this end, we
assume that (4.8.2) does not hold. Then, there exist a constant δ > 0 and a sequence
{k}k∈N such that

|a0(pk +m0a0fk)|L2(0,T ;H) ≥ δ for any k. (4.8.80)

Since γ(·) is the increasing function (cf. Definition 4.6), it follows from (4.8.74) and
(4.8.80) that

γ ((1 − µ)δ) ≤ γ
(
(1 − µ)

∣∣[d0k, d1k, d2k]
∣∣
U

)
for any k. (4.8.81)
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Then, we observe from (4.8.71), (4.8.76), (4.8.80), and (Step 5) that

Jε(fk+1, hk+1, `k+1) − Jε(fk, hk, `k)

= Jε (fk − βςkd0k, hk − βςkd1k, `k − βςkd2k) − Jε(fk, hk, `k)

≤ −µβςk
∣∣[d0k, d1k, d2k]

∣∣2
U

≤ − µβ

Mmax

γ
(
(1 − µ)

∣∣[d0k, d1k, d2k]
∣∣
U

) ∣∣[d0k, d1k, d2k]
∣∣
U

≤ − µβ

Mmax

γ ((1 − µ)δ) δ

< 0 for any k ∈ N.

(4.8.82)

By repeating this procedure, we observe from (4.8.82) that

Jε(fk+1, hk+1, `k+1) ≤ Jε(fk, hk, `k) − µβ

Mmax

γ ((1 − µ)δ) δ

≤ Jε(fk−1, hk−1, `k−1) −
2µβ

Mmax

γ ((1 − µ)δ) δ

≤ · · ·

≤ Jε(f1, h1, `1) −
kµβ

Mmax

γ ((1 − µ)δ) δ for any k ∈ N.

Therefore, the above inequality implies that

Jε(fk+1, hk+1, `k+1) −→ −∞ as k → ∞. (4.8.83)

This contradicts the non-negativity of Jε(·, ·, ·) (cf. (1.5.26)). Hence, (4.8.2) holds.
Similarly, we can show (4.8.3) and (4.8.4), thus, (II) holds.
Now, we show (III). By Theorem 4.8(I) and the definition of Jε(·, ·, ·) (cf. (1.5.26)),

we observe that {[fn, hn, `n]}n∈N is bounded in U . Therefore, there exist a subsequence
{nk}k∈N of {n}n∈N and a triplet of functions [f ε

∗∗, h
ε
∗∗, `

ε
∗∗] ∈ U such that nk → ∞ and

fnk
−→ f ε

∗∗ weakly in L2(0, T ;H),

hnk
−→ hε∗∗ weakly in L2(0, T ),

`nk
−→ `ε∗∗ weakly in L2(0, T )

 (4.8.84)

as k → ∞. Then, from Corollary 4.4 concerning the convergence result of solutions to
(P;uε0, w

ε
0, fnk

, hnk
, `nk

)ε, we observe that

[unk
, wnk

] = Λε(fnk
, hnk

, `nk
) −→ [uε∗∗, w

ε
∗∗] = Λε(f ε

∗∗, h
ε
∗∗, `

ε
∗∗)

in L2(0, T ;H) × C([0, T ];H) as k → ∞.
(4.8.85)

In addition, by (4.8.85) and the slight modification of the proof of Lemma 4.4, there
are functions pε∗∗ ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;X), qε∗∗ ∈ W 1,2(0, T ;X ′) ∩ L2(0, T ;X) ∩
L∞(0, T ;H), and a subsequence of {nk}k∈N (which we also denote {nk}k∈N for simplicity)
such that [pnk

, qnk
] = Λε

ad(fnk
, hnk

, `nk
) converges to [pε∗∗, q

ε
∗∗] = Λε

ad(f
ε
∗∗, h

ε
∗∗, `

ε
∗∗) in the

following sense:
pnk

→ pε∗∗ in C([0, T ];H),
weakly in W 1,2(0, T ;H),
weakly-∗ in L∞(0, T ;X),

 (4.8.86)
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pnk
(·, 0) → pε∗∗(·, 0) weakly in L2(0, T ), (4.8.87)

pnk
(·, L) → pε∗∗(·, L) weakly in L2(0, T ), (4.8.88)

and
qnk

→ qε∗∗ in C([0, T ];X ′),
in L2(0, T ;H),
weakly in W 1,2(0, T ;X ′),
weakly in L2(0, T ;X),
weakly-∗ in L∞(0, T ;H),

 (4.8.89)

as k → ∞. In addition, from arguments similar to (4.8.51), we observe that

pnk
→ pε∗∗ in L2(0, T ;X) as k → ∞, (4.8.90)

hence, in particular,

pnk
(·, 0) → pε∗∗(·, 0) in L2(0, T ), pnk

(·, L) → pε∗∗(·, L) in L2(0, T ) as k → ∞. (4.8.91)

Therefore, we infer from (4.8.2), (4.8.3), (4.8.4), (4.8.84), (4.8.86), (4.8.90), and (4.8.91)
that the assertions (4.8.5)–(4.8.12) hold. In addition, we conclude from Theorem 4.6
and (4.8.10)–(4.8.12) (cf. (4.8.73)) that (4.8.13) holds, hence, [f ε

∗∗, h
ε
∗∗, `

ε
∗∗] ∈ U is the

stationary point of the cost functional Jε with ε > 0. Thus, the proof of Theorem 4.8 has
been completed.

4.9 Numerical experiments

In this section, by similar approach as in [65, 66, 68] we perform the simple numerical
experiments to (OP)ε with some small ε > 0.

4.9.1 State system and its optimal control problem

For the stability of numerics and the propagation speed of the interfaces, we now rescale
(t, x) by the small parameter σ > 0. Indeed, we change the pair of variables (t, x) into
(s, y) := (σt, σx). Then, from the formal calculations we observe that (1.5.11) and (1.5.12)
are reformulated as follows, respectively:

[u+ w]s − σuyy =
a0f̃(s, y)

σ
in (s, y) ∈ Qσ := (0, σT ) × (0, σL) , (4.9.1)

ws − κ

(
wy

|wy|

)
y

+
∂I[−1,1](w)

σ
+
g(w)

σ
3 u

σ
in Qσ, (4.9.2)

where we put f̃(s, y) := f(s/σ, y/σ) for (s, y) ∈ Qσ, for simplicity.
Ohtsuka [65] and Ohtsuka–Shirakawa–Yamazaki [66,68] gave numerical experiments of

optimal control problem for the approximate Allen–Cahn type equation associated with

total variation energy, in which the singular diffusion term
(

wy

|wy |

)
y

was approximated by(
wε

y√
|wε

y |2+ε2

)
y

for ε > 0.
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In this section, by similar approach as in [65,66,68] we perform the simple numerical
experiments to (OP)ε with some small ε > 0. Indeed, we consider a distributed control
problem with the heat source as control, more precisely, (OP)ε in the case when aε(r) =

r√
|r|2+ε2

, g(r) = r3 − r, and a1 = a2 = b1 = b2 = c0 = 0.

Now, for the fixed rescale parameter σ ∈ (0, 1], we take T = T̃ /σ and L = L̃/σ for

some positive constants T̃ and L̃. Then, we give numerical experiments of the optimal
control problem for the following state system that is the approximate problem of (4.9.1)
and (4.9.2):

Problem (P;f̃ , 0, 0)ε.

[uε + wε]s − σuεyy =
a0f̃(s, y)

σ
in (s, y) ∈ Q̃σ := (0, T̃ ) × (0, L̃), (4.9.3)

wε
s − κ

 wε
y√

|wε
y|2 + ε2

+ εwε
y


y

+
Kε(wε)

σ
+

(wε)3 − wε

σ
=
uε

σ
in Q̃σ, (4.9.4)

− uεy(s, 0) + uε(s, 0) = uεy(s, L̃) + uε(s, L̃) = 0, s ∈ (0, T̃ ), (4.9.5)

wε
y(s, 0) = wε

y(s, L̃) = 0, s ∈ (0, T̃ ), (4.9.6)

uε(0, y) = uε0(y), wε(0, y) = wε
0(y), y ∈ (0, L̃). (4.9.7)

In addition, for simplicity, we consider the following distributed control problem with the
heat source as control:

Problem (OP)ε: Find a control function f̃ ε
∗ ∈ L2(0, T̃ ;H), call optimal control, such

that
Jε(f̃ ε

∗ ) = inf
f̃∈L2(0,T̃ ;H)

Jε(f̃). (4.9.8)

Here, Jε(f̃) is the cost functional defined by

Jε(f̃) :=
c1
2

∫ T̃

0

|(wε − wd)(s)|2Hds+
m0

2

∫ T̃

0

|f̃(s)|2Hds, (4.9.9)

where c1, m0 are nonnegative constants, wd is the given desired target profile in L2(0, T̃ ;H),
and a couple of functions [uε, wε] is a unique solution to the initial–boundary value state

problem (P;f̃ , 0, 0)ε for the control parameter f̃ ∈ L2(0, T̃ ;H).
Note that the rescale parameter σ appears in (4.9.3) and (4.9.4). However, σ is a fixed

positive constant. Hence, by the slight modification of the proof of Theorems 4.1, 4.3,
4.5, 4.6, 4.7, and 4.8, we can prove the solvability of state systems {(4.9.3)–(4.9.7)} for
any ε ∈ (0, 1], the existence of optimal controls to (4.9.8), and so on.
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4.9.2 Discretization

We perform the numerical experiments of (P;f̃ , 0, 0)ε and (OP)ε via the standard explicit
finite difference scheme. Indeed, let ∆t and ∆h be the mesh size of time and space,
respectively, and set wn,j := wε(n∆t, j∆h) and D±

y wn,j := ±(wn,j±1 − wn,j)/∆h. Then,
the diffusion term in (4.9.4) is discretized by the following:

Dwn,j :=
1

∆h

κ
 D+

y wn,j√
|D+

y wn,j|2 + ε2
−

D−
y wn,j√

|D−
y wn,j|2 + ε2

+ ε(D+
y wn,j −D−

y wn,j)

 .
Other terms are discretized by the standard forms. For instance, we refer to the explicit
finite difference scheme used in [65].

4.9.3 Numerical experiments

In this subsection, we give three numerical experiments of (OP)ε with sufficient small
parameter ε under the following numerical data:

Numerical data

• σ = 0.001, the domain Q̃σ = (0, T̃ )× (0, L̃) with T̃ = 0.0025 and L̃ = 1.0, the space
mesh size ∆h = 0.005, the time mesh size ∆t = 0.1 × ∆h2 = 0.0000025, κ = 0.001,
c1 = 10.0, m0 = 1.0, ε = 0.001, the stop parameter µ = 0.0001 for (NA), and the
given initial data [uε0, w

ε
0] ≡ [0.0, 0.0]. In addition, we take f0 ≡ 0.0 as the initial

control function for (NA).
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(Numerical experiment 1)
In the first experiment, we consider a simple target desired profile wd such that

wd(s, y) :=

{
1, if y ∈ [0.30, 0.70],

−1, otherwise,
∀s ∈ [0, T̃ ], (4.9.10)

whose graph is the dotted line in Figure 4.1.

Figure 4.1: Target profile wd(T̃ , y) and solution wε(T̃ , y) at T̃ = 0.0025 and the iteration
number n = 7.

We perform a numerical experiment of (OP)ε by using the numerical algorithm (NA)
proposed in Section 8. Then, (NA) is finished when the iteration number is n = 7 as in
Figure 4.2.

Figure 4.2: The value of the cost functional Jε for (OP)ε.

Figure 4.3 is the graph of the control function f̃ found by (NA) in the case of the
iteration number n = 7.
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Figure 4.3: The graph of the control function f̃ found by (NA) at the iteration number
n = 7.

Figure 4.4 is the picture of the solutions uε and wε for (P;f̃ , 0, 0)ε with initial data
[uε0, w

ε
0] ≡ [0.0, 0.0] in the case of the iteration number n = 7.

Figure 4.4: The graph of solution [uε, wε] to (P;f̃ , 0, 0)ε at the iteration number n = 7:
(left) uε(s, y); (right) wε(s, y).

In addition, the real line in Figure 4.1 means the graph of wε(T̃ , y) at T̃ = 0.0025 and

the iteration number n = 7. We observe from Figures 4.1–4.4 that the solution wε(T̃ , y)

to (P;f̃ , 0, 0)ε has the similar profile to the desired one wd(T̃ , y) and the data sequence of
cost functional Jε almost reaches a stationary point.
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(Numerical experiment 2)
In the second experiment, we consider a target desired profile wd such that

wd(s, y) :=


1, if y ∈ [0.00, 0.35],

0, if y ∈ (0.35, 0.70],

−1, if y ∈ (0.70, 1.00],

∀s ∈ [0, T̃ ], (4.9.11)

whose graph is the dotted line in Figure 4.5.

Figure 4.5: Target profile wd(T̃ , y) and solution wε(T̃ , y) at T̃ = 0.0025 and the iteration
number n = 15.

We perform a numerical experiment of (OP)ε by using the numerical algorithm (NA)
proposed in Section 8. Then, (NA) is finished when the iteration number is n = 15 as in
Figure 4.6.

Figure 4.6: The value of the cost functional Jε for (OP)ε.

Figure 4.7 is the graph of the control function f̃ found by (NA) in the case of the
iteration number n = 15.
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Figure 4.7: The graph of the control function f̃ found by (NA) at the iteration number
n = 15.

Figure 4.8 is the picture of the solutions uε and wε for (P;f̃ , 0, 0)ε with initial data
[uε0, w

ε
0] ≡ [0.0, 0.0] in the case of the iteration number n = 15.

Figure 4.8: The graph of solution [uε, wε] to (P;f̃ , 0, 0)ε at the iteration number n = 15:
(left) uε(s, y); (right) wε(s, y).

In addition, the real line in Figure 4.5 means the graph of wε(T̃ , y) at T̃ = 0.0025 and

the iteration number n = 15. We observe from Figures 4.5–4.8 that the solution wε(T̃ , y)

to (P;f̃ , 0, 0)ε has the similar profile to the desired one wd(T̃ , y) and the data sequence of
cost functional Jε almost reaches a stationary point.
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(Numerical experiment 3)
In the final experiment, we consider a target desired profile wd such that

wd(s, y) := cos(2πy), y ∈ Ω = [0.0, 1.0], ∀s ∈ [0, T̃ ], (4.9.12)

whose graph is the dotted line in Figure 4.9.

Figure 4.9: Target profile wd(T̃ , y) and solution wε(T̃ , y) at T̃ = 0.0025 and the iteration
number n = 17.

Here we take the stop parameter µ = 0.00025 for (NA). Then, we perform a numerical
experiment of (OP)ε by using the numerical algorithm (NA) proposed in Section 8. Then,
(NA) is finished when the iteration number is n = 17 as in Figure 4.10.

Figure 4.10: The value of the cost functional Jε for (OP)ε.

Figure 4.11 is the graph of the control function f̃ found by (NA) in the case of the
iteration number n = 17.
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Figure 4.11: The graph of the control function f̃ found by (NA) at the iteration number
n = 17.

Figure 4.12 is the picture of the solutions uε and wε for (P;f̃ , 0, 0)ε with initial data
[uε0, w

ε
0] ≡ [0.0, 0.0] in the case of the iteration number n = 17.

Figure 4.12: The graph of solution [uε, wε] to (P;f̃ , 0, 0)ε at the iteration number n = 17:
(left) uε(s, y); (right) wε(s, y).

In addition, the real line in Figure 4.9 means the graph of wε(T̃ , y) at T̃ = 0.0025 and
the iteration number n = 17. We observe from Figures 4.9–4.12 that the data sequence
of cost functional Jε almost reaches a stationary point, however, there is the slight gap
between the solution wε(T̃ , y) to (P;f̃ , 0, 0)ε and the desired profile wd(T̃ , y) (see Figure

4.9). We guess the reason is that the target profile wd(T̃ , y) defined by (4.9.12) is not the

stable equilibria for (P;f̃ , 0, 0)ε, and there is no desired profile ud of the temperature in
(OP)ε (cf. (4.9.9)).

In the forthcoming paper we will perform numerical experiments for (P;f, h, `)ε and
(OP)ε under various situations (cf. Remark 4.2).
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Chapter 5

Optimal control problems governed
by 1-D Kobayashi–Warren–Carter
type systems

In this Chapter, we recall the class of optimal control problems governed by 1-D
K.W.C. models. The class consists of an optimal control problem for a physically realistic
state-system of K.W.C. model, and its regularized approximating problems. The main
results of this Chapter are stated in three Main Theorems 5.1–5.3. The first Main Theorem
5.1 is concerned with the solvability and continuous dependence for the state-systems.
Meanwhile, the second Main Theorem 5.2 is concerned with the solvability of optimal
control problems, and some semi-continuous association in the class of our optimal control
problems. Finally, in the third Main Theorem 5.3, we derive the first order necessary
optimality conditions for optimal controls of the regularized approximating problems. By
taking the approximating limit, we also derive the optimality conditions for the optimal
controls for the physically realistic problem.

5.1 Preliminaries

We begin by prescribing the notations used throughout this Chapter.

Abstract notations. For an abstract Banach space X, we denote by | · |X the norm of
X, and denote by 〈·, ·〉X the duality pairing between X and its dual X∗. In particular,
when X is a Hilbert space, we denote by (·, ·)X the inner product of X. For any subset
A of a Banach space X, let χA : X −→ {0, 1} be the characteristic function of A, i.e.:

χA : w ∈ X 7→ χA(w) :=

{
1, if w ∈ A,

0, otherwise.

For two Banach spaces X and Y , we denote by L (X;Y ) the Banach space of bounded
linear operators from X into Y , and in particular, we let L (X) := L (X;X).

For Banach spaces X1, . . . , XN , with 1 < N ∈ N, let X1 × · · · × XN be the product
Banach space endowed with the norm | · |X1×···×XN

:= | · |X1 + · · · + | · |XN
. However,

when all X1, . . . , XN are Hilbert spaces, X1×· · ·×XN denotes the product Hilbert space
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endowed with the inner product (·, ·)X1×···×XN
:= (·, ·)X1 + · · · + (·, ·)XN

and the norm

| · |X1×···×XN
:=
(
| · |2X1

+ · · · + | · |2XN

) 1
2 . In particular, when all X1, . . . , XN coincide with

a Banach space Y , we write:

[Y ]N :=

N times︷ ︸︸ ︷
Y × · · · × Y .

Additionally, for any transform (operator) T : X −→ Y , we let:

T [w1, . . . , wN ] :=
[
T w1, . . . , T wN

]
in [Y ]N , for any [w1, . . . , wN ] ∈ [X]N .

Specific notations of this Chapter. As is mentioned in the previous section, let (0, T ) ⊂
R be a bounded time-interval with a finite constant T > 0, and let Ω := (0, 1) ⊂ R be a
one-dimensional bounded spatial domain. We denote by Γ the boundary ∂Ω = {0, 1} of
Ω, and we let Q := (0, T )×Ω and Σ := (0, T )×Γ. Especially, we denote by ∂t and ∂x the
distributional time-derivative and the distributional spatial-derivative, respectively. Also,
the measure theoretical phrases, such as “a.e.”, “dt”, “dx”, and so on, are all with respect
to the Lebesgue measure in each corresponding dimension.

On this basis, we define
H := L2(Ω) and H := L2(0, T ;H),

V := H1(Ω) and V := L2(0, T ;V ),

V0 := H1
0 (Ω) and V0 := L2(0, T ;V0).

Also, we identify the Hilbert spaces H and H with their dual spaces. Based on the
identifications, we have the following relationships of continuous embeddings:{

V ⊂ H = H∗ ⊂ V ∗ and V ⊂ H = H ∗ ⊂ V ∗,

V0 ⊂ H = H∗ ⊂ V ∗
0 and V0 ⊂ H = H ∗ ⊂ V ∗

0 ,

among the Hilbert spaces H, V , V0, H , V , and V0, and the respective dual spaces H∗,
V ∗, V ∗

0 , H ∗, V ∗, and V ∗
0 . Additionally, in this paper, we define the topology of the

Hilbert space V0 by using the following inner product:

(w, w̃)V0 := (∂xw, ∂xw̃)H , for all w, w̃ ∈ V0.

Remark 5.1. Due to the one-dimensional embeddings V ⊂ C(Ω) and V0 ⊂ C(Ω), it is
easily checked that: 

• if µ̌ ∈ H and p̌ ∈ V , then µ̌p̌ ∈ H,
and |µ̌p̌|H ≤

√
2|µ̌|H |p̌|V ,

• if µ̂ ∈ L∞(0, T ;H) and p̂ ∈ V ,
then µ̂p̂ ∈ H , and |µ̂p̂|H ≤√

2|µ̂|L∞(0,T ;H)|p̂|V .

(5.1.1)

Here, we note that the constant
√

2 corresponds to the constant of embedding V ⊂ C(Ω).
Moreover, under the setting Ω := (0, 1), this

√
2 can be used as a upper bound of the

constants of embeddings V ⊂ Lq(Ω) and V0 ⊂ Lq(Ω), for all 1 ≤ q ≤ ∞.
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Notations in convex analysis. (cf. [18, Chapter II]) For a proper,
lower semi-continuous (l.s.c.), and convex function Ψ : X → (−∞,∞] on a Hilbert
space X, we denote by D(Ψ) the effective domain of Ψ. Also, we denote by ∂Ψ the
subdifferential of Ψ. The subdifferential ∂Ψ corresponds to a generalized derivative of Ψ,
and it is known as a maximal monotone graph in the product space X × X. The set
D(∂Ψ) :=

{
z ∈ X | ∂Ψ(z) 6= ∅

}
is called the domain of ∂Ψ. We often use the notation

“[w0, w
∗
0] ∈ ∂Ψ in X × X ”, to mean that “w∗

0 ∈ ∂Ψ(w0) in X for w0 ∈ D(∂Ψ) ”, by
identifying the operator ∂Ψ with its graph in X ×X.

For Hilbert spaces X1, · · · , XN , with 1 < N ∈ N, let us consider a proper, l.s.c., and
convex function on the product space X1 × · · · ×XN :

Ψ̃ : w = [w1, · · · , wN ] ∈ X1 × · · · ×XN 7→ Ψ̃(w) = Ψ̃(w1, · · · , wN) ∈ (−∞,∞].

On this basis, for any i ∈ {1, . . . , N}, we denote by ∂wi
Ψ̃ : X1 × · · · × XN → Xi a set-

valued operator, which maps any w = [w1, . . . , wi, . . . , wN ] ∈ X1 × · · · ×Xi × · · · ×XN to
a subset ∂wi

Ψ̃(w) ⊂ Xi, prescribed as follows:

∂wi
Ψ̃(w) = ∂wi

Ψ̃(w1, · · · , wi, · · · , wN)

:=

{
w̃∗ ∈ Xi

(w̃∗, w̃ − wi)Xi
≤ Ψ̃(w1, · · · , w̃, · · · , wN)

−Ψ̃(w1, · · · , wi, · · · , wN), for any w̃ ∈ Xi

}
.

As is easily checked,

∂Ψ̃(w) ⊂ ∂w1Ψ̃(w) × · · · × ∂wN
Ψ̃(w),

for any w = [w1, . . . , wN ] ∈ X1 × · · · ×XN .
(5.1.2)

But, it should be noted that the converse inclusion of (5.1.2) is not true, in general.

Remark 5.2 (Examples of the subdifferential). As one of the representatives of the
subdifferentials, we exemplify the following set-valued function SgnN : RN → 2RN

, with
N ∈ N, which is defined as:

ξ = [ξ1, . . . , ξN ] ∈ RN 7→ SgnN(ξ) = SgnN(ξ1, . . . , ξN)

:=


ξ

|ξ|
=

[ξ1, . . . , ξN ]√
ξ21 + · · · + ξ2N

, if ξ 6= 0,

DN , otherwise,

where DN denotes the closed unit ball in RN centered at the origin. Indeed, the set-valued
function SgnN coincides with the subdifferential of the Euclidean norm | · | : ξ ∈ RN 7→
|ξ| =

√
ξ21 + · · · + ξ2N ∈ [0,∞), i.e.:

∂| · |(ξ) = SgnN(ξ), for any ξ ∈ D(∂| · |) = RN ,

and furthermore, it is observed that:

∂| · |(0) = DN ⊆
/

[−1, 1]N = ∂ξ1| · |(0) × · · · × ∂ξN | · |(0).
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Finally, we mention about a notion of functional convergence, known as “Mosco-
convergence”.

Definition 5.1 (Mosco-convergence: cf. [59]). Let X be an abstract Hilbert space. Let
Ψ : X → (−∞,∞] be a proper, l.s.c., and convex function, and let {Ψn}∞n=1 be a sequence
of proper, l.s.c., and convex functions Ψn : X → (−∞,∞], n = 1, 2, 3, . . . . Then, it is said
that Ψn → Ψ on X, in the sense of Mosco, as n → ∞, iff. the following two conditions
are fulfilled:

(M1) The condition of lower-bound: lim
n→∞

Ψn(w̌n) ≥ Ψ(w̌), if w̌ ∈ X, {w̌n}∞n=1 ⊂ X, and

w̌n → w̌ weakly in X, as n→ ∞.

(M2) The condition of optimality: for any ŵ ∈ D(Ψ), there exists a sequence
{ŵn}∞n=1 ⊂ X such that ŵn → ŵ in X and Ψn(ŵn) → Ψ(ŵ), as n→ ∞.

As well as, if the sequence of convex functions {Ψ̃ε}ε∈Ξ is labeled by a continuous argument
ε ∈ Ξ with a infinite set Ξ ⊂ R , then for any ε0 ∈ Ξ, the Mosco-convergence of {Ψ̃ε}ε∈Ξ,
as ε → ε0, is defined by those of subsequences {Ψ̃εn}∞n=1, for all sequences {εn}∞n=1 ⊂ Ξ,
satisfying εn → ε0 as n→ ∞.

Remark 5.3. Let X, Ψ, and {Ψn}∞n=1 be as in Definition 5.1. Then, the following hold:

(Fact 1) (cf. [10, Theorem 3.66], [39, Chapter 2]) Let us assume that

Ψn → Ψ on X, in the sense of Mosco, as n→ ∞,

and 
[w,w∗] ∈ X × X, [wn, w

∗
n] ∈ ∂Ψn in X × X,

n ∈ N,

wn → w in X and w∗
n → w∗ weakly in X, as

n→ ∞.
Then, it holds that:

[w,w∗] ∈ ∂Ψ in X ×X, and Ψn(wn) → Ψ(w), as n→ ∞.

(Fact 2) (cf. [22, Lemma 4.1], [30, Appendix]) Let N ∈ N denote dimension constant, and

let S ⊂ RN be a bounded open set. Then, a sequence {Ψ̂S
n}∞n=1 of proper, l.s.c., and

convex functions on L2(S;X), defined as:

w ∈ L2(S;X) 7→ Ψ̂S
n(w) :=



∫
S

Ψn(w(t)) dt,

if Ψn(w) ∈ L1(S),

∞, otherwise,

for n = 1, 2, 3, . . . ;

converges to a proper, l.s.c., and convex function Ψ̂S on L2(S;X), defined as:

z ∈ L2(S;X) 7→ Ψ̂S(z) :=


∫
S

Ψ(z(t)) dt, if Ψ(z) ∈ L1(S),

∞, otherwise;

on L2(S;X), in the sense of Mosco, as n→ ∞.
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Remark 5.4 (Example of Mosco-convergence). For any ε ≥ 0, let fε : R −→ [0,∞) be a
continuous and convex function, defined as:

fε : ξ ∈ R 7→ fε(ξ) :=
√
ε2 + |ξ|2 ∈ [0,∞). (5.1.3)

Then, due to the uniform estimate:∣∣fε(ξ) − |ξ|
∣∣ ≤ ε, for all ξ ∈ R,

we easily see that:

fε → f0 (= | · |) on R, in the sense of Mosco, as ε ↓ 0.

In addition, for any ε > 0, it can be said that the subdifferential ∂fε coincides with the
usual differential:

f ′
ε : ξ ∈ R 7→ f ′

ε(ξ) =
ξ√

ε2 + |ξ|2
∈ R.

5.2 Auxiliary lemmas

In this section, we recall the previous work [9], and set up some auxiliary results. In what
follows, we let Y := V × V0, with the dual Y ∗ := V ∗ × V ∗

0 . Note that Y is a Hilbert
space which is endowed with a uniform convex topology, based on the inner product for
product space, as in the Preliminaries (see the paragraph of Abstruct notations).

Besides, we define:

Z :=
(
W 1,2(0, T ;V ∗) ∩ V

)
×
(
W 1,2(0, T ;V ∗

0 ) ∩ V0

)
,

as a Banach space, endowed with the norm:

|[p̃,z̃]|Z := |[p̃, z̃]|[C([0,T ];H)]2 +
(
|[p̃, z̃]|2Y + |[∂tp̃, ∂tz̃]|2Y ∗

) 1
2 , for [p̃, z̃] ∈ Z .

Based on this, let us consider the following linear system of parabolic initial-boundary
value problem, denoted by (P):

(P) 
∂tp− ∂2xp + µ(t, x)p + λ(t, x)p + ω(t, x)∂xz = h(t, x),
(t, x) ∈ Q,

∂xp(t, x) = 0, (t, x) ∈ Σ,

p(0, x) = p0(x), x ∈ Ω;
a(t, x)∂tz+b(t, x)z−∂x

(
A(t, x)∂xz+ν2∂xz+ω(t, x)p

)
= k(t, x), (t, x) ∈ Q,

z(t, x) = 0, (t, x) ∈ Σ,

z(0, x) = z0(x), x ∈ Ω.

This system is studied in [9] as a key-problem for the Gâteaux differential of the cost Jε.
In the context, [a, b, µ, λ, ω,A] ∈ [H ]6 is a given sextuplet of functions which belongs to
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a subclass S ⊂ [H ]6, defined as:

S :=

[ã, b̃, µ̃, λ̃, ω̃, Ã] ∈ [H ]6

∣∣∣∣∣∣∣∣∣∣
• ã ∈ W 1,∞(Q) and log ã ∈ L∞(Q),

• [b̃, λ̃, ω̃] ∈ [L∞(Q)]3,

• µ̃ ∈ L∞(0, T ;H) with µ̃ ≥ 0 a.e. in Q,

• Ã ∈ L∞(Q) with logÃ ∈ L∞(Q)

 . (5.2.1)

Also, [p0, z0] ∈ [H]2 and [h, k] ∈ Y ∗ are, respectively, an initial pair and forcing pair, in
the system (P).

Now, we refer to the previous work [9], to recall the key-properties of the system (P),
in forms of Propositions.

Proposition 5.1 (cf. [9, Main Theorem 1 (I-A)]). For any sextuplet [a, b, µ, λ, ω,A] ∈ S ,
any initial pair [p0, z0] ∈ [H]2, and any forcing pair [h, k] ∈ Y ∗, the system (P) admits a
unique solution, in the sense that:{

p ∈ W 1,2(0, T ;V ∗) ∩ L2(0, T ;V ) ⊂ C([0, T ];H),

z ∈ W 1,2(0, T ;V ∗
0 ) ∩ L2(0, T ;V0) ⊂ C([0, T ];H);

(5.2.2)

〈∂tp(t), ϕ〉V + (∂xp(t), ∂xϕ)H + (µ(t)p(t), ϕ)H

+ (λ(t)p(t) + ω(t)∂xz(t), ϕ)H = 〈h(t), ϕ〉V , (5.2.3)

for any ϕ ∈ V , a.e. t ∈ (0, T ), subject to p(0) = p0 in H;

and

〈∂tz(t), a(t)ψ〉V0 + (b(t)z(t), ψ)H

+
(
A(t)∂xz(t) + ν2∂xz(t) + p(t)ω(t), ∂xψ

)
H

= 〈k(t), ψ〉V0 , (5.2.4)

for any ψ ∈ V0, a.e. t ∈ (0, T ), subject to z(0) = z0 in H.

Proposition 5.2 (cf. [9, Main Theorem 1 (I-B)]). For every ` = 1, 2, let us take arbitrary
[aℓ, bℓ, µℓ, λℓ, ωℓ, Aℓ] ∈ S , [pℓ0, z

ℓ
0] ∈ [H]2, and [hℓ, kℓ] ∈ Y ∗, and let us denote by [pℓ, zℓ] ∈

[H ]2 the solution to (P), corresponding to the sextuplet [aℓ, bℓ, µℓ, λℓ, ωℓ, Aℓ], initial pair
[pℓ0, z

ℓ
0], and forcing pair [hℓ, kℓ]. Besides, let C∗

0 = C∗
0(a1, b1, λ1, ω1) be a positive constant,

depending on a1, b1, λ1, and ω1, which is defined as:

C∗
0 :=

81(1 + ν2)

min{1, ν2, inf a1(Q)}
(
1 + |a1|W 1,∞(Q) + |b1|L∞(Q) + |λ1|L∞(Q) + |ω1|2L∞(Q)

)
. (5.2.5)

Then, it is estimated that:

d

dt

(
|(p1 − p2)(t)|2H + |

√
a1(t)(z1 − z2)(t)|2H

)
+
(
|(p1 − p2)(t)|2V + ν2|(z1 − z2)(t)|2V0

)
≤3C∗

0

(
|(p1 − p2)(t)|2H + |

√
a1(t)(z1 − z2)(t)|2H

)
(5.2.6)

+ 2C∗
0

(
|(h1 − h2)(t)|2V ∗ + |(k1 − k2)(t)|2V ∗

0
+R∗

0(t)
)
,
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for a.e. t ∈ (0, T );

where

R∗
0(t) := |∂tz2(t)|2V ∗

0

(
|a1 − a2|2

C(Q)
+ |∂x(a1 − a2)(t)|2L4(Ω)

)
+ |p2(t)|2V

(
|(µ1 − µ2)(t)|2H + |(ω1 − ω2)(t)|2L4(Ω)

)
+ |z2(t)|2V0

(
|(b1 − b2)(t)|2L4(Ω) + |p2(t)(λ1 − λ2)(t)|2H

)
+ |∂xz2(t)(ω1 − ω2)(t)|2H + |(A1 − A2)(t)∂xz

2(t)|2H ,
for a.e. t ∈ (0, T ).

Remark 5.5. In the previous work [9], the constant C∗
0 for the estimate (5.2.6) is provided

as:

C∗
0 :=

9(1 + ν2)

min{1, ν2, inf a1(Q)}
·
(
1 + (CL4

V )2 + (CL4

V )4 + (CL4

V0
)2
)

·
(
1 + |a1|W 1,∞(Q) + |b1|L∞(Q) + |λ1|L∞(Q) + |ω1|2L∞(Q)

)
, (5.2.7)

with use of the constants CL4

V > 0 and CL4

V0
> 0 of the respective embeddings V ⊂ L4(Ω)

and V0 ⊂ L4(Ω). Note that the setting (5.2.5) corresponds to the special case of the
original one (5.2.7), under the one-dimensional situation, as in Remark 5.1.

Proposition 5.3 (cf. [9, Corollary 1]). For any [a, b, µ, λ, ω,A] ∈ S , let us denote
by P = P(a, b, µ, λ, ω,A) : [H]2 × Y ∗ −→ Z a linear operator, which maps any[
[p0, z0], [h, k]

]
∈ [H]2 × Y ∗ to the solution [p, z] ∈ Z to the linear system (P), for

the sextuplet [a, b, µ, λ, ω,A], initial pair [p0, z0], and forcing pair [h, k]. Then, for any
sextuplet [a, b, µ, λ, ω,A] ∈ S , there exist positive constants M∗

0 = M∗
0 (a, b, µ, λ, ω,A)

and M∗
1 = M∗

1 (a, b, µ, λ, ω,A), depending on a, b, µ, λ, ω, and A, such that:

M∗
0

∣∣[[p0, z0], [h, k]
]∣∣

[H]2×Y ∗ ≤ |[p, z]|Z ≤M∗
1

∣∣[[p0, z0], [h, k]
]∣∣

[H]2×Y ∗ ,

for all [p0, z0] ∈ [H]2, [h, k] ∈ Y ∗,
and [p, z] = P(a, b, µ, λ, ω,A)

[
[p0, z0], [h, k]

]
∈ Z ,

i.e. the operator P = P(a, b, µ, λ, ω,A) is an isomorphism between the Hilbert space
[H]2 × Y ∗ and the Banach space Z .

Proposition 5.4 (cf. [9, Corollary 2]). Let us assume:

[a, b, µ, λ, ω,A] ∈ S , {[an, bn, µn, λn, ωn, An]}∞n=1 ⊂ S ,

[an,∂ta
n, ∂xa

n, bn, λn, ωn, An] → [a, ∂ta, ∂xa, b, λ, ω, A]

weakly-∗ in [L∞(Q)]7, and in the pointwise sense a.e. in Q, (5.2.8)

as n→ ∞,

and {
µn → µ weakly-∗ in L∞(0, T ;H),

µn → µ in H, for a.e. t ∈ (0, T ),
as n→ ∞.
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Let us assume [p0, z0] ∈ [H]2, [h, k] ∈ Y ∗, and let us denote by [p, z] ∈ [H ]2 the solution
to (P), for the initial pair [p0, z0] and forcing pair [h, k]. Also, let us assume {[pn0 , z

n
0 ]}∞n=1 ⊂

[H]2, {[hn, kn]}∞n=1 ⊂ Y ∗, and for any n ∈ N, let us denote by [pn, zn] ∈ [H ]2 the solution
to (P), for the initial pair [pn0 , z

n
0 ] and forcing pair [hn, kn]. Then, the following two items

hold.

(A) The convergence: {
[pn0 , z

n
0 ] → [p0, z0] in [H]2,

[hn, kn] → [h, k] in Y ∗,
as n→ ∞,

implies the convergence:

[pn, zn] → [p, z] in [C([0, T ];H)]2, and in Y , as n→ ∞.

(B) The following two convergences:{
[pn0 , z

n
0 ] → [p0, z0] weakly in [H]2,

[hn, kn] → [h, k] weakly in Y ∗,
as n→ ∞,

and

[pn, zn] → [p, z] in [H ]2, weakly in Y ,

and weakly in W 1,2(0, T ;V ∗) ×W 1,2(0, T ;V ∗
0 ), as n→ ∞,

are equivalent each other.

5.3 Main Theorems

We begin by setting up some assumptions needed in our Main Theorems.

(A1) ν > 0 is a fixed constant. Let [η0, θ0] ∈ V ×V0 be a fixed initial pair. Let [ηad, θad] ∈
[H ]2 be a fixed pair of functions, called the admissible target profile.

(A2) g : R −→ R is a C1-function, which is a Lipschitz continuous on R. Also g has a
nonnegative primitive 0 ≤ G ∈ C2(R), i.e. the derivative G′ = dG

dη
coincides with g

on R.

(A3) α : R −→ (0,∞) and α0 : Q −→ (0,∞) are Lipschitz continuous functions, such
that:

– α ∈ C2(R), with the first derivative α′ = dα
dη

and the second one α′′ = d2α
dη2

;

– α′(0) = 0, α′′ ≥ 0 on R, and αα′ is a Lipschitz continuous function on R;

– α ≥ δ∗ on R, and α0 ≥ δ∗ on Q, for some constant δ∗ ∈ (0, 1).

Additionally, for any ε ≥ 0, let fε : R −→ [0,∞) be the convex function, defined in
(5.1.3).

Now, the Main Theorems of this paper are stated as follows:
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Main Theorem 5.1. Let us assume (A1)–(A3). Let us fix a constant ε ≥ 0, an initial
pair [η0, θ0] ∈ V × V0, and a forcing pair [u, v] ∈ [H ]2. Then, the following hold:

(I-A) The state-system (S)ε admits a unique solution [η, θ] ∈ [H ]2, in the sense that:{
η ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;V ) ⊂ C(Q),

θ ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;V0) ⊂ C(Q);
(5.3.1)

(
∂tη(t), ϕ

)
H

+
(
∂xη(t), ∂xϕ

)
H

+
(
g(η(t)), ϕ

)
H

+
(
α′(η(t))fε(∂xθ(t)), ϕ

)
H

=
(
Muu(t), ϕ

)
H
,

for any ϕ ∈ V , a.e. t ∈ (0, T ), subject to η(0) = η0 in H;

(5.3.2)

and (
α0(t)∂tθ(t), θ(t) − ψ

)
H

+ ν2
(
∂xθ(t), ∂x(θ(t) − ψ)

)
H

+

∫
Ω

α(η(t))fε(∂xθ(t))dx ≤
∫
Ω

α(η(t))fε(∂xψ)dx

+
(
Mvv(t), θ(t) − ψ

)
H
, for any ψ ∈ V0,

a.e. t ∈ (0, T ), subject to θ(0) = θ0 in H.

(5.3.3)

(I-B) Let {εn}∞n=1 ⊂ [0, 1], {[η0,n, θ0,n]}∞n=1 ⊂ V × V0, and {[un, vn]}∞n=1 ⊂ [H ]2 be given
sequences such that:

εn → ε, [η0,n, θ0,n] → [η0, θ0] weakly in V × V0,

and [Muun,Mvvn] → [Muu,Mvv] weakly in [H ]2, as n→ ∞.
(5.3.4)

In addition, let [η, θ] be the unique solution to (S)ε, for the forcing pair [u, v], and for
any n ∈ N, let [ηn, θn] be the unique solution to (S)εn , for the initial pair [η0,n, θ0,n]
and forcing pair [un, vn]. Then, it holds that:

[ηn,θn] → [η, θ] in [C(Q)]2, in Y , weakly in [W 1,2(0, T ;H)]2, (5.3.5)

and weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), as n→ ∞,

and in particular,

α′′(ηn)fεn(∂xθn) → α′′(η)fε(∂xθ) in H ,

and weakly-∗ in L∞(0, T ;H), as n→ ∞. (5.3.6)

Remark 5.6. As a consequence of (5.3.5) and (5.3.6), we further find a subsequence
{ni}∞i=1 ⊂ {n}, such that:

[ηni
, θni

] → [η, θ], [∂xηni
, ∂xθni

] → [∂xη, ∂xθ],

and α′′(ηni
)fεni

(∂xθni
) → α′′(η)fε(∂xθ),

in the pointwise sense a.e. in Q, as i→ ∞,

(5.3.7)

and

[ηni
(t), θni

(t)] → [η(t), θ(t)] in V × V0,

and α′′(ηni
(t))fεni

(∂xθni
(t)) → α′′(η(t))fε(∂xθ(t)) in H,

in the pointwise sense for a.e. t ∈ (0, T ), as i→ ∞.

(5.3.8)
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Main Theorem 5.2. Let us assume (A1)–(A3), and fix any constant ε ≥ 0. Then, the
following two items hold.

(II-A) The problem (OP)ε has at least one optimal control [u∗, v∗] ∈ [H ]2, so that:

Jε(u
∗, v∗) = min

[u,v]∈[H ]2
Jε(u, v).

(II-B) Let {εn}∞n=1 ⊂ [0, 1] and {[η0,n, θ0,n]}∞n=1 ⊂ V × V0 be given sequences such that:

εn → ε, and [η0,n, θ0,n] → [η0, θ0] weakly in V × V0, as n→ ∞. (5.3.9)

In addition, for any n ∈ N, let [u∗n, v
∗
n] ∈ [H ]2 be the optimal control of (OP)εn .

Then, there exist a subsequence {ni}∞i=1 ⊂ {n} and a pair of functions [u∗∗, v∗∗] ∈
[H ]2, such that:

εni
→ ε, and [Muu

∗
ni
,Mvv

∗
ni

] → [Muu
∗∗,Mvv

∗∗]

weakly in [H ]2, as i→ ∞,

and
[u∗∗, v∗∗] is an optimal control of (OP)ε.

Main Theorem 5.3. Under the assumptions (A1)–(A3), the following two items hold.

(III-A) (Necessary condition for (OP)ε when ε > 0) For any ε > 0, let [u∗ε, v
∗
ε ] ∈ [H ]2 be

an optimal control of (OP)ε, and let [η∗ε , θ
∗
ε ] be the solution to (S)ε, for the initial

pair [η0, θ0] and forcing pair [u∗ε, v
∗
ε ] ∈ [H ]2. Then, it holds that:

[Mu(u∗ε + p∗ε),Mv(v
∗
ε + z∗ε)] = [0, 0] in [H ]2, (5.3.10)

where [p∗ε, z
∗
ε ] is a unique solution to the following variational system:

−
〈
∂tp

∗
ε(t),ϕ

〉
V

+
(
∂xp

∗
ε(t), ∂xϕ

)
H

+
(
[α′′(η∗ε)fε(∂xθ

∗
ε)](t)p

∗
ε(t), ϕ

)
H

+
(
g′(η∗ε(t))p∗ε(t), ϕ

)
H

+
(
[α′(η∗ε)f ′

ε(∂xθ
∗
ε)](t)∂xz

∗
ε(t), ϕ

)
H

(5.3.11)

=
(
Mη(η

∗
ε − ηad)(t), ϕ

)
H
, for any ϕ ∈ V , and a.e. t ∈ (0, T );

and

−
〈
∂t
(
α0z

∗
ε

)
(t), ψ

〉
V0

+
(
[α(η∗ε)f ′′

ε (∂xθ
∗
ε)](t)∂xz

∗
ε(t) + ν2∂xz

∗
ε(t), ∂xψ

)
H

+
(
[α′(η∗ε)f ′

ε(∂xθ
∗
ε)](t)p

∗
ε(t), ∂xψ

)
H

=
(
Mθ(θ

∗
ε − θad)(t), ψ

)
H
, (5.3.12)

for any ψ ∈ V0, and a.e. t ∈ (0, T );

subject to the terminal condition:

[p∗ε(T ), z∗ε(T )] = [0, 0] in [H]2. (5.3.13)

(III-B) Let us define a Hilbert space W0 as:

W0 :=
{
ψ ∈ W 1,2(0, T ;H) ∩ V0 ψ(0) = 0 in H

}
.
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Then, there exists an optimal control [u◦, v◦] ∈ [H ]2 of the problem (OP)0, together
with the solution [η◦, θ◦] to the system (S)0, for the initial pair [η0, θ0] and forcing
pair [u◦, v◦], and there exist pairs of functions [p◦, z◦] ∈ Y , [ξ◦, ν◦] ∈ H × L∞(Q),
and a distribution ζ◦ ∈ W ∗

0 , such that:

[Mu(u◦ + p◦),Mv(v
◦ + z◦)] = [0, 0] in [H ]2; (5.3.14){

p◦ ∈ W 1,2(0, T ;V ∗) (∩V ), i.e. p◦ ∈ C([0, T ];H),

ν◦ ∈ Sgn1(∂xθ
◦), a.e. in Q;

(5.3.15)

〈
−∂tp◦, ϕ

〉
V

+
(
∂xp

◦, ∂xϕ
)

H
+
(
α′′(η◦)|∂xθ◦|p◦, ϕ

)
H

+
(
g′(η◦)p◦ + α′(η◦)ξ◦, ϕ

)
H

=
(
Mη(η

◦ − ηad), ϕ
)

H
, (5.3.16)

for any ϕ ∈ V , subject to p◦(T ) = 0 in H;

and (
α0z

◦, ∂tψ
)

H
+
〈
ζ◦, ψ

〉
W0

+
(
ν2∂xz

◦ + α′(η◦)ν◦p◦, ∂xψ
)

H

=
(
Mθ(θ

◦ − θad), ψ
)

H
, for any ψ ∈ W0. (5.3.17)

Remark 5.7. Let RT ∈ L(H ) be an isomorphism, defined as:(
RTϕ

)
(t) := ϕ(T − t) in H, for a.e. t ∈ (0, T ).

Also, let us fix ε > 0, and define a bounded linear operator Q∗
ε : [H ]2 −→ Z as the

restriction P|{[0,0]}×Y ∗ of the linear isomorphism P = P(a, b, µ, λ, ω,A) : [H]2×Y ∗ −→ Z ,
as in Proposition 5.3, in the case when:

[a, b] = RT [α0,−∂tα0] in W 1,∞(Q) × L∞(Q),

µ = RT

[
α′′(η∗ε)fε(∂xθ

∗
ε)
]

in L∞(0, T ;H),

[λ, ω,A] = RT

[
g′(η∗ε), α′(η∗ε)f ′

ε(∂xθ
∗
ε), α(η∗ε)f ′′

ε (∂xθ
∗
ε)
]

in [L∞(Q)]3.

(5.3.18)

On this basis, let us define:

P∗
ε := RT ◦ Q∗

ε ◦ RT in L ([H ]2; Z ).

Then, having in mind:

∂t(α0z̃) = α0∂tz̃ + z̃∂tα0 in V ∗
0 , for any z̃ ∈ W 1,2(0, T ;V ∗

0 ), (5.3.19)

we can obtain the unique solution [p∗ε, z
∗
ε ] ∈ [H ]2 to the variational system (5.3.11)–

(5.3.13) as follows:

[p∗ε, z
∗
ε ] = P∗

ε

[
Mη(η

∗
ε − ηad),Mθ(θ

∗
ε − θad)

]
in Z .
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5.4 Proof of main Theorem 5.1

In this section, we give the proof of the first Main Theorem 5.1. Before the proof, we
refer to the reformulation method as in [62], and consider to reduce the state-system (S)ε
to an evolution equation in the Hilbert space [H]2.

Let us fix any ε ≥ 0. Besides, let us define time-dependent operators A(t) ∈ L ([H]2),
for t ∈ [0, T ], a nonlinear operator G : [H]2 −→ [H]2, and a proper functional Φε :
[H]2 −→ [0,∞], by setting:

A(t) : w = [η, θ] ∈ [H]2 7→ A(t)w := [η, α0(t)θ] ∈ [H]2, for t ∈ [0, T ], (5.4.1)

G : w = [η, θ] ∈ [H]2 7→ G(w) :=
[
g(η) − η − ν−2α(η)α′(η), 0

]
∈ [H]2, (5.4.2)

and

Φε : w = [η, θ] ∈ [H]2 7→ Φε(w) = Φε(η, θ)

:=


1

2

∫
Ω

|∂xη|2dx+
1

2

∫
Ω

|η|2 dx+
1

2

∫
Ω

(
νfε(∂xθ) +

1

ν
α(η)

)2

dx,

if [η, θ] ∈ V × V0,

∞, otherwise,

(5.4.3)

respectively. Note that the definition of fε, as in Remark 5.4, and the assumption (A3)
guarantee the lower semi-continuity and convexity of Φε on [H]2.

Remark 5.8. When ε > 0, we can easily check from Remark 5.4 and (A3) that the
subdifferential ∂Φε ⊂ [H]2 × [H]2 is single-valued, and

[w,w∗] ∈ ∂Φε in [H]2 × [H]2 for w = [η, θ] ∈ [H]2 and w∗ = [η∗, θ∗] ∈ [H]2,

iff. 

• w = [η, θ] ∈ H2(Ω)×V0 with ∂xη(`) = 0, for ` ∈ Γ = {0, 1},
and α(η)f ′

ε(∂xθ) + ν2∂xθ ∈ V0,

• w∗ =
t
[
η∗

θ∗

]
=

t
[
−∂2xη + η + α′(η)fε(∂xθ) + ν−2α(η)α′(η)

−∂x
(
α(η)f ′

ε(∂xθ) + ν2∂xθ
) ]

in [H]2.

Therefore, in the case of ε > 0, the state-system (S)ε will be equivalent to the following
Cauchy problem (E)ε of an evolution equation:

(E)ε

{
A(t)w′(t) + ∂Φε(w(t)) + G(w(t)) 3 f(t) in [H]2, t ∈ (0, T ),

w(0) = w0 in [H]2.

In the context, “ ′ ” denotes the time-derivative, w0 := [η0, θ0] ∈ V × V0 and f :=
[Muu,Mvv] ∈ [H ]2 are the initial pair and forcing pair, as in (S)ε, respectively.

142



Remark 5.9. In the case of ε = 0, the equivalence between the corresponding state-
system (S)0 and Cauchy problem (E)0 is not so obvious. However, we can show a partial
relation, such that:

(? 0) if w = [η, θ] is a solution to (E)0, then it is also a solution to (S)0.

In fact, as is easily seen, the operator ∂ηΦ0 : [H]2 −→ H is single-valued. Besides, for any
θ̃ ∈ V0, it follows that [η, η∗] ∈ ∂ηΦ0(·, θ̃) in H ×H, iff.:(

η∗, ϕ
)
H

=
(
∂xη, ∂xϕ

)
H

+
(
η, ϕ

)
H

+
(
α′(η)|∂xθ̃| + ν−2α(η)α′(η), ϕ

)
H
, for any ϕ ∈ V .

Similarly, for any η̃ ∈ V , one can see that [θ, θ∗] ∈ ∂θΦ0(η̃, ·) in H ×H, iff.:(
−θ∗, θ − ψ

)
H

+ ν2
(
∂xθ, ∂x(θ − ψ)

)
H

+

∫
Ω

α(η̃)|∂xθ| dx

≤
∫
Ω

α(η̃)|∂xψ| dx, for any ψ ∈ V0.

(5.4.4)

Taking into account (5.4.1)–(5.4.4), we deduce that the variational problem as in (5.3.1)–
(5.3.3) is equivalently reformulated to the following Cauchy problem:

(Ẽ)

{
A(t)w′(t) +

[
∂ηΦ0(w(t)) × ∂θΦ0(w(t))

]
+ G(w(t)) 3 f(t) in [H]2, t ∈ (0, T ),

w(0) = w0 in [H]2.

The item (? 0) is a straightforward consequence of this reformulation and the inclusion
∂Φ0 ⊂

[
∂ηΦ0 × ∂θΦ0

]
in [H]2 × [H]2, mentioned in (5.1.2).

Now, we are ready to prove the Main Theorem 5.1.

Proof of Main Theorem 5.1 (I-A) First, we verify the existence part. Under the
setting (5.4.1)–(5.4.3), we immediately check that:

(ev.0) for any t ∈ [0, T ], A(t) ∈ L ([H]2) is positive and selfadjoint, and

(A(t)w,w)[H]2 ≥ δ∗|w|2[H]2 , for any w ∈ [H]2,

with the constant δ∗ ∈ (0, 1) as in (A3);

(ev.1) A ∈ W 1,∞(0, T ; L ([H]2)), and

A∗ := ess sup
t∈(0,T )

{
max{|A(t)|L ([H]2), |A′(t)|L ([H]2)}

}
≤ 1 + |α0|W 1,∞(Q) <∞;

(ev.2) G : [H]2 −→ [H]2 is a Lipschitz continuous operator with a Lipschitz constant:

L∗ := 1 + |g′|L∞(R) + ν−2
∣∣ d
dη

(αα′)
∣∣
L∞(R),

and G has a C1-potential functional

Ĝ : w = [η, θ] ∈ [H]2 7→ Ĝ(w) :=

∫
Ω

(
G(η) − η2

2
− α(η)2

2ν2

)
dx ∈ R;
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(ev.3) Φε ≥ 0 on [H]2, and the sublevel set
{
w̃ ∈ [H]2

∣∣Φε(w̃) ≤ r
}

is contained in a
compact set Kν(r) in [H]2, defined as

Kν(r) :=
{
w̃ = [η̃, θ̃] ∈ V × V0 |η̃|2V ≤ 2r and |θ̃|2V0

≤ 2ν−2r
}
,

for any r ≥ 0.

On account of (5.4.1)–(5.4.3) and (ev.0)–(ev.3), we can apply Lemma 5.3 in Appendix,
as the case when:

X = [H]2, A0 = A in W 1,∞(0, T ; L ([H]2)), G0 = G on [H]2, and Ψ0 = Φε on [H]2,

and we can find a solution w = [η, θ] ∈ [H ]2 to the Cauchy problem (E)ε. In the light of
Remarks 5.8 and 5.9, finding this w = [η, θ] directly leads to the existence of solution to
the state-system (S)ε.

Next, for the verification of the uniqueness part, we suppose that the both pairs of
functions [ηℓ, θℓ] ∈ [H ]2, ` = 1, 2, solve the state-system (S)ε for the common initial
pair [η0, θ0] and forcing pair [u, v] ∈ [H ]2. Besides, let us take the difference between
two variational forms (5.3.2) for ηℓ, ` = 1, 2, and put ϕ = η1 − η2. Then, by using the
assumptions (A1)–(A3), and Hölder’s and Young’s inequalities, we have:

1

2

d

dt
|(η1 − η2)(t)|2H + |∂x(η1 − η2)(t)|2H = I1A + I2A, (5.4.5a)

with

I1A := −
(
g(η1(t)) − g(η2(t)), (η1 − η2)(t)

)
H
≤ L∗|(η1 − η2)(t)|2H , (5.4.5b)

and

I2A := −
(
α′(η1(t))fε(∂xθ

1(t)) − α′(η2(t))fε(∂xθ
2(t)), (η1 − η2)(t)

)
H

=

∫
Ω

fε(∂xθ
1(t))

(
α′(η1(t))(η2 − η1)(t)

)
dx

+

∫
Ω

fε(∂xθ
2(t))

(
α′(η2(t))(η1 − η2)(t)

)
dx

≤−
∫
Ω

(
fε(∂xθ

1(t)) − fε(∂xθ
2(t))

)(
α(η1(t)) − α(η2(t))

)
dx

≤|α′|L∞(R)|∂x(θ1 − θ2)(t)|H |(η1 − η2)(t)|H

≤ν
2

4
|∂x(θ1 − θ2)(t)|2H +

|α′|2L∞(R)

ν2
|(η1 − η2)(t)|2H , for a.e. t ∈ (0, T ). (5.4.5c)

Meanwhile, for any ` ∈ {1, 2}, let us take `⊥ ∈ {1, 2} \ {`}, and put ψ = θℓ
⊥

in the
variational inequality (5.3.3) for θℓ. Then, adding those two variational inequalities, and
using Hölder’s and Young’s inequalities, one can observe that:

1

2

d

dt
|
√
α0(t)(θ

1 − θ2)(t)|2H + ν2|∂x(θ1 − θ2)(t)|2H ≤ I3A + I4A, (5.4.6a)

with

I3A :=
1

2

∫
Ω

∂tα0(t)|(θ1 − θ2)(t)|2 dx ≤
|∂tα0|L∞(Q)

2
|(θ1 − θ2)(t)|2H , (5.4.6b)
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and

I4A := −
∫
Ω

α(η2(t))fε(∂xθ
2(t)) dx+

∫
Ω

α(η2(t))fε(∂xθ
1(t))

−
∫
Ω

α(η1(t))fε(∂xθ
1(t)) dx+

∫
Ω

α(η1(t))fε(∂xθ
2(t))

= −
∫
Ω

(
fε(∂xθ

1(t)) − fε(∂xθ
2(t))

)(
α(η1(t)) − α(η2(t))

)
dx

≤ν
2

4
|∂x(θ1 − θ2)(t)|2H +

|α′|2L∞(R)

ν2
|(η1 − η2)(t)|2H , for a.e. t ∈ (0, T ). (5.4.6c)

As the summation of (5.4.5) and (5.4.6), we obtain that:

1

2

d

dt

(
|(η1 − η2)(t)|2H + |

√
α0(t)(θ

1 − θ2)(t)|2H
)

≤ C1
A

(
|(η1 − η2)(t)|2H + |

√
α0(t)(θ

1 − θ2)(t)|2H
)
, (5.4.7)

for a.e. t ∈ (0, T ), with C1
A := L∗ +

2|α′|2L∞(R)

ν2
+

|∂tα0|L∞(Q)

2δ∗
.

Now, with (A3) in mind, we can verify the uniqueness part of (I-A), just by applying
Gronwall’s lemma to the estimate (5.4.7).

Remark 5.10. As a consequence of the uniqueness result in (I-A), we can say that the

converse of (? 0) in Remark 5.9 is also true, i.e. the three problems (S)0, (E)0, and (Ẽ)
are equivalent each other.

Proof of Main Theorem 5.1 (I-B) By Remarks 5.8–5.10, the solution w := [η, θ] ∈
[H ]2 to the state-system (S)ε coincides with that to the Cauchy problem (E)ε for the
initial data w0 := [η0, θ0] ∈ V × V0 and forcing term f := [Muu,Mvv] ∈ [H ]2. Also,
putting:

wn := [ηn, θn] in [H ]2, w0,n := [η0,n, θ0,n] in [H]2,
and fn := [Muun,Mvvn] in [H ]2, for n = 1, 2, 3, . . . ,

we can suppose that the sequence {wn}∞n=1 = {[ηn, θn]}∞n=1 of solutions to systems (S)εn ,
n = 1, 2, 3, . . . , coincides with that of solutions to the problems (E)εn , for the initial data
w0,n and forcing terms fn, n = 1, 2, 3, . . . . In addition:

(ev.4) Φεn ≥ 0 on [H]2, for n = 1, 2, 3, . . . , and the union
⋃∞

n=1

{
w̃ ∈ [H]2

∣∣Φεn(w̃) ≤ r
}

of sublevel sets is contained in the compact set Kν(r) ⊂ [H]2, as in (ev.3), for any
r > 0;

(ev.5) Φεn → Φε on [H]2, in the sense of Mosco, as n→ ∞, more precisely, the following
estimate

|Φεn(w) − Φε(w)|

=
1

2

∣∣∣∣∫
Ω

((
νfεn(∂xθ) + ν−1α(η)

)2 − (νfε(∂xθ) + ν−1α(η)
)2)

dx

∣∣∣∣
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≤ν
2

∫
Ω

∣∣ν(fεn(∂xθ) + fε(∂xθ)
)

+ 2ν−1α(η)
∣∣∣∣fεn(∂xθ) − fε(∂xθ)

∣∣ dx
≤ν

2

2
|εn − ε|

∫
Ω

(
(εn + ε) + 2|∂xθ| +

2

ν2
α(η)

)
dx

≤ν2|εn − ε|
∫
Ω

(
1 + |∂xθ| +

1

ν2
α(η)

)
dx,

for any w = [η, θ] ∈ V × V0, n = 1, 2, 3, . . . , (5.4.8)

where we use the following inequality:

|fε(ω) − fδ(ω)| =

∣∣∣∣∣ ε2 − δ2√
ε2 + |ω|2 +

√
δ2 + |ω|2

∣∣∣∣∣
=

|ε+ δ|√
ε2 + |ω|2 +

√
δ2 + |ω|2

|ε− δ|

≤ |ε− δ|, for any ε, δ ∈ [0, 1], and ω ∈ R.

Immediately leads to the corresponding lower bound condition and optimality con-
dition, in the Mosco-convergence of {Φεn}∞n=1;

(ev.6) supn∈N Φεn(w0,n) <∞, and

w0,n → w0 in [H]2, as n→ ∞,

more precisely, it follows from (5.3.4) and (A3) that

sup
n∈N

Φεn(w0,n) ≤ sup
n∈N

(
1

2
|η0,n|2V + ν2(1 + |θ0,n|2V0

) +
1

ν2
|α(η0,n)|2H

)
<∞,

and moreover, the weak convergence of {w0,n}∞n=1 in V ×V0 and the compactness of
embedding V × V0 ⊂ [H]2 imply the strong convergence of {w0,n}∞n=1 in [H]2.

On account of (5.3.4) and (ev.0)–(ev.6), we can apply Lemma 5.4, to show that:
wn → w in C([0, T ]; [H]2) (i.e. in [C([0, T ];H)]2),

weakly in W 1,2(0, T ; [H]2) (i.e. weakly in [W 1,2(0, T ;H)]2),∫ T

0

Φεn(wn(t)) dt→
∫ T

0

Φε(w(t)) dt,

as n→ ∞, (5.4.9a)

sup
n∈N

|wn|2L∞(0,T ;V )×L∞(0,T ;V0)
≤ 4 sup

n∈N
|wn|2L∞(0,T ;V×V0)

≤ 8

min {1, ν2}
sup
n∈N

|Φεn(wn)|L∞(0,T ) <∞,

and hence,

wn → w weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), as n→ ∞. (5.4.9b)
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Also, as a consequence of the one-dimensional compact embeddings V ⊂ C(Ω) and V0 ⊂
C(Ω), the uniqueness of solution w to (E)ε, and Ascoli’s theorem (cf. [83, Corollary 4]),
we can derive from (5.4.9a) that

wn → w in [C(Q)]2, as n→ ∞. (5.4.10)

Furthermore, from (5.4.9), (5.4.10), and the assumptions (A1) and (A3), one can observe
that: 

lim
n→∞

1

2
|ηn|2V ≥ 1

2
|η|2V , lim

n→∞

ν2

2
|θn|2V0

≥ ν2

2
|θ|2V0

,

lim
n→∞

1

2ν2
|α(ηn)|2H =

1

2ν2
|α(η)|2H ,

(5.4.11a)

and

lim
n→∞

∣∣α(ηn)fεn(∂xθn)
∣∣
L1(Q)

= lim
n→∞

∫ T

0

∫
Ω

α(ηn(t))fεn(∂xθn(t)) dxdt

≥ lim
n→∞

∫ T

0

∫
Ω

α(η(t))fεn(∂xθn(t)) dxdt

− lim
n→∞

|α(ηn) − α(η)|C(Q) · sup
n∈N

(
Tεn + |∂xθn|L1(0,T ;L1(Ω))

)
≥ lim

n→∞

∫ T

0

∫
Ω

α(η(t))fε(∂xθn(t)) dxdt− |α(η)|C(Q) · lim
n→∞

(
T |εn − ε|

)
≥
∫ T

0

∫
Ω

α(η(t))fε(∂xθ(t)) dxdt =
∣∣α(η)fε(∂xθ)

∣∣
L1(Q)

. (5.4.11b)

Here, from (5.4.3), it is seen that:∫ T

0

Φε̃(w̃(t)) dt =

∫ T

0

Φε̃(η̃(t), θ̃(t)) dt

=
1

2
|η̃|2V +

ν2

2
|θ̃|2V0

+
∣∣α(η̃)fε̃(∂xθ̃)

∣∣
L1(Q)

+
1

2ν2
|α(η̃)|2H +

ν2ε̃2

2
T

for all ε̃ > 0 and w̃ = [η̃, θ̃] ∈ D(Φε̃) = Y . (5.4.12)

Taking into account (5.4.9a), (5.4.11), and (5.4.12), we deduce that:

|ηn|2V + ν2|θn|2V0
→ |η|2V + ν2|θ|2V0

, and hence, |wn|Y → |w|Y , as n→ ∞. (5.4.13)

Since the norm of Hilbert space Y is uniformly convex, the convergences (5.4.9b) and
(5.4.13) imply the strong convergences:

wn → w in Y , as n→ ∞, (5.4.14a)

and

|fεn(∂xθn) − fε(∂xθ)|H
≤|fεn(∂xθn) − fεn(∂xθ)|H + |fεn(∂xθ) − fε(∂xθ)|H
≤|θn − θ|V0 +

√
T |εn − ε| → 0, as n→ ∞. (5.4.14b)

The convergences (5.4.9) and (5.4.14) are sufficient to verify the conclusions (5.3.5) and
(5.3.6) of Main Theorem 5.1 (I-B).
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5.5 Proof of main Theorem 5.2

In this section, we prove the second Main Theorem 5.2. Let [η0, θ0] ∈ V ×V0 be the initial
pair, fixed in (A1). Also, let us fix arbitrary forcing pair [ū, v̄] ∈ [H ]2, and let us invoke
the definition of the cost function (1.5.29), to estimate that:

0 ≤ Jε := inf Jε([H ]2) ≤ Jε := Jε(ū, v̄) <∞, for all ε ≥ 0. (5.5.1)

Also, for any ε ≥ 0, we denote by [η̄ε, θ̄ε] the solution to (S)ε, for the initial pair [η0, θ0]
and forcing pair [ū, v̄].

Based on these, the proof of Main Theorem 5.2 is demonstrated as follows.

Proof of Main Theorem 5.2 (II-A) Let us fix any ε ≥ 0. Then, from the estimate
(5.5.1), we immediately find a sequence of forcing pairs {[un, vn]}∞n=1 ⊂ [H ]2, such that:

Jε(un, vn) ↓ Jε, as n→ ∞, (5.5.2a)

and

sup
n∈N

∣∣[√Muun,
√
Mvvn]

∣∣2
[H ]2

≤ Jε(ū, v̄) <∞. (5.5.2b)

Also, the estimate (5.5.2b) enables us to take a subsequence of {[un, vn]}∞n=1 ⊂ [H ]2 (not
relabeled), and to find a pair of functions [u∗, v∗] ∈ [H ]2, such that:

[
√
Muun,

√
Mvvn] → [

√
Muu

∗,
√
Mvv

∗] weakly in [H ]2, as n→ ∞,

and as well as,

[Muun,Mvvn] → [Muu
∗,Mvv

∗] weakly in [H ]2, as n→ ∞. (5.5.3)

Let [η∗, θ∗] ∈ [H ]2 be the solution to (S)ε, for the initial pair [η0, θ0] and forcing pair
[u∗, v∗]. As well as, for any n ∈ N, let [ηn, θn] ∈ [H ]2 be the solution to (S)ε, for the
forcing pair [un, vn]. Then, having in mind (5.5.3) and the initial condition:

[ηn(0), θn(0)] = [η∗(0), θ∗(0)] = [η0, θ0] in [H]2, for n = 1, 2, 3, . . . ,

we can apply Main Theorem 5.1 (I-B), to see that:

[ηn, θn] → [η∗, θ∗] in [C(Q)]2, as n→ ∞. (5.5.4)

On account of (5.5.2a), (5.5.3), and (5.5.4), it is computed that:

Jε(u
∗, v∗) =

1

2

∣∣[√Mη(η
∗ − ηad),

√
Mθ(θ

∗ − θad)]
∣∣2
[H ]2

+
1

2

∣∣[√Muu
∗,
√
Mvv

∗]
∣∣2
[H ]2

≤ 1

2
lim
n→∞

∣∣[√Mη(ηn − ηad),
√
Mθ(θn − θad)]

∣∣2
[H ]2

+
1

2
lim
n→∞

∣∣[√Muun,
√
Mvvn]

∣∣2
[H ]2

= lim
n→∞

Jε(un, vn) = Jε (≤ Jε(u
∗, v∗)),

and it implies that
Jε(u

∗, v∗) = min
[u,v]∈[H ]2

Jε(u, v).

Thus, we conclude the item (II-A).
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Proof of Main Theorem 5.2 (II-B) Let ε ∈ [0, 1] and {εn}∞n=1 ⊂ [0, 1] be as in
(5.3.9). Let [η̄ε, θ̄ε] ∈ [H ]2 be the solution to the system (S)ε, for the initial pair [η0, θ0]
and forcing pair [ū, v̄], and let [η̄εn , θ̄εn ] ∈ [H ]2, n = 1, 2, 3, . . ., be the solutions to (S)εn ,
for the respective initial pairs [η0,n, θ0,n], n = 1, 2, 3, . . . , and the fixed forcing pair [ū, v̄].
On this basis, let us first apply Main Theorem 5.1 (I-B) to the solutions [η̄ε, θ̄ε] ∈ [H ]2

and [η̄εn , θ̄εn ] ∈ [H ]2, n = 1, 2, 3, . . .. Then, we have
[η̄εn , θ̄εn ] → [η̄ε, θ̄ε] in [C(Q)]2,

[η̄n(0), θ̄n(0)] = [η0,n, θ0,n]

→ [η0, θ0] = [η̄ε(0), θ̄ε(0)] in [C(Ω)]2,

as n→ ∞, (5.5.5)

and hence,
J sup := sup

n∈N
Jεn(ū, v̄) <∞. (5.5.6)

Next, for any n ∈ N, let us denote by [η∗n, θ
∗
n] ∈ [H ]2 the solution to (S)εn , for the

initial pair [η0,n, θ0,n] and forcing pair [u∗n, v
∗
n]. Then, in the light of (5.5.1) and (5.5.6),

we can see that:

0 ≤ 1

2
|[
√
Muu

∗
n,
√
Mvv

∗
n]|2[H ]2 ≤ Jεn ≤ J sup <∞, for n = 1, 2, 3, . . . .

Therefore, we can find a subsequence {ni}∞i=1 ⊂ {n}, together with a pair of functions
[u∗∗, v∗∗] ∈ [H ]2, such that:

[
√
Muu

∗
ni
,
√
Mvv

∗
ni

] → [
√
Muu

∗∗,
√
Mvv

∗∗] weakly in [H ]2, as i→ ∞,

and as well as,

[Muu
∗
ni
,Mvv

∗
ni

] → [Muu
∗∗,Mvv

∗∗] weakly in [H ]2, as i→ ∞. (5.5.7)

Here, let us denote by [η∗∗, θ∗∗] ∈ [H ]2 the solution to (S)ε, for the initial pair [η0, θ0] and
forcing pair [u∗∗, v∗∗]. Then, applying Main Theorem 5.1 (I-B), again, to the solutions
[η∗∗, θ∗∗] and [η∗ni

, θ∗ni
], i = 1, 2, 3, . . . , we can observe that:

[η∗ni
, θ∗ni

] → [η∗∗, θ∗∗] in [C(Q)]2, as i→ ∞. (5.5.8)

Now, as a consequence of (5.5.5), (5.5.7), and (5.5.8), it is verified that:

Jε(u
∗∗, v∗∗) =

1

2

∣∣[√Mη(η
∗∗ − ηad),

√
Mθ(θ

∗∗ − θad)]
∣∣2
[H ]2

+
1

2

∣∣[√Muu
∗∗,
√
Mvv

∗∗]
∣∣2
[H ]2

≤ 1

2
lim
i→∞

∣∣[√Mη(η
∗
ni
− ηad),

√
Mθ(θ

∗
ni
− θad)]

∣∣2
[H ]2

+
1

2
lim
i→∞

∣∣[√Muu
∗
ni
,
√
Mvv

∗
ni

]
∣∣2
[H ]2

≤ lim
i→∞

Jεni
(u∗ni

, v∗ni
) ≤ lim

i→∞
Jεni

(ū, v̄)

=
1

2
lim
i→∞

∣∣[√Mη(η̄εni
− ηad),

√
Mθ(θ̄εni

− θad)]
∣∣2
[H ]2
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+
1

2

∣∣[√Muū,
√
Mvv̄]

∣∣2
[H ]2

= Jε(ū, v̄).

Since the choice of [ū, v̄] ∈ [H ]2 is arbitrary, we conclude that:

Jε(u
∗∗, v∗∗) = min

[u,v]∈[H ]2
Jε(u, v),

and complete the proof of the item (II-B).

5.6 Proof of main Theorem 5.3

This section is devoted to the proof of Main Theorem 5.3. To this end, we need to start
with the case of ε > 0, and prepare some Lemmas, associated with the Gâteaux differential
of the regular cost function Jε.

Let ε > 0 be a fixed constant, and let [η0, θ0] ∈ V ×V0 be the initial pair, fixed in (A1).
Let us take any forcing pair [u, v] ∈ [H ]2, and consider the unique solution [η, θ] ∈ [H ]2

to the state-system (S)ε. Also, let us take any constant δ ∈ (−1, 1) \ {0} and any pair of
functions [h, k] ∈ [H ]2, and consider another solution [ηδ, θδ] ∈ [H ]2 to the system (S)ε,
for the initial pair [η0, θ0] and a perturbed forcing pair [u+ δh, v + δk]. On this basis, we
consider a sequence of pairs of functions {[χδ, γδ]}δ∈(−1,1)\{0} ⊂ [H ]2, defined as:

[χδ, γδ] :=

[
ηδ − η

δ
,
θδ − θ

δ

]
∈ [H ]2, for δ ∈ (−1, 1) \ {0}. (5.6.1)

This sequence acts a key-role in the computation of Gâteaux differential of the cost func-
tion Jε, for ε > 0.

Remark 5.11. Note that for any δ ∈ (−1, 1) \ {0}, the pair of functions [χδ, γδ] ∈ [H ]2

fulfills the following variational forms:

(∂tχ
δ(t), ϕ)H + (∂xχ

δ(t), ∂xϕ)H

+

∫
Ω

(∫ 1

0

g′(η(t) + ςδχδ(t)) dς

)
χδ(t)ϕdx

+

∫
Ω

(
fε(∂xθ(t))

∫ 1

0

α′′(η(t) + ςδχδ(t)) dς

)
χδ(t)ϕdx

+

∫
Ω

(
α′(ηδ(t))

∫ 1

0

f ′
ε(∂xθ(t) + ςδ∂xγ

δ(t)) dς

)
∂xγ

δ(t)ϕdx

=(Muh(t), ϕ)H , for any ϕ ∈ V , a.e. t ∈ (0, T ), subject to χδ(0) = 0 in H,

and

(α0(t)∂tγ
δ(t), ψ)H + ν2(∂xγ

δ(t), ∂xψ)H

+

∫
Ω

(
α(ηδ(t))

∫ 1

0

f ′′
ε (∂xθ(t) + ςδ∂xγ

δ(t)) dς

)
∂xγ

δ(t)∂xψ dx

+

∫
Ω

(
f ′
ε(∂xθ(t))

∫ 1

0

α′(η(t) + ςδχδ(t)) dς

)
χδ(t)∂xψ dx
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=(Mvk(t), ψ)H , for any ψ ∈ V0, a.e. t ∈ (0, T ), subject to γδ(0) = 0 in H.

In fact, these variational forms are obtained by taking the difference between respective
two variational forms for [ηδ, θδ] and [η, θ], as in Main Theorem 5.1 (I-A), and by using
the following linearization formulas:

1

δ

(
g(ηδ) − g(η)

)
=

(∫ 1

0

g′(η + ςδχδ) dς

)
χδ in H ,

1

δ

(
α′(ηδ)fε(∂xθ

δ) − α′(η)fε(∂xθ)
)

=
1

δ

(
(α′(ηδ) − α′(η))fε(∂xθ)

)
+

1

δ

(
α′(ηδ)(fε(∂xθ

δ) − fε(∂xθ))
)

=

(
fε(∂xθ)

∫ 1

0

α′′(η + ςδχδ) dς

)
χδ

+

(
α′(ηδ)

∫ 1

0

f ′
ε(∂xθ + ςδ∂xγ

δ) dς

)
∂xγ

δ in H ,

and

1

δ

(
α(ηδ)f ′

ε(∂xθ
δ) − α(η)f ′

ε(∂xθ)
)

=
1

δ

(
α(ηδ)(f ′

ε(∂xθ
δ) − f ′

ε(∂xθ))
)

+
1

δ

(
(α(ηδ) − α(η))f ′

ε(∂xθ)
)

=

(
α(ηδ)

∫ 1

0

f ′′
ε (∂xθ + ςδ∂xγ

δ) dς

)
∂xγ

δ

+

(
f ′
ε(∂xθ)

∫ 1

0

α′(η + ςδχδ) dς

)
χδ in H .

Incidentally, the above linearization formulas can be verified as consequences of the as-
sumptions (A1)–(A3) and the mean-value theorem (cf. [54, Theorem 5 in p. 313]).

Now, we verify the following two Lemmas.

Lemma 5.1. Let us fix ε > 0, and assume (A1)–(A3). Then, for any [u, v] ∈ [H ]2, the
cost function Jε admits the Gâteaux derivative J ′

ε(u, v) ∈ [H ]2 (= ([H ]2)∗), such that:(
J ′

ε(u, v),[h, k]
)
[H ]2

=
(
[Mη(η − ηad),Mθ(θ − θad)], P̄ε[Muh,Mvk]

)
[H ]2

+
(
[Muu,Mvv], [h, k]

)
[H ]2

, for any [h, k] ∈ [H ]2. (5.6.2)

In the context, [η, θ] is the solution to the state-system (S)ε, for the initial pair [η0, θ0] and
forcing pair [u, v], and P̄ε : [H ]2 −→ Z is a bounded linear operator, which is given as a
restriction P|{[0,0]}×[H ]2 of the (linear) isomorphism P = P(a, b, µ, λ, ω,A) : [H]2×Y ∗ −→
Z , as in Proposition 5.3, in the case when:

[a, b] = [α0, 0] in W 1,∞(Q) × L∞(Q),

µ = µ̄ε := α′′(η)fε(∂xθ) in L∞(0, T ;H),

[λ, ω,A] = [λ̄ε, ω̄ε, Āε] :=
[
g′(η), α′(η)f ′

ε(∂xθ), α(η)f ′′
ε (∂xθ)

]
in [L∞(Q)]3.

(5.6.3)
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Proof. Let us fix any [u, v] ∈ [H ]2, and take any δ ∈ (−1, 1)\{0} and any [h, k] ∈ [H ]2.
Then, it is easily seen that:

1

δ

(
Jε(u+ δh, v + δk) − Jε(u, v)

)
=

(
Mη

2
(ηδ + η − 2ηad), χδ

)
H

+

(
Mθ

2
(θδ + θ − 2θad), γδ

)
H

(5.6.4)

+

(
Mu

2
(2u+ δh), h

)
H

+

(
Mv

2
(2v + δk), k

)
H

.

Here, let us set: 

µ̄δ
ε := fε(∂xθ)

∫ 1

0

α′′(η + ςδχδ) dς in L∞(0, T ;H),

λ̄δε :=

∫ 1

0

g′(η + ςδχδ) dς in L∞(Q),

ω̄δ
ε := α′(ηδ)

∫ 1

0

f ′
ε(∂xθ + ςδ∂xγ

δ) dς in L∞(Q),

Āδ
ε := α(ηδ)

∫ 1

0

f ′′
ε (∂xθ + ςδ∂xγ

δ) dς in L∞(Q),

(5.6.5a)

and

k̄δε := Mvk + ∂x

[
χδf ′

ε(∂xθ)

∫ 1

0

α′(η + ςδχδ) dς

− χδα′(ηδ)

∫ 1

0

f ′
ε(∂xθ + ςδ∂xγ

δ) dς

]
in V ∗

0 , (5.6.5b)

for all δ ∈ (−1, 1) \ {0}.

Then, in the light of Remark 5.11, one can say that:

[χδ, γδ] = P̄δ
ε [Muh, k̄

δ
ε ] in Z , for δ ∈ (−1, 1) \ {0},

by using the restriction P̄δ
ε := P|{[0,0]}×Y ∗ : Y ∗ −→ Z of the (linear) isomorphism

P = P(a, b, µ, λ, ω,A) : [H]2 × Y ∗ −→ Z , as in Proposition 5.3, in the case when:{
[a, b, λ, ω, A] = [α0, 0, λ̄

δ
ε, ω̄

δ
ε , Ā

δ
ε] in W 1,∞(Q) × [L∞(Q)]4,

µ = µ̄δ
ε in L∞(0, T ;H), for δ ∈ (−1, 1) \ {0}.

Besides, taking into account (5.1.3), (5.6.5), (A2), (A3), and Remarks 5.1 and 5.5, we
have:

C̄∗
0 :=

81(1 + ν2)

min{1, ν2, inf α0(Q)}
(
1 + |α0|W 1,∞(Q) + |g′|L∞(R) + |α′|L∞(R)

)
(5.6.6a)

≥ 81(1 + ν2)

min{1, ν2, inf α0(Q)}
sup

0<|δ|<1

{
1 + |α0|W 1,∞(Q) + |λ̄δε|L∞(Q) + |ω̄δ

ε |L∞(Q)

}
,

and ∣∣〈[Muh(t), k̄δε(t)], [ϕ, ψ]
〉
V×V0

∣∣ ≤ |〈Muh(t), ϕ〉V | + |〈k̄δε(t), ψ〉V0 |
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≤ |Muh(t)|H |ϕ|H + |Mvk(t)|H |ψ|H + 2|α′|L∞(R)|χδ(t)|H |∂xψ|H
≤Mu|h(t)|H |ϕ|V +

(√
2Mv|k(t)|H + 2|α′|L∞(R)|χδ(t)|H

)
|ψ|V0 , (5.6.6b)

for a.e. t ∈ (0, T ), any [ϕ, ψ] ∈ V × V0, and any δ ∈ (−1, 1) \ {0},

so that ∣∣[Muh(t), k̄δε(t)]
∣∣2
V ∗×V ∗

0
≤ C̄∗

1

(∣∣[h(t), k(t)]
∣∣2
[H]2

+ |χδ(t)|2H
)
,

for a.e. t ∈ (0, T ), and any δ ∈ (−1, 1) \ {0}, (5.6.6c)

with a positive constant C̄∗
1 := 4

(
M2

u +M2
v + |α′|2L∞(R)

)
.

Now, having in mind (5.6.6), let us apply Proposition 5.2 to the case when:
[a1, b1, µ1, λ1, ω1, A1] = [a2, b2, µ2, λ2, ω2, A2] = [α0, 0, µ

δ
ε, λ̄

δ
ε, ω̄

δ
ε , Ā

δ
ε],

[p10, z
1
0 ] = [p20, z

2
0 ] = [0, 0], [h1, k1] = [Muh, k̄

δ
ε ], [h2, k2] = [0, 0],

[p1, z1] = [χδ, γδ] = P̄δ
ε [Muh, k̄

δ
ε ], [p2, z2] = [0, 0] = P̄δ

ε [0, 0],

for δ ∈ (−1, 1) \ {0}.

Then, we estimate that:

d

dt

(
|χδ(t)|2H + |

√
α0(t)γ

δ(t)|2H
)

+
(
|χδ(t)|2V + ν2|γδ(t)|2V0

)
≤ 3C̄∗

0

(
|χδ(t)|2H + |

√
α0(t)γ

δ(t)|2H
)

+ 2C̄∗
0

(
|Muh(t)|2V ∗ + |k̄δε(t)|2V ∗

0

)
≤ 3C̄∗

0(1 + C̄∗
1)
(
|χδ(t)|2H + |

√
α0(t)γ

δ(t)|2H
)

+ 2C̄∗
0 C̄

∗
1

(
|h(t)|2H + |k(t)|2H

)
,

for a.e. t ∈ (0, T ),

and subsequently, by using (A3) and Gronwall’s lemma, we observe that:

(? 1) the sequence {[χδ, γδ]}δ∈(−1,1)\{0} is bounded in [C([0, T ];H)]2 ∩ Y .

Meanwhile, as consequences of (5.6.1), (5.6.3)–(5.6.6), (? 1), (A1)–(A3), Main The-
orem 5.1, Remark 5.6, and Lebesgue’s dominated convergence theorem, one can find a
sequence {δn}∞n=1 ⊂ R, such that:

0 < |δn| < 1, and δn → 0, as n→ ∞, (5.6.7a)


[δnχ

δn , δnγ
δn ] = [ηδn − η, θδn − θ] → [0, 0]

in [C(Q)]2, and in Y ,

[δn∂xχ
δn , δn∂xγ

δn ] = [∂x(ηδn − η), ∂x(θδn − θ)] → [0, 0]

in [H ]2, and in the pointwise sense a.e. in Q,

as n→ ∞, (5.6.7b)

[λ̄δnε ,ω̄
δn
ε , Ā

δn
ε ] → [λ̄ε, ω̄ε, Āε] weakly-∗ in [L∞(Q)]3,

and in the pointwise sense a.e. in Q, as n→ ∞, (5.6.7c)
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{
µ̄δn
ε → µ̄ε weakly-∗ in L∞(0, T ;H),

µ̄δn
ε (t) → µ̄ε(t) in H, for a.e. t ∈ (0, T ),

as n→ ∞, (5.6.7d)

and

〈k̄δnε −Mvk, ψ〉V0 = −
(
χδn , f ′

ε(∂xθ)
( ∫ 1

0

α′(η + ςδnχ
δn) dς

)
∂xψ

)
H

+

(
χδn , α′(ηδn)

( ∫ 1

0

f ′
ε(∂xθ + ςδn∂xγ

δn) dς
)
∂xψ

)
H

(5.6.7e)

→ 0, as n→ ∞.

On account of (5.6.1) and (5.6.3)–(5.6.7), we can apply Proposition 5.4 (B), and can
see that:

[χδn ,γδn ] = P̄δn
ε [Muh, k̄

δn
ε ] → [χ, γ] := P̄ε[Muh,Mvk] in [H ]2, weakly in Y ,

and weakly in W 1,2(0, T ;V ∗) ×W 1,2(0, T ;V ∗
0 ), as n→ ∞. (5.6.8)

Since the uniqueness of the solution [χ, γ] = P̄ε[Muh,Mvk] is guaranteed by Proposition
5.1, the observations (5.6.4), (5.6.7), and (5.6.8) enable us to compute the directional
derivative D[h,k]Jε(u, v) ∈ R, as follows:

D[h,k]Jε(u, v) := lim
δ→0

1

δ

(
Jε(u+ δh, v + δk) − Jε(u, v)

)
=
(
[Mη(η − ηad),Mθ(θ − θad)], P̄ε[Muh,Mvk]

)
[H ]2

+
(
[Muu,Mvv], [h, k]

)
[H ]2

,

for any [u, v] ∈ [H ]2, and any direction [h, k] ∈ [H ]2.

Moreover, with Proposition 5.3 and Riesz’s theorem in mind, we deduce the existence of
the Gâteaux derivative J ′

ε(u, v) ∈ ([H ]2)∗ (= [H ]2) at [u, v] ∈ [H ]2, i.e.:(
J ′

ε(u, v), [h, k]
)
[H ]2

= D[h,k]Jε(u, v), for every [u, v], [h, k] ∈ [H ]2.

Thus, we conclude this lemma with the required property (5.6.2).

Lemma 5.2. Under the assumptions (A1)–(A3), let [u∗ε, v
∗
ε ] ∈ [H ]2 be an optimal control

of the problem (OP)ε, and let [η∗ε , θ
∗
ε ] be the solution to the system (S)ε, for the initial

pair [η0, θ0] and forcing pair [u∗ε, v
∗
ε ]. Also, let P∗

ε : [H ]2 −→ Z be the bounded linear
operator, defined in Remark 5.7, with the use of the solution [η∗ε , θ

∗
ε ]. Let Pε : [H ]2 −→ Z

be a bounded linear operator, which is defined as a restriction P|{[0,0]}×[H ]2 of the linear
isomorphism P = P(a, b, µ, λ, ω,A) : [H]2 ×Y ∗ −→ Z , as in Proposition 5.3, in the case
when: 

[a, b] = [α0, 0] in W 1,∞(Q) × L∞(Q),

µ = α′′(η∗ε)fε(∂xθ
∗
ε) in L∞(0, T ;H),

[λ, ω,A] =
[
g′(η∗ε), α′(η∗ε)f ′

ε(∂xθ
∗
ε), α(η∗ε)f ′′

ε (∂xθ
∗
ε)
]

in [L∞(Q)]3.

(5.6.9)

Then, the operators P∗
ε and Pε have a conjugate relationship, in the following sense:(
P∗

ε [u, v], [h, k]
)
[H ]2

=
(
[u, v],Pε[h, k]

)
[H ]2

,

for all [h, k], [u, v] ∈ [H ]2.
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Proof. Let us fix arbitrary pairs of functions [h, k], [u, v] ∈ [H ]2, and let us put:

[χε, γε] := Pε[h, k] and [pε, zε] := P∗
ε [u, v], in [H ]2.

Then, invoking Proposition 5.1, and the settings as in (5.3.18) and (5.6.9), we compute
that:(

P∗
ε [u, v], [h, k]

)
[H ]2

=

∫ T

0

(
pε(t), h(t)

)
H
dt+

∫ T

0

(
zε(t), k(t)

)
H
dt

=

∫ T

0

〈h(t), pε(t)〉V dt+

∫ T

0

〈k(t), zε(t)〉V0 dt

=

∫ T

0

[ 〈
∂tχε(t), pε(t)

〉
V

+
(
∂xχε(t), ∂xpε(t)

)
H

+
(
α′′(η∗ε(t))fε(∂xθ

∗
ε(t))χε(t), pε(t)

)
H

+
(
g′(η∗ε(t))χε(t), pε(t)

)
H

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))∂xγε(t), pε(t)

)
H

]
dt

+

∫ T

0

[ 〈
α0(t)∂tγε(t), zε(t)

〉
V0

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))χε(t), ∂xzε(t)

)
H

+
(
α(η∗ε(t))f ′′

ε (∂xθ
∗
ε(t))∂xγε(t), ∂xzε(t)

)
H

+ ν2
(
∂xγε(t), ∂xzε(t)

)
H

]
dt

=
(
pε(T ), χε(T )

)
H
−
(
pε(0), χε(0)

)
H

+

∫ T

0

[ 〈
−∂tpε(t), χε(t)

〉
V

+
(
∂xpε(t), ∂xχε(t)

)
H

+
(
α′′(η∗ε(t))fε(∂xθ

∗
ε(t))pε(t), χε(t)

)
H

+
(
g′(η∗ε(t))pε(t), χε(t)

)
H

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))∂xzε(t), χε(t)

)
H

]
dt

+
(
α0(T )zε(T ), γε(T )

)
H
−
(
α0(0)zε(0), γε(0)

)
H

+

∫ T

0

[ 〈
−∂t

(
α0zε)(t), γε(t)

〉
V0

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))pε(t), ∂xγε(t)

)
H

+
(
α(η∗ε(t))f ′′

ε (∂xθ
∗
ε(t))∂xzε(t), ∂xγε(t)

)
H

+ ν2
(
∂xzε(t), ∂xγε(t)

)
H

]
dt

=(u, χε)H + (v, γε)H =
(
[u, v],Pε[h, k]

)
[H ]2

.

Remark 5.12. Note that the operator Pε ∈ L ([H ]2; Z ), as in Lemma 5.2, corresponds
to the operator P̄ε ∈ L ([H ]2; Z ), as in the previous Lemma 5.1, under the special setting
(5.6.9).

Now, we are ready to prove the Main Theorem 5.3.
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Proof of (III-A) of Main Theorem 5.3. Let [u∗ε, v
∗
ε ] ∈ [H ]2 be the optimal control

of (OP)ε, with the solution [η∗ε , θ
∗
ε ] ∈ [H ]2 to the system (S)ε for the initial pair [η0, θ0],

as in (A1), and forcing pair [u∗ε, v
∗
ε ], and let Pε,P∗

ε ∈ L ([H ]2; Z ) be the two operators
as in Lemma 5.2. Then, on the basis of the previous Lemmas 5.1 and 5.2, Main Theorem
5.3 (III-A) will be demonstrated as follows:

0 = (J ′
ε(u

∗
ε, v

∗
ε), [h, k])[H ]2 = lim

δ→0

1

δ

(
Jε(u

∗
ε + δh, v∗ε + δk) − Jε(u

∗
ε, v

∗
ε)
)

=
(
[Mη(η

∗
ε − ηad),Mθ(θ

∗
ε − θad)],Pε[Muh,Mvk]

)
[H ]2

+
(
[Muu

∗
ε,Mvv

∗
ε ], [h, k]

)
[H ]2

=
(
P∗

ε [Mη(η
∗
ε − ηad),Mθ(θ

∗
ε − θad)], [Muh,Mvk]

)
[H ]2

+
(
[Muu

∗
ε,Mvv

∗
ε ], [h, k]

)
[H ]2

=
(
[Mup

∗
ε,Mvz

∗
ε ], [h, k]

)
[H ]2

+
(
[Muu

∗
ε,Mvv

∗
ε ], [h, k]

)
[H ]2

=
(
[Mu(p∗ε + u∗ε),Mv(z

∗
ε + v∗ε)], [h, k]

)
[H ]2

, for any [h, k] ∈ [H ]2.

Proof of (III-B) of Main Theorem 5.3. Let [η0, θ0] ∈ V × V0 be the fixed initial
pair as in (A1). For any ε > 0, let [u∗ε, v

∗
ε ] ∈ [H ]2, [η∗ε , θ

∗
ε ] ∈ [H ]2, and [p∗ε, z

∗
ε ] ∈ Z be

as in Main Theorem 5.3 (III-A). Then, by Main Theorem 5.2 (II-B), we find an optimal
control [u◦, v◦] ∈ [H ]2 of (OP)0, with a zero-convergent sequence {εn}∞n=1 ⊂ (0, 1), such
that:

[u∗n, v
∗
n] := [u∗εn , v

∗
εn ] → [u◦, v◦] weakly in [H ]2, as n→ ∞. (5.6.10a)

Let [η◦, θ◦] ∈ [H ]2 be the solution to (S)0, for the initial pair [η0, θ0] and forcing pair
[u◦, v◦]. Then, having in mind Main Theorem 5.1 (I-B) and Remark 5.6, we can find a
subsequence of {εn}∞n=1 (not relabeled) and a function ν◦ ∈ L∞(Q), such that:

[η∗n, θ
∗
n] := [η∗εn , θ

∗
εn ] → [η◦, θ◦] in [C(Q)]2, in Y ,

and weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), as n→ ∞, (5.6.10b)

[∂xηn, ∂xθn] → [∂xη
◦, ∂xθ

◦] in [H ]2,

and in the pointwise sense a.e. in Q, as n→ ∞, (5.6.10c)



µ∗
n := α′′(η∗n)fεn(∂xθ

∗
n) → µ◦ := α′′(η◦)|∂xθ◦|

weakly-∗ in L∞(0, T ;H),

and in the pointwise sense a.e. in Q,

µ∗
n(t) → µ◦(t) in H,

and in the pointwise sense for a.e. t ∈ (0, T ),

as n→ ∞, (5.6.10d)

λ∗n := g′(η∗n) → λ◦ := g′(η◦) in C(Q), as n→ ∞, (5.6.10e)

{
f ′
εn(∂xθ

∗
n) → ν◦ weakly-∗ in L∞(Q), as n→ ∞,

|ν◦| ≤ 1 a.e. in Q,
(5.6.10f)
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and

ω∗
n := α′(η∗n)f ′

εn(∂xθ
∗
n) → α′(η◦)ν◦ weakly-∗ in L∞(Q), as n→ ∞. (5.6.10g)

Besides, from (5.6.10c), (5.6.10f), Remark 5.3 (Fact 1) and (Fact 2), and [18, Proposition
2.16], one can see that:

ν◦ ∈ ∂f0(∂xθ
◦) = Sgn1(∂xθ

◦) a.e. in Q. (5.6.11)

Next, let us put:{
[p∗n, z

∗
n] := [p∗εn , z

∗
εn ] in [H ]2,

A∗
n := α(η∗n)f ′′

εn(∂xθ
∗
n) in L∞(Q),

n = 1, 2, 3, . . . .

Then, from (5.3.10)–(5.3.13), and (5.3.19), it follows that:

[Mu(u∗n + p∗n),Mv(v
∗
n + z∗n)] = [0, 0] in [H ]2, n = 1, 2, 3, . . . , (5.6.12a)〈

−∂tp∗n, ϕ
〉

V
+
(
∂xp

∗
n, ∂xϕ

)
H

+
(
µ∗
np

∗
n, ϕ
)

H
+
(
λ∗np

∗
n + ω∗

n∂xz
∗
n, ϕ
)

H

=
(
Mη(η

∗
n − ηad), ϕ

)
H
, for any ϕ ∈ V , n = 1, 2, 3, . . . , (5.6.12b)〈

−α0∂tz
∗
n, ψ
〉

V0
+
(
(−∂tα0)z

∗
n, ψ
)

H
+
(
A∗

n∂xz
∗
n + ν2∂xz

∗
n + ω∗

np
∗
n, ∂xψ

)
H

=
(
Mθ(θ

∗
n − θad), ψ

)
H
, for any ψ ∈ V0, n = 1, 2, 3, . . . , (5.6.12c)

and
[p∗n(T ), z∗n(T )] = [0, 0] in [H]2, n = 1, 2, 3, . . . . (5.6.12d)

Here, invoking the operators Q∗
ε ∈ L ([H ]2; Z ) and RT ∈ L ([H ]2) as in Remark 5.7,

we apply Proposition 5.2 to the case when:

[a1, b1, µ1, λ1, ω1, A1] = [a2, b2, µ2, λ2, ω2, A2]

= RT [α0,−∂tα0, µ
∗
n, λ

∗
n, ω

∗
n, A

∗
n],

[p10, z
1
0 ] = [p20, z

2
0 ] = [0, 0],

[h1, k1] = [RT

(
Mη(η

∗
n − ηad)

)
,RT

(
Mθ(θ

∗
n − θad)

)
], [h2, k2] = [0, 0],

[p1, z1] = Q∗
εn

[
RT [Mη(η

∗
n − ηad),Mθ(θ

∗
n − θad)]

]
,

[p2, z2] = [0, 0] = Q∗
εn

[
RT [0, 0]

]
,

for n ∈ N.

Then, with use of the constant C̄∗
0 as in (5.6.6a), we deduced that:

d

dt

(∣∣(RTp
∗
n)(t)

∣∣2
H

+
∣∣RT

(√
α0z

∗
n

)
(t)
∣∣2
H

)
+
(∣∣(RTp

∗
n)(t)

∣∣2
V

+ ν2
∣∣(RT z

∗
n)(t)

∣∣2
V0

)
≤ 3C̄∗

0

(∣∣(RTp
∗
n)(t)

∣∣2
H

+
∣∣RT

(√
α0z

∗
n

)
(t)
∣∣2
H

)
+ 2C̄∗

0

(∣∣RT

(
Mη(η

∗
n − ηad)

)
(t)
∣∣2
V ∗ +

∣∣RT

(
Mθ(θ

∗
n − θad)

)
(t)
∣∣2
V ∗
0

)
, (5.6.13)

for a.e. t ∈ (0, T ), n = 1, 2, 3, . . . .

As a consequence of (5.6.6a), (5.6.10b), (5.6.13), (A3), and Gronwall’s lemma, it is ob-
served that:
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(? 2) the sequence {[p∗n, z
∗
n]}∞n=1 is bounded in [C([0, T ];H)]2 ∩ Y .

Furthermore, from (5.1.1), (5.1.3), (5.6.10d), (5.6.10e), (5.6.10g), (5.6.12b), (5.6.12c),
and (A3), we can derive the following estimates:∣∣〈∂tp∗n, ϕ〉V ∣∣ ≤ ∣∣(µ∗

np
∗
n, ϕ
)

H

∣∣+
∣∣(∂xp∗n, ∂xϕ)H ∣∣

+
∣∣(λ∗np∗n + ω∗

n∂xz
∗
n, ϕ
)

H

∣∣+
∣∣(Mη(η

∗
n − ηad), ϕ

)
H

∣∣ (5.6.14)

≤ C∗
1 |ϕ|V , for any ϕ ∈ V , n = 1, 2, 3, . . . ,

and ∣∣〈−∂x(A∗
n∂xz

∗
n), ψ

〉
W0

∣∣ =
∣∣(A∗

n∂xz
∗
n, ∂xψ

)
H

∣∣
≤
∣∣(α0z

∗
n, ∂tψ

)
H

∣∣+
∣∣(ν2∂xz∗n + ω∗

np
∗
n, ∂xψ

)
H

∣∣+
∣∣(Mθ(θ

∗
n − θad), ψ

)
H

∣∣ (5.6.15)

≤ C∗
2 |ψ|W0 , for any ψ ∈ C∞

c (Q), n = 1, 2, 3, . . . ,

with n-independent positive constants:

C∗
1 := 2 sup

n∈N

{
(1 + |µ∗

n|L∞(0,T ;H) + |λ∗n|L∞(Q) + |ω∗
n|L∞(Q))

·
(∣∣[p∗n, z∗n]

∣∣
Y

+
∣∣Mη(η

∗
n − ηad)

∣∣
H

) }
(<∞),

and

C∗
2 := 2 sup

n∈N

{
(1 + ν2 + |α0|L∞(Q) + |ω∗

n|L∞(Q))

·
(∣∣[p∗n, z∗n]

∣∣
Y

+
∣∣Mθ(θ

∗
n − θad)

∣∣
H

) } (<∞),

respectively.
Due to (5.6.10e)–(5.6.10g), (5.6.14), (5.6.15), (? 2), and the compactness theory of

Aubin’s type (cf. [83, Corollary 4]), we can find subsequences of {[p∗n, z
∗
n]}∞n=1 ⊂ Y ,

{ω∗
n∂xz

∗
n}∞n=1 ⊂ H , and {−∂x(A∗

n∂xz
∗
n)}∞n=1 ⊂ W ∗

0 (not relabeled), together with the
respective limits [p◦, z◦] ∈ Y , ξ◦ ∈ H , and ζ◦ ∈ W ∗

0 , such that:
[p∗n, z

∗
n] → [p◦, z◦] weakly in Y ,

p∗n → p◦ in H , weakly in W 1,2(0, T ;V ∗),

and in the pointwise sense a.e. in Q,

as n→ ∞, (5.6.16a)

λ
∗
np

∗
n → λ◦p◦ in H ,

ω∗
np

∗
n → α′(η◦)ν◦p◦ weakly in H ,

as n→ ∞, (5.6.16b)

ω∗
n∂xz

∗
n → ξ◦ weakly in H , as n→ ∞, (5.6.16c)

and

−∂x(A∗
n∂xz

∗
n) → ζ◦ weakly in W ∗

0 , as n→ ∞. (5.6.16d)

Now, the properties (5.3.14)–(5.3.17) will be verified through the limiting observations
for (5.6.12a)–(5.6.12d), as n→ ∞, with use of (5.6.10) and (5.6.16).

Thus, we complete the proof.
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5.7 Appendix

The objective of the Appendix is to reorganize the general theory of nonlinear evolution
equation, which enables us to handle the state-systems (S)ε, for all ε ≥ 0 in a unified
fashion.

In what follows, let X be an abstract Hilbert space. On this basis, the general theory
will be stated by considering two Lemmas, and the proofs will be modified (mixed and
reduced) versions of the existing theories, such as [14,18,39].

Lemma 5.3. Let {A0(t) | t ∈ [0, T ]} ⊂ L (X) be a class of time-dependent bounded linear
operators, let G0 : X −→ X be a given nonlinear operator, and let Ψ0 : X −→ [0,∞] be
a non-negative, proper, l.s.c., and convex function, fulfilling the following conditions:

(cp.0) A0(t) ∈ L (X) is positive and selfadjoint, for any t ∈ [0, T ], and it holds that

(A0(t)w,w)X ≥ κ0|w|2X , for any w ∈ X,

with some constant κ0 ∈ (0, 1), independent of t ∈ [0, T ] and w ∈ X.

(cp.1) A0 : [0, T ] −→ L (X) is Lipschitz continuous, so that A0 admits the (strong)
time-derivative A′

0(t) ∈ L (X) a.e. in (0, T ), and

A∗
T := ess sup

t∈(0,T )

{
max{|A0(t)|L (X), |A′

0(t)|L (X)}
}
<∞;

(cp.2) G0 : X −→ X is a Lipschitz continuous operator with a Lipschitz constant L0,

and G0 has a C1-potential functional Ĝ0 : X −→ R, so that the Gâteaux derivative
Ĝ ′
0(w) ∈ X∗ (= X) at any w ∈ X coincides with G0(w) ∈ X;

(cp.3) Ψ0 ≥ 0 on X, and the sublevel set
{
w ∈ X

∣∣Ψ0(w) ≤ r
}

is compact in X, for any
r ≥ 0.

Then, for any initial data w0 ∈ D(Ψ0) and a forcing term f0 ∈ L2(0, T ;X), the following
Cauchy problem of evolution equation:

(CP)

{
A0(t)w

′(t) + ∂Ψ0(w(t)) + G0(w(t)) 3 f0(t) in X, t ∈ (0, T ),

w(0) = w0 in X;

admits a unique solution w ∈ L2(0, T ;X), in the sense that:

w ∈ W 1,2(0, T ;X), Ψ0(w) ∈ L∞(0, T ), (5.7.1)

and (
A0(t)w

′(t) + G0(w(t)) − f0(t), w(t) −$
)
X

+ Ψ0(w(t)) ≤ Ψ0($),
for any $ ∈ D(Ψ0), a.e. t ∈ (0, T ).

(5.7.2)

Moreover, both t ∈ [0, T ] 7→ Ψ0(w(t)) ∈ [0,∞) and t ∈ [0, T ] 7→ Ĝ0(w(t)) ∈ R are
absolutely continuous functions in time, and

|A0(t)
1
2w′(t)|2X +

d

dt

(
Ψ0(w(t)) + Ĝ0(w(t))

)
= (f0(t), w

′(t))X ,

for a.e. t ∈ (0, T ).
(5.7.3)
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Remark 5.13. Under the assumptions (cp.0) and (cp.1), it is easily verified that:

d

dt

(
A0(t)w(t), $(t)

)
X

=
(
A0(t)w(t), $′(t)

)
X

+
(
A′

0(t)w(t), $(t)
)
X

+
(
A0(t)w

′(t), $(t)
)
X
,

for a.e. t ∈ (0, T ), and all w,$ ∈ W 1,2(0, T ;X).

Additionally, we can identify A0 ∈ L (L2(0, T ;X)), and for arbitrary functions w,$ ∈
L2(0, T ;X) and arbitrary sequences {wn}∞n=1, {$n}∞n=1 ⊂ L2(0, T ;X), we can compute
that: (

A0wn, $n

)
L2(0,T ;X)

=
(
wn,A0$n

)
L2(0,T ;X)

→
(
w,A0$

)
L2(0,T ;X)

=
(
A0w,$

)
L2(0,T ;X)

, as n→ ∞,

if $n → $ in L2(0, T ;X), and wn → w weakly in L2(0, T ;X),
as n→ ∞.

Remark 5.14. Note that the assumptions (cp.2) and (cp.3) imply that the potential Ĝ0

is the so-called λ-convex functional. More precisely, for every L > L0, the functional:

F̂L : w ∈ X 7→ F̂L(w) := Ĝ0(w) + L|w|2X + Ĉ0 ∈ R,

with a constant Ĉ0 := |Ĝ0(0)| +
|G0(0)|2X

2L0

; (5.7.4)

is nonnegative, strictly convex, and coercive on X. Indeed, from the assumption (cp.2),

we immediately see the strictly monotonicity property of the Gâteaux differential F̂ ′
L ∈

L (X), as follows:

(F̂ ′
L(w1) − F̂ ′

L(w2), w1 − w2)X = (G0(w
1) − G0(w

2), w1 − w2)X + 2L|w1 − w2|2X
≥ (2L− L0)|w1 − w2|2X > 0, if wℓ ∈ X, ` = 1, 2, w1 6= w2, and L > L0.

Hence, for every L > L0, F̂L is strictly convex on X (cf. [70, Theorem B in p. 99]).
Moreover, with use of the mean-value theorem (cf. [54, Theorem 5 in p. 313]), one can

verify the non-negativity and coercivity of F̂L as follows:

F̂L(w) = Ĝ0(0) +

(∫ 1

0

G0(ςw) dς, w

)
X

+
(
L|w|2X + Ĉ0

)
≥ − |Ĝ0(0)| − L0|w|2X

∫ 1

0

ς dς +
(
G0(0), w

)
X

+
(
L|w|2X + Ĉ0

)
≥ (L− L0)|w|2X ≥ 0, for all w ∈ X.

Proof of Lemma 5.3. The existence result for the problem (CP) can be proved by
means of standard time-discretization method, applied to the following iteration scheme:

1

τn
A0,i(wi − wi−1) + 2L(wi − wi−1) + ∂Ψ0(wi) + G0(wi) 3 f0,i in X,

for i = 1, . . . , n, starting from the initial data w0 ∈ D(Ψ0).
(5.7.5)
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In the context, n ∈ N is a given (large) number, τn := T/n is the time-step-size, {ti}ni=0 :=
{iτn}ni=0 is the partition of the time-interval [0, T ], and

A0,i := A0(ti) in L (X), i = 0, 1, . . . , n,

f0,i :=
1

τn

∫ ti

ti−1

f0(τ) dτ in X, i = 1, . . . , n.
(5.7.6)

Here, let us set:
[ŵ]n(t) := χ(−∞,0](t)w0 +

n∑
i=1

χ(ti−1,ti](t)

(
wi +

t− ti
τn

(wi − wi−1)

)
in X,

[w]n(t) := χ(−∞,0](t)w0 +
n∑

i=1

χ(ti−1,ti](t)wi in X,

for all t ∈ [0,∞), and n = 1, 2, 3, . . . ,

and 
[A0]n := χ(−∞,0](t)A0,0 +

n∑
i=1

χ(ti−1,ti](t)A0,i in L (X),

[ f0]n(t) :=
n∑

i=1

χ(ti−1,ti](t) f0,i in X,

for all t ∈ [0,∞), and n = 1, 2, 3, . . . .

Then, it is easily checked from (5.7.6), (cp.1), and f0 ∈ L2(0, T ;X) that{
[A0]n → A0 in C([0, T ]; L (X)),

[ f0]n → f0 in L2(0, T ;X),
as n→ ∞. (5.7.7)

Now, let us fix a constant L > L0, and take n ∈ N so large to satisfy (5L+A∗
T )τn < κ0

(< 1). Then, the existence and uniqueness of the scheme (5.7.5) will be reduced to those
of the minimization problems for the following proper, l.s.c., strictly convex, and coercive
functions:

$ ∈ X 7→ 1

2τn
|A

1
2
0,i($ − wi−1)|2X + Ψ0($) + F̂L($)

+ L|$ − wi−1|2X − L|$|2X − Ĉ0 − (f0,i, $)X ∈ (−∞,∞], i = 1, . . . , n.

On this basis, let us multiply the both sides of the scheme (5.7.5) by wi −w0. Then, as a
consequence of (cp.0)–(cp.3), Remark 5.14, and Young’s inequality, we infer that:

1

2τn

(∣∣A 1
2
0,i(wi − w0)

∣∣2
X
−
∣∣A 1

2
0,i−1(wi−1 − w0)

∣∣2
X

)
≤ 5L+ A∗

T

κ0

( ∣∣A 1
2
0,i(wi − w0)

∣∣2
X

+
∣∣A 1

2
0,i−1(wi−1 − w0)

∣∣2
X

2

)
(5.7.8)

+
1 + 2L2

2L

(
|f0,i|2X + |w0|2X + Ψ0(w0) + F̂L(w0)

)
, for i = 1, . . . , n;
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via the following calculations:(
1

τn
A0,i(wi − wi−1), wi − w0

)
X

≥ 1

2τn

(∣∣A 1
2
0,i(wi − w0)

∣∣2
X
−
∣∣A 1

2
0,i(wi−1 − w0)

∣∣2
X

)
=

1

2τn

(∣∣A 1
2
0,i(wi − w0)

∣∣2
X
−
∣∣A 1

2
0,i−1(wi−1 − w0)

∣∣2
X

)
− 1

2

(
1

τn
(A0,i −A0,i−1)(wi−1 − w0), wi−1 − w0

)
X

≥ 1

2τn

(∣∣A 1
2
0,i(wi − w0)

∣∣2
X
−
∣∣A 1

2
0,i−1(wi−1 − w0)

∣∣2
X

)
− A∗

T

2
|wi−1 − w0|2X ,

(
w∗

i , wi − w0

)
X
≥ Ψ0(wi) − Ψ0(w0),

with w∗
i := f0,i −

1

τn
A0,i(wi − wi−1) − 2L(wi − wi−1) − G0(wi) ∈ ∂Ψ0(wi), (5.7.9)

(
2L(wi−wi−1), wi − w0

)
X

+
(
G0(wi), wi − w0

)
X

=
(
F̂ ′

L(wi), wi − w0

)
X
− 2L(wi−1, wi − w0)X

≥ F̂L(wi) − F̂L(w0) − 2L|wi − w0|X |wi−1 − w0|X − 2L|w0|X |wi − w0|X
≥ F̂L(wi) − F̂L(w0) − 2L|wi − w0|2X − L|wi−1 − w0|2X − L|w0|2X ,

(f0,i, wi − w0)X ≤ L

2
|wi − w0|2X +

1

2L
|f0,i|2X ,

and

|wi − w0|2X ≤ 1

κ0

(
A0,i(wi − w0), wi − w0

)
X

=
1

κ0

∣∣A 1
2
0,i(wi − w0)

∣∣2
X
, for i = 1, . . . , n.

So, applying the discrete version of Gronwall’s lemma (cf. [25, Section 3.1]) to (5.7.8),
and having in mind (5.7.7), it is observed that:∣∣A 1

2
0,i(wi − w0)

∣∣2
X

≤ 1 + 2L2

L
e

4T (A∗
T+5L)

κ0

(
sup
n∈N

∣∣[ f0]n∣∣2L2(0,T ;X)
+ T (|w0|2X + Ψ0(w0) + F̂L(w0))

)
=: r∗0 <∞, for i = 1, . . . , n,

and

|wi|2X ≤ 2

(
|w0|2X +

1

κ0
|A

1
2
0,i(wi − w0)|2X

)
≤ 2

(
|w0|2X +

r∗0
κ0

)
=: r∗1 <∞, for i = 1, . . . , n. (5.7.10)
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Additionally, multiplying the both sides of (5.7.5) by wi − wi−1, and using (cp.0)–(cp.3)
and (5.7.10), we infer that:

κ0
2τn

|wi − wi−1|2X +
(
Ψ0(wi) + F̂L(wi)

)
−
(
Ψ0(wi−1) + F̂L(wi−1)

)
≤ 1 + 4L2

κ0
· τn
(
r∗1 + |f0,i|2X

)
, for i = 1, . . . , n, (5.7.11)

via the following calculations:(
w∗

i , wi − wi−1

)
X

+ 2L|wi − wi−1|2X +
(
G0(wi), wi − wi−1

)
X

≥ Ψ0(wi) − Ψ0(wi−1) +
(
F̂ ′

L(wi), wi − wi−1

)
X
− 2L(wi−1, wi − wi−1)X

≥
(
Ψ0(wi) + F̂L(wi)

)
−
(
Ψ0(wi−1) + F̂L(wi−1)

)
− κ0

4τn
|wi − wi−1|2X − 4L2

κ0
· τnr∗1,

with the element w∗
i ∈ ∂Ψ0(wi), as in (5.7.9),

and

(f0,i, wi − wi−1)X ≤ κ0
4τn

|wi − wi−1|2X +
1

κ0
· τn|f0,i|2X , for i = 1, . . . , n.

So, summing up (5.7.11), for i = 1, . . . , n, and invoking (5.7.7), we can derive the following
estimate:

κ0
2

∫ t

0

∣∣[ŵ]′n(ς)
∣∣2
X
dς + Ψ0([w]n(t)) + F̂L([w]n(t))

≤ Ψ0(w0) + F̂L(w0) +
1 + 4L2

κ0

(
Tr∗1 + sup

n∈N

∣∣[ f0]n∣∣2L2(0,T ;X)

)
=: r∗2 <∞, for all t ∈ [0, T ], and n = 1, 2, 3, . . . .

This estimate enable us to say that:

(? 3) {[ŵ]n}∞n=1 is bounded in W 1,2(0, T ;X), and {[w]n}∞n=1 is bounded in L∞(0,
T ;X);

(? 4)
{

[w]n(t), [ŵ]n(t)
∣∣ t ∈ [0, T ], n = 1, 2, 3, . . .

}
is contained in a compact sublevel set{

$ ∈ X
∣∣Ψ0($) ≤ r∗2

}
.

By virtue of (? 3) and (? 4), we can apply the general theories of compactness, such as
Ascoli’s and Alaoglu’s theorems (cf. [83, Corollary 4], [86, Section 1.2], and so on), and
we can find a limit function w ∈ W 1,2(0, T ;X) for some subsequences of {[ŵ]n}∞n=1 and
{[w]n}∞n=1 (not relabeled), such that:

[ŵ]n → w in C([0, T ;X]),

and weakly in W 1,2(0, T ;X), as n→ ∞. (5.7.12a)

Here, having in mind:

|[ŵ]n − [w]n|L∞(0,T ;X) ≤ τ
1
2
n |[ŵ]′n|L2(0,T ;X) → 0, as n→ ∞,
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we can also see that

[w]n → w in L∞(0, T ;X), as n→ ∞. (5.7.12b)

Taking into account (5.7.5), (5.7.7), (5.7.12), and (cp.0)–(cp.3), we deduce that:∫
I

(
A0(t)w

′(t), w(t) −$
)
X
dt+

∫
I

(
G0(w(t)) − f0(t), w(t) −$

)
X
dt

+

∫
I

Ψ0(w(t)) dt−
∫
I

Ψ0($) dt

≤ lim
n→∞

∫
I

(
[ŵ]′n(t), [A0]n(t)([w]n(t) −$)

)
X
dt

+ lim
n→∞

τn

∫
I

(
2L[ŵ]′n(t), [w]n(t) −$

)
X
dt

+ lim
n→∞

∫
I

(
G0([w]n(t)) − [ f0]n(t), [w]n(t) −$

)
X
dt

+ lim
n→∞

∫
I

Ψ0([w]n(t)) dt−
∫
I

Ψ0($) dt ≤ 0,

for any $ ∈ D(Ψ0), and any open interval I ⊂ (0, T ).

This implies that w is a solution to the problem (CP).
Next, for the proof of uniqueness, we suppose that the both wℓ ∈ L2(0, T ;X), ` = 1, 2,

are solutions to (CP). Then, by virtue of (cp.0)–(cp.3), it is immediately verified that:(
f0 −A0(w

ℓ)′ − G0(w
ℓ)
)
(t) ∈ ∂Ψ0(w

ℓ(t)) in X,

for a.e. t ∈ (0, T ), ` = 1, 2, (5.7.13a)(
A0(t)(w

1 − w2)′(t), (w1 − w2)(t)
)
X

=
1

2

(
[A0(w

1 − w2)]′(t), (w1 − w2)(t)
)
X

− 1

2

(
A′

0(t)(w
1 − w2)(t), (w1 − w2)(t)

)
X

+
1

2

(
A0(t)(w

1 − w2)(t), (w1 − w2)′(t)
)
X

≥1

2

d

dt
|A0(t)

1
2 (w1 − w2)(t)|2X

− A∗
T

2κ0
|A0(t)

1
2 (w1 − w2)(t)|2X , for a.e. t ∈ (0, T ), (5.7.13b)

and (
G0(w

1(t)) − G0(w
2(t)), (w1 − w2)(t)

)
X

≥− L0

κ0
|A0(t)

1
2 (w1 − w2)(t)|2X , for a.e. t ∈ (0, T ). (5.7.13c)

Hence, the uniqueness for the problem (CP) will be verified via the following Gronwall
type estimate:

d

dt
|A0(t)

1
2 (w1 − w2)(t)|2X ≤ A∗

T + 2L0

κ0
|A0(t)

1
2 (w1 − w2)(t)|2X

for a.e. t ∈ (0, T ),
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that will be obtained by referring to the standard method, i.e.: by taking the difference
between two equations, as in (5.7.13a); by multiplying the both sides by (w1−w2)(t); and
by applying (5.7.13b) and (5.7.13c), the monotonicity of ∂Ψ0 in X × X, and the initial
condition w1(0) = w2(0) = w0 in X.

Finally, we verify (5.7.3). Owing to (cp.2) and [18, Lemma 3.3], one can say that

the both functions t ∈ [0, T ] 7→ Ψ0(w(t)) ∈ [0,∞) and t ∈ [0, T ] 7→ Ĝ0(w(t)) ∈ R are
absolutely continuous, and:

d

dt

(
Ψ0(w(t)) + Ĝ0(w(t))

)
=
(
f0(t) −A0(t)w

′(t), w′(t)
)
X
, for a.e. t ∈ (0, T ). (5.7.14)

The equality (5.7.3) will be obtained as a consequence of (5.7.14) and (cp.0).

Lemma 5.4. Under the notations A0, G0, and Ψ0, and assumptions (cp.0)–(cp.3) as in
the previous Lemma 5.3, let us fix w0 ∈ D(Ψ0) and f0 ∈ L2(0, T ;X), and take the unique
solution w ∈ L2(0, T ;X) to the Cauchy problem (CP). Let {Ψn}∞n=1, {w0,n}∞n=1 ⊂ X,
and {fn}∞n=1 be, respectively, a sequence of proper, l.s.c., and convex functions on X, a
sequence of initial data in X, and a sequence of forcing terms in L2(0, T ;X), such that:

(cp.4) Ψn ≥ 0 on X, for n = 1, 2, 3, . . . , and the union
⋃∞

n=1

{
w ∈ X

∣∣Ψn(w) ≤ r
}

of
sublevel sets is relatively compact in X, for any r ≥ 0;

(cp.5) Ψn converges to Ψ0 on X, in the sense of Mosco, as n→ ∞;

(cp.6) supn∈N Ψn(w0,n) <∞, and w0,n → w0 in X, as n→ ∞;

(cp.7) fn → f0 weakly in L2(0, T ;X), as n→ ∞.

Let wn ∈ W 1,2(0, T ;X) be the solution to the Cauchy problem (CP), for the initial data
w0,n ∈ D(Ψn) and forcing term fn ∈ L2(0, T ;X). Then,

wn → w in C([0, T ];X), weakly in W 1,2(0, T ;X),∫ T

0

Ψn(wn(t)) dt→
∫ T

0

Ψ0(w(t)) dt, as n→ ∞,

and ∣∣Ψ0(w)
∣∣
C([0,T ])

≤ sup
n∈N

∣∣Ψn(wn)
∣∣
C([0,T ])

<∞.

Proof. This Lemma is proved by referring to the method of proof as in [39, Theorem
2.7.1] (also see [22, Main Theorem 2]).

First, let us apply (5.7.3) to the solutions wn, for n = 1, 2, 3, . . . . Then, we have:

|A0(t)
1
2w′

n(t)|2X +
d

dt

(
Ψn(wn(t)) + Ĝ0(wn(t))

)
=
(
fn(t), w′

n(t)
)
X
,

for a.e. t ∈ (0, T ), n = 1, 2, 3, . . . .
(5.7.15)

Besides, for simplicity of description, we define:

Ψ̂0($) :=

∫ T

0

Ψ0($(t)) dt and Ψ̂n($) :=

∫ T

0

Ψn($(t)) dt, n = 1, 2, 3, . . . ,

for any $ ∈ L2(0, T ;X).
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By (cp.5), Remark 5.3 (Fact 2), and [18, Proposition 2.16], the above Ψ̂0 and Ψ̂n, n =
1, 2, 3, . . . , form proper, l.s.c., and convex functions on L2(0, T ;X), such that:

[
w, f0 −A0w

′ − G0(w)
]
∈ ∂Ψ̂0 in L2(0, T ;X) × L2(0, T ;X),[

wn, f0,n −A0w
′
n − G0(wn)

]
∈ ∂Ψ̂n in L2(0, T ;X) × L2(0, T ;X),

for n = 1, 2, 3, . . . ,

(5.7.16a)

and
Ψ̂n → Ψ̂0 on L2(0, T ;X), in the sense of Mosco, as n→ ∞. (5.7.16b)

Next, let us take arbitrary t ∈ [0, T ], and integrate the both sides of (5.7.15) over [0, t].
Then, by using Hölder’s and Young’s inequalities, and by applying (cp.0), (cp.2), (cp.6),
(cp.7), and the mean-value theorem (cf. [54, Theorem 5 in p. 313]), we deduce that:

κ0
2

∫ t

0

|w′
n(τ)|2X dτ +

(
Ψn(wn(t)) + Ĝ0(wn(t))

)
≤
(

Ψn(w0,n) + Ĝ0(w0,n)
)

+
1

2κ0

∫ T

0

|fn(t)|2X dt

≤ sup
n∈N

(
Ψn(w0,n) +

1

2κ0
|fn|2L2(0,T ;X)

+ |Ĝ0(0)| + |w0,n|X
(
|G0(0)|X + L0|w0,n|X

) )
=: r∗3 <∞, for all t ∈ [0, T ], and n = 1, 2, 3, . . . . (5.7.17)

From the above estimate, one can say that:

• {wn}∞n=1 is bounded in W 1,2(0, T ;X), and is also bounded in
C([0, T ];X),

•
{
wn(t)

∣∣ t ∈ [0, T ], n = 1, 2, 3, . . .
}

is contained in a relatively
compact set

⋃∞
n=1

{
$ ∈ X

∣∣Ψn($) ≤ r∗3
}

.

Therefore, applying (cp.1)–(cp.7), and the general theories of compactness, such as As-
coli’s and Alaoglu’s theorems (cf. [83, Corollary 4], [86, Section 1.2], and so on), we find
a limit function w̄ ∈ W 1,2(0, T ;X), with a subsequence of {wn}∞n=1 (not relabeled), such
that:

wn → w̄ in C([0, T ];X), weakly in W 1,2(0, T ;X),

and in particular, w0,n = wn(0) → w0 = w̄(0), as n→ ∞, (5.7.18a)

fn −A0w
′
n − G0(wn) → f0 −A0w̄

′ − G0(w̄)
weakly in L2(0, T ;X), as n→ ∞,

(5.7.18b)

and

0 ≤ Ψ0(w̄(t)) ≤ lim inf
n→∞

Ψn(wn(t)) ≤ sup
n∈N

∣∣Ψn(wn)
∣∣
C([0,T ])
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≤ r∗3 <∞, for any t ∈ [0, T ]. (5.7.18c)

On account of (5.7.16), (5.7.18), and Remark 5.3 (Fact 1), we can observe that w̄
coincides with the unique solution w to the problem (CP), and we can conclude this
Lemma.
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Chapter 6

Optimal control problems for 1D
parabolic state-systems of KWC
types with dynamic boundary
conditions

Throughout Chapter 6, we recall the class of optimal control problems governed by
1D parabolic state-systems of K.W.C. models with dynamic boundary conditions. In
the context, the dynamic boundary conditions are supposed to reproduce the transmitted
heat exchanges between interior and boundary of a polycrystal body. Our optimal control
problems are labeled by using a constant ε ≥ 0, and roughly summarized, the case
when ε = 0 and the cases when ε > 0 correspond to the physically realistic setting,
and its regularized approximating ones, respectively. Under suitable assumptions, the
mathematical results concerned with: the solvability and continuous dependence for the
state-systems; the solvability and ε-dependence of optimal control problems; and the
first order necessary optimality conditions in the problems when ε > 0 and the limiting
optimality condition as ε ↓ 0; will be obtained in forms of three Main Theorems of this
Chapter.

6.1 Preliminaries

We begin by prescribing the notations used throughout this Chapter.

Abstract notations. For an abstract Banach space X, we denote by | · |X the norm of
X, and denote by 〈·, ·〉X the duality pairing between X and its dual X∗. In particular,
when X is a Hilbert space, we denote by (·, ·)X the inner product of X.

For any subset A of a Banach space X, let χA : X −→ {0, 1} be the characteristic
function of A, i.e.:

χA : w ∈ X 7→ χA(w) :=

{
1, if w ∈ A,

0, otherwise.

For two Banach spaces X and Y , we denote by L (X;Y ) the Banach space of bounded
linear operators from X into Y , and in particular, we let L (X) := L (X;X).
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For Banach spaces X1, . . . , XN , with 1 < N ∈ N, let X1 × · · · × XN be the product
Banach space endowed with the norm | · |X1×···×XN

:= | · |X1 + · · · + | · |XN
. However,

when all X1, . . . , XN are Hilbert spaces, X1×· · ·×XN denotes the product Hilbert space
endowed with the inner product (·, ·)X1×···×XN

:= (·, ·)X1 + · · · + (·, ·)XN
and the norm

| · |X1×···×XN
:=
(
| · |2X1

+ · · · + | · |2XN

) 1
2 . In particular, when all X1, . . . , XN coincide with

a Banach space Y , we write:

[Y ]N :=

N times︷ ︸︸ ︷
Y × · · · × Y .

Additionally, for any (possibly nonlinear) transform T : X −→ Y , we let:

T [w1, . . . , wN ] :=
[
T w1, . . . , T wN

]
in [Y ]N , for any [w1, . . . , wN ] ∈ [X]N .

Specific notations of this Chapter. As is mentioned in the introduction, let (0, T ) ⊂
R be a bounded time-interval with a finite constant T > 0, and let Ω := (0, 1) ⊂ R be a
one-dimensional bounded spatial domain. We denote by Γ the boundary ∂Ω = {0, 1} of
Ω, and we define

nΓ(`) := (−1)ℓ−1 for any ` ∈ Γ = {0, 1}.

Besides, we let Q := (0, T ) × Ω and Σ := (0, T ) × Γ.
Throughout this paper, we denote by ∂t and ∂x the distributional time-derivative and

the distributional spatial-derivative, respectively. Also, the measure theoretical phrases,
such as “a.e.”, “dt”, “dx”, and so on, are all with respect to the Lebesgue measure in
each corresponding dimension. Additionally, “|Γ” denotes the trace on Γ for a Sobolev
function.

On this basis, we define{
H := L2(Ω), HΓ :=

{
w̃ w̃ : Γ −→ R

}
(∼ R2),

V := H1(Ω), V0 := H1
0 (Ω),{X := H ×HΓ, V = V ×HΓ,

W :=
{

[w̃, w̃Γ] ∈ V w̃|Γ
(`) = w̃Γ(`), ` ∈ Γ

}
,{

H := L2(0, T ;H), HΓ := L2(0, T ;HΓ),

V := L2(0, T ;V ), V0 := L2(0, T ;V0),

and
X := H × HΓ (= L2(0, T ;X)), and W := L2(0, T ;W).

Note that W is a closed linear subspace in the Hilbert space V, so that W is also a Hilbert
space endowed with the inner product of V.

In this paper, we identify the Hilbert spaces H and H with their dual spaces. On
this basis, we have the following relationships of continuous embeddings:{

V ⊂ H = H∗ ⊂ V ∗, V ⊂ H = H ∗ ⊂ V ∗,

W ⊂ V ⊂ X = X∗ ⊂ V∗ ⊂ W∗, and W ⊂ X = X∗ ⊂ W∗,

among the Hilbert spaces H, V , H , V , X, V, W, X, and W, and the respective dual
spaces H∗, V ∗, H ∗, V ∗, X∗, V∗, W∗, X∗, and W∗.
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Remark 6.1. Due to the one-dimensional embeddings V ⊂ C(Ω) and V0 ⊂ C(Ω), it is
easily checked that:

• if µ̌ ∈ H and p̌ ∈ V , then µ̌p̌ ∈ H, and
|µ̌p̌|H ≤

√
2|µ̌|H |p̌|V ,

• if µ̂ ∈ L∞(0, T ;H) and p̂ ∈ V , then µ̂p̂ ∈ H ,
and |µ̂p̂|H ≤

√
2|µ̂|L∞(0,T ;H)|p̂|V .

(6.1.1)

Here, we note that the constant
√

2 corresponds to the constant of embedding V ⊂ C(Ω).
Moreover, under the setting Ω := (0, 1), this

√
2 can be used as a upper bound of the

constants of embeddings V ⊂ Lq(Ω) and V0 ⊂ Lq(Ω), for all 1 ≤ q ≤ ∞.

Remark 6.2. Let us take any ã ∈ W 1,∞(Q)∪L∞(0, T ;W 1,∞(Ω)) and any w ∈ V ∗
0 . Then,

we can say that ãw (= wã) ∈ V ∗
0 , via the following variational form:

〈ãw, ψ〉V0 := 〈w, ãψ〉V0 , for any ψ ∈ V0,

and can estimate that:

|ãw|V ∗
0
≤ (1 +

√
2)
(
|ã|L∞(Q) + |∂xã|L∞(Q)

)
|w|V ∗

0
,

by using the constant
√

2 of the embedding V0 ⊂ H. Also, if {ãn}∞n=1 ⊂ W 1,∞(Q) ∪
L∞(0, T ;W 1,∞(Ω)), {wn}∞n=1 ⊂ V ∗

0 , andãn → ã in L∞(Q),

∂xãn → ∂xã in L∞(Q),

and
wn → w weakly in V ∗

0 , as n→ ∞,

it holds that:
ãnwn → ãw weakly in V ∗

0 , as n→ ∞,

since
ãψ ∈ V0, {ãnwn}∞n=1 ⊂ V0, and ãnψ → ãψ in V0 as n→ ∞,

for any ψ ∈ V0 .

In particular, if ã ∈ W 1,∞(Q) and w ∈ W 1,2(0, T ;V ∗
0 ), then

ãw ∈ W 1,2(0, T ;V ∗
0 ), and ∂t(ãw) = ã∂tw + w∂tã in V ∗

0 .

Moreover, if ã ∈ W 1,∞(Q) ∪ L∞(0, T ;W 1,∞(Ω)), and log ã ∈ L∞(Q), then it is estimated
that:

|ãw|V ∗
0
≥ inf ã(Q)2

(1 +
√

2)(inf ã(Q) + |∂xã|L∞(Q))
|w|V ∗

0
.

Notations for the time-discretization. Let τ ∈ (0, 1) be a constant that denotes the
time-step size, and let {ti}∞i=0 ⊂ [0,∞) be a sequence of time defined as:

ti := iτ, i = 0, 1, 2, . . . . (6.1.2)
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Let X be a Banach space. Then, for any sequence {[ti, γi]}∞i=0 ⊂ [0,∞) × X, we define
the forward time-interpolation [γ]τ ∈ L∞

loc([0,∞);X), the backward time-interpolation
[γ]τ ∈ L∞

loc([0,∞);X), and the linear time-interpolation [γ]τ ∈ W 1,2
loc ([0,∞);X), by letting:

[γ]τ (t) := χ(−∞,0](t)γ0 +
∞∑
i=1

χ(ti−1,ti](t)γi,

[γ]τ (t) := χ(−∞,0](t)γ0 +
∞∑
i=0

χ(ti,ti+1](t)γi,

[γ]τ (t) :=
∞∑
i=1

χ[ti−1,ti)(t)

(
t− ti−1

τ
γi +

ti − t

τ
γi−1

)
,

in X, for t ≥ 0, (6.1.3)

respectively.

Remark 6.3. For an interval I ⊂ R, a Banach space X, and a constant q ∈ [1,∞], we
say that Lq(I;X) ⊂ Lq

loc(R;X) (resp. Lq
loc(R;X) ⊂ Lq(I;X)) by identifying X-valued

functions on I (resp. on R) with the zero-extensions onto R (resp. the restriction onto I).
Besides, under the notations as in (6.1.2) and (6.1.3), the following facts can be verified.

(Fact 0) • If q ∈ [1,∞), γ ∈ Lq(0, T ;X), and the sequence {γi}∞i=0 ⊂ X is given by:

γi :=
1

τ

∫ ti

ti−1

γ(ς) dς in X, i = 0, 1, 2, . . . , with t−1 := −τ, (6.1.4)

then
[γ]τ → γ, [γ]τ → γ, and [γ]τ → γ in Lq(R;X),

especially in Lq(0, T ;X), as τ ↓ 0,

and
[γ]τ (t) → γ(t), [γ]τ (t) → γ(t), and [γ]τ (t) → γ(t)

in X, a.e. t ∈ R, as τ ↓ 0.

• If X is a reflexive Banach space, and γ ∈ L∞(0, T ;X), then the sequence {γi}∞i=0 ⊂
X given by (6.1.4) fulfills that:

sup
τ∈(0,1)

{
|[γ]τ |L∞(0,T ;X), |[γ]τ |L∞(0,T ;X), |[γ]τ |L∞(0,T ;X)

}
≤ |γ|L∞(0,T ;X),


[γ]τ → γ, [γ]τ → γ, and [γ]τ → γ

in Lq
loc(R;X), for any q ∈ [1,∞),

weakly-∗ in L∞(R;X),

as τ ↓ 0,

[γ]τ (t) → γ(t), [γ]τ (t) → γ(t), and [γ]τ (t) → γ(t)

in X, a.e. t ∈ R, as τ ↓ 0.

• If γ ∈ W 1,∞(Q), and the sequence {γi}∞i=0 ⊂ W 1,∞(Ω) is given as:

γi :=


γ(ti) in W 1,∞(Ω), if ti ≤ T ,

γ(ti−1) in W 1,∞(Ω), if ti−1 ≤ T < ti,

0 in W 1,∞(Ω), otherwise,

i = 0, 1, 2, . . . ,
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then 
sup

τ∈(0,1)

{
|[γ]τ |L∞(Q), |[γ]τ |L∞(Q), |[γ]τ |C(Q)

}
≤ |γ|C(Q),

sup
τ∈(0,1)

{
|∂x[γ]τ |L∞(Q), |∂x[γ]τ |L∞(Q), |∂x[γ]τ |L∞(Q)

}
≤ |∂xγ|L∞(Q),

sup
τ∈(0,1)

|∂t[γ]τ |L∞(Q) ≤ |∂tγ|L∞(Q),

[γ]τ → γ and [γ]τ → γ, in L∞(0, T ;C(Ω)),

[γ]τ → γ in C(Q),{
∂t[γ]τ → ∂tγ weakly-∗ in L∞(Q),

and in the pointwise sense a.e. in Q,

and 
∂x[γ]τ → ∂xγ, ∂x[γ]τ → ∂xγ, and ∂x[γ]τ → ∂xγ

weakly-∗ in L∞(Q),

and in the pointwise sense a.e. in Q,

as τ ↓ 0.

Notations in convex analysis. (cf. [18, Chapter II]) For a proper, lower semi-
con- tinuous (l.s.c.), and convex function Ψ : X → (−∞,∞] on a Hilbert space X, we
denote by D(Ψ) the effective domain of Ψ. Also, we denote by ∂Ψ the subdifferential of
Ψ. The subdifferential ∂Ψ corresponds to a generalized derivative of Ψ, and it is known
as a maximal monotone graph in the product space X × X. The set D(∂Ψ) :=

{
z ∈

X | ∂Ψ(z) 6= ∅
}

is called the domain of ∂Ψ. We often use the notation “[w0, w
∗
0] ∈ ∂Ψ in

X×X ”, to mean that “w∗
0 ∈ ∂Ψ(w0) in X for w0 ∈ D(∂Ψ) ”, by identifying the operator

∂Ψ with its graph in X ×X.

For Hilbert spaces X1, · · · , XN , with 1 < N ∈ N, let us consider a proper, l.s.c., and
convex function on the product space X1 × · · · ×XN :

Ψ̃ : w = [w1, · · · , wN ] ∈ X1 × · · · ×XN 7→ Ψ̃(w) = Ψ̃(w1, · · · , wN) ∈ (−∞,∞].

On this basis, for any i ∈ {1, . . . , N}, we denote by ∂wi
Ψ̃ : X1 × · · · × XN → Xi a set-

valued operator, which maps any w = [w1, . . . , wi, . . . , wN ] ∈ X1 × · · · ×Xi × · · · ×XN to
a subset ∂wi

Ψ̃(w) ⊂ Xi, prescribed as follows:

∂wi
Ψ̃(w) = ∂wi

Ψ̃(w1, · · · , wi, · · · , wN)

:=

{
w̃∗ ∈ Xi

(w̃∗, w̃ − wi)Xi
≤ Ψ̃(w1, · · · , w̃, · · · , wN)

−Ψ̃(w1, · · · , wi, · · · , wN), for any w̃ ∈ Xi

}
.

As is easily checked,

∂Ψ̃(w) ⊂ ∂w1Ψ̃(w)× · · · × ∂wN
Ψ̃(w), (6.1.5)

for any w = [w1, . . . , wN ] ∈ X1 × · · · ×XN .

But, it should be noted that the converse inclusion of (6.1.5) is not true, in general.

172



Remark 6.4 (Examples of the subdifferential). As one of the representatives of the
subdifferentials, we exemplify the following set-valued function SgnN : RN → 2RN

, with
N ∈ N, which is defined as:

ξ = [ξ1, . . . , ξN ] ∈ RN 7→ SgnN(ξ) = SgnN(ξ1, . . . , ξN)

:=


ξ

|ξ|
=

[ξ1, . . . , ξN ]√
ξ21 + · · · + ξ2N

, if ξ 6= 0,

DN , otherwise,

where DN denotes the closed unit ball in RN centered at the origin. Indeed, the set-valued
function SgnN coincides with the subdifferential of the Euclidean norm | · | : ξ ∈ RN 7→
|ξ| =

√
ξ21 + · · · + ξ2N ∈ [0,∞), i.e.:

∂| · |(ξ) = SgnN(ξ), for any ξ ∈ D(∂| · |) = RN ,

and furthermore, it is observed that:

∂| · |(0) = DN ⊆
/

[−1, 1]N = ∂ξ1| · |(0) × · · · × ∂ξN | · |(0).

Finally, we mention about a notion of functional convergence, known as “Mosco-
convergence”.

Definition 6.1 (Mosco-convergence: cf. [59]). Let X be an abstract Hilbert space. Let
Ψ : X → (−∞,∞] be a proper, l.s.c., and convex function, and let {Ψn}∞n=1 be a sequence
of proper, l.s.c., and convex functions Ψn : X → (−∞,∞], n = 1, 2, 3, . . . . Then, it is said
that Ψn → Ψ on X, in the sense of Mosco, as n → ∞, iff. the following two conditions
are fulfilled:

(M1) The condition of lower-bound: lim
n→∞

Ψn(w̌n) ≥ Ψ(w̌), if w̌ ∈ X, {w̌n}∞n=1 ⊂ X,

and w̌n → w̌ weakly in X, as n→ ∞.

(M2) The condition of optimality: for any ŵ ∈ D(Ψ), there exists a sequence
{ŵn}∞n=1 ⊂ X such that ŵn → ŵ in X and Ψn(ŵn) → Ψ(ŵ), as n→ ∞.

As well as, if the sequence of convex functions {Ψ̃ε}ε∈Ξ is labeled by a continuous argument
ε ∈ Ξ with a infinite set Ξ ⊂ R , then for any ε0 ∈ Ξ, the Mosco-convergence of {Ψ̃ε}ε∈Ξ,
as ε → ε0, is defined by those of subsequences {Ψ̃εn}∞n=1, for all sequences {εn}∞n=1 ⊂ Ξ,
satisfying εn → ε0 as n→ ∞.

Remark 6.5. Let X, Ψ, and {Ψn}∞n=1 be as in Definition 6.1. Then, the following facts
hold.

(Fact 1) (cf. [10, Theorem 3.66], [39, Chapter 2]) Let us assume that

Ψn → Ψ on X, in the sense of Mosco, as n→ ∞,

and {
[w,w∗] ∈ X ×X, [wn, w

∗
n] ∈ ∂Ψn in X ×X, n ∈ N,

wn → w in X and w∗
n → w∗ weakly in X, as n→ ∞.

Then, it holds that:

[w,w∗] ∈ ∂Ψ in X ×X, and Ψn(wn) → Ψ(w), as n→ ∞.
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(Fact 2) (cf. [22, Lemma 4.1], [30, Appendix]) Let N ∈ N denote the dimension constant,

and let S ⊂ RN be a bounded open set. Then, a sequence {Ψ̂S
n}∞n=1 of proper, l.s.c.,

and convex functions on L2(S;X), defined as:

w ∈ L2(S;X) 7→ Ψ̂S
n(w) :=



∫
S

Ψn(w(t)) dt,

if Ψn(w) ∈ L1(S),

∞, otherwise,

for n = 1, 2, 3, . . . ;

converges to a proper, l.s.c., and convex function Ψ̂S on L2(S;X), defined as:

z ∈ L2(S;X) 7→ Ψ̂S(z) :=


∫
S

Ψ(z(t)) dt, if Ψ(z) ∈ L1(S),

∞, otherwise;

on L2(S;X), in the sense of Mosco, as n→ ∞.

Remark 6.6 (Example of Mosco-convergence). For any ε ≥ 0, let fε : R −→ [0,∞) be a
continuous and convex function, defined as:

fε : ξ ∈ R 7→ fε(ξ) :=
√
ε2 + |ξ|2 ∈ [0,∞). (6.1.6)

Then, due to the uniform estimate:∣∣fε(ξ) − fε̃(ξ)
∣∣ =

∣∣√ε2 + |ξ|2 −
√
ε̃2 + |ξ|2

∣∣ ≤ |ε− ε̃|,
for all ξ ∈ R, and ε, ε̃ ≥ 0,

(6.1.7)

we easily see that:

fε → f0 (= | · |) on R, in the sense of Mosco, as ε ↓ 0.

In addition, for any ε > 0, it can be said that the subdifferential ∂fε coincides with the
single-valued function of usual differential:

f ′
ε : ξ ∈ R 7→ f ′

ε(ξ) =
ξ√

ε2 + |ξ|2
∈ R.

6.2 Auxiliary results

In this Section, we prepare some auxiliary results for our study. The auxiliary results are
discussed through the following two Subsections.

§ 4.1.1 Abstract theory for the state-system (S)ε;

§ 4.1.2 Mathematical theory for the linearized system of (S)ε.
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6.2.1 Abstract theory for the state-system (S)ε

In this Subsection, we refer to [7, Appendix] to overview the abstract theory of nonlinear
evolution equation, which enables us to handle the state-systems (S)ε, for all ε ≥ 0, in a
unified fashion.

The general theory consists of the following two Propositions.

Proposition 6.1 (cf. [7, Lemma 8.1]). Let {A0(t) | t ∈ [0, T ]} ⊂ L (X) be a class of time-
dependent bounded linear operators, let G0 : X −→ X be a given nonlinear operator, and
let Ψ0 : X −→ [0,∞] be a non-negative, proper, l.s.c., and convex function, fulfilling the
following conditions:

(cp.0) A0(t) ∈ L (X) is positive and selfadjoint, for any t ∈ [0, T ], and it holds that

(A0(t)w,w)X ≥ κ0|w|2X , for any w ∈ X,

with some constant κ0 ∈ (0, 1), independent of t ∈ [0, T ] and w ∈ X.

(cp.1) A0 : [0, T ] −→ L (X) is Lipschitz continuous, so that A0 admits the (strong)
time-derivative A′

0(t) ∈ L (X) a.e. in (0, T ), and

A∗
T := ess sup

t∈(0,T )

{
max{|A0(t)|L (X), |A′

0(t)|L (X)}
}
<∞;

(cp.2) G0 : X −→ X is a Lipschitz continuous operator with a Lipschitz constant L0,

and G0 has a C1-potential functional Ĝ0 : X −→ R, so that the Gâteaux derivative
Ĝ ′
0(w) ∈ X∗ (= X) at any w ∈ X coincides with G0(w) ∈ X;

(cp.3) Ψ0 ≥ 0 on X, and the sublevel set
{
w ∈ X

∣∣Ψ0(w) ≤ r
}

is compact in X, for any
r ≥ 0.

Then, for any initial data w0 ∈ D(Ψ0) and a forcing term f0 ∈ L2(0, T ;X), the following
Cauchy problem of evolution equation:

(CP)

{
A0(t)w

′(t) + ∂Ψ0(w(t)) + G0(w(t)) 3 f0(t) in X, t ∈ (0, T ),

w(0) = w0 in X;

admits a unique solution w ∈ L2(0, T ;X), in the sense that:

w ∈ W 1,2(0, T ;X), Ψ0(w) ∈ L∞(0, T ),

and (
A0(t)w

′(t) + G0(w(t)) − f0(t), w(t) −$
)
X

+ Ψ0(w(t)) ≤ Ψ0($),

for any $ ∈ D(Ψ0), a.e. t ∈ (0, T ).

Moreover, both t ∈ [0, T ] 7→ Ψ0(w(t)) ∈ [0,∞) and t ∈ [0, T ] 7→ Ĝ0(w(t)) ∈ R are
absolutely continuous functions in time, and

|A0(t)
1
2w′(t)|2X +

d

dt

(
Ψ0(w(t)) + Ĝ0(w(t))

)
= (f0(t), w

′(t))X ,

for a.e. t ∈ (0, T ).
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Proposition 6.2 (cf. [7, Lemma 8.2]). Under the notations A0, G0, Ψ0, and assump-
tions (cp.0)–(cp.3), as in the previous Proposition 6.1, let us fix w0 ∈ D(Ψ0) and f0 ∈
L2(0, T ;X), and take the unique solution w ∈ L2(0, T ;X) to the Cauchy problem (CP).
Let {Ψn}∞n=1, {w0,n}∞n=1 ⊂ X, and {fn}∞n=1 be, respectively, a sequence of proper, l.s.c.,
and convex functions on X, a sequence of initial data in X, and a sequence of forcing
terms in L2(0, T ;X), such that:

(cp.4) Ψn ≥ 0 on X, for n = 1, 2, 3, . . . , and the union
⋃∞

n=1

{
w ∈ X

∣∣Ψn(w) ≤ r
}

of
sublevel sets is relatively compact in X, for any r ≥ 0;

(cp.5) Ψn converges to Ψ0 on X, in the sense of Mosco, as n→ ∞;

(cp.6) supn∈N Ψn(w0,n) <∞, and w0,n → w0 in X, as n→ ∞;

(cp.7) fn → f0 weakly in L2(0, T ;X), as n→ ∞.

Let wn ∈ L2(0, T ;X) be the solution to the Cauchy problem (CP), for the initial data
w0,n ∈ D(Ψn) and forcing term fn ∈ L2(0, T ;X). Then,

wn → w in C([0, T ];X), weakly in W 1,2(0, T ;X),∫ T

0

Ψn(wn(t)) dt→
∫ T

0

Ψ0(w(t)) dt, as n→ ∞,

and ∣∣Ψ0(w)
∣∣
C([0,T ])

≤ sup
n∈N

∣∣Ψn(wn)
∣∣
C([0,T ])

<∞.

In this paper, the readers are recommended to see [7, Appendix] for the detailed proofs
of the above Propositions 6.1 and 6.2. Roughly summarized, these Propositions can be
obtained by means of modified (mixed and reduced) methods of the existing theories,
such as [14,18,39].

6.2.2 Mathematical theory for the linearized system of (S)ε

In this Subsection, we set up auxiliary results for linearized systems of (S)ε, which are
associated with the first necessary optimality conditions in our optimal control problems
(OP)ε, for ε ≥ 0. The linearized systems are generally reduced to the following type of
parabolic initial-boundary value problem, denoted by (P).

(P): 
∂tp− ∂2xp+ µ(t, x)p+ ω(t, x)∂xz = h(t, x), (t, x) ∈ Q,

∂tpΓ(t, `) + (−1)ℓ−1∂xp|Γ
(t, `) = hΓ(t, `), (t, `) ∈ Σ,

p|Γ
= pΓ on Σ,

p(0, x) = p0(x), x ∈ Ω;
a(t, x)∂tz+b(t, x)z−∂x

(
A(t, x)∂xz+ν2∂xz+ω(t, x)p

)
= k(t, x), (t, x) ∈ Q,

z(t, x) = 0, (t, x) ∈ Σ,

z(0, x) = z0(x), x ∈ Ω.
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This system is a key-problem for the Gâteaux differential of the cost functional Jε. In
the context, [a, b, λ, ω, A] ∈ [H ]5 is a given quintet of functions which belongs to a class
S ⊂ [H ]5, defined as:

S :=

 [ã, b̃, µ̃, ω̃, Ã] ∈ [H ]5
ã ∈ W 1,∞(Q) with log ã ∈ L∞(Q),
[b̃, ω̃] ∈ [L∞(Q)]2, µ̃ ∈ L∞(0, T ;H),
and Ã ∈ L∞(Q) with Ã ≥ 0 a.e. in Q

 . (6.2.1)

Also, [p0, z0] = [p0, pΓ,0, z0] ∈ W×H with p0 = [p0, pΓ,0] and [h, k] = [h, hΓ, k] ∈ X× V ∗
0

with h = [h, hΓ] are the initial triplet and forcing triplet in the system (P), respectively.

Remark 6.7. If [a, b, µ, ω,A] ∈ S , then the condition:

a ∈ W 1,∞(Q) with log a ∈ L∞(Q),

brought by (6.2.1), implies the no degeneration property:

δ∗(a) := inf a(Q) > 0, (6.2.2)

of the coefficient a in the system (P).

Now, as the key-properties of the system (P), we can verify the following three Theo-
rems.

Theorem 6.1. Let us assume [a, b, µ, ω,A] ∈ S , [p0, z0] = [p0, pΓ,0, z0] ∈ W × H with
p0 = [p0, pΓ,0], and [h, k] = [h, hΓ, k] ∈ X × V ∗

0 with h = [h, hΓ]. Then, the system (P)
admits a unique solution [p, z] = [p, pΓ, z] ∈ X× H with p = [p, pΓ], in the sense that:{

p = [p, pΓ] ∈ W 1,2(0, T ;X) ∩ L∞(0, T ;W) ⊂ C(Q) × C(Σ),

z ∈ W 1,2(0, T ;V ∗
0 ) ∩ V0 ⊂ C([0, T ];H);

(∂tp(t),φ)X + (∂xp(t), ∂xϕ)H + (µ(t)p(t), ϕ)H + (ω(t)∂xz(t), ϕ)H

= (h(t),φ)X, for any φ = [ϕ, ϕΓ] ∈ W, a.e. t ∈ (0, T ),

subject to p(0) = [p(0), pΓ(0)] = p0 = [p0, pΓ,0] in X;

and

〈a(t)∂tz(t), ψ〉V0 + (b(t)z(t), ψ)H

+
(
A(t)∂xz(t) + ν2∂xz(t) + p(t)ω(t), ∂xψ

)
H

= 〈k(t), ψ〉V0 ,

for any ψ ∈ V0, a.e. t ∈ (0, T ), subject to z(0) = z0 in H.

Theorem 6.2. Let us take arbitrary [a, b, µ, ω,A] ∈ S , [p0, z0] = [p0, pΓ,0, z0] ∈ W ×H
with p0 = [p0, pΓ,0], and [h, k] = [h, hΓ, k] ∈ X × V ∗

0 with h = [h, hΓ], and let us denote
by [p, z] = [p, pΓ, z] ∈ X× H with p = [p, pΓ] the solution to (P). Additionally, let δ∗(a)
be the positive constant as in (6.2.2). Then, the following two items hold.
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(I) Let C∗
0 be a positive constant, defined as:

C∗
0 :=

16
(
1 + |a|W 1,∞(Q) + |b|L∞(Q) + |µ|2L∞(0,T ;H) + |ω|2L∞(Q)

)
min{1, ν2, δ∗(a)}

. (6.2.3)

Then, it is estimated that:

d

dt

(
|p(t)|2X + |

√
a(t)z(t)|2H

)
+
(
|p(t)|2W + ν2|z(t)|2V0

)
≤ C∗

0

(
|p(t)|2X + |

√
a(t)z(t)|2H

)
+ C∗

0

(
|h(t)|2X + |k(t)|2V ∗

0

)
, (6.2.4)

for a.e. t ∈ (0, T ).

(II) Let C∗
0 be the positive constant given in (6.2.3), and let C∗

ℓ , ` = 1, 2, be positive
constants, defined as:

C∗
1 := 4(C∗

0)2e
3
2
C∗

0T ,

C∗
2 := 4(C∗

0)6e
3
2
C∗

0T (1 + |a|W 1,∞(Q))
2·

·(1 + ν + |b|L∞(Q) + |ω|L∞(Q) + |A|L∞(Q))
2.

(6.2.5)

Then, it is estimated that:|∂tp|2X + |p|2L∞(0,T ;V ) ≤ C∗
1

(
|p0|2W + |

√
a(0, ·)z0|2H + |h|2X + |k|2V ∗

0

)
,

|∂tz|2V ∗
0
≤ C∗

2

(
|p0|2W + |

√
a(0, ·)z0|2H + |h|2X + |k|2V ∗

0

)
.

(6.2.6)

Remark 6.8. By applying Gronwall’s lemma to the inequality in Theorem 6.2 (I), we
also estimate that:(

|p|2C([0,T ];X) + |
√
az|2C([0,T ];H)

)
+
(
|p|2W + ν2|z|2V0

)
≤ 2C∗

0e
C∗

0T
(
|p0|2X + |

√
a(0, ·)z0|2H + |h|2X + |k|2V ∗

0

)
.

Theorem 6.3. Let us assume:

[a, b, µ, ω,A] ∈ S , {[an, bn, µn, ωn, An]}∞n=1 ⊂ S , (6.2.7a)

[an, ∂ta
n,∂xa

n, bn, ωn, An] → [a, ∂ta, ∂xa, b, ω,A] weakly-∗ in [L∞(Q)]6,

and in the pointwise sense a.e. in Q, as n→ ∞, (6.2.7b)

and 
µn → µ weakly-∗ in L∞(0, T ;H),

µn(t) → µ(t) in H, in the pointwise sense,

for a.e. t ∈ (0, T ),

as n→ ∞. (6.2.7c)

Let us assume [p0, z0] = [p0, pΓ,0, z0] ∈ W × H with p0 = [p0, pΓ,0], [h, k] = [h, hΓ, k] ∈
X × V ∗

0 with h = [h, hΓ], and let us denote by [p, z] = [p, pΓ, z] ∈ X × H with p =
[p, pΓ] the solution to (P), for the initial triplet [p0, z0] = [p0, pΓ,0, z0] and forcing triplet
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[h, k] = [h, hΓ, k]. Also, for any n ∈ N, let us assume [pn
0 , z

n
0 ] = [pn0 , p

n
Γ,0, z

n
0 ] ∈ W×H with

pn
0 = [pn0 , p

n
Γ,0], [hn, kn] = [hn, hnΓ, k

n] ∈ X × V ∗
0 with hn = [hn, hnΓ], and let us denote by

[pn, zn] = [pn, pnΓ, z
n] ∈ X×H with pn = [pn, pnΓ] the solution to (P), for the initial triplet

[pn
0 , z

n
0 ] = [pn0 , p

n
Γ,0, z

n
0 ] and forcing triplet [hn, kn] = [hn, hnΓ, k

n]. Then, the convergences
of given data: {

[pn
0 , z

n
0 ] → [p0, z0] weakly in W×H,

[hn, kn] → [h, k] weakly in X× V ∗
0 ,

as n→ ∞, (6.2.8)

implies the convergence of solutions, in the sense that:

[pn, zn] → [p, z] in [C(Q) × C(Σ)] × H , weakly in W× V0,

and weakly in W 1,2(0, T ;X) ×W 1,2(0, T ;V ∗
0 ), as n→ ∞. (6.2.9)

Remark 6.9 (Review of Theorems 6.1–6.3). Let us define:

Y := [W 1,2(0, T ;X) ∩ L∞(0, T ;W)] × [W 1,2(0, T ;V ∗
0 ) ∩ V0].

as a Banach space endowed with the following norm∣∣[p̃, z]
∣∣
Y

:=
(∣∣[∂tp̃, ∂tp̃Γ]

∣∣2
X

+
∣∣[p̃, p̃Γ]

∣∣2
L∞(0,T ;W)

+|∂tz̃|2V ∗
0

+ |z̃|2V0

) 1
2 ,

for any [p̃, z̃] = [p̃, p̃Γ, z̃] ∈ Y with p̃ = [p̃, p̃Γ].

The Banach space Y is to characterize the regularity of solution to the linearized system
of (S)ε. Due to the compactness theory of Aubin’s type (cf. [83, Corollary 4]), this Banach
space Y is compactly embedded into the Banach space [C(Q) × C(Σ)] × H .

Now, for any quintet of functions [a, b, µ, ω,A] ∈ S , the first and second Theorems
6.1 and 6.2 will enable us to define a bounded linear operator P = P (a, b, µ, ω,A) :
[W×H] × [X× V ∗

0 ] −→ Y, which maps any pair
[
[p0, z0], [h, k]

]
∈ [W×H] × [X× V ∗

0 ]
of the initial triplet [p0, z0] = [p0, pΓ,0, z0] ∈ W × H with p0 = [p0, pΓ,0] and the forcing
triplet [h, k] = [h, hΓ, k] ∈ X× V ∗

0 with h = [h, hΓ], to the solution [p, z] = [p, pΓ, z] ∈ Y
with p = [p, pΓ] to the linear system (P). Moreover, the third Theorem 6.3 will be to
guarantee the continuous dependence of the solution operator P = P(a, b, µ, ω,A), in the
following sense:

P(an, bn, µn, ωn, An)
[
[pn

0 , z
n
0 ], [hn, kn]

]
→ P(a, b, µ, ω,A)

[
[p0, z0], [h, k]

]
in the topologies as in (6.2.9), whenever (6.2.7) and (6.2.8) are fulfilled.

The proofs of the three Theorems 6.1–6.3 will be given in the appendix, that is assigned
to the last Section 7 of this paper.

6.3 Main Theorems

We begin by setting up the assumptions needed in our Main Theorems.

(A0) ν > 0 is a fixed constant. Let [ηad, θad] = [ηad, ηΓ,ad, θad] ∈ X × H with ηad =
[ηad, ηΓ,ad] be a fixed triplet of functions, called the admissible target profile.
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(A1) α : R −→ (0,∞) and α0 : Q −→ (0,∞) are Lipschitz continuous functions, such
that:

– α ∈ C2(R), with the first derivative α′ = dα
dη

∈ C1(R) ∩ L∞(R) and the second

one α′′ = d2α
dη2

∈ C(R);

– α′(0) = 0, α′′ ≥ 0 on R, and αα′ is a Lipschitz continuous function on R;

– α ≥ δ∗ on R, and α0 ≥ δ∗ on Q, for some constant δ∗ ∈ (0, 1).

(A2) For any ε ≥ 0, let fε : R −→ [0,∞) be the convex function, defined in (6.1.6).

(A3) g : R −→ R is a C1-function, which is a Lipschitz continuous on R. Also g has a
nonnegative primitive 0 ≤ G ∈ C2(R), i.e. the derivative G′ = dG

dη
coincides with g

on R.

Now, the Main Theorems of this paper are stated as follows:

Main Theorem 6.1. Let us assume (A0)–(A3). Let us fix a constant ε ≥ 0, an initial
triplet [η0, θ0] = [η0, ηΓ,0, θ0] ∈ W × V0 with η0 = [η0, ηΓ,0], and a forcing triplet [u, v] =
[u, uΓ, v] ∈ X× H with u = [u, uΓ]. Then, the following two items hold.

(I-A) The state-system (S)ε admits a unique solution [η, θ] = [η, ηΓ, θ] ∈ X × H with
η = [η, ηΓ], in the sense that:{

η = [η, ηΓ] ∈ W 1,2(0, T ;X) ∩ L∞(0, T ;W) ⊂ C(Q) × C(Σ),

θ ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;V0) ⊂ C(Q);(
∂tη(t),φ

)
X +

(
∂xη(t), ∂xϕ

)
H

+
(
g(η(t)), ϕ

)
H

+
(
α′(η(t))fε(∂xθ(t)), ϕ

)
H

=
(
Lu(t), ϕ

)
H

+
(
LΓuΓ(t), ϕΓ

)
HΓ
,

for any φ = [ϕ, ϕΓ] ∈ W, a.e. t ∈ (0, T ),

subject to η(0) = [η(0), ηΓ(0)] = η0 = [η0, ηΓ,0] in X;

and (
α0(t)∂tθ(t), θ(t) − ψ

)
H

+ ν2
(
∂xθ(t), ∂x(θ(t) − ψ)

)
H

+

∫
Ω

α(η(t))fε(∂xθ(t)) dx ≤
∫
Ω

α(η(t))fε(∂xψ) dx

+
(
Mv(t), θ(t) − ψ

)
H
, for any ψ ∈ V0,

a.e. t ∈ (0, T ), subject to θ(0) = θ0 in H.

(I-B) Let {εn}∞n=1 ⊂ [0, 1], {[η0,n, θ0,n]}∞n=1 = {[η0,n, ηΓ,0,n, θ0,n]}∞n=1 ⊂ W × V0 with
{η0,n}∞n=1 = {[η0,n, ηΓ,0,n]}∞n=1, and {[un, vn]}∞n=1 = {[un, uΓ,n, vn]}∞n=1 ⊂ X × H
with {un}∞n=1 = {[un, uΓ,n]}∞n=1, be given sequences such that:

εn → ε, [η0,n, θ0,n] → [η0, θ0] weakly in W× V0,

and [Lun, LΓuΓ,n,Mvn] → [Lu,LΓuΓ,Mv] weakly in X× H , as n→ ∞.
(6.3.1)
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Let [η, θ] = [η, ηΓ, θ] ∈ X × H with η = [η, ηΓ] be the unique solution to (S)ε,
for the initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] and forcing triplet [u, v] = [u, uΓ, v].
Additionally, for any n ∈ N, let [ηn, θn] = [ηn, ηΓ,n, θn] ∈ X×H with ηn = [ηn, ηΓ,n]
be the unique solution to (S)εn , for the initial triplet [η0,n, θ0,n] = [η0,n, ηΓ,0,n, θ0,n]
and forcing triplet [un, vn] = [un, uΓ,n, vn]. Then, it holds that:

[ηn, θn] → [η, θ] in [C(Q) × C(Σ)] × C(Q),

in W× V0, weakly in W 1,2(0, T ;X) ×W 1,2(0, T ;H),

and weakly-∗ in L∞(0, T ;W) × L∞(0, T ;V0), as n→ ∞, (6.3.2)

and in particular,

α′′(ηn)fεn(∂xθn) → α′′(η)fε(∂xθ) in H ,

and weakly-∗ in L∞(0, T ;H), as n→ ∞. (6.3.3)

Remark 6.10. As a consequence of (6.3.2) and (6.3.3), we further find a subsequence
{ni}∞i=1 ⊂ {n}, such that:

[ηni
, θni

] → [η, θ], [∂xηni
, ∂xθni

] → [∂xη, ∂xθ],

and α′′(ηni
)fεni

(∂xθni
) → α′′(η)fε(∂xθ),

in the pointwise sense a.e. in Q, as i→ ∞,

and
[ηni

(t), θni
(t)] → [η(t), θ(t)] in V × V0,

and α′′(ηni
(t))fεni

(∂xθni
(t)) → α′′(η(t))fε(∂xθ(t)) in H,

in the pointwise sense for a.e. t ∈ (0, T ), as i→ ∞.

Main Theorem 6.2. Under the assumptions (A0)–(A3), let us fix any constant ε ≥ 0,
and any initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] ∈ W × V0 with η0 = [η0, ηΓ,0]. Then, the
following two items hold.

(II-A) The problem (OP)ε has at least one optimal control [u∗, v∗] = [u∗, u∗Γ, v
∗] ∈ X×H

with u∗ = [u∗, u∗Γ], so that:

Jε(u
∗, v∗) = Jε(u

∗, u∗Γ, v
∗) = min

[u,v]∈X×H
Jε(u, v) = min

[u,uΓ,v]∈X×H
Jε(u, uΓ, v).

(II-B) Let {εn}∞n=1 ⊂ [0, 1] and {[η0,n, θ0,n]}∞n=1 = {[η0,n, ηΓ,0,n, θ0,n]}∞n=1 ⊂ W × V0 with
{η0,n}∞n=1 = {[η0,n, ηΓ,0,n]}∞n=1 be given sequences such that:

εn → ε, and [η0,n, θ0,n] → [η0, θ0] weakly in W× V0, as n→ ∞. (6.3.4)

In addition, for any n ∈ N, let [u∗
n, v

∗
n] = [u∗n, u

∗
Γ,n, v

∗
n] ∈ X×H with u∗

n = [u∗n, u
∗
Γ,n]

be the optimal control of (OP)εn . Then, there exist a subsequence {ni}∞i=1 ⊂ {n}
and a triplet of functions [u∗∗, v∗∗] = [u∗∗, u∗∗Γ , v

∗∗] ∈ X × H with u∗∗ = [u∗∗, u∗∗Γ ],
such that:

εni
→ ε, and [Lu∗ni

, LΓu
∗
Γ,ni

,Mv∗ni
] → [Lu∗∗, LΓu

∗∗
Γ ,Mv∗∗]

weakly in X× H , as i→ ∞,

and
[u∗∗, v∗∗] = [u∗∗, u∗∗Γ , v

∗∗] is an optimal control of (OP)ε.
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Main Theorem 6.3. Under the assumptions (A0)–(A3), let us fix any initial triplet
[η0, θ0] = [η0, ηΓ,0, θ0] ∈ W× V0 with η0 = [η0, ηΓ,0]. Then, the following two items hold.

(III-A) (Necessary condition for (OP)ε when ε > 0) For any ε > 0, let [u∗
ε, v

∗
ε ] =

[u∗ε, u
∗
Γ,ε, v

∗
ε ] ∈ X × H with u∗

ε = [u∗ε, u
∗
Γ,ε] be an optimal control of (OP)ε, and

let [η∗
ε , θ

∗
ε ] = [η∗ε , η

∗
Γ,ε, θ

∗
ε ] ∈ X × H with η∗

ε = [η∗ε , η
∗
Γ,ε] be the solution to (S)ε, for

the initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] and forcing triplet [u∗
ε, v

∗
ε ] = [u∗ε, u

∗
Γ,ε, v

∗
ε ].

Then, it holds that:

[L(u∗ε + p∗ε), LΓ(u∗Γ,ε + p∗Γ,ε),M(v∗ε + z∗ε)] = [0, 0, 0] in X× H , (6.3.5)

where [p∗
ε, z

∗
ε ] ∈ Y is a unique solution to the following variational system:(

−∂tp∗
ε(t), ϕ

)
X +

(
∂xp

∗
ε(t), ∂xϕ

)
H

+
(
[α′′(η∗ε)fε(∂xθ

∗
ε)](t)p

∗
ε(t), ϕ

)
H

+
(
g′(η∗ε(t))p∗ε(t), ϕ

)
H

+
(
[α′(η∗ε)f ′

ε(∂xθ
∗
ε)](t)∂xz

∗
ε(t), ϕ

)
H

=
(
K(η∗ε − ηad)(t), ϕ

)
H

+
(
KΓ(η∗Γ,ε − ηΓ,ad)(t), ϕΓ

)
HΓ
, (6.3.6)

for any φ = [ϕ, ϕΓ] ∈ W, and a.e. t ∈ (0, T );

and 〈
−∂t

(
α0z

∗
ε

)
(t), ψ

〉
V0

+
(
[α(η∗ε)f ′′

ε (∂xθ
∗
ε)](t)∂xz

∗
ε(t) + ν2∂xz

∗
ε(t), ∂xψ

)
H

+
(
[α′(η∗ε)f ′

ε(∂xθ
∗
ε)](t)p

∗
ε(t), ∂xψ

)
H

=
(
Λ(θ∗ε − θad)(t), ψ

)
H
, (6.3.7)

for any ψ ∈ V0, and a.e. t ∈ (0, T );

subject to the terminal condition:

[p∗
ε(T ), z∗ε(T )] = [p∗ε(T ), p∗Γ,ε(T ), z∗ε(T )] = [0, 0, 0] in X×H. (6.3.8)

(III-B) Let us define a Hilbert space U0 as follows:

U0 :=
{
ψ ∈ W 1,2(0, T ;H) ∩ V0 ψ(0) = 0 in H

}
.

Then, there exists an optimal control [u◦, v◦] = [u◦, u◦Γ, v
◦] ∈ X × H with u◦ =

[u◦, u◦Γ] of the problem (OP)0, together with the solution [η◦, θ◦] = [η◦, η◦Γ, θ
◦] ∈

X × H to the system (S)0 with η◦ = [η◦, η◦Γ], for the initial triplet [η0, θ0] =
[η0, ηΓ,0, θ0] and forcing triplet [u◦, v◦] = [u◦, u◦Γ, v

◦], and moreover, there exist a
triplet of functions [p◦, z◦] = [p◦, p◦Γ, z

◦] ∈ X × H with p◦ = [p◦, p◦Γ], a pair of
functions [ξ◦, ν◦] ∈ H × L∞(Q), and a distribution ζ◦ ∈ U ∗

0 , such that:

[L(u◦ + p◦), LΓ(u◦Γ + p◦Γ),M(v◦ + z◦)] = [0, 0, 0] in X× H ; (6.3.9)
p◦ = [p◦, p◦Γ] ∈ W 1,2(0, T ;X) ∩ L∞(0, T ;W) ⊂ C(Q) × C(Σ),

z◦ ∈ L∞(0, T ;H) ∩ V0,

ν◦ ∈ Sgn1(∂xθ
◦), a.e. in Q;

(6.3.10)

(
−∂tp◦,φ

)
X

+
(
∂xp

◦, ∂xϕ
)

H
+
(
α′′(η◦)|∂xθ◦|p◦, ϕ

)
H

+
(
g′(η◦)p◦, ϕ

)
H

+
(
α′(η◦)ξ◦, ϕ

)
H
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=
(
K(η◦ − ηad), ϕ

)
H

+
(
KΓ(η◦Γ − ηΓ,ad), ϕΓ

)
HΓ
, (6.3.11)

for any φ = [ϕ, ϕΓ] ∈ W,

subject to p◦(T ) = [p◦(T ), p◦Γ(T )] = [0, 0] in X;

and (
α0z

◦, ∂tψ
)

H
+
〈
ζ◦, ψ

〉
U0

+
(
ν2∂xz

◦ + α′(η◦)ν◦p◦, ∂xψ
)

H

=
(
Λ(θ◦ − θad), ψ

)
H
, for any ψ ∈ U0. (6.3.12)

Remark 6.11. Let RT ∈ L (H ) be an isomorphism, defined as:(
RTϕ

)
(t) := ϕ(T − t) in H, for a.e. t ∈ (0, T ).

Also, let us fix ε > 0, and denote by Q∗
ε ∈ L (X× H ;Y) the restriction P|{[0,0,0]}×[X×H ]

of the bounded linear operator P = P(a, b, µ, ω,A) : [W × H] × [X × V ∗
0 ] −→ Y, as in

Remark 6.9, in the case when:
[a, b] = RT [α0,−∂tα0] in W 1,∞(Q) × L∞(Q),

µ = RT

[
g′(η∗ε) + α′′(η∗ε)fε(∂xθ

∗
ε)
]

in L∞(0, T ;H),

[ω,A] = RT

[
α′(η∗ε)f ′

ε(∂xθ
∗
ε), α(η∗ε)f ′′

ε (∂xθ
∗
ε)
]

in [L∞(Q)]2.

(6.3.13)

On this basis, let us define:

P∗
ε := RT ◦ Q∗

ε ◦ RT in L (X× H ;Y).

Then, having in mind:

∂t(α0z̃) = α0∂tz̃ + z̃∂tα0 in V ∗
0 , for any z̃ ∈ W 1,2(0, T ;V ∗

0 ), (6.3.14)

we can obtain the unique solution [p∗
ε, z

∗
ε ] = [p∗ε, p

∗
Γ,ε, z

∗
ε ] ∈ Y with p∗

ε = [p∗ε, p
∗
Γ,ε] to the

variational system (6.3.6)–(6.3.8) as follows:

[p∗
ε, z

∗
ε ] = [p∗ε, p

∗
Γ,ε, z

∗
ε ] = P∗

ε

[
K(η∗ε − ηad), KΓ(η∗Γ,ε − ηΓ,ad),Λ(θ∗ε − θad)

]
in Y.

6.4 Proof of Main Theorem 6.1

In this Section, we give the proof of the first Main Theorem 6.1. Before the proof, we refer
to the reformulation method as in [62], and reduce the state-system (S)ε to an evolution
equation in the Hilbert space X×H.

Let us fix any ε ≥ 0. Besides, for any R ≥ 0, let us define a proper functional
ΦR

ε : X×H −→ [0,∞], by setting:

ΦR
ε : w = [η, θ] = [η, ηΓ, θ] ∈ X×H 7→ ΦR

ε (w) = ΦR
ε (η, θ) = ΦR

ε (η, ηΓ, θ)

:=


1

2

∫
Ω

|∂xη|2 dx+
R

2

∫
Ω

|η|2 dx+
1

2

∫
Ω

(
νfε(∂xθ) +

1

ν
α(η)

)2

dx,

if [η, θ] = [η, ηΓ, θ] ∈ W× V0 with η = [η, ηΓ],

∞, otherwise.

(6.4.1)

Note that the assumptions (A1) and (A2) guarantee the lower semi-continuity and con-
vexity of ΦR

ε on X×H.
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Remark 6.12. As consequences of standard variational methods, we easily check the
following facts.

(Fact 3) For the operator ∂ηΦR
ε : X×H −→ 2X,

D(∂ηΦR
ε ) =

{
[η̃, θ̃] = [η̃, η̃Γ, θ̃] ∈ W× V0 η̃ ∈ H2(Ω) with ∂xη̃ ·nΓ = 0 on Γ

}
,

and ∂ηΦR
ε is a single-valued operator such that:

∂ηΦR
ε (w) =

t[−∂2xη +Rη + α′(η)fε(∂xθ) + ν−2α(η)α′(η)
0

]
in X,

for any w = [η, θ] = [η, ηΓ, θ] ∈ D(∂ηΦR
ε ).

(Fact 4) θ ∈ D(∂θΦ
R
ε ), and θ∗ ∈ ∂θΦ

R
ε (w) = ∂θΦ

R
ε (η, θ) = ∂θΦ

R
ε (η, ηΓ, θ), iff. θ ∈ V0, and

(θ∗, θ − ψ)H ≥ ν2(∂xθ, ∂x(θ − ψ))H +

∫
Ω

α(η)fε(∂xθ) dx−
∫
Ω

α(η)fε(∂xψ),

for any ψ ∈ V0.

In addition, let us define time-dependent operators A(t) ∈ L (X × H), for t ∈ [0, T ],
nonlinear operators GR : X×H −→ X×H, for R ≥ 0, by setting:

A(t) : w = [η, θ] = [η, ηΓ, θ] ∈ X×H

7→ A(t)w := [η, ηΓ, α0(t)θ] ∈ X×H, for t ∈ [0, T ], (6.4.2)

and

GR : w = [η, θ] = [η, ηΓ, θ] ∈ X×H

7→ GR(w) :=
[
g(η) −Rη − ν−2α(η)α′(η), 0, 0

]
∈ X×H, (6.4.3)

respectively. Then, based on the above (Fact 3) and (Fact 4), it is verified that the state-
system (S)ε is equivalent to the following Cauchy problem:

A(t)w′(t) +
[
∂ηΦR

ε × ∂θΦ
R
ε

]
(w(t)) +GR(w(t)) 3 f(t) in X×H,

a.e. t ∈ (0, T ),

w(0) = w0 in X×H.

In the context, “ ′ ” is the time-derivative, and
• w0 := [η0, θ0] = [η0, ηΓ,0, θ0] ∈ W×V0 with η0 = [η0, ηΓ,0]

is the initial data of w = [η, θ] = [η, ηΓ, θ],

• f := [Lu,LΓuΓ,Mv] ∈ X×H is the forcing term of the
Cauchy problem.

(6.4.4)

Now, before the proof of Main Theorem 6.1, we prepare the following Key-Lemma and
Corollary.

Key-Lemma 1. Let us assume (A0)–(A3), and let us fix any ε ≥ 0. Then, there exists
a positive constant R0 > 0 such that:

∂ΦR0
ε =

[
∂ηΦR0

ε × ∂θΦ
R0
ε

]
in [X×H] × [X×H].
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Proof. We set:

R0 := 1 +
2

ν2
|α|2L∞(R), (6.4.5)

and prove this R0 is the required constant.
In the light of (6.1.5), it is immediately verified that:

∂ΦR0
ε ⊂

[
∂ηΦR0

ε × ∂θΦ
R0
ε

]
in [X×H] × [X×H].

Hence, with the maximality of the monotone graph ∂ΦR0
ε in [X×H] × [X×H] in mind,

we can reduce our task to show the monotonicity of
[
∂ηΦR0

ε ×∂θΦR0
ε

]
in [X×H]× [X×H].

Let us assume:

[w,w∗] ∈
[
∂ηΦR0

ε × ∂θΦ
R0
ε

]
and [w̃, w̃∗] ∈

[
∂ηΦR0

ε × ∂θΦ
R0
ε

]
in [X×H] × [X×H].

Then, by using (6.4.2), (6.4.3), (Fact 3), (Fact 4), and Young’s inequality, we compute
that:

(w∗ − w̃∗, w − w̃)X×H ≥ I1A + I2A + I3A, (6.4.6a)

with

I1A :=|∂x(η − η̃)|2H +R0|η − η̃|2H + ν2|∂x(θ − θ̃)|2H , (6.4.6b)

I2A := (α′(η)fε(∂xθ) − α′(η̃)fε(∂xθ̃), η − η̃)H

=

∫
Ω

fε(∂xθ)(α
′(η) − α′(η̃))(η − η̃)) dx

+

∫
Ω

α′(η̃)(fε(∂xθ) − fε(∂xθ̃))(η − η̃) dx

≥ −|α′|L∞(R)|η − η̃|H |∂x(θ − θ̃)|H

≥ −
|α′|2L∞(R)

ν2
|η − η̃|2H − ν2

4
|∂x(θ − θ̃)|2H , (6.4.6c)

and

I3A :=

∫
Ω

(α(η) − α(η̃))(fε(∂xθ) − fε(∂xθ̃)) dx

≥ −|α′|L∞(R)|η − η̃|H |∂x(θ − θ̃)|H

≥ −
|α′|2L∞(R)

ν2
|η − η̃|2H − ν2

4
|∂x(θ − θ̃)|2H . (6.4.6d)

Due to (6.4.5), the inequalities in (6.4.6) lead to:

(w∗ − w̃∗, w − w̃)X×H ≥ |η − η̃|2V +
ν2

2
|θ − θ̃|2V0

≥ 0,

which implies the monotonicity of the operator
[
∂ηΦR0

ε ×∂θΦR0
ε

]
in [X×H]× [X×H].

Corollary 6.4. Under the notations and assumptions as in the previous Key-Lemma 1,
it holds that

∂ΦR
ε =

[
∂ηΦR

ε × ∂θΦ
R
ε

]
in [X×H] × [X×H], for any R ≥ 0.
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Proof. Let us take arbitrary two constants 0 ≤ R, R̃ < ∞. Then from (Fact 3), we
immediately have

D(∂ηΦR
ε ) = D(∂ηΦR̃

ε ) in W, (6.4.7a)

and

∂ηΦR
ε (w) =

t[−∂2xη + R̃η + (R− R̃)η + α′(η)fε(∂xθ) + ν−2α(η)α′(η)
0

]
= ∂ηΦR̃

ε (w) + (R− R̃)[η, 0] in X, (6.4.7b)

for any w = [η, θ] = [η, ηΓ, θ] ∈ D(∂ηΦR
ε ) = D(∂ηΦR̃

ε ).

Also, as a straightforward consequence of (Fact 4), it is seen that:

∂θΦ
R
ε = ∂θΦ

R̃
ε in H ×H. (6.4.8)

In the meantime, invoking (6.4.1), [14, Theorem 2.10], and [18, Corollary 2.11], we will
infer that

D(∂ΦR
ε ) = D(∂ΦR̃

ε ) in W× V0, (6.4.9a)

and

∂ΦR
ε (w) = ∂ΦR̃

ε (w) + (R− R̃)[η, 0, 0] in X×H. (6.4.9b)

Now, let us take the constant R0 > 0 obtained in Key-Lemma 1. Then, owing to
(6.4.7)–(6.4.9), and Key-Lemma 1, we can compute that[

∂ηΦR
ε × ∂θΦ

R
ε

]
(w) =

[
∂ηΦR0

ε × ∂θΦ
R0
ε

]
(w) + (R−R0)[η, 0, 0]

= ∂ΦR0
ε (w) + (R−R0)[η, 0, 0] = ∂ΦR

ε (w) in X×H, (6.4.10)

for any w ∈ D(∂ηΦR
ε × ∂θΦ

R
ε ) = D(∂ηΦR

ε ) ∩D(∂θΦ
R
ε ).

In the light of (6.1.5), the above (6.4.10) is sufficient to conclude this Corollary.

Remark 6.13. Let ε ≥ 0 be arbitrary constant. Then, as a consequence of (Fact 3),
(Fact 4), Key-Lemma 1, and Corollary 6.4, we can say that the state-system (S)ε is equiv-
alent to the following Cauchy problem of evolution equation, denoted by (E)ε.

(E)ε : {
A(t)w′(t) + ∂ΦR

ε (w(t)) + GR(w(t)) 3 f(t) in X×H, a.e. t ∈ (0, T ),

w(0) = w0 in X×H,

for any R ≥ 0.

Now, we are ready to prove the Main Theorem 6.1.

186



Proof of Main Theorem 6.1 (I-A). Let us fix any R > 0. Then, under the setting
(6.4.1)–(6.4.4), we immediately check that:

(ev.0) for any t ∈ [0, T ], A(t) ∈ L (X×H) is positive and selfadjoint, and

(A(t)w,w)X×H ≥ δ∗|w|2X×H , for any w ∈ X×H,

with the constant δ∗ ∈ (0, 1) as in (A1);

(ev.1) A ∈ W 1,∞(0, T ; L (X×H)), and

A∗ := ess sup
t∈(0,T )

{
max{|A(t)|L (X×H), |A′(t)|L (X×H)}

}
≤ 1 + |α0|W 1,∞(Q) <∞;

(ev.2) GR : X×H −→ X×H is a Lipschitz continuous operator with a Lipschitz constant:

L∗ := R + |g′|L∞(R) + ν−2
∣∣(αα′)′

∣∣
L∞(R),

and GR has a C1-potential functional

ĜR : w = [η, θ] = [η, ηΓ, θ] ∈ X×H

7→ ĜR(w) :=

∫
Ω

(
G(η) − Rη2

2
− α(η)2

2ν2

)
dx ∈ R;

(ev.3) ΦR
ε ≥ 0 on X×H, and the sublevel set

{
w̃ ∈ X×H

∣∣ΦR
ε (w̃) ≤ r

}
is contained in

a compact set KR
ν (r) in X×H, defined as

KR
ν (r) :=

{
w̃ = [η̃, θ̃] = [η̃, η̃Γ, θ̃] ∈ W× V0 |η̃|2W + |θ̃|2V0

≤ 2r
min{1,R,ν2}

}
,

for any r ≥ 0.

On account of (6.4.1)–(6.4.4) and (ev.0)–(ev.3), we can apply Proposition 6.1, as the case
when:

X = X×H, A0 = A in W 1,∞(0, T ; L (X×H)),

G0 = GR on X×H, Ψ0 = ΦR
ε on X×H, and f0 = f in X× H ,

and we can find a solution w = [η, θ] = [η, ηΓ, θ] ∈ X × H with η = [η, ηΓ] to the
Cauchy problem (E)ε. In the light of Proposition 6.1 and Remark 6.13, finding this
w = [η, θ] = [η, ηΓ, θ] directly leads to the existence and uniqueness of solution to the
state-system (S)ε.

Proof of Main Theorem 6.1 (I-B). Under the assumptions and notations as in
Theorem 1 (I-A), we first fix a constant R > 0, and invoke Remark 6.13 to confirm that the
solution w := [η, θ] = [η, ηΓ, θ] ∈ X×H with η = [η, ηΓ] to (S)ε coincides with the solution
to the Cauchy problem (E)ε, and as well as, the solutions wn := [ηn, θn] = [ηn, ηΓ,n, θn] ∈
X × H with ηn = [ηn, ηΓ,n] to (S)εn , n = 1, 2, 3, . . . , coincide with the solutions to
the Cauchy problems (E)εn for the initial data w0,n := [η0,nθ0,n] = [η0,n, ηΓ,0,n, θ0,n] ∈
W× V0 with η0,n = [η0,n, ηΓ,0,n], and forcing terms fn = [Lun, LΓuΓ,n,Mvn] ∈ X×H , n =
1, 2, 3, . . . .
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On this basis, we next verify:

(ev.4) ΦR
εn ≥ 0 on X×H, for n = 1, 2, 3, . . . , and the union

⋃∞
n=1

{
w̃ ∈ X×H

∣∣ΦR
εn(w̃) ≤ r

}
of sublevel sets is contained in the compact set KR

ν (r) ⊂ X × H, as in (ev.3), for
any r > 0;

(ev.5) ΦR
εn → ΦR

ε on X×H, in the sense of Mosco, as n→ ∞, more precisely, the uniform
estimate (6.1.7) will lead to the corresponding lower bound condition and optimality
condition, in the Mosco-convergence of {ΦR

εn}
∞
n=1;

(ev.6) supn∈N ΦR
εn(w0,n) <∞, and

w0,n → w0 in X×H, as n→ ∞,

more precisely, it follows from (6.3.1), (A0), and (A1) that

sup
n∈N

ΦR
εn(w0,n) ≤ sup

n∈N

(
1 +R

2
|η0,n|2V + ν2(1 + |θ0,n|2V0

) +
1

ν2
|α(η0,n)|2H

)
<∞,

and the weak convergence of {w0,n}∞n=1 in W×V0 and the compactness of embedding
W× V0 ⊂ X×H imply the strong convergence of {w0,n}∞n=1 in X×H.

On account of (6.3.1) and (ev.0)–(ev.6), we can apply Proposition 6.2, to show that:

wn → w in C([0, T ];X×H)

(i.e. in C([0, T ];X) × C([0, T ];H)),

weakly in W 1,2(0, T ;X×H)

(i.e. weakly in W 1,2(0, T ;X) ×W 1,2(0, T ;H)),∫ T

0

ΦR
εn(wn(t)) dt→

∫ T

0

ΦR
ε (w(t)) dt,

as n→ ∞, (6.4.11a)

sup
n∈N

|wn|2L∞(0,T ;W)×L∞(0,T ;V0)
≤ 4 sup

n∈N
|wn|2L∞(0,T ;W×V0)

≤ 8

min {1, ν2, R}
sup
n∈N

|ΦR
εn(wn)|L∞(0,T ) <∞,

and hence,

wn → w weakly-∗ in L∞(0, T ;W) × L∞(0, T ;V0), as n→ ∞. (6.4.11b)

Also, as a consequence of the one-dimensional compact embeddings V ⊂ C(Ω) and V0 ⊂
C(Ω), the uniqueness of solution w to (E)ε, and Ascoli’s theorem (cf. [83, Corollary 4]),
we can derive from (6.4.11a) that

wn → w in [C(Q) × C(Σ)] × C(Q), as n→ ∞. (6.4.12)

Furthermore, from (6.1.6), (6.1.7), (6.4.11), (6.4.12), and the assumptions (A0)–(A2), one
can observe that:

lim
n→∞

1

2
|∂xηn|2H ≥ 1

2
|∂xη|2H , lim

n→∞

R

2
|ηn|2H ≥ R

2
|η|2H ,

lim
n→∞

ν2

2
|θn|2V0

≥ ν2

2
|θ|2V0

, lim
n→∞

1

2ν2
|α(ηn)|2H =

1

2ν2
|α(η)|2H ,

(6.4.13a)
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and

lim
n→∞

∣∣α(ηn)fεn(∂xθn)
∣∣
L1(Q)

= lim
n→∞

∫ T

0

∫
Ω

α(ηn(t))fεn(∂xθn(t)) dxdt

≥ lim
n→∞

∫ T

0

∫
Ω

α(η(t))fεn(∂xθn(t)) dxdt

− lim
n→∞

|α(ηn) − α(η)|C(Q) · sup
n∈N

(
Tεn + |∂xθn|L1(0,T ;L1(Ω))

)
≥ lim

n→∞

∫ T

0

∫
Ω

α(η(t))fε(∂xθn(t)) dxdt− |α(η)|C(Q) · lim
n→∞

(
T |εn − ε|

)
≥
∫ T

0

∫
Ω

α(η(t))fε(∂xθ(t)) dxdt =
∣∣α(η)fε(∂xθ)

∣∣
L1(Q)

. (6.4.13b)

Here, from (6.4.1), it is seen that:∫ T

0

ΦR
ε̃ (w̃(t)) dt =

∫ T

0

ΦR
ε̃ (η̃(t), η̃Γ(t), θ̃(t)) dt

=
1

2
|∂xη̃|2H +

R

2
|η̃|2H +

ν2

2
|θ̃|2V0

+
∣∣α(η̃)fε̃(∂xθ̃)

∣∣
L1(Q)

+
1

2ν2
|α(η̃)|2H +

ν2ε̃2

2
T

for all ε̃ > 0 and w̃ = [η̃, θ̃] = [η̃, η̃Γ, θ̃] ∈ D(Φε̃) = W× V0. (6.4.14)

Taking into account (6.4.11a), (6.4.13), and (6.4.14), we deduce that:

|∂xηn|2H +R|ηn|2H + ν2|θn|2V0
→ |∂xη|2H +R|η|2H + ν2|θ|2V0

,

and hence, |[ηn, θn]|V ×V0 → |[η, θ]|V ×V0 , as n→ ∞. (6.4.15)

Since the norm of Hilbert space V ×V0 is uniformly convex, the convergences (6.4.11b)
and (6.4.15) imply the strong convergences:

wn → w in W× V0, as n→ ∞, (6.4.16a)

and furthermore, it follows from (6.1.7) and (6.4.16a) that:

|fεn(∂xθn) − fε(∂xθ)|H ≤ |fεn(∂xθn) − fεn(∂xθ)|H + |fεn(∂xθ) − fε(∂xθ)|H
≤|θn − θ|V0 +

√
T |εn − ε| → 0, as n→ ∞. (6.4.16b)

The convergences (6.4.11), (6.4.12), and (6.4.16) are sufficient to verify the conclusions
(6.3.2) and (6.3.3) of Main Theorem 6.1 (I-B).

6.5 Proof of Main Theorem 6.2

In this Section, we prove the second Main Theorem 6.2. Let [η0, θ0] = [η0, ηΓ,0, θ0] ∈
W× V0 with η0 = [η0, ηΓ,0] be the initial triplet. Also, let us fix arbitrary forcing triplet
[ū, v̄] = [ū, ūΓ, v̄] ∈ X× H with ū = [ū, ūΓ] , and let us invoke the definition of the cost
functional (1.5.32), to estimate that:

0 ≤ Jε := inf
[u,v]∈X×H

Jε(u, v) ≤ Jε := Jε(ū, v̄) = Jε(ū, ūΓ, v̄) <∞, for all ε ≥ 0. (6.5.1)
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Also, for any ε ≥ 0, we denote by [η̄ε, θ̄ε] = [η̄ε, η̄Γ,ε, θ̄ε] ∈ X× H with η̄ε = [η̄ε, η̄Γ,ε] the
solution to (S)ε, for the initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] and forcing triplet [ū, v̄] =
[ū, ūΓ, v̄].

Based on these, the Main Theorem 6.2 is proved as follows.

Proof of Main Theorem 6.2 (II-A). Let us fix any ε ≥ 0. Then, from the estimate
(6.5.1), we immediately find a sequence of forcing triplets {[un, vn]}∞n=1 = {[un, uΓ,n, vn]}∞n=1

⊂ X× H with {un}∞n=1 = {[un, uΓ,n]}∞n=1, such that:

Jε(un, vn) = Jε(un, uΓ,n, vn) ↓ Jε, as n→ ∞, (6.5.2a)

and

1

2
sup
n∈N

∣∣[√Lun,√LΓuΓ,n,
√
Mvn]

∣∣2
X×H

≤ Jε(ū, ūΓ, v̄) <∞. (6.5.2b)

Also, the estimate (6.5.2b) enables us to take a subsequence of {[un, vn]}∞n=1 =
{[un, uΓ,n, vn]}∞n=1 (not relabeled), and to find a triplet of functions [u∗, v∗] = [u∗, u∗Γ, v

∗] ∈
X× H with u∗ = [u∗, u∗Γ], such that:

[
√
Lun,

√
LΓuΓ,

√
Mvn] → [

√
Lu∗,

√
LΓu

∗
Γ,
√
Mv∗]

weakly in X× H , as n→ ∞, (6.5.3a)

and as well as,

[Lun, LΓuΓ,n,Mvn] → [Lu∗, LΓu
∗
Γ,Mvv

∗] weakly in X× H , as n→ ∞. (6.5.3b)

Let [η∗, θ∗] = [η∗, η∗Γ, θ
∗] ∈ X × H with η∗ = [η∗, η∗Γ] be the solution to (S)ε, for the

initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] and forcing triplet [u∗, v∗] = [u∗, u∗Γ, v
∗]. As well as, for

any n ∈ N, let [ηn, θn] = [ηn, ηΓ,n, θn] ∈ X×H with ηn = [ηn, ηΓ,n] be the solution to (S)ε,
for the initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] and the forcing triplet [un, vn] = [un, uΓ,n, vn].
Then, having in mind (6.5.3) and the initial condition:

[ηn(0), θn(0)] = [ηn(0), ηΓ,n(0), θn(0)]

= [η∗(0), θ∗(0)] = [η∗(0), η∗Γ(0), θ∗(0)]

= [η0, θ0] = [η0, ηΓ,0, θ0] in X×H, for n = 1, 2, 3, . . . ,

we can apply Main Theorem 6.1 (I-B), to see that:

[ηn, θn] → [η∗, θ∗] in [C(Q) × C(Σ)] × C(Q), as n→ ∞. (6.5.4)

On account of (6.5.2a), (6.5.3a), and (6.5.4), it is computed that:

Jε (u∗, v∗) = Jε(u
∗, u∗Γ, v

∗)

=
1

2

∣∣[√K(η∗ − ηad),
√
KΓ(η∗Γ − ηΓ,ad),

√
Λ(θ∗ − θad)]

∣∣2
X×H

+
1

2

∣∣[√Lu∗,√LΓu
∗
Γ,
√
Mv∗]

∣∣2
X×H
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≤ 1

2
lim
n→∞

∣∣[√K(ηn − ηad),
√
KΓ(ηΓ,n − ηΓ,ad),

√
Λ(θn − θad)]

∣∣2
X×H

+
1

2
lim
n→∞

∣∣[√Lun,√LΓuΓ,n,
√
Mvn]

∣∣2
X×H

= lim
n→∞

Jε(un, vn) = lim
n→∞

Jε(un, uΓ,n, vn) = Jε (≤ Jε(u
∗, v∗)),

and it implies that

Jε(u
∗, v∗) = Jε(u

∗, u∗Γ, v
∗) = min

[u,v]∈X×H
Jε(u, v) = min

[u,uΓ,v]∈X×H
Jε(u, uΓ, v).

Thus, we conclude the item (II-A).

Proof of Main Theorem 6.2 (II-B). Let ε ∈ [0, 1] and {εn}∞n=1 ⊂ [0, 1] be as in
(6.3.4). Let [η̄ε, θ̄ε] = [η̄ε, η̄Γ,ε, θ̄ε] ∈ X×H with η̄ε = [η̄ε, η̄Γ,ε] be the solution to the system
(S)ε, for the initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] and forcing triplet [ū, v̄] = [ū, ūΓ, v̄], and
let [η̄εn , θ̄εn ] = [η̄εn , η̄Γ,εn , θ̄εn ] ∈ X × H with η̄εn = [η̄εn , η̄Γ,εn ], n = 1, 2, 3, . . . , be the
solutions to (S)εn , for the respective initial triplets [η0,n, θ0,n] = [η0,n, ηΓ,0,n, θ0,n] ∈ W×V0
with η0,n = [η0,n, ηΓ,0,n], n = 1, 2, 3, . . . , and the fixed forcing triplet [ū, v̄] = [ū, ūΓ, v̄]. On
this basis, let us first apply Main Theorem 6.1 (I-B) to the solutions [η̄ε, θ̄ε] = [η̄ε, η̄Γ,ε, θ̄ε]
and [η̄εn , θ̄εn ] = [η̄εn , η̄Γ,εn , θ̄εn ], n = 1, 2, 3, . . . . Then, we have

[η̄εn , θεn ] → [η̄ε, θε] in [C(Q) × C(Σ)] × C(Q),

[η̄n(0), θ̄n(0)] = [η0,n, θ0,n] → [η̄ε(0), θ̄ε(0)] = [η0, θ0]

in [C(Ω) × C(Γ)] × C(Ω), as n→ ∞,

(6.5.5)

and hence,
J sup := sup

n∈N
Jεn(ū, v̄) = sup

n∈N
Jεn(ū, ūΓ, v̄) <∞. (6.5.6)

Next, for any n ∈ N, let us denote by [η∗
n, θ

∗
n] = [η∗n, η

∗
Γ,n, θ

∗
n] ∈ X × H with η∗

n =
[η∗n, η

∗
Γ,n] the solution to (S)εn , for the initial triplet [η0,n, θ0,n] = [η0,n, ηΓ,0,n, θ0,n] and

forcing triplet [u∗
n, v

∗
n] = [u∗n, u

∗
Γ,n, v

∗
n] ∈ X×H with u∗

n = [u∗n, u
∗
Γ,n]. Then, in the light of

(6.5.1) and (6.5.6), we can see that:

0 ≤ 1

2
|[
√
Lu∗n,

√
LΓu

∗
Γ,n,

√
Mv∗n]|2X×H ≤ Jεn ≤ J sup <∞, for n = 1, 2, 3, . . . .

Therefore, we can find a subsequence {ni}∞i=1 ⊂ {n}, together with a triplet of functions
[u∗∗, v∗∗] = [u∗∗, u∗∗Γ,n, v

∗∗] ∈ X× H with u∗∗ = [u∗∗, u∗∗Γ,n], such that:

[
√
Lu∗ni

,
√
LΓu

∗
Γ,ni

,
√
Mv∗ni

] → [
√
Lu∗∗,

√
LΓu

∗∗
Γ ,

√
Mv∗∗]

weakly in X× H , as i→ ∞, (6.5.7)

and as well as,

[Lu∗ni
, LΓu

∗
Γ,ni

,Mv∗ni
] → [Lu∗∗, LΓu

∗∗
Γ ,Mv∗∗] weakly in X× H , as i→ ∞.
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Here, let us denote by [η∗∗, θ∗∗] = [η∗∗, η∗∗Γ , θ
∗∗] ∈ X×H with η∗∗ = [η∗∗, η∗∗Γ ] the solution

to (S)ε, for the initial triplet [η0, θ0] = [η0,n, ηΓ,0,n, θ0,n] and forcing triplet [u∗∗, v∗∗] =
[u∗∗, u∗∗Γ , v

∗∗]. Then, applying Main Theorem 6.1 (I-B), again, to the solutions [η∗∗, θ∗∗] =
[η∗∗, η∗∗Γ , θ

∗∗] and [η∗
ni
, θ∗ni

] = [η∗ni
, η∗Γ,ni

, θ∗ni
], i = 1, 2, 3, . . . , we can observe that:

[η∗
ni
, θ∗ni

] → [η∗∗, θ∗∗] in [C(Q) × C(Σ)] × C(Q), as i→ ∞. (6.5.8)

As a consequence of (6.5.5), (6.5.7), and (6.5.8), it is verified that:

Jε(u
∗∗, v∗∗) = Jε(u

∗∗, u∗∗Γ , v
∗∗)

=
1

2

∣∣[√K(η∗∗ − ηad),
√
KΓ(η∗∗Γ − ηΓ,ad),

√
Λ(θ∗∗ − θad))]

∣∣2
X×H

+
1

2

∣∣[√Lu∗∗,√LΓu
∗∗
Γ ,

√
Mv∗∗]

∣∣2
X×H

≤ 1

2
lim
i→∞

∣∣[√K(η∗ni
− ηad),

√
KΓ(η∗Γ,ni

− ηΓ,ad),
√

Λ(θ∗ni
− θad)]

∣∣2
X×H

+
1

2
lim
i→∞

∣∣[√Lu∗ni
,
√
LΓu

∗
Γ,ni

,
√
Mv∗ni

]
∣∣2
X×H

= lim
i→∞

Jεni
(u∗

ni
, v∗ni

) = lim
i→∞

Jεni
(u∗ni

, u∗Γ,ni
, v∗ni

)

≤ lim
i→∞

Jεni
(ū, v̄) = lim

i→∞
Jεni

(ū, ūΓ, v̄)

=
1

2
lim
i→∞

∣∣[√K(η̄εni
− ηad),

√
KΓ(η̄Γ,εni

− ηΓ,ad),
√

Λ(θ̄εni
− θad)]

∣∣2
X×H

+
1

2

∣∣[√Lū,√LΓūΓ,
√
Mv̄]

∣∣2
X×H

= Jε(ū, v̄) = Jε(ū, ūΓ, v̄).

Since the choice of [ū, v̄] = [ū, ūΓ, v̄] ∈ X× H is arbitrary, we conclude that:

Jε(u
∗∗, v∗∗) = Jε(u

∗∗, u∗∗Γ , v
∗∗) = min

[u,v]∈X×H
Jε(u, v) = min

[u,uΓ,v]∈X×H
Jε(u, uΓ, v),

and complete the proof of the item (II-B).

6.6 Proof of Main Theorem 6.3

This Section is devoted to the proof of the third Main Theorem 6.3. To this end, we need
to start with the case of ε > 0, and prepare some Lemmas, associated with the Gâteaux
differential of the regular cost functional Jε.

Let ε > 0 be a fixed constant, and let [η0, θ0] = [η0, ηΓ,0, θ0] ∈ W×V0 with η0 = [η0, ηΓ,0]
be the initial triplet. Let us take any forcing triplet [u, v] = [u, uΓ, v] ∈ X × H with
u = [u, uΓ], and consider the unique solution [η, θ] = [η, ηΓ, θ] ∈ X× H with η = [η, ηΓ]
to the state-system (S)ε. Also, let us take any constant δ ∈ (−1, 1) \ {0} and any triplet
of functions [h, k] = [h, hΓ, k] ∈ X × H with h = [h, hΓ], and consider another solution
[ηδ, θδ] = [ηδ, ηδΓ, θ

δ] ∈ X× H with ηδ = [ηδ, ηδΓ] to the system (S)ε, for the initial triplet
[η0, θ0] = [η0, ηΓ,0, θ0] and a perturbed forcing triplet [u + δh, v + δk] = [u + δh, uΓ +
δhΓ, v + δk] ∈ X × H with u + δh = [u + δh, uΓ + δhΓ]. On this basis, we consider a
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sequence of triplets of functions {[χδ, γδ]}δ∈(−1,1)\{0} = {[χδ, χδ
Γ, γ

δ]}δ∈(−1,1)\{0} ⊂ X× H
with {χδ}δ∈(−1,1)\{0} = {[χδ, χδ

Γ]}δ∈(−1,1)\{0}, defined as:

[χδ, γδ] = [χδ, χδ
Γ, γ

δ] :=

[
ηδ − η

δ
,
θδ − θ

δ

]
=

[
ηδ − η

δ
,
ηδΓ − ηΓ

δ
,
θδ − θ

δ

]
∈ X× H

with χδ = [χδ, χδ
Γ] =

[
ηδ − η

δ
,
ηδΓ − ηΓ

δ

]
for δ ∈ (−1, 1) \ {0}. (6.6.1)

This sequence acts a key-role in the computation of Gâteaux differential of the cost func-
tional Jε, for ε > 0.

Remark 6.14. Note that for any δ ∈ (−1, 1) \ {0}, the triplet of functions [χδ, γδ] =
[χδ, χδ

Γ, γ
δ] ∈ X× H with χδ = [χδ, χδ

Γ] fulfills the following variational forms:

(∂tχ
δ(t),φ)X + (∂xχ

δ(t), ∂xϕ)H

+

∫
Ω

(∫ 1

0

g′(η(t) + ςδχδ(t)) dς

)
χδ(t)ϕdx

+

∫
Ω

(
fε(∂xθ(t))

∫ 1

0

α′′(η(t) + ςδχδ(t)) dς

)
χδ(t)ϕdx

+

∫
Ω

(
α′(ηδ(t))

∫ 1

0

f ′
ε(∂xθ(t) + ςδ∂xγ

δ(t)) dς

)
∂xγ

δ(t)ϕdx

=(Lh(t), ϕ)H + (LΓhΓ(t), ϕΓ)HΓ
, for any φ = [ϕ, ϕΓ] ∈ W,

a.e. t ∈ (0, T ), subject to χδ(0) = [χδ(0), χδ
Γ(0)] = [0, 0] in X,

and

(α0(t)∂tγ
δ(t), ψ)H + ν2(∂xγ

δ(t), ∂xψ)H

+

∫
Ω

(
α(ηδ(t))

∫ 1

0

f ′′
ε (∂xθ(t) + ςδ∂xγ

δ(t)) dς

)
∂xγ

δ(t)∂xψ dx

+

∫
Ω

(
f ′
ε(∂xθ(t))

∫ 1

0

α′(η(t) + ςδχδ(t)) dς

)
χδ(t)∂xψ dx

=(Mk(t), ψ)H , for any ψ ∈ V0, a.e. t ∈ (0, T ), subject to γδ(0) = 0 in H.

In fact, these variational forms are obtained by taking the difference between respective
two variational forms for [ηδ, θδ] = [ηδ, ηδΓ, θ

δ] ∈ X × H and [η, θ] = [η, ηΓ, θ] ∈ X × H ,
as in Main Theorem 6.1 (I-A), and by using the following linearization formulas:

1

δ

(
g(ηδ) − g(η)

)
=

(∫ 1

0

g′(η + ςδχδ) dς

)
χδ in H ,

1

δ

(
α′(ηδ)fε(∂xθ

δ) − α′(η)fε(∂xθ)
)

=
1

δ

(
α′(ηδ) − α′(η)

)
fε(∂xθ) +

1

δ
α′(ηδ)

(
fε(∂xθ

δ) − fε(∂xθ)
)
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=

(
fε(∂xθ)

∫ 1

0

α′′(η + ςδχδ) dς

)
χδ

+

(
α′(ηδ)

∫ 1

0

f ′
ε(∂xθ + ςδ∂xγ

δ) dς

)
∂xγ

δ in H ,

and

1

δ

(
α(ηδ)f ′

ε(∂xθ
δ) − α(η)f ′

ε(∂xθ)
)

=
1

δ
α(ηδ)

(
f ′
ε(∂xθ

δ) − f ′
ε(∂xθ)

)
+

1

δ

(
α(ηδ) − α(η)

)
f ′
ε(∂xθ)

=

(
α(ηδ)

∫ 1

0

f ′′
ε (∂xθ + ςδ∂xγ

δ) dς

)
∂xγ

δ

+

(
f ′
ε(∂xθ)

∫ 1

0

α′(η + ςδχδ) dς

)
χδ in H .

Incidentally, the above linearization formulas can be verified as consequences of the as-
sumptions (A0)–(A3) and the mean-value theorem (cf. [54, Theorem 5 in p. 313]).

Now, we verify the following two Lemmas.

Lemma 6.1. Let us fix ε > 0, and assume (A0)–(A3). Then, for any [u, v] = [u, uΓ, v] ∈
X×H with u = [u, uΓ], the cost functional Jε admits the Gâteaux derivative J ′

ε(u, v) =
J ′

ε(u, uΓ, v) ∈ X× H (= [X× H ]∗), such that:(
J ′

ε(u, v), [h, k]
)
X×H

=
(
J ′

ε(u, uΓ, v), [h, hΓ, k]
)
X×H

=
(
[K(η − ηad), KΓ(ηΓ − ηΓ,ad),Λ(θ − θad)], P̄ε[Lh,LΓuΓ,Mk]

)
X×H

+
(
[Lu,LΓuΓ,Mv], [h, hΓ, k]

)
X×H

,

for any [h, k] = [h, hΓ, k] ∈ X× H with h = [h, hΓ]. (6.6.2)

In the context, [η, θ] = [η, ηΓ, θ] ∈ X × H with η = [η, ηΓ] is the solution to the state-
system (S)ε, for the initial triplet [η0, θ0] = [η0, ηΓ,0, θ0] ∈ W× V0 with η0 = [η0, ηΓ,0] and
forcing triplet [u, v] = [u, uΓ, v], and P̄ε ∈ L (X×H ;Y) is the restriction P|{[0,0,0]}×[X×H ]

of the bounded linear operator P = P(a, b, µ, ω,A) : [W × H] × [X × V ∗
0 ] −→ Y, as in

Remark 6.9, in the case when:
[a, b] = [α0, 0] in W 1,∞(Q) × L∞(Q),

µ = µ̄ε := g′(η) + α′′(η)fε(∂xθ) in L∞(0, T ;H),

[ω,A] = [ω̄ε, Āε] :=
[
α′(η)f ′

ε(∂xθ), α(η)f ′′
ε (∂xθ)

]
in [L∞(Q)]2.

(6.6.3)

Proof. Let us fix any [u, v] = [u, uΓ, v] ∈ X × H with u = [u, uΓ], and take any
δ ∈ (−1, 1) \ {0} and any [h, k] = [h, hΓ, k] ∈ X× H with h = [h, hΓ]. Then, it is easily
seen that:

1

δ

(
Jε(u + δh, v + δk) − Jε(u, v)

)
=

1

δ

(
Jε(u+ δh, uΓ + δhΓ, v + δk) − Jε(u, uΓ, v)

)
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=

(
K

2
(ηδ + η − 2ηad), χδ

)
H

+

(
KΓ

2
(ηδΓ + ηΓ − 2ηΓ,ad), χδ

Γ

)
HΓ

(6.6.4)

+

(
Λ

2
(θδ + θ − 2θad), γδ

)
H

+

(
L

2
(2u+ δh), h

)
H

+

(
LΓ

2
(2uΓ + δhΓ), hΓ

)
HΓ

+

(
M

2
(2v + δk), k

)
H

.

Here, let us set:

µ̄δ
ε :=

∫ 1

0

g′(η + ςδχδ) dς + fε(∂xθ)

∫ 1

0

α′′(η + ςδχδ) dς in L∞(0, T ;H),

ω̄δ
ε := α′(ηδ)

∫ 1

0

f ′
ε(∂xθ + ςδ∂xγ

δ) dς in L∞(Q),

Āδ
ε := α(ηδ)

∫ 1

0

f ′′
ε (∂xθ + ςδ∂xγ

δ) dς in L∞(Q),

(6.6.5a)

and

k̄δε := Mk + ∂x

[
χδf ′

ε(∂xθ)

∫ 1

0

α′(η + ςδχδ) dς

− χδα′(ηδ)

∫ 1

0

f ′
ε(∂xθ + ςδ∂xγ

δ) dς

]
in V ∗

0 , (6.6.5b)

for all δ ∈ (−1, 1) \ {0}.

Then, in the light of Remark 6.14, one can say that:

[χδ, γδ] = [χδ, χδ
Γ, γ

δ] = P̄δ
ε [Lh,LΓhΓ, k̄

δ
ε ] in Y, for δ ∈ (−1, 1) \ {0},

by using the restriction P̄δ
ε := P|{[0,0,0]}×[X×V ∗

0 ] : X × V ∗
0 −→ Y of the bounded linear

operator P = P(a, b, µ, ω,A) : [W×H] × [X× V ∗
0 ] −→ Y, as in Remark 6.9, in the case

when: {
[a, b, ω,A] = [α0, 0, ω̄

δ
ε , Ā

δ
ε] in W 1,∞(Q) × [L∞(Q)]3,

µ = µ̄δ
ε in L∞(0, T ;H), for δ ∈ (−1, 1) \ {0}.

Besides, taking into account (6.1.6), (6.6.5), (A0)–(A3), we have:

C̄∗
0 :=

16

min{1, ν2, δ∗}
(
1 + |α0|W 1,∞(Q) + 2|g′|2L∞(R)

+ 2|α′′|2L∞(R)|fε(∂xθ)|2L∞(0,T ;H) + |α′|2L∞(R)
)

(6.6.6a)

≥ 16

min{1, ν2, δ∗}
sup

0<|δ|<1

{
1 + |α0|W 1,∞(Q) + |µ̄δ

ε|2L∞(0,T ;H) + |ω̄δ
ε |2L∞(Q)

}
,

and ∣∣〈[Lh(t) , LΓhΓ(t), k̄δε(t)], [ϕ, ϕΓ, ψ]
〉
X×V0

∣∣
≤
∣∣(Lh(t), ϕ

)
H

∣∣+
∣∣(LΓhΓ(t), ϕΓ

)
HΓ

∣∣+ |〈k̄δε(t), ψ〉V0|
≤ L|h(t)|H |ϕ|H + LΓ|hΓ(t)|HΓ

|ϕΓ|HΓ
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+M |k(t)|H |ψ|H + 2|α′|L∞(R)|χδ(t)|H |∂xψ|H
≤ L|h(t)|H |ϕ|V + LΓ|hΓ(t)|HΓ

|ϕΓ|HΓ

+
(√

2M |k(t)|H + 2|α′|L∞(R)|χδ(t)|H
)
|ψ|V0 , (6.6.6b)

for a.e. t ∈ (0, T ), any [φ, ψ] = [ϕ, ϕΓ, ψ] ∈ X× V0

with φ = [ϕ, ϕΓ], and any δ ∈ (−1, 1) \ {0},

so that ∣∣[Lh(t), LΓhΓ(t), k̄δε(t)]
∣∣2
X×V ∗

0
≤ B̄∗

0

(∣∣[h(t), k(t)]
∣∣2
X×H

+ |χδ(t)|2H
)
,

for a.e. t ∈ (0, T ), and any δ ∈ (−1, 1) \ {0}, (6.6.6c)

with a positive constant B̄∗
0 := 4

(
L2 + L2

Γ +M2 + |α′|2L∞(R)
)
.

Now, having in mind (6.6.6), let us apply Theorem 6.2 (I) to the case when:
[a, b, µ, ω,A] = [α0, 0, µ

δ
ε, ω̄

δ
ε , Ā

δ
ε],

[h, k] = [h, hΓ, k] = [Lh,LΓhΓ, k̄
δ
ε ],

[p, z] = [p, pΓ, z] = [χδ, γδ] = [χδ, χδ
Γ, γ

δ] = P̄δ
ε [Lh,LΓhΓ, k̄

δ
ε ],

for δ ∈ (−1, 1) \ {0}.

Then, we estimate that:

d

dt

(
|χδ(t)|2X + |

√
α0(t)γ

δ(t)|2H
)

+
(
|χδ(t)|2W + ν2|γδ(t)|2V0

)
≤ C̄∗

0

(
|χδ(t)|2X + |

√
α0(t)γ

δ(t)|2H
)

+ C̄∗
0

(
|Lh(t)|2V ∗ + |LΓhΓ(t)|2H∗

Γ
+ |k̄δε(t)|2V ∗

0

)
≤ C̄∗

0(1 + B̄∗
0)
(
|χδ(t)|2X + |

√
α0(t)γ

δ(t)|2H
)

+ C̄∗
0 B̄

∗
0

(
|h(t)|2X + |k(t)|2H

)
,

for a.e. t ∈ (0, T ),

and subsequently, by using (A1) and Gronwall’s lemma, we observe that:

(? 1) the sequence {[χδ, γδ]}δ∈(−1,1)\{0} = {[χδ, χδ
Γ, γ

δ]}δ∈(−1,1)\{0} is bounded in
[C([0, T ];X) ×C([0, T ];H)] ∩ [W× V0].

Meanwhile, as consequences of (6.6.1), (6.6.3)–(6.6.6), (? 1), (A0)–(A3), Main Theo-
rem 6.1 (I-B), Remark 6.10, and Lebesgue’s dominated convergence theorem, one can find
a sequence {δn}∞n=1 ⊂ R, such that:

0 < |δn| < 1, and δn → 0, as n→ ∞, (6.6.7a)


[δnχ

δn , δnγ
δn ] = [ηδn − η, θδn − θ] → [0, 0, 0]

in [C(Q) × C(Σ)] × C(Q), and in W× V0,

[δn∂xχ
δn , δn∂xγ

δn ] = [∂x(ηδn − η), ∂x(θδn − θ)] → [0, 0]

in [H ]2, and in the pointwise sense a.e. in Q,

as n→ ∞, (6.6.7b)

196



[ω̄δn
ε ,Ā

δn
ε ] → [ω̄ε, Āε] weakly-∗ in [L∞(Q)]2,

and in the pointwise sense a.e. in Q, as n→ ∞, (6.6.7c){
µ̄δn
ε → µ̄ε weakly-∗ in L∞(0, T ;H),

µ̄δn
ε (t) → µ̄ε(t) in H, for a.e. t ∈ (0, T ),

as n→ ∞, (6.6.7d)

and

〈k̄δnε −Mk,ψ〉V0 = −
(
χδn , f ′

ε(∂xθ)
( ∫ 1

0

α′(η + ςδnχ
δn) dς

)
∂xψ

)
H

+

(
χδn , α′(ηδn)

( ∫ 1

0

f ′
ε(∂xθ + ςδn∂xγ

δn) dς
)
∂xψ

)
H

→ 0, as n→ ∞. (6.6.7e)

On account of (6.6.1), (6.6.3)–(6.6.7), and Remark 6.9, we can apply Theorem 6.3,
and can see that:

[χδn ,γδn ] = [χδn , χδn
Γ , γ

δn ] = P̄δn
ε [Lh,LΓhΓ, k̄

δn
ε ]

→ [χ, γ] = [χ, χΓ, γ] := P̄ε[Lh,LΓhΓ,Mk]

in [C(Q) × C(Σ)] × H , as n→ ∞. (6.6.8)

Since the uniqueness of the solution [χ, γ] = [χ, χΓ, γ] = P̄ε[Lh,LΓhΓ,Mk] is guaranteed
in Theorem 6.1, the observations (6.6.4), (6.6.7), and (6.6.8) enable us to compute the
directional derivative D[h,k]Jε(u, v) = D[h,hΓ,k]Jε(u, uΓ, v) ∈ R, as follows:

D[h,k]Jε(u, v) = D[h,hΓ,k]Jε(u, uΓ, v) := lim
δ→0

1

δ

(
Jε(u + δh, v + δk) − Jε(u, v)

)
= lim

δ→0

1

δ

(
Jε(u+ δh, uΓ + δhΓ, v + δk) − Jε(u, uΓ, v)

)
=
(
[K(η − ηad), KΓ(ηΓ − ηΓ,ad),Λ(θ − θad)], P̄ε[Lh,LΓhΓ,Mk]

)
X×H

+
(
[Lu,LΓuΓ,Mv], [h, hΓ, k]

)
X×H

,

for any [u, v] = [u, uΓ, v] ∈ X× H with u = [u, uΓ],

and any direction [h, k] = [h, hΓ, k] ∈ X× H with h = [h, hΓ].

Moreover, with Remark 6.9 and Riesz’s theorem in mind, we deduce the existence of the
Gâteaux derivative J ′

ε(u, v) = J ′
ε(u, uΓ, v) ∈ [X×H ]∗ (= X×H ) at [u, v] = [u, uΓ, v] ∈

X× H with u = [u, uΓ], i.e.:(
J ′

ε(u, uΓ, v), [h, hΓ, k]
)
X×H

= D[h,hΓ,k]Jε(u, uΓ, v),

for every [u, v] = [u, uΓ, v] and [h, k] = [h, hΓ, k] ∈ X× H ,

with u = [u, uΓ] and h = [h, hΓ], respectively.

Thus, we conclude this lemma with the required property (6.6.2).

Lemma 6.2. Under the assumptions (A0)–(A3), let [u∗
ε, v

∗
ε ] = [u∗ε, u

∗
Γ,ε, v

∗
ε ] ∈ X×H with

u∗
ε = [u∗ε, u

∗
Γ,ε] be an optimal control of the problem (OP)ε, and let [η∗

ε , θ
∗
ε ] = [η∗ε , η

∗
Γ,ε, θ

∗
ε ] ∈

X×H with η∗
ε = [η∗ε , η

∗
Γ,ε] be the solution to the system (S)ε, for the initial triplet [η0, θ0] =

[η0, ηΓ,0, θ0] ∈ W× V0 with η0 = [η0, ηΓ,0] and forcing triplet [u∗
ε, v

∗
ε ] = [u∗ε, u

∗
Γ,ε, v

∗
ε ]. Also,
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let P∗
ε : X × H −→ Y be the bounded linear operator, defined in Remark 6.11, with

use of the solution [η∗
ε , θ

∗
ε ] = [η∗ε , η

∗
Γ,ε, θ

∗
ε ]. Let Pε ∈ L (X × H ;Y) be the restriction

P|{[0,0,0]}×[X×H ] of the bounded linear operator P = P(a, b, µ, ω,A) : [W × H] × [X ×
V ∗
0 ] −→ Y, as in Remark 6.9, in the case when:

[a, b] = [α0, 0] in W 1,∞(Q) × L∞(Q),

µ = g′(η∗ε) + α′′(η∗ε)fε(∂xθ
∗
ε) in L∞(0, T ;H),

[ω,A] =
[
α′(η∗ε)f ′

ε(∂xθ
∗
ε), α(η∗ε)f ′′

ε (∂xθ
∗
ε)
]

in [L∞(Q)]2.

(6.6.9)

Then, the operators P∗
ε and Pε have a conjugate relationship, in the following sense:(

P∗
ε [u, v][h, k]

)
X×H

=
(
P∗

ε [u, uΓ, v], [h, hΓ, k]
)
X×H

=
(
[u, v],Pε[h, k]

)
X×H

=
(
[u, uΓ, v],Pε[h, hΓ, k]

)
X×H

,

for all [h, k] = [h, hΓ, k] and [u, v] = [u, uΓ, v] ∈ X× H

with h = [h, hΓ] and u = [u, uΓ], respectively.

Proof. Let us fix arbitrary triplets of functions [h, k] = [h, hΓ, k] ∈ X × H with h =
[h, hΓ] and [u, v] = [u, uΓ, v] ∈ X× H with u = [u, uΓ], and let us put:

[χε, γε] = [χε, χΓ,ε, γε] := Pε[h, k] = Pε[h, hΓ, k] and

[pε, zε] = [pε, pΓ,ε, zε] := P∗
ε [u, v] = P∗

ε [u, uΓ, v], in X× H .

Then, invoking Theorem 6.1, and the settings as in (6.3.13) and (6.6.9), we compute that:

(
P∗

ε [u, v], [h, k]
)
X×H

=

∫ T

0

(
pε(t),h(t)

)
X dt+

∫ T

0

(
zε(t), k(t)

)
H
dt

=

∫ T

0

(
h(t),pε(t)

)
X dt+

∫ T

0

(
k(t), zε(t)

)
H
dt

=

∫ T

0

[ (
∂tχε(t),pε(t)

)
X +

(
∂xχε(t), ∂xpε(t)

)
H

+
(
α′′(η∗ε(t))fε(∂xθ

∗
ε(t))χε(t), pε(t)

)
H

+
(
g′(η∗ε(t))χε(t), pε(t)

)
H

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))∂xγε(t), pε(t)

)
H

]
dt

+

∫ T

0

[ 〈
α0(t)∂tγε(t), zε(t)

〉
V0

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))χε(t), ∂xzε(t)

)
H

+
(
α(η∗ε(t))f ′′

ε (∂xθ
∗
ε(t))∂xγε(t), ∂xzε(t)

)
H

+ ν2
(
∂xγε(t), ∂xzε(t)

)
H

]
dt

=
(
pε(T ),χε(T )

)
X −

(
pε(0),χε(0)

)
X +

∫ T

0

[ (
−∂tpε(t),χε(t)

)
X

+
(
∂xpε(t), ∂xχε(t)

)
H

+
(
α′′(η∗ε(t))fε(∂xθ

∗
ε(t))pε(t), χε(t)

)
H

+
(
g′(η∗ε(t))pε(t), χε(t)

)
H

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))∂xzε(t), χε(t)

)
H

]
dt
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+
(
α0(T )zε(T ), γε(T )

)
H
−
(
α0(0)zε(0), γε(0)

)
H

+

∫ T

0

[ 〈
−∂t

(
α0zε)(t), γε(t)

〉
V0

+
(
α′(η∗ε(t))f ′

ε(∂xθ
∗
ε(t))pε(t), ∂xγε(t)

)
H

+
(
α(η∗ε(t))f ′′

ε (∂xθ
∗
ε(t))∂xzε(t), ∂xγε(t)

)
H

+ ν2
(
∂xzε(t), ∂xγε(t)

)
H

]
dt

=(u,χε)X + (v, γε)H =
(
[u, v],Pε[h, k]

)
X×H

.

Remark 6.15. Note that the operator Pε ∈ L (X×H ;Y), as in Lemma 6.2, corresponds
to the operator P̄ε ∈ L (X × H ;Y), as in the previous Lemma 6.1, under the special
setting (6.6.9).

Now, we are ready to prove the Main Theorem 6.3.

Proof of (III-A) of Main Theorem 6.3. Let [u∗
ε, v

∗
ε ] = [u∗ε, u

∗
Γ,ε, v

∗
ε ] ∈ X × H with

u∗
ε = [u∗ε, u

∗
Γ,ε] be the optimal control of (OP)ε, let [η∗

ε , θ
∗
ε ] = [η∗ε , η

∗
Γ,ε, θ

∗
ε ] ∈ X × H

with η∗
ε = [η∗ε , η

∗
Γ,ε] be the solution to the system (S)ε for the initial triplet [η0, θ0] =

[η0, ηΓ,0, θ0] ∈ W × V0 with η0 = [η0, ηΓ,0], and forcing triplet [u∗
ε, v

∗
ε ] = [u∗ε, u

∗
Γ,ε, v

∗
ε ], and

let Pε ∈ L (X× H ;Y) and P∗
ε ∈ L (X× H ;Y) be the two operators as in Lemma 6.2.

Then, on the basis of the previous Lemmas 6.1 and 6.2, Main Theorem 6.3 (III-A) will
be demonstrated as follows:

0 = (J ′
ε(u

∗
ε, v

∗
ε), [h, k])X×H =

(
J ′

ε(u
∗
ε, u

∗
Γ,ε, v

∗
ε), [h, hΓ, k]

)
X×H

= lim
δ→0

1

δ

(
Jε(u

∗
ε + δh, v∗ε + δk) − Jε(u

∗
ε, v

∗
ε)
)

= lim
δ→0

1

δ

(
Jε(u

∗
ε + δh, u∗Γ,ε + δhΓ, v

∗
ε + δk) − Jε(u

∗
ε, uΓ,ε, v

∗
ε)
)

=
(
[K(η∗ε − ηad), KΓ(η∗Γ,ε − ηΓ,ad),Λ(θ∗ε − θad)],Pε[Lh,LΓhΓ,Mk]

)
X×H

+
(
[Lu∗ε, LΓu

∗
Γ,ε,Mv∗ε ], [h, hΓ, k]

)
X×H

=
(
P∗

ε [K(η∗ε − ηad), KΓ(η∗Γ,ε − ηΓ,ad),Λ(θ∗ε − θad)], [Lh,LΓhΓ,Mk]
)
X×H

+
(
[Lu∗ε, LΓu

∗
Γ,ε,Mv∗ε ], [h, hΓ, k]

)
X×H

=
(
[Lp∗ε, LΓp

∗
Γ,ε,Mz∗ε ], [h, hΓ, k]

)
X×H

+
(
[Lu∗ε, LΓu

∗
Γ,ε,Mv∗ε ], [h, hΓ, k]

)
X×H

=
(
[L(p∗ε + u∗ε), LΓ(p∗Γ,ε + u∗Γ,ε),M(z∗ε + v∗ε)], [h, hΓ, k]

)
X×H

,

for any [h, k] = [h, hΓ, k] ∈ X× H with h = [h, hΓ].

Proof of (III-B) of Main Theorem 6.3. Let [η0, θ0] = [η0, ηΓ,0, θ0] ∈ W × V0 with
η0 = [η0, ηΓ,0] be the fixed initial triplet. For any ε > 0, let [u∗

ε, v
∗
ε ] = [u∗ε, u

∗
Γ,ε, v

∗
ε ] ∈

X × H with u∗
ε = [u∗ε, u

∗
Γ,ε], [η∗

ε , θ
∗
ε ] = [η∗ε , η

∗
Γ,ε, θ

∗
ε ] ∈ X × H with η∗

ε = [η∗ε , η
∗
Γ,ε], and

[p∗
ε, z

∗
ε ] = [p∗ε, p

∗
Γ,ε, z

∗
ε ] ∈ Y with p∗

ε = [p∗ε, p
∗
Γ,ε] be as in Main Theorem 6.3 (III-A). Then,

by Main Theorem 6.2 (II-B), we find an optimal control [u◦, v◦] = [u◦, u◦Γ, v
◦] ∈ X × H
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with u◦ = [u◦, u◦Γ] of (OP)0, and find a zero-convergent sequence {εn}∞n=1 ⊂ (0, 1), such
that:

[Lu∗n, LΓu
∗
Γ,n,Mv∗n] := [Lu∗εn , LΓu

∗
Γ,εn ,Mv∗εn ] → [Lu◦, LΓu

◦
Γ,Mv◦]

weakly in X× H , as n→ ∞. (6.6.10a)

Let [η◦, θ◦] ∈ X × H with η◦ = [η◦, η◦Γ] be the solution to (S)0, for the initial triplet
[η0, θ0] = [η0, ηΓ,0, θ0] and forcing triplet [u◦, v◦] = [u◦, u◦Γ, v

◦]. Then, having in mind
(6.6.10a), Main Theorem 6.1 (I-B), and Remark 6.10, we can find a subsequence of {εn}∞n=1

(not relabeled) and a function ν◦ ∈ L∞(Q), such that:

[η∗
n, θ

∗
n] := [η∗

εn , θ
∗
εn ] → [η◦, θ◦] in [C(Q) × C(Σ)] × C(Q), in W× V0,

and weakly-∗ in L∞(0, T ;V) × L∞(0, T ;V0), (6.6.10b)

[∂xηn, ∂xθn] → [∂xη
◦, ∂xθ

◦] in [H ]2,

and in the pointwise sense a.e. in Q, (6.6.10c)


µ∗
n := g′(η∗n) + α′′(η∗n)fεn(∂xθ

∗
n) → µ◦ := g′(η◦) + α′′(η◦)|∂xθ◦|

weakly-∗ in L∞(0, T ;H), and

in the pointwise sense a.e. in Q,

µ∗
n(t) → µ◦(t) in H, in the pointwise sense for a.e. t ∈ (0, T ),

(6.6.10d)

{
f ′
εn(∂xθ

∗
n) → ν◦ weakly-∗ in L∞(Q),

|ν◦| ≤ 1 a.e. in Q,
(6.6.10e)

and

ω∗
n := α′(η∗n)f ′

εn(∂xθ
∗
n) → α′(η◦)ν◦ weakly-∗ in L∞(Q), as n→ ∞. (6.6.10f)

Besides, from (6.6.10c), (6.6.10e), Remark 6.5 (Fact 1) and (Fact 2), and [18, Proposition
2.16], one can see that:

ν◦ ∈ ∂f0(∂xθ
◦) = Sgn1(∂xθ

◦) a.e. in Q. (6.6.11)

Next, let us put:{
[p∗

n, z
∗
n] = [p∗n, p

∗
Γ,n, z

∗
n] := [p∗

εn , z
∗
εn ] = [p∗εn , p

∗
Γ,εn

, z∗εn ] in X× H ,

A∗
n := α(η∗n)f ′′

εn(∂xθ
∗
n) in L∞(Q),

n = 1, 2, 3, . . . .

Then, from (6.3.5)–(6.3.8), and (6.3.14), it follows that:

[L(u∗n + p∗n), LΓ(u∗Γ,n + p∗Γ,n),M(v∗n + z∗n)] = [0, 0, 0] in X× H , n = 1, 2, 3, . . . , (6.6.12a)

(
−∂tp∗

n,φ
)
X

+
(
∂xp

∗
n, ∂xϕ

)
H

+
(
µ∗
np

∗
n, ϕ
)

H
+
(
ω∗
n∂xz

∗
n, ϕ
)

H
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=
(
K(η∗n − ηad), ϕ

)
H

+
(
KΓ(η∗Γ,n − ηΓ,ad), ϕΓ

)
HΓ
,

for any φ = [ϕ, ϕΓ] ∈ W, n = 1, 2, 3, . . . , (6.6.12b)

〈
−α0∂tz

∗
n, ψ
〉

V0
+
(
(−∂tα0)z

∗
n, ψ
)

H
+
(
A∗

n∂xz
∗
n + ν2∂xz

∗
n + ω∗

np
∗
n, ∂xψ

)
H

=
(
Λ(θ∗n − θad), ψ

)
H
, for any ψ ∈ V0, n = 1, 2, 3, . . . , (6.6.12c)

and

[p∗
n(T ), z∗n(T )] = [p∗n(T ), p∗Γ,n(T ), z∗n(T )] = [0, 0, 0] in X×H, n = 1, 2, 3, . . . . (6.6.12d)

Here, invoking the operators Q∗
ε ∈ L (X × H ;Y) and RT ∈ L (X × H ) as in Remark

6.11, we apply Theorem 6.2 to the case when:

[a, b, µ, ω,A] = RT [α0,−∂tα0, µ
∗
n, ω

∗
n, A

∗
n],

[p0, z0] = [p0, pΓ,0, z0] = [0, 0, 0],

[h, k] = [h, hΓ, k]

= RT

[
K(η∗n − ηad), KΓ(η∗Γ,n − ηΓ,ad),Λ(θ∗n − θad)

]
,

[p, z] = [p, pΓ, z]

= Q∗
εn

[
RT [K(η∗n − ηad), KΓ(η∗Γ,n − ηΓ,ad),Λ(θ∗n − θad)]

]
,

for n ∈ N.

Then, with use of the constant C̄∗
0 as in (6.6.6a), it is deduced that:

d

dt

(∣∣(RTp
∗
n)(t)

∣∣2
X +

∣∣RT

(√
α0z

∗
n

)
(t)
∣∣2
H

)
+
(∣∣(RTp

∗
n)(t)

∣∣2
W + ν2

∣∣(RT z
∗
n)(t)

∣∣2
V0

)
≤ C̄∗

0

(∣∣(RTp
∗
n)(t)

∣∣2
X +

∣∣RT

(√
α0z

∗
n

)
(t)
∣∣2
H

)
+ C̄∗

0

(∣∣RT

(
K(η∗n − ηad)

)
(t)
∣∣2
V ∗ +

∣∣RT

(
KΓ(η∗Γ,n − ηΓ,ad)

)
(t)
∣∣2
HΓ

+
∣∣RT

(
Λ(θ∗n − θad)

)
(t)
∣∣2
V ∗
0

)
, (6.6.13a)

for a.e. t ∈ (0, T ), n = 1, 2, 3, . . . ,

and

|∂t(RTp
∗
n)|2X ≤ C̄∗

1

(
|[RT

(
K(η∗n − ηad)

)
,RT

(
KΓ(η∗Γ,n − ηΓ,ad)

)
]|2X

+ |RT

(
Λ(θ∗n − θad)

)
|2V ∗

0

)
, (6.6.13b)

with n-independent positive constant:

C̄∗
1 := 4(C̄∗

0)2e
3
2
C̄∗

0T .

As a consequence of (6.6.6a), (6.6.10b), (6.6.13), (A1), and Gronwall’s lemma, we can
observe that:

(? 2) the sequence {[p∗
n, z

∗
n]}∞n=1 = {[p∗n, p

∗
Γ,n, z

∗
n]}∞n=1 is bounded in [C([0, T ];X)×

C([0, T ];H)] ∩ [X× V0], and {p∗
n}∞n=1 is bounded in W 1,2(0, T ;X).
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Furthermore, from (6.1.1), (6.1.6), (6.6.10b), (6.6.10f), (6.6.12c), (? 2), and (A1), we
can derive the following estimate:∣∣〈−∂x(A∗

n∂xz
∗
n), ψ

〉
U0

∣∣ =
∣∣(A∗

n∂xz
∗
n, ∂xψ

)
H

∣∣
≤
∣∣(α0z

∗
n, ∂tψ

)
H

∣∣+
∣∣(ν2∂xz∗n + ω∗

np
∗
n, ∂xψ

)
H

∣∣+
∣∣(Λ(θ∗n − θad), ψ

)
H

∣∣ (6.6.14)

≤ C̄∗
2 |ψ|U0 , for any ψ ∈ C∞

c (Q), n = 1, 2, 3, . . . ,

with n-independent positive constant:

C̄∗
2 := 2 sup

n∈N

{
(1 + ν2 + |α0|L∞(Q) + |ω∗

n|L∞(Q))

·
(∣∣[p∗

n, z
∗
n]
∣∣
W×V0

+
∣∣Λ(θ∗n − θad)

∣∣
H

) } (<∞).

Due to (6.6.10e), (6.6.10f), (6.6.13b), (6.6.14), (? 2), and the compactness theory
of Aubin’s type (cf. [83, Corollary 4]), we can find subsequences of {[p∗

n, z
∗
n]}∞n=1 =

{[p∗n, p
∗
Γ,n, z

∗
n]}∞n=1 ⊂ W× V0, {ω∗

n∂xz
∗
n}∞n=1 ⊂ H , and {−∂x(A∗

n∂xz
∗
n)}∞n=1 ⊂ U ∗

0 (not rela-
beled), together with the respective limits [p◦, z◦] = [p◦, p◦Γ, z

◦] ∈ W×V0 with p◦ = [p◦, p◦Γ],
ξ◦ ∈ H , and ζ◦ ∈ U ∗

0 , such that:
[p∗

n, z
∗
n] → [p◦, z◦] weakly in W× V0,

p∗
n → p◦ in X, weakly in W 1,2(0, T ;V∗),

and in the pointwise sense a.e. in Q,

(6.6.15a)

ω∗
np

∗
n → α′(η◦)ν◦p◦ weakly in H , (6.6.15b)

ω∗
n∂xz

∗
n → ξ◦ weakly in H , (6.6.15c)

and

−∂x(A∗
n∂xz

∗
n) → ζ◦ weakly in U ∗

0 , as n→ ∞. (6.6.15d)

Now, the properties (6.3.9)–(6.3.12) will be verified through the limiting observations
for (6.6.12), as n→ ∞, with use of (6.6.10), (6.6.11), and (6.6.15).

Thus, we complete the proof.

6.7 Appendix

The objective of the appendix is to give the proofs of three Theorems 6.1–6.3, that are
stated as a part of auxiliary results in Section 2.

The three Theorems 6.1–6.3 are proved by means of the time-discretization method.
In view of this, we divide the rest part in two Subsections, which are concerned with the
auxiliary Lemmas in the time-discretization, and the proofs of Theorems 6.1–6.3.
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6.7.1 Auxiliary Lemmas in the time-discretization

Let [a, b, µ, ω,A] ∈ S be a fixed quintet of functions, and let δ∗(a) be the positive constant
as in (6.2.2). Let [p0, z0] = [p0, pΓ,0, z0] ∈ W × H with p0 = [p0, pΓ,0] be a fixed initial
triplet, and let [h, k] = [h, hΓ, k] ∈ X× V ∗

0 with h = [h, hΓ] be a fixed forcing triplet.
On this basis, we denote by τ ∈ (0, 1) the constant of time-step size, and consider the

following time-discretization scheme for (P), denoted by (DP)τ .

(DP)τ Find a sequence {[pi, zi]}ni=1 = {[pi, pΓ,izi]}∞i=1 of triplets of functions [pi, zi] =
[pi, pΓ,i, zi] ∈ W× V0 with pi = [pi, pΓ,i], i = 1, 2, 3, . . . , such that:

1

τ

(
pi − pi−1,φ

)
X + (∂xpi, ∂xϕ)H +

(
µipi + ωi∂xzi, ϕ

)
H

= (hi,φ)X,

for every φ = [ϕ, ϕΓ] ∈ W, i = 1, 2, 3, . . . ,

(6.7.1)

1

τ

(
ai(zi − zi−1), ψ

)
H

+ (bizi, ψ)H +
(
Ai∂xzi + ν2∂xzi + piωi, ∂xψ

)
H

= 〈ki, ψ〉V0 , for every ψ ∈ V0, i = 1, 2, 3, . . . ,

(6.7.2)

starting from the initial triplet [p0, z0] = [p0, pΓ,0, z0] ∈ W×H with p0 = [p0, pΓ,0].

In the context, {[ai, bi, µi, ωi, Ai]}∞i=0 is a bounded sequence in W 1,∞(Ω) × L∞(Ω) ×H ×
L∞(Ω) × L∞(Ω), such that:

sup
i≥0

|ai|W 1,∞(Ω) ≤ |a|W 1,∞(Q), sup
i≥0

|bi|L∞(Ω) ≤ |b|L∞(Q),

sup
i≥0

|µi|H ≤ |µ|L∞(0,T ;H), sup
i≥0

|ωi|L∞(Ω) ≤ |ω|L∞(Q),

sup
i≥0

|Ai|L∞(Ω) ≤ |A|L∞(Q), sup
i≥0

| logAi|L∞(Q) ≤ | logA|L∞(Q),

(6.7.3a)

ai ≥ δ∗(a), a.e. in Ω, for i = 0, 1, 2, . . . , (6.7.3b){
[a]τ → a in L∞(0, T ;C(Ω)),

[a]τ → a in C(Q),
(6.7.3c)

{
[µ]τ → µ weakly-∗ in L∞(0, T ;H),

[µ]τ (t) → µ(t) in H, a.e. t ∈ (0, T ),
(6.7.3d)

[
∂t[a]τ , ∂x[a]τ ,[b]τ , [ω]τ , [A]τ

]
→ [∂ta, ∂xa, b, ω,A] weakly-∗ in [L∞(Q)]5,

and in the pointwise sense a.e. in Q, as τ ↓ 0, (6.7.3e)

and {[hi, ki]}∞i=0 = {[hi, hΓ,i, ki]}∞i=0 ⊂ X × V ∗
0 with {hi}∞i=0 = {[hi, hΓ,i]}∞i=0 is a bounded

sequence, such that: K
∗ := sup

τ∈(0,1)

∣∣[[h]τ , [k]τ
]∣∣

X×H
<∞,[

[h]τ , [k]τ
]
→ [h, k] in X× H , as τ ↓ 0.

(6.7.3f)

203



Remark 6.16. Notice that it is straightforward to obtain {[ai, bi, µi, ωi, Ai]}∞i=0 and
{[hi, ki]}∞i=0 = {[hi, hΓ,i, ki]}∞i=0 fulfilling (6.7.3), because the assumptions [a, b, µ, ω,A] ∈
S and [h, k] = [h, hΓ, k] ∈ X× V ∗

0 allow us to apply the standard method as in Remark
6.3 (Fact 0).

Now, for the solvability of the time-discretization scheme (DP)τ , we prepare the fol-
lowing lemma.

Lemma 6.3. Let the assume [a, b, µ, ω,A] ∈ S and [h, k] = [h, hΓ, k] ∈ X × V ∗
0 with

h = [h, hΓ]. Let a◦ ∈ L∞(Ω), b◦ ∈ L∞(Ω), µ◦ ∈ H, ω◦ ∈ L∞(Ω), and A◦ ∈ L∞(Ω) be
functions, such that

|a◦|L∞(Ω) ≤ |a|L∞(Q), |b◦|L∞(Ω) ≤ |b|L∞(Q),

|µ◦|H ≤ |µ|L∞(0,T ;H), |ω◦|L∞(Ω) ≤ |ω|L∞(Q),

|A◦|L∞(Ω) ≤ |A|L∞(Q), | logA◦|L∞(Ω) ≤ | logA|L∞(Q),

(6.7.4a)

and
a◦ ≥ δ∗(a), a.e. in Ω. (6.7.4b)

Additionally, let us assume:

0 < τ < τ0 :=
min{1, ν2, δ∗(a)}

16(1 + |b|L∞(Q) + |µ|2L∞(0,T ;H) + |ω|2L∞(Q))
. (6.7.5)

Then, for every pairs of functions [h◦, k◦] = [h◦, h◦Γ, k
◦] ∈ X × V ∗

0 with h◦ = [h◦, h◦Γ]
and [p0, z0] = [p0, pΓ,0, z0] ∈ W ×H with p0 = [p0, pΓ,0], the following variational system
admits a unique solution [p, z] = [p, pΓ, z] ∈ W× V0 with p = [p, pΓ]:

1

τ
(p− p0,φ)X + (∂xp, ∂xϕ)H +

(
µ◦p+ ω◦∂xz, ϕ

)
H

= (h◦,φ)X, for any φ = [ϕ, ϕΓ] ∈ W,
(6.7.6)

1

τ
(a◦(z − z0), ψ)H + (b◦z, ψ)H +

(
A◦∂xz + ν2∂xz + pω◦, ∂xψ

)
H

= 〈k◦, ψ〉V0 , for any ψ ∈ V0.
(6.7.7)

Proof. First, for the proof of existence, we define a (non-convex) functional E : X ×
H −→ (−∞,∞], by letting:

E(p, z) = E(p, pΓ, z) :=



1

2τ

(
|p− p0|2X + |

√
a◦(z − z0)|2H

)
+

1

2

∫
Ω

(
|∂xp|2 + |[A◦]

1
2∂xz|2 + ν2|∂xz|2

)
dx

+
1

2

∫
Ω

(
µ◦|p|2 + b◦|z|2

)
dx+

∫
Ω

p
(
ω◦ · ∂xz

)
dx

−(h◦,p)X − 〈k◦, z〉V0 ,

if [p, z] = [p, pΓ, z] ∈ W× V0 with p = [p, pΓ],

∞, otherwise,

for any [p, z] = [p, pΓ, z] ∈ X×H with p = [p, pΓ].
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Then, by using the assumption (6.7.5), Remark 6.1, and Young’s inequality, one can easily
check that E is a proper lower semi-continuous functional on X×H, such that:

E(p, z) = E(p, pΓ, z) ≥ 1

8τ

(
|p|2X + δ∗(a)|z|2H

)
+

1

4

(
|∂xp|2H + ν2|∂xz|2H

)
− 1

2τ

(
|p0|2X + |a|L∞(Q)|z0|2H

)
−
(

1

2
|h◦|2X +

2

ν2
|k◦|2V ∗

0

)
,

for any [p, z] = [p, pΓ, z] ∈ W× V0 with p = [p, pΓ],

via the following computations:

1

2τ

(
|p− p0|2X + |

√
a◦(z − z0)|2H

)
≥ 1

4τ

(
|p|2X + δ∗(a)|z|2H

)
− 1

2τ

(
|p0|2X + |a|L∞(Q)|z0|2H

)
,

1

2

∫
Ω

µ◦|p|2 dx ≥ −1

2

∣∣µ◦p
∣∣
H
|p|H ≥ − 1√

2
|µ◦|H |p|H

(
|p|H + |∂xp|H

)
≥ −1

4
|∂xp|2H −

(
|µ◦|H√

2
+

|µ◦|2H
2

)
|p|2H

≥ −1

4
|∂xp|2H −

(
|µ|2L∞(0,T ;H) +

1

4

)
|p|2H , (6.7.8a)

∫
Ω

p(ω◦ · ∂xz) dx+
1

2

∫
Ω

b◦|z|2 dx

≥− ν2

8
|∂xz|2H − 2

ν2
|ω|2L∞(Q)|p|2H − 1

2
|b|L∞(Q)|z|2H , (6.7.8b)

and

−(h◦,p)X − 〈k◦, z〉V0 ≥ −1

2
|p|2X − ν2

8
|z|2V0

− 1

2
|h◦|2X − 2

ν2
|k◦|2V ∗

0
. (6.7.8c)

Additionally, when τ ∈ (0, τ0), the system {(6.7.6),(6.7.7)} coincides with the stationarity
system for min E , and hence, the solution to {(6.7.6),(6.7.7)} is immediately obtained, by
means of the direct method of calculus of variations (cf. [11, Theorem 3.2.1]).

Next, to prove uniqueness, we assume that there are two solutions [pℓ, zℓ] = [pℓ, pℓΓ, z
ℓ]

∈ W× V0 with pℓ = [pℓ, pℓΓ], ` = 1, 2, to the system {(6.7.6),(6.7.7)}. Besides, let us take
the difference between the equations (6.7.6) (resp. (6.7.7)) corresponding to pℓ = [pℓ, pℓΓ]
(resp. zℓ), ` = 1, 2, and put φ = [ϕ, ϕΓ] = [p1 − p2, p1Γ − p2Γ] (resp. ψ = z1 − z2). Then,
taking the sum of the results, we arrive at

1

τ

(
|p1 − p2|2X + |

√
a◦(z1 − z2)|2H

)
+ |∂x(p1 − p2)|2H

+ |[A◦]
1
2∂x(z1 − z2)|2H + ν2|∂x(z1 − z2)|2H +

∫
Ω

µ◦|p1 − p2|2 dx
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+ 2

∫
Ω

(p1 − p2)ω◦ · ∂x(z1 − z2) dx+

∫
Ω

b◦|z1 − z2|2 dx = 0.

Here, applying (6.7.8a) and (6.7.8b) to the case when:

[p, z] = [p, pΓ, z] = [p1 − p2, z1 − z2] = [p1 − p2, p1Γ − p2Γ, z
1 − z2],

and invoking (6.7.4), (6.7.5), and Young’s inequality, it is inferred that:

1

2τ

(
|p1 − p2|2X + δ∗(a)|z1 − z2|2H

)
≤ 0, whenever τ ∈ (0, τ0).

Since δ∗(a) > 0 (cf. Remark 6.7), the proof is finished.

Remark 6.17. The existence and uniqueness of the solution to the time-discretization
scheme (DP)τ are verified by applying Lemma 6.3, inductively, for every time-steps
i = 1, 2, 3, . . . . Here, we note that we can obtain the solution to the scheme (DP)τ ,
for any sequence data of forcing {[hi, ki]}∞i=0 = {[hi, hΓ,i, ki]}∞i=0 ⊂ X× V ∗

0 with {hi}∞i=0 =
{[hi, hΓ,i]}∞i=0, and in particular, we do not need the assumption (6.7.3f) for the solvability
of (DP)τ .

Next, we prepare the following Lemma, for the limiting observation of the time-
discretization scheme as τ ↓ 0.

Lemma 6.4. Let C∗
0 be the constant given in (6.2.3). Let us assume [p0, z0] = [p0, pΓ,0, z0] ∈

W×H with p0 = [p0, pΓ,0], and assume that {[ai, bi, µi, ωi, Ai]}∞i=0 ⊂ W 1,∞(Ω)×L∞(Ω)×
H×L∞(Ω)×L∞(Ω) is a given sequence satisfying (6.7.3a) and (6.7.3b). Let {[hi, ki]}∞i=0 =
{[hi, hΓ,i, ki]}∞i=0 ⊂ X × V ∗

0 with {hi}∞i=0 = {[hi, hΓ,i]}∞i=0 be a given sequence, and let
{[pi, zi]}∞i=1 = {[pi, pΓ,i, zi]}∞i=1 ⊂ W × V0 with {pi}∞i=1 = {[pi, pΓ,i]}∞i=1 be the solution to
the scheme (DP)τ . Then, it holds that:

1

τ

(
|pi|2 − |pi−1|2X

)
+

1

τ

(∣∣√aizi∣∣2H −√
ai−1zi−1

∣∣2
H

)
+ |pi|2W + ν2|zi|2V0

≤ C∗
0

2

((
|pi|2X + |pi−1|2X

)
+
(∣∣√aizi∣∣2H +

√
ai−1zi−1

∣∣2
H

)
(6.7.9)

+ C∗
0

(
|hi|2X + |ki|2V ∗

0

)
, i = 1, 2, 3, . . . ,

and

1

τ
|pi − pi−1|2X +

(
|∂xpi|2H − |∂xpi−1|2H

)
≤ C∗

0τ
(
|pi|2V + ν2|zi|2V0

)
+ 2τ |hi|2X, i = 1, 2, 3, . . . . (6.7.10)

Proof. Let us fix any integer i ∈ N of the time-step, and let us put φ = [ϕ, ϕΓ] = pi =
[pi, pΓ,i] ∈ W in (6.7.1). Then, by using Young’s inequality, it is easily seen that:

1

2τ

(
|pi|2X − |pi−1|2X

)
+ |∂xpi|2H ≤ −

∫
Ω

µi|pi|2 dx−
∫
Ω

ωipi∂xzi dx+ (hi,pi)X. (6.7.11)

Also, putting ψ = zi ∈ V0 in (6.7.2), we have:

1

2τ

(
|√aizi|2H − |√ai−1zi−1|2H

)
+ ν2|∂xzi|2H
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≤
|a|W 1,∞(Q)

2δ∗(a)
|√ai−1zi−1|2H −

∫
Ω

bi|zi|2 dx−
∫
Ω

ωipi∂xzi dx+ 〈ki, zi〉V0 , (6.7.12)

via the computation:

1

τ

(√
ai(zi − zi−1), zi

)
H

≥ 1

2τ

∫
Ω

(
ai|zi|2 − ai−1|zi−1|2

)
dx− 1

2

∫
Ω

(
ai − ai−1

τ

)
|zi−1|2 dx

≥ 1

2τ

(
|√aizi|2H − |√ai−1zi−1|2H

)
−

|a|W 1,∞(Q)

2δ∗(a)
|√ai−1zi−1|2H ,

with the use of (6.7.3a), (6.7.3b), and Young’s inequality.

Now, the required inequality (6.7.9) will be verified by taking the sum of (6.7.11) and
(6.7.12), by invoking (6.2.3), and by applying (6.7.8) to the case when:

[a◦, b◦, µ◦, ω◦, A◦] = [ai, bi, µi, ωi, Ai],

[p, z] = [p, pΓ, z] = [pi, zi] = [pi, pΓ,i, zi],

[h◦, k◦] = [h◦, h◦Γ, k
◦] = [hi, ki] = [hi, hΓ,i, ki].

Next, let us put φ = [ϕ, ϕΓ] = pi = [pi − pi−1, pΓ,i − pΓ,i−1] ∈ W in (6.7.1). Then,
having in mind (6.2.3), and using (6.1.1) and Young’s inequality, we will observe that:

1

τ
|pi − pi−1|2X +

1

2
|∂xpi|2H − 1

2
|∂xpi−1|2H

≤
√

2|µi|H |pi|V |pi − pi−1|H + |ωi|L∞(Ω)|∂xzi|H |pi − pi−1|H + |hi|X|pi − pi−1|X

≤ 1

2τ
|pi − pi−1|2X +

C∗
0τ

2

(
|pi|2V + ν2|zi|2V0

)
+ τ |hi|X.

This inequality directly leads to the required (6.7.10).

Finally, we prove the following Lemma concerned with a time-discrete version of Gron-
wall’s inequality.

Lemma 6.5. Let c ≥ 0 be a fixed constant, and let τ ∈ (0, 1) be a time-step size satisfying:

0 < cτ < 2. (6.7.13)

Let 0 < T <∞ be a constant of time, and let N[T
τ
] ∈ N be a time-step such that:

(N[T
τ
] − 1)τ < T ≤ N[T

τ
]τ. (6.7.14)

Let {Pi}∞i=0 ⊂ [0,∞) and {Qi}∞i=1 ⊂ [0,∞) be sequences such that:

1

τ
(Pi − Pi−1) ≤

c

2
(Pi + Pi−1) +Qi, i = 1, 2, 3, . . . . (6.7.15)

Then, it is estimated that:

Pi ≤ 2e
3
2
cT

P0 + τ

N
[Tτ ]∑

i=1

Qi

 , i = 1, . . . , N[T
τ
]. (6.7.16)
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Proof. From the assumptions (6.7.13) and (6.7.15), it is easily derived that:

Pi ≤
1 + cτ

2

1 − cτ
2

Pi−1 +
τ

1 − cτ
2

Qi, i = 1, 2, 3, . . . .

On this basis, we observe that:

P1 ≤
1 + cτ

2

1 − cτ
2

P0 +
τ

1 − cτ
2

Q1,

P2 ≤
(

1 + cτ
2

1 − cτ
2

)2

P0 + τ

(
1 + cτ

2

(1 − cτ
2

)2
Q1 +

1

1 − cτ
2

Q2

)
,

P3 ≤
(

1 + cτ
2

1 − cτ
2

)3

P0 + τ

(
(1 + cτ

2
)2

(1 − cτ
2

)3
Q1 +

1 + cτ
2

(1 − cτ
2

)2
Q2 +

1

1 − cτ
2

Q3

)
,

and in general,

Pi ≤
(

1 + cτ
2

1 − cτ
2

)i

P0 + τ

i∑
j=1

(1 + cτ
2

)i−j

(1 − cτ
2

)i−j+1
Qj ≤

(
1 + cτ

2

1 − cτ
2

)N
[Tτ ]

P0 + τ

N
[Tτ ]∑

i=1

Qi

 ,

for i = 1, . . . , N[T
τ
]. (6.7.17)

Here, in view of (6.7.14), it is inferred that:(
1 + cτ

2

1 − cτ
2

)N
[Tτ ]

≤
(

1 +
1

1
cτ

− 1
2

)(
1 +

1
1
cτ

− 1
2

)N
[Tτ ]

−1

≤ 2

1 +
1

N
[Tτ ]

−1

cT
− 1

2

N
[Tτ ]

−1

≤ 2

(
1 +

1

Ñ

)Ñ · cT (
1 +

1

Ñ

) 1
2
cT

(6.7.18)

≤ 2e
3
2
cT , with Ñ :=

N
[Tτ ]

−1

cT
− 1

2
.

The estimate (6.7.16) is obtained as a straightforward consequence of (6.7.17) and (6.7.18).

6.7.2 Proof of Theorems 6.1–6.3

For efficiency of explanation, we prove the three Theorems 6.1–6.3 in accordance with the
following Steps.

Step 1: proof of the existence part of Theorem 6.1.

Step 2: proof of Theorem 6.2 (I).

Step 3: proof of the uniqueness part of Theorem 6.1.

Step 4: proof of Theorem 6.2 (II).

Step 5: proof of Theorem 6.3.
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Step 1: proof of the existence part of Theorem 6.1. Let C∗
0 be the positive con-

stant given in (6.2.3), and let τ0 ∈ (0, 1) be the constant given in (6.7.5). Besides, we
assume that the time-step size τ ∈ (0, 1) is so small to satisfy that:

0 < τ ≤ τ1 :=
1

2C∗
0

(
≤ τ0

2

)
,

and we set

T[τ ] := N[T
τ
]τ with use of the time-step N[T

τ
] ∈ N as in (6.7.14).

On this basis, let us apply Lemma 6.5 to the inequality (6.7.9) in Lemma 6.4, under the
setting: 

c = C∗
0 (≥ 1),

Pi = |pi|2X + |
√
aizi|2H + τ

i∑
j=0

(
|pj|2W + ν2|zj|2V0

)
−τ
(
|p0|2W + ν2|z0|2V0

)
, i = 0, 1, 2, 3, . . . ,

Qi = C∗
0

(
|hi|2X + |ki|2V ∗

0

)
, i = 1, 2, 3, . . . .

Then, we have:

|pi|2X + |
√
aizi|2H + τ

i∑
j=1

(
|pj|2W + ν2|zj|2V0

)

≤ 2e
3
2
C∗

0T

(|p0|2X + |
√
a0z0|2H

)
+ C∗

0τ

N
[Tτ ]∑

i=1

(
|hi|2X + |ki|2V ∗

0

) ,

for i = 1, . . . , N[T
τ
],

which leads to:

max


∣∣[p]τ

∣∣2
C([0,T ];X),

∣∣[p]τ
∣∣2
L∞(0,T ;X),

∣∣[p]τ
∣∣2
L∞(0,T ;X),

δ∗(a)
∣∣[z]τ

∣∣2
C([0,T ];H)

, δ∗(a)
∣∣[z]τ

∣∣2
L∞(0,T ;H)

, δ∗(a)
∣∣[z]τ

∣∣2
L∞(0,T ;H)

,∣∣[p]τ
∣∣2
L2(0,T[τ ];W)

+ ν2
∣∣[z]τ

∣∣2
L2(0,T[τ ];V0)


≤2C∗

0e
3
2
C∗

0T
(
|p0|2X + |

√
a0z0|2H +

∣∣[h]τ
∣∣2
L2(0,T[τ ];X)

+
∣∣[k]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

)
. (6.7.19)

Also, taking the sum of the inequality in (6.7.10), for i = 1, . . . , N[T
τ
], it is estimated that:∣∣∂t[p]τ

∣∣2
L2(0,T[τ ];X)

+ max
{∣∣∂x[p]τ

∣∣2
L∞(0,T ;H)

,
∣∣∂x[p]τ

∣∣2
L∞(0,T ;H)

,
∣∣∂x[p]τ

∣∣2
L∞(0,T ;H)

}
≤ 2|p0|2V + C∗

0

(∣∣[p]τ ∣∣2L2(0,T[τ ];V )
+ ν2

∣∣[z]τ
∣∣2
L2(0,T[τ ];V0)

)
+ 2
∣∣[h]τ

∣∣2
L2(0,T[τ ];X)

≤ 4(C∗
0)2e

3
2
C∗

0T
(
|p0|2W + |

√
a0z0|2H +

∣∣[h]τ
∣∣2
L2(0,T[τ ];X)

+
∣∣[k]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

)
. (6.7.20)
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Meanwhile, since (6.7.2) implies that:∣∣∣∣1τ (ai(zi − zi−1), ψ
)
H

∣∣∣∣
≤
∣∣Ai∂xzi + ν2∂xzi + piωi

∣∣
H
|∂xψ|H + 2|bi|L∞(Ω)|zi|V0|ψ|V0 + |ki|V ∗

0
|ψ|V0

≤
((

|A|L∞(Q) + 2|bi|L∞(Ω)

ν
+ ν

)
ν|zi|V0 + |ωi|L∞(Ω)|pi|H + |ki|V ∗

0

)
|ψ|V0

≤ 2

min{1, ν}
(
1 + ν + |b|L∞(Q) + |ω|L∞(Q) + |A|L∞(Q)

)(
|pi|2H + ν2|zi|2V0

+ |ki|2V ∗
0

) 1
2 |ψ|V0 ,

for all ψ ∈ V0, and i = 1, . . . , N[T
τ
],

one can deduce from (6.2.3) that:∣∣[a]τ (t) ∂t[z]τ (t)
∣∣2
V ∗
0
≤ C∗

0(1 + ν + |b|L∞(Q) + |ω|L∞(Q) + |A|L∞(Q))
2· (6.7.21)

·
(
|[pτ (t)]|2H + ν2|[zτ (t)]|2V0

+ |[k]τ (t)|2V ∗
0

)
, for any t ∈ [0, T[τ ]].

Additionally, integrating the both sides of (6.7.21) over [0, T[τ ]], and invoking Remark 6.2,
we obtain that:∣∣∂t [z]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

≤
(1 +

√
2)2(|[a]τ |L∞(Q) + |∂x[a]τ |L∞(Q))

2

δ∗(a)4
∣∣[a]τ ∂t[z]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

≤ (C∗
0)5(1 + |a|W 1,∞(Q))

2
(
1 + ν + |b|L∞(Q) + |ω|L∞(Q) + |A|L∞(Q)

)2·
·
( ∣∣[p]τ ∣∣2L2(0,T[τ ];H)

+ ν2
∣∣[z]τ

∣∣2
L2(0,T[τ ];V0)

+
∣∣[k]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

)
≤ 4(C∗

0)6e
3
2
C∗

0T (1 + |a|W 1,∞(Q))
2(1 + ν + |b|L∞(Q) + |ω|L∞(Q) + |A|L∞(Q))

2·

·
(
|p0|2X + |

√
a0z0|2H +

∣∣[h]τ
∣∣2
L2(0,T[τ ];H)

+
∣∣[k]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

)
. (6.7.22)

Now, on account of the estimates (6.7.19)–(6.7.22), we can say that:

(? 3) {[p]τ}τ∈(0,τ1] =
{[

[p]τ , [pΓ]τ
]}

τ∈(0,τ1]
is bounded in W 1,2(0, T ;X) ∩ L∞(0, T ;W), and

{[p]τ}τ∈(0,τ1] =
{[

[p]τ , [pΓ]τ
]}

τ∈(0,τ1]
and {[p]τ}τ∈(0,τ1] =

{[
[p]τ , [pΓ]τ

]}
τ∈(0,τ1]

are

bounded in L∞(0, T ;W);

(? 4) {[z]τ}τ∈(0,τ1] is bounded in W 1,2(0, T ;V ∗
0 ) ∩ C([0, T ];H) ∩ V0, and {[z]τ}τ∈(0,τ1] and

{[z]τ}τ∈(0,τ1] are bounded in L∞(0, T ;H) ∩ V0.

In this light, we can apply the compactness theory of Aubin’s type (cf. [83, Corollary
4]) with the one-dimensional compact embeddings V ⊂ C(Ω) and V0 ⊂ C(Ω), and we
can find a sequence {τn}∞n=2 ⊂ (0, τ1), and a limiting point [p, z] = [p, pΓ, z] ∈ Y with
p = [p, pΓ] such that:

τ1 > τ2 > τ3 > · · · > τn ↓ 0, as n→ ∞, (6.7.23)

[p]τn → p in C(Q) × C(Σ), in W,
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weakly in W 1,2(0, T ;X), weakly-∗ in L∞(0, T ;W),

and in the pointwise sense a.e. in Q, (6.7.24a){
[p]τn → p,

[p]τn → p,
in L∞(Q) × L∞(Σ),

in W, weakly-∗ in L∞(0, T ;W),

and in the pointwise sense a.e. in Q, (6.7.24b)

[z]τn → z in C([0, T ];V ∗
0 ), in H , weakly in V0,

weakly in W 1,2(0, T ;V ∗
0 ), weakly-∗ in L∞(0, T ;H),

and in the pointwise sense a.e. in Q, (6.7.25a)

and

[z]τn → z and [z]τn → z in L∞([0, T ];V ∗
0 ), in H ,

weakly in V0, weakly-∗ in L∞(0, T ;H),

and in the pointwise sense a.e. in Q, as n→ ∞. (6.7.25b)

Furthermore, with (6.7.1)–(6.7.3), (6.7.24), (6.7.25), and Remark 6.2 in mind, it will be
inferred that: 

∂t[p]τn + [µ]τn [p]τn + [ω]τn∂x[z]τn − [h]τn
→ ∂tp+ µp+ ω∂xz − h weakly in H ,

∂t[pΓ]τn − [hΓ]τn → ∂tpΓ − hΓ weakly in HΓ,

(6.7.26)


[a]τn∂t[z]τn + [b]τn [z]τn − [k]τn → a∂tz + bz − k

weakly in V ∗
0 ,(

[A]τn + ν2
)
∂x[z]τn + [p]τn [ω]τn →

(
A+ ν2)∂xz + pω

weakly in H ,

as n→ ∞, (6.7.27)

∫ t

s

((
∂t[p]τn + [µ]τn [p]τn + [ω]τn∂x[z]τn − [h]τn

)
(ς), ϕ

)
H
dς

+

∫ t

s

((
∂t[pΓ]τn − [hΓ]τn

)
(ς), ϕΓ

)
HΓ

dς +

∫ t

s

(
∂x[p]τn(ς), ∂xϕ

)
H
dς = 0, (6.7.28a)

and ∫ t

s

〈(
[a]τn∂t[z]τn + [b]τn [z]τn − [k]τn

)
(ς), ψ

〉
V0

dς

+

∫ t

s

((
([A]τn + ν2)∂x[z]τn + [p]τn [ω]τn

)
(ς), ∂xψ

)
H
dς = 0, (6.7.28b)

for all φ = [ϕ, ϕΓ] ∈ W, ψ ∈ V0, 0 ≤ s ≤ t ≤ T , and n = 1, 2, 3, . . . .

On account of (6.7.26)–(6.7.28), and the arbitrary choices of 0 ≤ s ≤ t ≤ T , we will verify
that the limit [p, z] = [p, pΓ, z] ∈ Y with p = [p, pΓ] will be a solution to the system (P),
by letting n→ ∞ in (6.7.28).

211



Step 2: proof of Theorem 6.2 (I). Let [p, z] = [p, pΓ, z] ∈ Y with p = [p, pΓ] be a
solution to the system (P). Besides, let us put φ = [ϕ, ϕΓ] = p(t) = [p(t), pΓ(t)] ∈ W in
(6.7.1), put ψ = z(t) in (6.7.2), and take the sum of results. Then, it is seen that:

1

2

d

dt

(∣∣p(t)
∣∣2
X +

∣∣(√az)(t)
∣∣2
H

)
+ |∂xp(t)|2H + ν2|z(t)|2V0

≤
(
h(t), p(t)

)
X + 〈k(t), z(t)〉V0 +

1

2

∫
Ω

∂ta(t)|z(t)|2 dx−
∫
Ω

µ(t)|p(t)|2 dx

−
∫
Ω

b(t)z(t) dx− 2

∫
Ω

p(t)ω(t)∂xz(t) dx, a.e. t ∈ (0, T ).

Here, referring to the computations as in (6.7.8), and using the positive constant C∗
0 as

in (6.2.3), we arrive at the conclusion (6.2.4) in Theorem 6.2 (I).

Step 3: proof of the uniqueness part of Theorem 6.1. For every ` = 1, 2, let

[pℓ, zℓ] = [pℓ, pℓΓ, z
ℓ] ∈ Y with pℓ = [pℓ, pℓΓ] be the solutions to the system (P) for the

same initial triplet [p0, z0] = [p0, pΓ,0, z0] ∈ W × H with p0 = [p0, pΓ,0], and the same
forcing triplet [h, k] = [h, hΓ, k] ∈ X × V ∗

0 with h = [h, hΓ]. Then, since (P) is a linear
system, the difference of solutions [p1 − p2, z1 − z2] = [p1 − p2, p1Γ − p2Γ, z

1 − z2] is also
a solution to (P) for the homogeneous initial triplet [0, 0, 0] ∈ W ×H and homogeneous
forcing triplet [0, 0, 0] ∈ X× V ∗

0 . So, from Theorem 6.2 (I), it immediately follows that:

d

dt

(∣∣(p1 − p2)(t)
∣∣2
X +

∣∣√a(z1 − z2)(t)
∣∣2
H

)
≤ C∗

0

(∣∣(p1 − p2)(t)
∣∣2
X +

∣∣√a(z1 − z2)(t)
∣∣2
H

)
, a.e. t ∈ (0, T ). (6.7.29)

The uniqueness result will be verified by applying Gronwall’s lemma to (6.7.29) with the
assumption (6.2.2).

Remark 6.18. By virtue of the uniqueness result in Theorem 6.1, we can also conclude
the convergence result of the time-discretization scheme (DP)τ , as τ ↓ 0. More pre-
cisely, we can obtain the convergences as in (6.7.24)–(6.7.27) for any sequence {τn}∞n=1

(subsequence) satisfying (6.7.23).

Step 4: proof of Theorem 6.2 (II). As consequences of (6.2.5), (6.7.19), (6.7.20),
and (6.7.22), it is inferred that:

∣∣∂t[p]τ
∣∣2
X

+
∣∣[p]τ ∣∣2L∞(0,T ;V )

≤ C∗
1

(
|p0|2W + |

√
az0|2H +

∣∣[h]τ
∣∣2
L2(0,T[τ ];H)

+
∣∣[k]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

)
,∣∣∂t[z]τ

∣∣2
V ∗
0
≤ C∗

2

(
|p0|2X + |

√
az0|2H +

∣∣[h]τ
∣∣2
L2(0,T[τ ];H)

+
∣∣[k]τ

∣∣2
L2(0,T[τ ];V

∗
0 )

)
.

(6.7.30)

Hence, having in mind (6.7.3), (6.7.24), (6.7.25), and Remark 6.18, we can verify the
estimate (6.2.6) in Theorem 6.2 (II), just by letting τ ↓ 0 in (6.7.30).
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Step 5: proof of Theorem 6.3. Since (6.2.7b) implies that:

an → a in C(Q), as n→ ∞,

we may suppose:

an ≥ δ∗(a)

2
, for n = 1, 2, 3, . . . ,

without loss of generality. Here, for any n ∈ N, we define:

Cn
0 :=

16
(
1 + |an|W 1,∞(Q) + |bn|L∞(Q) + |µn|2L∞(0,T ;H) + |ωn|2L∞(Q)

)
min{1, ν2, δ∗(a)

2
}

, (6.7.31)

and 
Cn

1 := 4(Cn
0 )2e

3
2
Cn

0 T ,

Cn
2 := 4(Cn

0 )6e
3
2
Cn

0 T (1 + |an|W 1,∞(Q))
2·

·(1 + ν + |bn|L∞(Q) + |ωn|L∞(Q) + |An|L∞(Q))
2.

(6.7.32)

Then, in view of (6.2.3), (6.2.5), (6.2.7), (6.2.8), (6.7.3a), (6.7.3b), (6.7.31), (6.7.32), and
Remark 6.8, we will infer that:|pn|2C([0,T ];X) + |

√
anzn|2C([0,T ];H) + |pn|2L2(0,T ;W) + ν2|zn|2V0

≤ C∗
3 ,

|∂tpn|2X + |pn|2L∞(0,T ;V ) + |∂tzn|2V ∗
0
≤ C∗

3 ,

for n = 1, 2, 3, . . . ,

with use of a uniform positive constant C∗
3 :

C∗
3 := sup

n∈N

{(
Cn

1 + Cn
2

)(
|pn

0 |2W + |
√
anzn0 |2H + |hn|2X + |kn|2V ∗

0

)}
<∞.

Now, we can say that:

(? 5) {pn}∞n=1 = {[pn, pnΓ
]
}∞n=1 is bounded in W 1,2(0, T ;X) ∩ L∞(0, T ;W);

(? 6) {zn}∞n=1 is bounded in W 1,2(0, T ;V ∗
0 ) ∩ C([0, T ];H) ∩ V0.

In this light, we can apply the compactness theory of Aubin’s type (cf. [83, Corollary 4])
with the one-dimensional compact embeddings V ⊂ C(Ω) and V0 ⊂ C(Ω), and can find
a subsequence of {[pn, zn]}∞n=1 (not relabeled), and a limiting point [p, z] = [p, pΓ, z] ∈ Y
with p = [p, pΓ] such that:

pn → p in C(Q) × C(Σ), in W,

weakly in W 1,2(0, T ;X), weakly-∗ in L∞(0, T ;W),

and in the pointwise sense a.e. in Q, (6.7.33)

and

zn → z in C([0, T ];V ∗
0 ), in H , weakly in V0,
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weakly in W 1,2(0, T ;V ∗
0 ), weakly-∗ in L∞(0, T ;H),

and in the pointwise sense a.e. in Q, as n→ ∞. (6.7.34)

Therefore, with (6.2.7), (6.2.8), (6.7.33), (6.7.34), and Remark 6.2 in mind, we can see
that: 

∂tp
n + µnpn + ωn∂xz

n − hn

→ ∂tp+ µp+ ω∂xz − h weakly in H ,

∂tp
n
Γ − hnΓ → ∂tpΓ − hΓ weakly in HΓ,

(6.7.35)


an∂tz

n + bnzn − kn → a∂tz + bz − k weakly in V ∗
0 ,(

An + ν2
)
∂xz

n + pnωn

→
(
A+ ν2)∂xz + pω weakly in H ,

as n→ ∞, (6.7.36)

[p(0), z(0)] = lim
n→∞

[pn(0), zn(0)] = lim
n→∞

[pn
0 , z

n
0 ] = [p0, z0] in [C(Ω) ×HΓ] × V ∗

0 , (6.7.37)

∫ t

s

((
∂tp

n + µnpn + ωn∂xz
n − hn

)
(ς), ϕ

)
H
dς

+

∫ t

s

((
∂tp

n
Γ − hnΓ

)
(ς), ϕΓ

)
HΓ

dς +

∫ t

s

(
∂xp

n(ς), ∂xϕ
)
H
dς = 0, (6.7.38a)

and ∫ t

s

〈(
an∂tz

n + bnzn − kn
)
(ς), ψ

〉
V0

dς

+

∫ t

s

((
(An + ν2)∂xz

n + pnωn
)
(ς), ∂xψ

)
H
dς = 0, (6.7.38b)

for all φ = [ϕ, ϕΓ] ∈ W, ψ ∈ V0, 0 ≤ s ≤ t ≤ T , and n = 1, 2, 3, . . . .

As a consequence of (6.7.35)–(6.7.38), and the arbitrary choices of 0 ≤ s ≤ t ≤ T , we
will verify that the limit [p, z] = [p, pΓ, z] ∈ Y with p = [p, pΓ] will be a solution to the
system (P), by letting n → ∞ in (6.7.38). Furthermore, on account of the convergences
as in (6.7.33) and (6.7.34), and the uniqueness result in Theorem 6.1, we will conclude
the required convergence (6.2.9).

Thus, the proof of Theorem 6.3 is finished.
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Chapter 7

Constrained Optimization Problems
Governed by PDE Models of Grain
Boundary Motions

In Chapter 7, we recall the class of optimal control problems governed by state-
equations of K.W.C. models. The control is given by physical temperature. The focus is
on problems in dimensions less than equal to 4. The main results are divided in four Main
Theorems, concerned with: solvability and parameter-dependence of state-equations and
optimal control problems; the first order necessary optimality conditions for these reg-
ularized optimal control problems. Subsequently, we derive the limiting systems and
optimality conditions and study their well-posedness.

7.1 Preliminaries

We begin by prescribing the notations used throughout this Chapter.

Basic notations. For arbitrary r0, s0 ∈ [−∞,∞], we define:

r0 ∨ s0 := max{r0, s0} and r0 ∧ s0 := min{r0, s0},

and in particular, we set:

[r]+ := r ∨ 0 and [r]− := −(r ∧ 0), for any r ∈ R.

For any dimension d ∈ N, we denote by Ld the d-dimensional Lebesgue measure. The
measure theoretical phrases, such as “a.e.”, “dt”, “dx”, and so on, are all with respect to
the Lebesgue measure in each corresponding dimension.

Abstract notations. For an abstract Banach space X, we denote by | · |X the norm of
X, and denote by 〈·, ·〉X the duality pairing between X and its dual X∗. In particular,
when X is a Hilbert space, we denote by (·, ·)X the inner product of X. Moreover, when
there is no possibility of confusion, we uniformly denote by | · | the norm of Euclidean
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spaces, and for any dimension d ∈ N, we write the inner product (scalar product) of Rd,
as follows:

y · ỹ =
d∑

i=1

yiỹi, for all y = [y1, . . . , yd], ỹ = [ỹ1, . . . , ỹd] ∈ Rd.

For any subset A of a Banach space X, let χA : X −→ {0, 1} be the characteristic
function of A, i.e.:

χA : w ∈ X 7→ χA(w) :=

{
1, if w ∈ A,

0, otherwise.

For two Banach spaces X and Y , we denote by L (X;Y ) the Banach space of bounded
linear operators from X into Y , and in particular, we let L (X) := L (X;X).

For Banach spaces X1, . . . , Xd, with 1 < d ∈ N, let X1 × · · · × Xd be the product
Banach space endowed with the norm | · |X1×···×Xd

:= | · |X1 + · · · + | · |Xd
. However,

when all X1, . . . , Xd are Hilbert spaces, X1 × · · · ×Xd denotes the product Hilbert space
endowed with the inner product (·, ·)X1×···×Xd

:= (·, ·)X1 + · · · + (·, ·)Xd
and the norm

| · |X1×···×Xd
:=
(
| · |2X1

+ · · · + | · |2Xd

) 1
2 . In particular, when all X1, . . . , Xd coincide with a

Banach space Y , we write:

[Y ]d :=

d times︷ ︸︸ ︷
Y × · · · × Y .

Additionally, for any transform (operator) T : X −→ Y , we let:

T [w1, . . . , wd] :=
[
T w1, . . . , T wd

]
in [Y ]d, for any [w1, . . . , wd] ∈ [X]d.

Specific notations of this Chapter. As is mentioned in the previous section, let (0, T ) ⊂
R be a bounded time-interval with a finite constant T > 0, and let N ∈ {2, 3, 4} be a con-
stant of spatial dimension. Let Ω ⊂ RN be a fixed spatial bounded domain with a smooth
boundary Γ := ∂Ω. We denote by nΓ the unit outward normal vector on Γ. Besides, we
set Q := (0, T ) × Ω and Σ := (0, T ) × Γ. Especially, we denote by ∂t, ∇, and div the
distributional time-derivative, the distributional gradient, and distributional divergence,
respectively.

On this basis, we define
H := L2(Ω) and H := L2(0, T ;H),

V := H1(Ω) and V := L2(0, T ;V ),

V0 := H1
0 (Ω) and V0 := L2(0, T ;V0),

X := L∞(Q) × H .

Also, we identify the Hilbert spaces H and H with their dual spaces. Based on the
identifications, we have the following relationships of continuous embeddings:{

V ⊂ H = H∗ ⊂ V ∗ and V ⊂ H = H ∗ ⊂ V ∗,

V0 ⊂ H = H∗ ⊂ V ∗
0 and V0 ⊂ H = H ∗ ⊂ V ∗

0 ,
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among the Hilbert spaces H, V , V0, H , V , and V0, and the respective dual spaces H∗,
V ∗, V ∗

0 , H ∗, V ∗, and V ∗
0 . Additionally, in this paper, we define the topology of the

Hilbert space V0 by using the following inner product:

(w, w̃)V0 := (∇w,∇w̃)[H]N , for all w, w̃ ∈ V0.

Remark 7.1. (cf. [9, Remark 3]) Due to the restriction N ∈ {2, 3, 4} of spatial dimension,
we can suppose the continuous embedding V ⊂ L4(Ω), and we can easily check that:

(i) if 0 ≤ µ̌ ∈ H and p̌ ∈ V , then
√
µ̌p̌ ∈ H, µ̌p̌ ∈ V ∗, and(

√
µ̌p̌, ψ)H ≤ CL4

V |µ̌|
1
2
H |p̌|V |ψ|H , for any ψ ∈ H,

〈µ̌p̌, ψ̌〉V = (
√
µ̌p̌,

√
µ̌ψ̌)H ≤ (CL4

V )2|µ̌|H |p̌|V |ψ̌|V , for any ψ̌ ∈ V ;

(ii) if 0 ≤ µ̂ ∈ L∞(0, T ;H) and p̂ ∈ V , then
√
µ̂p̂ ∈ H , µ̂p̂ ∈ V ∗, and(

√
µ̂p̂, ϕ)H ≤ CL4

V |µ̂|
1
2

L∞(0,T ;H)|p̂|V |ϕ|H , for any ϕ ∈ H ,

〈µ̂p̂, ϕ̂〉V = (
√
µ̂p̂,

√
µ̂ϕ̂)H ≤ (CL4

V )2|µ̂|L∞(0,T ;H)|p̂|V |ϕ̂|V , for any ϕ̂ ∈ V ;

where CL4

V > 0 is the constant of embedding V ⊂ L4(Ω).

Finally, we define:

D := V × V0, and D0 :=
(
V ∩ L∞(Ω)

)
× V0,

as the notations to specify the range of the initial pair [η0, θ0] in the state-system.

Notations in convex analysis. (cf. [18, Chapter II]) LetX be an abstract Hilbert
space X. Then, any closed and convex set K ⊂ X defines a single-valued operator
projK : X −→ K, which maps any w ∈ X to a point projK(w) ∈ K, satisfying:∣∣projK(w) − w

∣∣
X

= min
{

|w̃ − w|X w̃ ∈ K
}
.

The operator projK is called the orthogonal projection (or projection in short) onto K.

Remark 7.2 (Key-properties of the projection). Let K be a closed and convex set in a
Hilbert space X. Then, the following facts hold.

(Fact 1) The projection projK : X −→ K is a nonexpansive operator from X into itself,
i.e.:

|projK(w1) − projK(w2)|X ≤ |w1 − w2|X , for all wℓ ∈ X, ` = 1, 2.

(Fact 2) w◦
K = projK(w) in X, iff. (w − w◦

K , w̃ − w◦
K)X ≤ 0, for any w̃ ∈ K.

Remark 7.3 (Examples of projections). Based on Remark 7.2, we can also see the fol-
lowing facts.
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(Fact 3) If −∞ < rℓ ≤ sℓ < ∞, ` = 1, 2, then the projections proj[rℓ,sℓ] : R −→ [rℓ, sℓ]

onto compact intervals [rℓ, sℓ] ⊂ R fulfills that:∣∣proj[r1,s1](ξ) − proj[r2,s2](ξ)
∣∣ ≤ |r1 − r2| ∨ |s1 − s2|, for any ξ ∈ R.

(Fact 4) Let K be the class of constraints defined in (1.5.33), and let K = [[κ0, κ1]] ∈ K
be the constraint with the obstacles κℓ : Q −→ [−∞,∞], ` = 0, 1. Then, for the
projection projK : H −→ K, it holds that:[

projK(u)
]
(t, x) = proj[κ0(t,x),κ1(t,x)]∩R(u(t, x))

=
(
κ0 ∨ (κ1 ∧ u)

)
(t, x) =


κ1(t, x), if u(t, x) > κ1(t, x),

u(t, x), if κ0(t, x) ≤ u(t, x) ≤ κ1(t, x),

κ0(t, x), if u(t, x) < κ0(t, x),

a.e. (t, x) ∈ Q, for any u ∈ H .

For a proper, lower semi-continuous (l.s.c.), and convex function Ψ : X → (−∞,∞]
on a Hilbert space X, we denote by D(Ψ) the effective domain of Ψ. Also, we denote by
∂Ψ the subdifferential of Ψ. The subdifferential ∂Ψ corresponds to a weak differential of
convex function Ψ, and it is known as a maximal monotone graph in the product space
X × X. The set D(∂Ψ) :=

{
z ∈ X | ∂Ψ(z) 6= ∅

}
is called the domain of ∂Ψ. We

often use the notation “[w0, w
∗
0] ∈ ∂Ψ in X ×X ”, to mean that “w∗

0 ∈ ∂Ψ(w0) in X for
w0 ∈ D(∂Ψ)”, by identifying the operator ∂Ψ with its graph in X ×X.

Next, for Hilbert spaces X1, · · · , Xd, with 1 < d ∈ N, let us consider a proper, l.s.c.,
and convex function on the product space X1 × · · · ×Xd:

Ψ̂ : w = [w1, · · · , wd] ∈ X1 × · · · ×Xd 7→ Ψ̂(w) = Ψ̂(w1, · · · , wd) ∈ (−∞,∞].

Besides, for any i ∈ {1, . . . , d}, we denote by ∂wi
Ψ̂ : X1 × · · · × Xd → Xi a set-valued

operator, which maps any w = [w1, . . . , wi, . . . , wd] ∈ X1× · · ·×Xi× · · ·×Xd to a subset

∂wi
Ψ̂(w) ⊂ Xi, prescribed as follows:

∂wi
Ψ̂(w) = ∂wi

Ψ̂(w1, · · · , wi, · · · , wd)

:=

{
w̃∗ ∈ Xi

(w̃∗, w̃ − wi)Xi
≤ Ψ̂(w1, · · · , w̃, · · · , wd)

−Ψ̂(w1, · · · , wi, · · · , wd), for any w̃ ∈ Xi

}
.

As is easily checked,

∂Ψ̂ ⊂
[
∂w1Ψ̂ × · · · × ∂wd

Ψ̂
]

in [X1 × · · · ×Xd]
2, (7.1.1)

where
[
∂w1Ψ̂×· · ·×∂wd

Ψ̂
]

: X1×· · ·×Xd −→ 2X1×···×Xd is a set-valued operator, defined
as: [

∂w1Ψ̂ × · · · × ∂wd
Ψ̂
]
(w) := ∂w1Ψ̂(w) × · · · × ∂wd

Ψ̂(w) in X1 × · · · ×Xd,

for any w = [w1, . . . , wd] ∈ D
([
∂w1Ψ̂ × · · · × ∂wd

Ψ̂
])

:= D(∂w1Ψ̂) ∩ · · · ∩D(∂wd
Ψ̂).

But, it should be noted that the converse inclusion of (7.1.1) is not true, in general.
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Example 7.1 (Examples of the subdifferential). As one of the representatives of the
subdifferentials, we exemplify the following set-valued signal function Sgnd : Rd → 2Rd

,
with d ∈ N, which is defined as:

ξ = [ξ1, . . . , ξd] ∈ Rd 7→ Sgnd(ξ) = Sgnd(ξ1, . . . , ξd)

:=


ξ

|ξ|
=

[ξ1, . . . , ξd]√
ξ21 + · · · + ξ2d

, if ξ 6= 0,

Dd, otherwise,

(7.1.2)

where Dd denotes the closed unit ball in Rd centered at the origin. Indeed, the set-valued
function Sgnd coincides with the subdifferential of the Euclidean norm | · | : ξ ∈ Rd 7→
|ξ| =

√
ξ21 + · · · + ξ2d ∈ [0,∞), i.e.:

∂| · |(ξ) = Sgnd(ξ), for any ξ ∈ D(∂| · |) = Rd,

and furthermore, it is observed that:

∂| · |(0) = Dd ⊆
/

[−1, 1]d =
[
∂ξ1| · | × · · · × ∂ξd | · |

]
(0).

Example 7.2. Let d ∈ N be the constant of dimension. For any ε ≥ 0, let fε : Rd −→
[0,∞) be a continuous and convex function, defined as:

fε : y ∈ Rd 7→ fε(y) :=
√
ε2 + |y|2 ∈ [0,∞). (7.1.3)

When ε = 0, the convex function f0 of this case coincides with the d-dimensional
Euclidean norm | · |, and hence, the subdifferential ∂f0 coincides with the set valued signal
function Sgnd : Rd −→ 2Rd

, defined in (7.1.2).
In the meantime, when ε > 0, the convex function fε belongs to C∞-class, and the

subdifferential ∂fε is identified with the (single-valued) usual gradient:

∇fε : y ∈ Rd 7→ ∇fε(y) =
y√

ε2 + |y|2
∈ Rd.

Moreover, since:

fε(y) =
∣∣[ε, y]

∣∣
Rd+1 =

∣∣[ε, y1, . . . , yd]∣∣Rd+1 , for all [ε, y] = [ε, y1, . . . , yd] ∈ Rd+1,

with ε ≥ 0 and y = [y1, . . . , yd] ∈ Rd,

it will be estimated that:

|fε(y) − fε̃(ỹ)| ≤
∣∣[ε, y] − [ε̃, ỹ]

∣∣
Rd+1 ≤ |ε− ε̃| + |y − ỹ|Rd ,

for all ε, ε̃ ≥ 0 and y, ỹ ∈ Rd, (7.1.4a)



∣∣∇fε(y)
∣∣
Rd =

∣∣∣∣∣ y∣∣[ε, y]
∣∣
Rd+1

∣∣∣∣∣
Rd

≤

∣∣∣∣∣ [ε, y]∣∣[ε, y]
∣∣
Rd+1

∣∣∣∣∣
Rd+1

= 1,

∣∣∇fε(y) −∇fε̃(ỹ)
∣∣
Rd ≤

∣∣∣∣∣ [ε, y]∣∣[ε, y]
∣∣
Rd+1

− [ε̃, ỹ]∣∣[ε̃, ỹ]
∣∣
Rd+1

∣∣∣∣∣
Rd+1

≤ 2

ε ∧ ε̃
(
|ε− ε̃| + |y − ỹ|Rd

)
, for all ε, ε̃ > 0 and y, ỹ ∈ Rd,

(7.1.4b)
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and 

|∇2fε(y)|Rd×d ≤
∣∣∇2
[
| · |Rd+1

]
([ε, y])

∣∣
R(d+1)×(d+1) ≤

d+ 1

ε
,∣∣∇2fε(y) −∇2fε̃(ỹ)

∣∣
Rd×d

≤
∣∣∇2
[
| · |Rd+1

]
([ε, y]) −∇2

[
| · |Rd+1

]
([ε̃, ỹ])

∣∣
R(d+1)×(d+1)

≤ 3(d+ 1)2

(ε ∧ ε̃)2
(
|ε− ε̃| + |y − ỹ|Rd

)
, for all ε, ε̃ > 0 and y, ỹ ∈ Rd.

(7.1.4c)

Finally, we mention about a notion of functional convergence, known as “Mosco-
convergence”.

Definition 7.1 (Mosco-convergence: cf. [59]). Let X be an abstract Hilbert space. Let
Ψ : X → (−∞,∞] be a proper, l.s.c., and convex function, and let {Ψn}∞n=1 be a sequence
of proper, l.s.c., and convex functions Ψn : X → (−∞,∞], n = 1, 2, 3, . . . . Then, it is said
that Ψn → Ψ on X, in the sense of Mosco, as n → ∞, iff. the following two conditions
are fulfilled:

(M1) The condition of lower-bound: lim
n→∞

Ψn(w̌n) ≥ Ψ(w̌), if w̌ ∈ X, {w̌n}∞n=1 ⊂ X,

and w̌n → w̌ weakly in X, as n→ ∞.

(M2) The condition of optimality: for any ŵ ∈ D(Ψ), there exists a sequence
{ŵn}∞n=1 ⊂ X such that ŵn → ŵ in X and Ψn(ŵn) → Ψ(ŵ), as n→ ∞.

As well as, if the sequence of convex functions {Ψ̂ε}ε∈Ξ is labeled by a continuous argument

ε ∈ Ξ with a range Ξ ⊂ R , then for any ε0 ∈ Ξ, the Mosco-convergence of {Ψ̂ε}ε∈Ξ, as

ε → ε0, is defined by those of subsequences {Ψ̂εn}∞n=1, for all sequences {εn}∞n=1 ⊂ Ξ,
satisfying εn → ε0 as n→ ∞.

Remark 7.4. Let X, Ψ, and {Ψn}∞n=1 be as in Definition 7.1. Then, the following hold.

(Fact 5) (cf. [10, Theorem 3.66] and [39, Chapter 2]) Let us assume that

Ψn → Ψ on X, in the sense of Mosco, as n→ ∞, (7.1.5)

and {
[w,w∗] ∈ X ×X, [wn, w

∗
n] ∈ ∂Ψn in X ×X, n ∈ N,

wn → w in X and w∗
n → w∗ weakly in X, as n→ ∞.

Then, it holds that:

[w,w∗] ∈ ∂Ψ in X ×X, and Ψn(wn) → Ψ(w), as n→ ∞.

(Fact 6) (cf. [22, Lemma 4.1] and [30, Appendix]) Let d ∈ N denote dimension constant,
and let S ⊂ Rd be a bounded open set. Then, under the Mosco-convergence as
in (7.1.5), a sequence {Ψ̂S

n}∞n=1 of proper, l.s.c., and convex functions on L2(S;X),
defined as:

w ∈ L2(S;X) 7→ Ψ̂S
n(w) :=



∫
S

Ψn(w(t)) dt,

if Ψn(w) ∈ L1(S),

∞, otherwise,

for n = 1, 2, 3, . . . ;
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converges to a proper, l.s.c., and convex function Ψ̂S on L2(S;X), defined as:

z ∈ L2(S;X) 7→ Ψ̂S(z) :=


∫
S

Ψ(z(t)) dt, if Ψ(z) ∈ L1(S),

∞, otherwise;

on L2(S;X), in the sense of Mosco, as n→ ∞.

Example 7.3 (Example of Mosco-convergence). Let d ∈ N be the constant of dimension,
and let {fε}ε≥0 ⊂ C(Rd) be the sequence of nonexpansive convex functions, as in (7.1.3)
and (7.1.4). Then, the uniform estimate (7.1.4a) immediately leads to:

fε → fε0 on Rd, in the sense of Mosco, as ε→ ε0, for any ε0 ≥ 0.

7.2 Auxiliary results

In this Section, we prepare some auxiliary results for our study. The auxiliary results are
stated in the following two Subsections.

§ 5.1.1 Abstract theory for the state-system (S)ε;

§ 5.1.2 Mathematical theory for the linearized system of (S)ε.

7.2.1 Abstract theory for the state-system (S)ε

In this Subsection, we refer to [7, Appendix] to overview the abstract theory of nonlinear
evolution equation in an abstract Hilbert space X, which enables us to handle the state-
systems (S)ε, for all ε ≥ 0, in a unified fashion.

The general theory consists of the following two Propositions.

Proposition 7.1 (cf. [7, Lemma 8.1]). Let {A0(t) | t ∈ [0, T ]} ⊂ L (X) be a class of time-
dependent bounded linear operators, let G0 : X −→ X be a given nonlinear operator, and
let Ψ0 : X −→ [0,∞] be a non-negative, proper, l.s.c., and convex function, fulfilling the
following conditions:

(cp.0) A0(t) ∈ L (X) is positive and selfadjoint, for any t ∈ [0, T ], and it holds that

(A0(t)w,w)X ≥ κ0|w|2X , for any w ∈ X,

with some constant κ0 ∈ (0, 1), independent of t ∈ [0, T ] and w ∈ X.

(cp.1) A0 : [0, T ] −→ L (X) is Lipschitz continuous, so that A0 admits the (strong)
time-derivative A′

0(t) ∈ L (X) a.e. in (0, T ), and

A∗
T := ess sup

t∈(0,T )

{
max{|A0(t)|L (X), |A′

0(t)|L (X)}
}
<∞;

(cp.2) G0 : X −→ X is a Lipschitz continuous operator, and G0 has a C1-potential

functional Ĝ0 : X −→ R, so that the Gâteaux derivative Ĝ ′
0(w) ∈ X∗ (= X) at any

w ∈ X coincides with G0(w) ∈ X;
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(cp.3) Ψ0 ≥ 0 on X, and the sublevel set
{
w ∈ X

∣∣Ψ0(w) ≤ r
}

is compact in X, for any
r ≥ 0.

Then, for any initial data w0 ∈ D(Ψ0) and a forcing term f0 ∈ L2(0, T ;X), the following
Cauchy problem of evolution equation:

(CP)

{
A0(t)w

′(t) + ∂Ψ0(w(t)) + G0(w(t)) 3 f0(t) in X, t ∈ (0, T ),

w(0) = w0 in X;

admits a unique solution w ∈ L2(0, T ;X), in the sense that:

w ∈ W 1,2(0, T ;X), Ψ0(w) ∈ L∞(0, T ),

and (
A0(t)w

′(t) + G0(w(t)) − f0(t), w(t) −$
)
X

+ Ψ0(w(t)) ≤ Ψ0($),

for any $ ∈ D(Ψ0), a.e. t ∈ (0, T ).

Moreover, both t ∈ [0, T ] 7→ Ψ0(w(t)) ∈ [0,∞) and t ∈ [0, T ] 7→ Ĝ0(w(t)) ∈ R are
absolutely continuous functions in time, and

|A0(t)
1
2w′(t)|2X +

d

dt

(
Ψ0(w(t)) + Ĝ0(w(t))

)
= (f0(t), w

′(t))X ,

for a.e. t ∈ (0, T ).

Proposition 7.2 (cf. [7, Lemma 8.2]). Under the notations A0, G0, Ψ0, and assump-
tions (cp.0)–(cp.3), as in the previous Proposition 7.1, let us fix w0 ∈ D(Ψ0) and f0 ∈
L2(0, T ;X), and take the unique solution w ∈ L2(0, T ;X) to the Cauchy problem (CP).
Let {Ψn}∞n=1, {w0,n}∞n=1, and {fn}∞n=1 be, respectively, a sequence of proper, l.s.c., and
convex functions on X, a sequence of initial data in X, and a sequence of forcing terms
in L2(0, T ;X), such that:

(cp.4) Ψn ≥ 0 on X, for n = 1, 2, 3, . . . , and the union
⋃∞

n=1

{
w ∈ X

∣∣Ψn(w) ≤ r
}

of
sublevel sets is relatively compact in X, for any r ≥ 0;

(cp.5) Ψn converges to Ψ0 on X, in the sense of Mosco, as n→ ∞;

(cp.6) supn∈N Ψn(w0,n) <∞, and w0,n → w0 in X, as n→ ∞;

(cp.7) fn → f0 weakly in L2(0, T ;X), as n→ ∞.

For any n ∈ N, let wn ∈ L2(0, T ;X) be the solution to the Cauchy problem (CP), for the
initial data w0,n ∈ D(Ψn) and forcing term fn ∈ L2(0, T ;X). Then,

wn → w in C([0, T ];X), weakly in W 1,2(0, T ;X),∫ T

0

Ψn(wn(t)) dt→
∫ T

0

Ψ0(w(t)) dt, as n→ ∞,

and ∣∣Ψ0(w)
∣∣
C([0,T ])

≤ sup
n∈N

∣∣Ψn(wn)
∣∣
C([0,T ])

<∞.

In this paper, the readers are recommended to see [7, Appendix] for the detailed proofs
of the above Propositions 7.1 and 7.2. Roughly summarized, these Propositions can be
obtained by means of modified (mixed and reduced) methods of the existing theories,
such as [14,18,39].
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7.2.2 Mathematical theory for the linearized system of (S)ε

In this Subsection, we recall the previous work [9], and set up some auxiliary results. In
what follows, we let Y := V ×V0, with the dual Y ∗ := V ∗×V ∗

0 . Note that Y is a Hilbert
space which is endowed with a uniform convex topology, based on the inner product for
product space, as in the Preliminaries (see the paragraph of Abstract notations).

Besides, we define:

Z :=
(
W 1,2(0, T ;V ∗) ∩ V

)
×
(
W 1,2(0, T ;V ∗

0 ) ∩ V0

)
,

as a Banach space, endowed with the norm:

|[p̃,z̃]|Z := |[p̃, z̃]|[C([0,T ];H)]2 +
(
|[p̃, z̃]|2Y + |[∂tp̃, ∂tz̃]|2Y ∗

) 1
2 , for [p̃, z̃] ∈ Z .

Based on this, let us consider the following linear system of parabolic initial-boundary
value problem, denoted by (P):

(P) 
∂tp−∆p+µ(t, x)p+λ(t, x)p+ω(t, x)·∇z = h(t, x), (t, x) ∈ Q,

∇p(t, x) · nΓ = 0, (t, x) ∈ Σ,

p(0, x) = p0(x), x ∈ Ω;
a(t, x)∂tz + b(t, x)z − div

(
A(t, x)∇z + ν2∇z + ω(t, x)p

)
= k(t, x), (t, x) ∈ Q,

z(t, x) = 0, (t, x) ∈ Σ,

z(0, x) = z0(x), x ∈ Ω.

This system is studied in [9] as a key-problem for the Gâteaux differential of the cost Jε

for ε > 0. In the context, [a, b, µ, λ, ω,A] ∈ [H ]6 is a given sextuplet of functions which
belongs to a subclass S ⊂ [H ]6, defined as:

S :=


[ã, b̃, µ̃, λ̃, ω̃, Ã] ∈ [H ]6

• ã ∈ W 1,∞(Q) and log ã ∈ L∞(Q),

• [b̃, λ̃] ∈ [L∞(Q)]2,

• µ̃ ∈ L∞(0, T ;H) with µ̃ ≥ 0 a.e. in Q,

• ω̃ ∈ [L∞(Q)]N ,

• Ã ∈ [L∞(Q)]N×N , and the value
Ã(t, x) ∈ RN×N is positive and sym-
metric matrix, for a.e. (t, x) ∈ Q


.(7.2.1)

Also, [p0, z0] ∈ [H]2 and [h, k] ∈ Y ∗ are, respectively, an initial pair and forcing pair, in
the system (P).

Now, we refer to the previous work [9], to recall the key-properties of the system (P),
in forms of Propositions.
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Proposition 7.3 (cf. [9, Main Theorem 1 (I-A)]). For any sextuplet [a, b, µ, λ, ω,A] ∈ S ,
any initial pair [p0, z0] ∈ [H]2, and any forcing pair [h, k] ∈ Y ∗, the system (P) admits a
unique solution, in the sense that:{

p ∈ W 1,2(0, T ;V ∗) ∩ L2(0, T ;V ) ⊂ C([0, T ];H),

z ∈ W 1,2(0, T ;V ∗
0 ) ∩ L2(0, T ;V0) ⊂ C([0, T ];H);

(7.2.2)

〈∂tp(t), ϕ〉V + (∇p(t),∇ϕ)[H]N + 〈µ(t)p(t), ϕ〉V
+ (λ(t)p(t) + ω(t) · ∇z(t), ϕ)H = 〈h(t), ϕ〉V , (7.2.3)

for any ϕ ∈ V , a.e. t ∈ (0, T ), subject to p(0) = p0 in H;

and

〈∂tz(t), a(t)ψ〉V0 + (b(t)z(t), ψ)H

+
(
A(t)∇z(t) + ν2∇z(t) + p(t)ω(t),∇ψ

)
[H]N

= 〈k(t), ψ〉V0 , (7.2.4)

for any ψ ∈ V0, a.e. t ∈ (0, T ), subject to z(0) = z0 in H.

Proposition 7.4 (cf. [9, Main Theorem 1 (I-B)]). For each ` ∈ {1, 2}, let us take arbitrary
[aℓ, bℓ, µℓ, λℓ, ωℓ, Aℓ] ∈ S , [pℓ0, z

ℓ
0] ∈ [H]2, and [hℓ, kℓ] ∈ Y ∗, and let us denote by [pℓ, zℓ] ∈

[H ]2 the solution to (P), corresponding to the sextuplet [aℓ, bℓ, µℓ, λℓ, ωℓ, Aℓ], initial pair
[pℓ0, z

ℓ
0], and forcing pair [hℓ, kℓ]. Besides, let C∗

0 = C∗
0(a1, b1, λ1, ω1) be a positive constant,

depending on a1, b1, λ1, and ω1, which is defined as:

C∗
0 :=

9(1 + ν2)

1 ∧ ν2 ∧ inf a1(Q)
·
(
1 + (CL4

V )2 + (CL4

V )4 + (CL4

V0
)2
)

·
(
1 + |a1|W 1,∞(Q) + |b1|L∞(Q) + |λ1|L∞(Q) + |ω1|2[L∞(Q)]N

)
, (7.2.5)

with use of the constants CL4

V > 0 and CL4

V0
> 0 of the respective embeddings V ⊂ L4(Ω)

and V0 ⊂ L4(Ω). Then, it is estimated that:

d

dt

(
|(p1 − p2)(t)|2H + |

√
a1(t)(z1 − z2)(t)|2H

)
+
(
|(p1 − p2)(t)|2V + ν2|(z1 − z2)(t)|2V0

)
≤3C∗

0

(
|(p1 − p2)(t)|2H + |

√
a1(t)(z1 − z2)(t)|2H

)
(7.2.6)

+ 2C∗
0

(
|(h1 − h2)(t)|2V ∗ + |(k1 − k2)(t)|2V ∗

0
+R∗

0(t)
)
,

for a.e. t ∈ (0, T );

where

R∗
0(t) := |∂tz2(t)|2V ∗

0

(
|a1 − a2|2

C(Q)
+ |∇(a1 − a2)(t)|2[L4(Ω)]N

)
+ |p2(t)|2V

(
|(µ1 − µ2)(t)|2H + |(ω1 − ω2)(t)|2[L4(Ω)]N

)
+ |z2(t)|2V0

(
|(b1 − b2)(t)|2L4(Ω) + |p2(t)(λ1 − λ2)(t)|2H

)
+ |∇z2(t)(ω1 − ω2)(t)|2H + |(A1 − A2)(t)∇z2(t)|2[H]N ,

for a.e. t ∈ (0, T ).
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Proposition 7.5 (cf. [9, Corollary 1]). For any [a, b, µ, λ, ω,A] ∈ S , let us denote by
P = P(a, b, µ, λ, ω,A) : [H]2 ×Y ∗ −→ Z a linear operator, which maps any pair of data[
[p0, z0], [h, k]

]
∈ [H]2 ×Y ∗ to the solution [p, z] ∈ Z to the corresponding linear system

(P), for the sextuplet [a, b, µ, λ, ω,A], initial pair [p0, z0], and forcing pair [h, k]. Then, for
any sextuplet [a, b, µ, λ, ω,A] ∈ S , there exist positive constants M∗

0 = M∗
0 (a, b, µ, λ, ω,A)

and M∗
1 = M∗

1 (a, b, µ, λ, ω,A), depending on a, b, µ, λ, ω, and A, such that:

M∗
0

∣∣[[p0, z0], [h, k]
]∣∣

[H]2×Y ∗ ≤ |[p, z]|Z ≤M∗
1

∣∣[[p0, z0], [h, k]
]∣∣

[H]2×Y ∗ ,

for all [p0, z0] ∈ [H]2, [h, k] ∈ Y ∗,

and [p, z] = P(a, b, µ, λ, ω,A)
[
[p0, z0], [h, k]

]
∈ Z ,

i.e. the operator P = P(a, b, µ, λ, ω,A) is an isomorphism between the Hilbert space
[H]2 × Y ∗ and the Banach space Z .

Proposition 7.6 (cf. [9, Corollary 2]). Let us assume:

[a, b, µ, λ, ω,A] ∈ S , {[an, bn, µn, λn, ωn, An]}∞n=1 ⊂ S ,

[an, ∂tan,∇an, bn, λn, ωn, An] → [a, ∂ta,∇a, b, λ, ω, A] weakly-∗ in

L∞(Q)× L∞(Q)× [L∞(Q)]N × L∞(Q)× L∞(Q)× [L∞(Q)]N × [L∞(Q)]N×N ,

and in the pointwise sense a.e. in Q, as n→ ∞, (7.2.7)

and {
µn → µ weakly-∗ in L∞(0, T ;H),

µn(t) → µ(t) in H, for a.e. t ∈ (0, T ),
as n→ ∞.

Let us assume [p0, z0] ∈ [H]2, [h, k] ∈ Y ∗, and let us denote by [p, z] ∈ [H ]2 the solution to
(P), for the initial pair [p0, z0] and forcing pair [h, k]. Also, let us assume {[p0,n, z0,n]}∞n=1 ⊂
[H]2, {[hn, kn]}∞n=1 ⊂ Y ∗, and for any n ∈ N, let us denote by [pn, zn] ∈ [H ]2 the solution
to (P), for the sextuplet [an, bn, µn, λn, ωn, An] ∈ S , initial pair [p0,n, z0,n] and forcing pair
[hn, kn]. Then, the following two items hold.

(A) The convergence: [p0,n, z0,n] → [p0, z0] in [H]2,

[hn, kn] → [h, k] in Y ∗,
as n→ ∞,

implies the convergence:

[pn, zn] → [p, z] in [C([0, T ];H)]2, and in Y , as n→ ∞.

(B) The following two convergences:[p0,n, z0,n] → [p0, z0] weakly in [H]2,

[hn, kn] → [h, k] weakly in Y ∗,
as n→ ∞,
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and

[pn, zn] → [p, z] in [H ]2, weakly in Y ,

and weakly in W 1,2(0, T ;V ∗) ×W 1,2(0, T ;V ∗
0 ), as n→ ∞,

are equivalent each other.

Remark 7.5. In the previous work [9], one of the essential requirements is to use the con-
tinuous embedding V ⊂ L4(Ω), as in Remark 7.1, which is satisfied under the restriction
N ≤ 4 of the spatial dimension N ∈ N. Therefore, under the assumption N ∈ {2, 3, 4} of
this paper, the Propositions 7.3–7.6 will be applicable, although the previous results as
in [9] were obtained under strict assumption N ∈ {1, 2, 3}.

Finally, we recall an auxiliary result, which was indirectly obtained in the proof of [9,
Key-Lemma 2].

Lemma 7.1. Let us assume that µ̂ ∈ L∞(0, T ;H), {µ̂n}∞n=1 ⊂ L∞(0, T ;H), p̂ ∈ V ,
{p̂n}∞n=1 ⊂ V ,

µ̂ ≥ 0 and µ̂n ≥ 0, a.e. in Q, n = 1, 2, 3, . . . , (7.2.8a){
µ̂n → µ̂ weakly-∗ in L∞(0, T ;H),

µ̂n(t) → µ̂(t) in H, for a.e. t ∈ (0, T ),
(7.2.8b)

and
p̂n → p̂ in H , and weakly in V , as n→ ∞. (7.2.8c)

Then, it holds that:
µ̂np̂n → µ̂p̂ weakly in V ∗, as n→ ∞. (7.2.9)

Proof. From (7.2.8) and Remark 7.1, we can see that:

sup
n∈N

|µ̂np̂n|V ∗ ≤ (CL4

V )2 sup
n∈N

|µ̂n|L∞(0,T ;H)|p̂n|V <∞, (7.2.10)

with the use of the constant CL4

V > 0 of embedding V ⊂ L4(Ω). This implies that:

(? 0) the sequence {µ̂np̂n}∞n=1 is weakly compact in V ∗.

Also, with (7.2.8b) and the dominated convergence theorem [56, Theorem 10 on page 36]
in mind, we can derive that:

µ̂n → µ̂ in H , as n→ ∞. (7.2.11)

Now, on the basis of (? 0), let us take any q̂∗ ∈ V ∗, such that q̂∗ ∈ V ∗ is a weak limit
of a subsequence of {µ̂np̂n}∞n=1 (not relabeled), i.e.:

µ̂np̂n → q̂∗ weakly in V ∗, as n→ ∞. (7.2.12)

Besides, by taking subsequences if necessary, (7.2.8c) and (7.2.11) enable us to say that:

µ̂n → µ̂ and p̂n → p̂ in the pointwise sense,
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a.e. in Q, as n→ ∞. (7.2.13)

Additionally, by (7.2.8) and Remark 7.1, we can compute that:∣∣√µ̂n(t)ϕ̂(t) −
√
µ̂(t)ϕ̂(t)

∣∣2
H
≤
∣∣√|µ̂n − µ̂|(t) ϕ̂(t)

∣∣2
H

≤ (CL4

V )2|(µ̂n − µ̂)(t)|H |ϕ̂(t)|2V → 0, as n→ ∞, (7.2.14a)

sup
n∈N

∣∣√µ̂n(t)ϕ̂(t) −
√
µ̂(t)ϕ̂(t)

∣∣2
H

≤ (CL4

V )2 sup
n∈N

|(µ̂n − µ̂)(t)|H |ϕ̂(t)|2V <∞, (7.2.14b)

for any ϕ̂ ∈ V , and a.e. t ∈ (0, T ),

and
sup
n∈N

∣∣√µ̂np̂n
∣∣2
H

≤ (CL4

V )2 sup
n∈N

{
|µ̂n|L∞(0,T ;H)|p̂n|2V

}
<∞. (7.2.14c)

Taking into account (7.2.14), Remark 7.1, Lions’s lemma [55, Lemma 1.3 on page 12], and
the dominated convergence theorem [56, Theorem 10 on page 36], one can observe that:{√

µ̂nϕ→
√
µ̂ϕ in H ,

√
µ̂np̂n →

√
µ̂p̂ weakly in H , as n→ ∞,

and therefore,

〈µ̂np̂n, ϕ̂〉V = (
√
µ̂np̂n,

√
µ̂nϕ̂)H → (

√
µ̂p̂,
√
µ̂ϕ̂)H = 〈µ̂p̂, ϕ̂〉V

as n→ ∞, for any ϕ̂ ∈ V . (7.2.15)

(7.2.12) and (7.2.15) imply the uniqueness of the weak limit q̂∗ = µ̂p̂ of subsequences
of {µ̂np̂n}∞n=1 in V ∗. Hence, invoking the separability of the Hilbert space V ∗, we conclude
the weak convergence (7.2.9) with non-necessity of subsequences.

7.3 Main Theorems

We begin by setting up the assumptions needed in our Main Theorems. All Main Theo-
rems are discussed under the following assumptions.

(A1) Let ν > 0 be a fixed constant. Let [ηad, θad] ∈ [H ]2 be a fixed pair of the admissible
target profile.

(A2) For any ε ≥ 0, let fε : RN −→ [0,∞) be the convex function, defined in (7.1.3).

(A3) Let g : R −→ R be a C1-function, which is Lipschitz continuous on R. Also, g has
a nonnegative primitive 0 ≤ G ∈ C2(R), i.e. the derivative G′ = dG

dη
coincides with

g on R. Moreover, g satisfies that:

lim inf
ξ↓−∞

g(ξ) = −∞ and lim sup
ξ↑∞

g(ξ) = ∞.
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(A4) Let α : R −→ (0,∞) and α0 : Q −→ (0,∞) be Lipschitz continuous functions, such
that:

• α ∈ C2(R), with the first derivative α′ = dα
dη

and the second one α′′ = d2α
dη2

;

• α′(0) = 0, α′′ ≥ 0 on R, and αα′ is Lipschitz continuous on R;

• α ≥ δ∗ on R, and α0 ≥ δ∗ on Q, for some constant δ∗ ∈ (0, 1).

(A5) Let K and K0 be the classes of constraints given in (1.5.33) and (1.5.37), respectively,
and for any constraint K = [[κ0, κ1]] ∈ K, with the measurable obstacles κℓ : Q −→
[−∞,∞], ` = 0, 1, let U K

ad ⊂ [H ]2 be a class of admissible controls [u, v], which is
defined as:

U K
ad :=

{
[ũ, ṽ] ∈ [H ]2 ũ ∈ K

}
=
{

[ũ, ṽ] ∈ [H ]2 κ0 ≤ ũ ≤ κ1 a.e. in Q
}
.

Moreover, the following extra assumption will be adopted to verify the dependence of
optimal controls with respect to the constraint K = [[κ0, κ1]] ∈ K.

(A6) The constraint K = [[κ0, κ1]] ∈ K satisfies that:

κℓ ∈ L1
(
Q \ |κℓ|−1(∞)

)
, with

|κℓ|−1(∞) :=
{

(t, x) ∈ Q |κℓ|(t, x) = ∞
}

, for ` = 0, 1,

and {Kn}∞n=1 = {[[κ0n, κ
1
n]]}∞n=1 ⊂ K is a sequence of constraints such that:

κℓn(t, x) → κℓ(t, x) (∈ [−∞,∞]) as n→ ∞,

for a.e. (t, x) ∈ Q, and ` = 0, 1,

∫
Q\|κℓ|−1(∞)

|κℓn − κℓ| dxdt→ 0 as n→ ∞, for ` = 0, 1,

and moreover,
⋂∞

n=1Kn 6= ∅, i.e. there exists κ̄ ∈ H satisfying{
κ0n ≤ κ̄ ≤ κ1n a.e. in Q, for n = 1, 2, 3, . . . ,

κ0 ≤ κ̄ ≤ κ1 a.e. in Q.

Remark 7.6. The assumption (A4) leads to the boundedness of the second derivative α′′

of α. In fact, from the Lipschitz continuity of α and αα′, one can see that:

|α′′(η)| ≤ 1

δ∗

(∣∣ d
dη

(αα′)
∣∣
L∞(R) + |α′|2L∞(R)

)
<∞, for any η ∈ R.

Now, the Main Theorems of this paper are stated as follows.

Main Theorem 7.1. Under the assumptions (A1)–(A4), let us fix a constant ε ≥ 0, an
initial pair [η0, θ0] ∈ D, and a forcing pair [u, v] ∈ [H ]2. Then, the following hold.
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(I-A) The state-system (S)ε admits a unique solution [η, θ] ∈ [H ]2, in the sense that:{
η ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;H2(Ω)) ⊂ C([0, T ];H),

θ ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;V0) ⊂ C([0, T ];H),
(7.3.1)

(
∂tη(t), ϕ

)
H

+
(
∇η(t),∇ϕ

)
[H]N

+
(
g(η(t)), ϕ

)
H

+
(
α′(η(t))fε(∇θ(t)), ϕ

)
H

=
(
Muu(t), ϕ

)
H
,

for any ϕ ∈ V , a.e. t ∈ (0, T ), subject to η(0) = η0 in H;

(7.3.2)

and (
α0(t)∂tθ(t), θ(t) − ψ

)
H

+ ν2
(
∇θ(t),∇(θ(t) − ψ)

)
[H]N

+

∫
Ω

α(η(t))fε(∇θ(t))dx ≤
∫
Ω

α(η(t))fε(∇ψ)dx

+
(
Mvv(t), θ(t) − ψ

)
H
, for any ψ ∈ V0,

a.e. t ∈ (0, T ), subject to θ(0) = θ0 in H.

(7.3.3)

In particular, if η0 ∈ L∞(Ω) and u ∈ L∞(Q), then η ∈ L∞(Q).

(I-B) Let {εn}∞n=1 ⊂ [0,∞), {[η0,n, θ0,n]}∞n=1 ⊂ D, and {[un, vn]}∞n=1 ⊂ [H ]2 be given
sequences such that:

εn → ε, [η0,n, θ0,n] → [η0, θ0] weakly in V × V0, (7.3.4)

and [Muun,Mvvn] → [Muu,Mvv] weakly in [H ]2, as n→ ∞. (7.3.5)

In addition, let [η, θ] be the unique solution to (S)ε, for the initial pair [η0, θ0] and
forcing pair [u, v]. Also, for any n ∈ N, let [ηn, θn] be the unique solution to (S)εn ,
for the initial pair [η0,n, θ0,n] and forcing pair [un, vn]. Then, it holds that:

[ηn,θn] → [η, θ] in [C([0, T ];H)]2, in Y , weakly in [W 1,2(0, T ;H)]2, (7.3.6)

and weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), as n→ ∞.

In particular, if: {
{η0,n}∞n=1 ⊂ L∞(Ω), {un}∞n=1 ⊂ L∞(Q),

supn∈N |η0,n|L∞(Ω) ∨ supn∈N |un|L∞(Q) <∞,
(7.3.7)

then

ηn → η weakly-∗ in L∞(Q), as n→ ∞. (7.3.8)

Remark 7.7. As a consequence of (7.3.6) and Remark 7.6, we further find a subsequence
{ni}∞i=1 ⊂ {n}, such that:

[ηni
, θni

] → [η, θ], [∇ηni
,∇θni

] → [∇η,∇θ],
in the pointwise sense a.e. in Q,

α′′(ηni
)fεni

(∇θni
) → α′′(η)fε(∇θ) weakly-∗ in L∞(0, T ;H),
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and in the pointwise sense a.e. in Q,

and
[ηni

(t), θni
(t)] → [η(t), θ(t)] in V × V0,

and α′′(ηni
(t))fεni

(∇θni
(t)) → α′′(η(t))fε(∇θ(t)) in H,

for a.e. t ∈ (0, T ), as i→ ∞.

Main Theorem 7.2. Let us assume (A1)–(A5). Let us fix any constant ε ≥ 0, any
initial data [η0, θ0] ∈ D, and any constraint K = [[κ0, κ1]] ∈ K. Then, the following two
items hold.

(II-A) The problem (OP)Kε has at least one optimal control [u∗, v∗] ∈ U K
ad , so that:

Jε(u
∗, v∗) = min

{
Jε(u, v) [u, v] ∈ U K

ad

}
.

(II-B) Let us assume the extra assumption (A6), for the sequence of constraints {Kn}∞n=1 =
{[[κ0n, κ

1
n]]}∞n=1 ⊂ K, and let us take the sequences {εn}∞n=1 ⊂ [0,∞) and {[η0,n, θ0,n]}∞n=1

⊂ D as in (7.3.4). In addition, for any n ∈ N, let [u∗n, v
∗
n] ∈ U Kn

ad be the optimal
control of (OP)Kn

εn in the case when the initial pair of corresponding state system
(S)εn is given by [η0,n, θ0,n]. Then, there exist a subsequence {ni}∞i=1 ⊂ {n} and a
pair of functions [u∗∗, v∗∗] ∈ U K

ad , such that:{
• [Muu

∗
ni
,Mvv

∗
ni

] → [Muu
∗∗,Mvv

∗∗] weakly in [H ]2, as i→ ∞,

• [u∗∗, v∗∗] is an optimal control of (OP)Kε .

Main Theorem 7.3. In addition to the assumptions (A1)–(A5), let us suppose the
restricted situation (r.s.0) as in the Introduction, i.e.:

(r.s.0) ε > 0, [η0, θ0] ∈ D0, and K = [[κ0, κ1]] ∈ K0 (= K ∩ 2L∞(Q)).

Let [u∗, v∗] ∈ U K
ad be an optimal control of (OP)Kε , and let [η∗ε , θ

∗
ε ] be the solution to (S)ε,

for the initial pair [η0, θ0] and forcing pair [u∗, v∗]. Then, the following two items hold.

(III-A) (Necessary condition for (OP)Kε under ε > 0 and K ∈ K0) For the optimal control
[u∗, v∗] ∈ U K

ad of (OP)Kε , it holds that:

Mu (u∗ − projK(−p∗ε)) = 0, in H , (7.3.9a)

Mv(v
∗ + z∗ε) = 0 in H . (7.3.9b)

In this context, [p∗ε, z
∗
ε ] is a unique solution to the following variational system:

−
〈
∂tp

∗
ε(t),ϕ

〉
V

+
(
∇p∗ε(t),∇ϕ

)
[H]N

+
〈
[α′′(η∗ε)fε(∇θ∗ε)](t)p∗ε(t), ϕ

〉
V

+
(
g′(η∗ε(t))p∗ε(t), ϕ

)
H

+
(
[α′(η∗ε)∇fε(∇θ∗ε)](t) · ∇z∗ε(t), ϕ

)
H

(7.3.10)

=
(
Mη(η

∗
ε − ηad)(t), ϕ

)
H
, for any ϕ ∈ V , and a.e. t ∈ (0, T );

and

−
〈
∂t
(
α0z

∗
ε

)
(t), ψ

〉
V0

+
(
[α(η∗ε)∇2fε(∇θ∗ε)](t)∇z∗ε(t) + ν2∇z∗ε(t),∇ψ

)
[H]N
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+
(
p∗ε(t)[α

′(η∗ε)∇fε(∇θ∗ε)](t),∇ψ
)
[H]N

=
(
Mθ(θ

∗
ε − θad)(t), ψ

)
H
, (7.3.11)

for any ψ ∈ V0, and a.e. t ∈ (0, T );

subject to the terminal condition:

[p∗ε(T ), z∗ε(T )] = [0, 0] in [H]2. (7.3.12)

(III-B) Let {εn}∞n=1 ⊂ [0,∞) and {[η0,n, θ0,n]}∞n=1 ⊂ D be sequences as in (7.3.4). Also,
let {Kn}∞n=1 = {[[κ0n, κ

1
n]]}∞n=1 ⊂ K be a sequence of constraints, fulfilling (A6). In

addition, let us assume:
• {Kn}∞n=1 = {[[κ0n, κ

1
n]]}∞n=1 ⊂ K0

(
= K ∩ 2L∞(Q)

)
,

• {[η0,n, θ0,n]}∞n=1 ⊂ D0

(
= (V ∩ L∞(Ω)) × V0

)
,

• sup
n∈N

{
|η0,n|L∞(Ω) ∨ |κ0n|L∞(Q) ∨ |κ1n|L∞(Q)

}
<∞.

(7.3.13)

Then, the subsequence {ni}∞i=1 ⊂ {n} and the limiting optimal control [u∗∗, v∗∗] ∈
U K

ad as in Main Theorem 7.2 (II-B) fulfill that:

u∗∗ ∈ L∞(Q), Mvv
∗∗ ∈ W 1,2(0, T ;V ∗

0 ) ∩ L∞(0, T ;V0) ⊂ C([0, T ];H), (7.3.14a)Muu
∗
ni

→Muu
∗∗ in H ,

u∗ni
→ u∗∗ weakly-∗ in L∞(Q),

as i→ ∞, (7.3.14b)

and

Mvv
∗
ni

→Mvv
∗∗ in C([0, T ];H), in V0,

weakly in W 1,2(0, T ;V ∗
0 ), as i→ ∞. (7.3.14c)

Remark 7.8. Let RT ∈ L (H ) be an isomorphism, defined as:(
RTϕ

)
(t) := ϕ(T − t) in H, for a.e. t ∈ (0, T ).

Also, let us fix ε > 0, and define a bounded linear operator Q∗
ε : [H ]2 −→ Z as the

restriction P|{[0,0]}×Y ∗ of the linear isomorphism P = P(a, b, µ, λ, ω,A) : [H]2×Y ∗ −→ Z ,
as in Proposition 7.5, in the case when:

[a, b] = RT [α0,−∂tα0] in W 1,∞(Q) × L∞(Q),

µ = RT

[
α′′(η∗ε)fε(∇θ∗ε)

]
in L∞(0, T ;H),

λ = RT

[
g′(η∗ε)

]
in L∞(Q),

ω = RT

[
α′(η∗ε)∇fε(∇θ∗ε)

]
in [L∞(Q)]N ,

A = RT

[
α(η∗ε)∇2fε(∇θ∗ε)

]
in [L∞(Q)]N×N .

(7.3.15)

On this basis, let us define:

P∗
ε := RT ◦ Q∗

ε ◦ RT in L ([H ]2; Z ). (7.3.16)
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Then, since the embedding V0 ⊂ L4(Ω) and α0 ∈ W 1,∞(Q) guarantee:

∂t(α0z̃) = α0∂tz̃ + z̃∂tα0 in V ∗
0 , for any z̃ ∈ W 1,2(0, T ;V ∗

0 ), (7.3.17)

we can obtain the unique solution [p∗ε, z
∗
ε ] ∈ [H ]2 to the variational system (7.3.10)–

(7.3.12) as follows:

[p∗ε, z
∗
ε ] = P∗

ε

[
Mη(η

∗
ε − ηad),Mθ(θ

∗
ε − θad)

]
in Z .

Main Theorem 7.4. Let us assume (A1)–(A5), and let us assume that the situation is
not under (r.s.0), i.e. it is under:

¬(r.s.0) either ε = 0, or [η0, θ0] ∈ D \D0, or K = [[κ0, κ1]] ∈ K \ K0 is satisfied.

Also, let us define a Hilbert space W0 as follows:

W0 :=
{
ψ ∈ W 1,2(0, T ;H) ∩ V0 ψ(0) = 0 in H

}
.

Then, there exists an optimal control [u◦, v◦] ∈ U K
ad of the problem (OP)Kε , together with

the solution [η◦, θ◦] to the system (S)ε, for the initial pair [η0, θ0] and forcing pair [u◦, v◦] ∈
U K

ad , and moreover, there exist pairs of functions [p◦, z◦] ∈ Y , [ξ◦, σ◦] ∈ H × [L∞(Q)]N ,
and a distribution ζ◦ ∈ W ∗

0 , such that:

Mu (u◦ − projK(−p◦)) = 0, in H , (7.3.18a)

Mv(v
◦ + z◦) = 0 in H , (7.3.18b)

p◦ ∈ W 1,2(0, T ;V ∗) ∩ V ⊂ C([0, T ];H), (7.3.19a)

σ◦ ∈ ∂fε(∇θ◦), a.e. in Q; (7.3.19b)〈
−∂tp◦, ϕ

〉
V

+
(
∇p◦,∇ϕ

)
L2(0,T ;[H]N )

+
〈
α′′(η◦)fε(∇θ◦)p◦, ϕ

〉
V

+
(
g′(η◦)p◦ + α′(η◦)ξ◦, ϕ

)
H

=
(
Mη(η

◦ − ηad), ϕ
)

H
, (7.3.20)

for any ϕ ∈ V , subject to p◦(T ) = 0 in H;

and (
α0z

◦, ∂tψ
)

H
+
〈
ζ◦, ψ

〉
W0

+
(
ν2∇z◦ + α′(η◦)σ◦p◦,∇ψ

)
L2(0,T ;[H]N )

=
(
Mθ(θ

◦ − θad), ψ
)

H
, for any ψ ∈ W0. (7.3.21)

In particular, if ε > 0, i.e. the situation is under:

(r.s.1) ε > 0, while either [η0, θ0] ∈ D \D0 or K = [[κ0, κ1]] ∈ K \ K0 is satisfied;

then: 
σ◦ = ∇fε(∇θ◦), a.e. in Q,

ξ◦ = σ◦ · ∇z◦ = ∇fε(∇θ◦) · ∇z◦ in H ,

ζ◦ = −div
(
α(η◦)∇2fε(∇θ◦)∇z◦

)
in W ∗

0 .

(7.3.22)
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Remark 7.9. When ε = 0, the inclusion (7.3.19b) is equivalent to:

σ◦ ∈ SgnN(∇θ◦), a.e. in Q.

In the meantime, when ε > 0, (7.3.19)–(7.3.22) imply that the pair of functions [p◦, z◦]
solves the following system:

− ∂tp
◦ −∆p◦ + α′′(η◦)fε(∇θ◦)p◦ + g′(η◦)p◦ + α′(η◦)∇fε(∇θ◦) · ∇z◦

= Mη(η
◦ − ηad),

− ∂t(α0z
◦) − div

(
α(η◦)∇2fε(∇θ◦)∇z◦ + ν2∇z◦ + p◦α′(η◦)∇fε(∇θ◦)

)
= Mθ(θ

◦ − θad),

in the sense of distribution on Q. Note that the above system corresponds to the distri-
butional form of the variational system (7.3.10)–(7.3.12), as in Main Theorem 7.3 (III-A).

Remark 7.10. Moreover, in the light of (7.3.9a), (7.3.18a), and Remark 7.3 (Fact 4), we
will observe that:{

Muu
∗(t, x) = Mu

[
projK(−p∗ε)

]
(t, x) = Mu

(
κ0 ∨ (κ1 ∧ (−p∗ε))

)
(t, x),

Muu
◦(t, x) = Mu

[
projK(−p◦)

]
(t, x) = Mu

(
κ0 ∨ (κ1 ∧ (−p◦))

)
(t, x),

for a.e. (t, x) ∈ Q.

7.4 Proof of Main Theorem 7.1

In this Section, we give the proof of the first Main Theorem 7.1. Before the proof, we
refer to the reformulation method as in [62], and consider to reduce the state-system (S)ε
to an evolution equation in the Hilbert space [H]2.

Let us fix any ε ≥ 0. Besides, for any R ≥ 0, let us define a proper functional
ΦR

ε : [H]2 −→ [0,∞], by setting:

ΦR
ε : w = [η, θ] ∈ [H]2 7→ ΦR

ε (w) = ΦR
ε (η, θ)

:=


1

2

∫
Ω

|∇η|2dx+
R

2

∫
Ω

|η|2 dx+
1

2

∫
Ω

(
νfε(∇θ) +

1

ν
α(η)

)2

dx,

if [η, θ] ∈ V × V0,

∞, otherwise.

(7.4.1)

Note that the assumptions (A2) and (A4) guarantee the lower semi-continuity and con-
vexity of ΦR

ε on [H]2.

Remark 7.11. As consequences of standard variational methods, we easily check the
following facts.

(Fact 7) For the operator ∂ηΦ
R
ε : [H]2 −→ 2H ,

D(∂ηΦ
R
ε ) =

{
[η̃, θ̃] ∈ D

η̃ ∈ H2(Ω) subject to

∇η · nΓ = 0 in H
1
2 (Γ)

}
,
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independent of R ≥ 0, and ∂ηΦ
R
ε is a single-valued operator such that:

∂ηΦ
R
ε (w) = ∂ηΦε(η, θ) = −∆η +Rη + α′(η)fε(∇θ) +

1

ν2
α(η)α′(η) in H,

for all w = [η, θ] ∈ D(∂ηΦ
R
ε ), and R ≥ 0.

(Fact 8) ∂θΦ
R
ε : [H]2 −→ 2H is independent of R ≥ 0, and θ ∈ D(∂θΦ

R
ε ), and θ∗ ∈

∂θΦ
R
ε (w) = ∂θΦ

R
ε (η, θ), iff. θ ∈ V0, and

(θ∗, θ − ψ)H ≥
∫
Ω

α(η)fε(∇θ) dx−
∫
Ω

α(η)fε(∇ψ) dx

+ν2
(
∇θ,∇(θ − ψ)

)
[H]N

, for all ψ ∈ V0, and R ≥ 0.

In addition, let us define time-dependent operators A(t) ∈ L ([H]2), for t ∈ [0, T ], non-
linear operators GR : [H]2 −→ [H]2, for R ≥ 0, by setting:

A(t) : w = [η, θ] ∈ [H]2 7→ A(t)w := [η, α0(t)θ] ∈ [H]2, (7.4.2)

for t ∈ [0, T ],

GR : w = [η, θ] ∈ [H]2 7→ GR(w) :=
[
g(η) −Rη − ν−2α(η)α′(η), 0

]
∈ [H]2, (7.4.3)

for R ≥ 0,

respectively. Then, based on the above (Fact 7) and (Fact 8), it is verified that the state-
system (S)ε is equivalent to the following Cauchy problem.

A(t)w′(t) +
[
∂ηΦ

R
ε × ∂θΦ

R
ε

]
(w(t)) + GR(w(t)) 3 f(t) in [H]2,

a.e. t ∈ (0, T ),

w(0) = w0 in [H]2.

In the context, “ ′ ” is the time-derivative, and
• w0 := [η0, θ0] ∈ D is the initial data of w = [η, θ],

• f := [Muu,Mvv] ∈ [H ]2 is the forcing term of the
Cauchy problem.

(7.4.4)

Now, before the proof of Main Theorem 7.1, we prepare the following Key-Lemma and
its Corollary.

Key-Lemma 2. Let us assume (A1)–(A4). Then, there exists a positive constant R0 > 0
such that:

∂ΦR0
ε =

[
∂ηΦ

R0
ε × ∂θΦ

R0
ε

]
in [H]2 × [H]2.
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Proof. We set:

R0 := 1 +
2

ν2
|α|2L∞(R), (7.4.5)

and prove this R0 is the required constant.
In the light of (7.1.1), it is immediately verified that:

∂ΦR0
ε ⊂

[
∂ηΦ

R0
ε × ∂θΦ

R0
ε

]
in [H]2 × [H]2.

Hence, having in mind the maximality of the monotone graph ∂ΦR0
ε in [H]2 × [H]2, we

can reduce our task to show the monotonicity of
[
∂ηΦ

R0
ε × ∂θΦ

R0
ε

]
in [H]2 × [H]2. Let us

assume:

[w,w∗] ∈
[
∂ηΦ

R0
ε × ∂θΦ

R0
ε

]
and [w̃, w̃∗] ∈

[
∂ηΦ

R0
ε × ∂θΦ

R0
ε

]
in [H]2 × [H]2,

with w = [η, θ] ∈ [H]2, w∗ = [η∗, θ∗] ∈ [H]2,

w̃ = [η̃, θ̃] ∈ [H]2, and w̃∗ = [η̃∗, θ̃∗] ∈ [H]2, respectively.

Then, by using (7.1.4a), (Fact 7), (Fact 8), (A4), and Young’s inequality, we compute that:

(w∗ − w̃∗, w − w̃)[H]2 = I1 + I2 + I3, (7.4.6a)

with

I1 :=|∇(η − η̃)|2[H]N +R0|η − η̃|2H + ν2|∇(θ − θ̃)|2[H]N , (7.4.6b)

I2 :=(α′(η)fε(∇θ) − α′(η̃)fε(∇θ̃), η − η̃)H

+
1

ν2
(α(η)α′(η) − α(η̃)α′(η̃), η − η̃)H

=

∫
Ω

fε(∇θ)(α′(η) − α′(η̃))(η − η̃) dx (7.4.6c)

+

∫
Ω

α′(η̃)(fε(∇θ) − fε(∇θ̃))(η − η̃) dx

+
1

2ν2

∫
Ω

(
d
dη

[α2](η) − d
dη

[α2](η̃)
)
(η − η̃) dx

≥− |α′|L∞(R)|η − η̃|H |∇(θ − θ̃)|[H]N

≥−
|α′|2L∞(R)

ν2
|η − η̃|2H − ν2

4
|∇(θ − θ̃)|2[H]N , (7.4.6d)

and

I3 :=

∫
Ω

(α(η) − α(η̃))(fε(∇θ) − fε(∇θ̃)) dx

≥− |α′|L∞(R)|η − η̃|H |∇(θ − θ̃)|[H]N

≥−
|α′|2L∞(R)

ν2
|η − η̃|2H − ν2

4
|∇(θ − θ̃)|2[H]N . (7.4.6e)

Due to (7.4.5), the inequalities in (7.4.6) lead to:

(w∗ − w̃∗, w − w̃)[H]2 ≥ |η − η̃|2V +
ν2

2
|θ − θ̃|2V0

≥ 0, (7.4.7)

which implies the (strict) monotonicity of the operator
[
∂ηΦ

R0
ε ×∂θΦR0

ε

]
in [H]2×[H]2.

235



Corollary 1. Under the notations and assumptions as in the previous Key-Lemma 2, it
further holds that

∂ΦR
ε =

[
∂ηΦ

R
ε × ∂θΦ

R
ε

]
in [H]2 × [H]2, for any R ≥ 0.

Proof. Let us take arbitrary two constants 0 ≤ R, R̃ < ∞. Then, from (Fact 7), [14,
Theorem 2.10], and [18, Corollary 2.11], we immediately have

D(∂ηΦ
R
ε ) = D(∂ηΦ

R̃
ε ) in V, (7.4.8a)

and for any w = [η, θ] ∈ D(∂ηΦ
R
ε ) = D(∂ηΦ

R̃
ε ),

∂ηΦ
R
ε (w) = −∆η + R̃η + (R− R̃)η + α′(η)fε(∇θ) + ν−2α(η)α′(η)

= ∂ηΦ
R̃
ε (w) + (R− R̃)η in H. (7.4.8b)

Also, as a straightforward consequence of (Fact 8), it is seen that:

∂θΦ
R
ε = ∂θΦ

R̃
ε in H ×H. (7.4.9)

In the meantime, invoking (7.4.1), [14, Theorem 2.10], and [18, Corollary 2.11], we will
infer that

D(∂ΦR
ε ) = D(∂ΦR̃

ε ) in D, (7.4.10a)

and

∂ΦR
ε (w) = ∂ΦR̃

ε (w) + (R− R̃)[η, 0] in [H]2. (7.4.10b)

Now, let us take the constant R0 > 0 obtained in Key-Lemma 2. Then, owing to
(7.4.8)–(7.4.10), and Key-Lemma 2, we can compute that[

∂ηΦ
R
ε × ∂θΦ

R
ε

]
(w) =

[
∂ηΦ

R0
ε × ∂θΦ

R0
ε

]
(w) + (R−R0)[η, 0]

= ∂ΦR0
ε (w) + (R−R0)[η, 0] = ∂ΦR

ε (w) in [H]2, (7.4.11)

for any w ∈ D(∂ηΦ
R
ε × ∂θΦ

R
ε ) = D(∂ηΦ

R
ε ) ∩D(∂θΦ

R
ε ).

In the light of (7.1.1), the above (7.4.11) is sufficient to conclude this Corollary.

Lemma 7.2. Let us assume (A1)–(A4), and fix functions θ̄ ∈ L∞(0, T ;V0), η0 ∈ V , and
u ∈ H . Then, the initial-boundary value problem:

∂tη −∆η + g(η) + α′(η)fε(∇θ̄) = Muu a.e. in Q,

∇η · nΓ = 0 on Σ,

η(0, x) = η0(x), x ∈ Ω;

(7.4.12)

admits a unique solution η ∈ W 1,2(0, T ;H)∩ L∞(0, T ;V ) ∩ L2(0, T ;H2(Ω)), and in par-
ticular, if:

η0 ∈ L∞(Ω), and u ∈ L∞(Q), (7.4.13)

then it holds that η ∈ L∞(Q).
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Proof. Let us fix θ̄ ∈ L∞(0, T ;V0), η0 ∈ V , and u ∈ H . Then, referring to the general
theories of nonlinear evolution equations (e.g. [14,18,39]), we immediately find a solution
η ∈ W 1,2(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;H2(Ω)), in the variational sense:

(∂tη(t), ϕ)H + (∇η(t),∇ϕ)[H]N +
(
g(η(t)) + α′(η(t))fε(∇θ̄(t)), ϕ

)
H

= (Muu(t), ϕ)H , for any ϕ ∈ V , a.e. t ∈ (0, T ). (7.4.14)

Next, we assume η0 ∈ V ∩L∞(Ω) and u ∈ L∞(Q), and verify the L∞-regularity of the
solution η as in (7.4.13). To this end, we invoke the assumption (A3), and take a large
constant L0 > 0, such that:

L0 ≥ |η0|L∞(Ω), g(L0) ≥Mu|u|L∞(Q), and g(−L0) ≤ −Mu|u|L∞(Q). (7.4.15)

On this basis, we set our remaining task to show that:

|η|L∞(Q) ≤ L0, i.e. − L0 ≤ η ≤ L0 a.e. in Q. (7.4.16)

Due to (7.4.15) and (A4), the constants L0 and −L0 fulfill that:

∂tL0 −∆L0 + g(L0) + α′(L0)fε(∇θ̄) ≥Muu(t, x), a.e. (t, x) ∈ Q, (7.4.17a)

and

∂t(−L0) −∆(−L0) + g(−L0) + α′(−L0)fε(∇θ̄) ≤Muu(t, x), a.e. (t, x) ∈ Q, (7.4.17b)

respectively, together with the initial values L0 and −L0, and the zero-Neumann boundary
conditions.

Now, let us take the difference between PDEs in (7.4.12) and (7.4.17a) (resp. (7.4.17b)
and (7.4.12)), and multiply the both sides by [η − L0]

+ (resp. [−L0 − η]+). Then, from
(A2)–(A4), it is inferred that:

1

2

d

dt

(∣∣[η − L0]
+(t)

∣∣2
H

+
∣∣[−L0 − η]+(t)

∣∣2
H

)
≤ |g′|L∞(R)

(∣∣[η − L0]
+(t)

∣∣2
H

+
∣∣[−L0 − η]+(t)

∣∣2
H

)
, a.e. t ∈ (0, T ).

Applying Gronwall’s lemma, and invoking (7.4.15), we obtain:∣∣[η − L0]
+(t)

∣∣2
H

+
∣∣[−L0 − η]+(t)

∣∣2
H
≤ 0, a.e. t ∈ (0, T ),

which implies the validity of (7.4.16).

Remark 7.12. Let ε ≥ 0 be arbitrary constant. Then, as a consequence of (Fact 7),
(Fact 8), Key-Lemma 2, Corollary 1, and Lemma 7.2, we can say that the state-system
(S)ε is equivalent to the following Cauchy problem of evolution equation, denoted by (E)ε.

(E)ε : {
A(t)w′(t) + ∂ΦR

ε (w(t)) + GR(w(t)) 3 f(t) in [H]2, a.e. t ∈ (0, T ),

w(0) = w0 in [H]2,

for any R ≥ 0.

Now, we are ready to prove the Main Theorem 7.1.
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Proof of Main Theorem 7.1 (I-A). Let us fix any R > 0. Then, under the setting
(7.4.1)–(7.4.4), we immediately check that:

(ev.0) for any t ∈ [0, T ], A(t) ∈ L ([H]2) is positive and selfadjoint, and

(A(t)w,w)[H]2 ≥ δ∗|w|2[H]2 , for any w ∈ [H]2,

with the constant δ∗ ∈ (0, 1) as in (A4);

(ev.1) A ∈ W 1,∞(0, T ; L ([H]2)), and

A∗ := ess sup
t∈(0,T )

{
max{|A(t)|L ([H]2), |A′(t)|L ([H]2)}

}
≤ 1 + |α0|W 1,∞(Q) <∞;

(ev.2) GR : [H]2 −→ [H]2 is a Lipschitz continuous operator with a Lipschitz constant:

Lip(G) := R + |g′|L∞(R) + ν−2
∣∣ d
dη

(αα′)
∣∣
L∞(R),

and GR has a C1-potential functional

ĜR : w = [η, θ] ∈ [H]2 7→ ĜR(w) :=

∫
Ω

(
G(η) − Rη2

2
− α(η)2

2ν2

)
dx ∈ R;

(ev.3) ΦR
ε ≥ 0 on [H]2, and the sublevel set

{
w̃ ∈ [H]2

∣∣ΦR
ε (w̃) ≤ r

}
is contained in a

compact set KR
ν (r) in [H]2, defined as

KR
ν (r) :=

{
w̃ = [η̃, θ̃] ∈ D |η̃|2V + |θ̃|2V0

≤ 2r
1∧R∧ν2

}
,

for any r ≥ 0.

On account of (7.4.1)–(7.4.4) and (ev.0)–(ev.3), we can apply Proposition 7.1, as the case
when:

X = [H]2, A0 = A in W 1,∞(0, T ; L ([H]2)),

G0 =GR on [H]2, Ψ0 = ΦR
ε on [H]2, and f0 = f in [H ]2,

and we can find a solution w = [η, θ] ∈ [H ]2 to the Cauchy problem (E)ε. In the light
of Proposition 7.1 and Remark 7.12, finding this w = [η, θ] directly leads to the existence
and uniqueness of solution to the state-system (S)ε.

Moreover, if η0 ∈ L∞(Ω) and u ∈ L∞(Q), then the regularity η ∈ L∞(Q) will be
immediately seen from Lemma 7.2.

Proof of Main Theorem 7.1 (I-B). Under the assumptions and notations as in Main
Theorem 7.1, we first fix a constant R > 0, and invoke Remark 7.12 to confirm that the
solution w := [η, θ] ∈ [H ]2 to (S)ε coincides with the solution to the Cauchy problem (E)ε,
and as well as, the solutions wn := [ηn, θn] ∈ [H ]2 to (S)εn , n = 1, 2, 3, . . . , coincide with
the solutions to the Cauchy problems (E)εn for the initial data w0,n := [η0,n, θ0,n] ∈ D,
and forcing terms fn = [Muun,Mvvn] ∈ [H ]2, n = 1, 2, 3, . . ., respectively.

On this basis, we next verify:
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(ev.4) ΦR
εn ≥ 0 on [H], for n = 1, 2, 3, . . . , and the union

⋃∞
n=1

{
w̃ ∈ [H]2

∣∣ΦR
εn(w̃) ≤ r

}
of sublevel sets is contained in the compact set KR

ν (r) ⊂ [H]2, as in (ev.3), for any
r > 0;

(ev.5) ΦR
εn → ΦR

ε on [H]2, in the sense of Mosco, as n → ∞, more precisely, the uni-
form estimate (7.1.4a) will lead to the corresponding lower bound condition and
optimality condition, in the Mosco-convergence of {ΦR

εn}
∞
n=1;

(ev.6) supn∈N ΦR
εn(w0,n) <∞, and w0,n → w0 in [H]2, as n→ ∞, more precisely, it follows

from (7.3.4), (A1), and (A4) that

sup
n∈N

ΦR
εn(w0,n) ≤ sup

n∈N

(
1+R
2
|η0,n|2V + ν2(LN(Ω) + |θ0,n|2V0

) + 1
ν2
|α(η0,n)|2H

)
<∞,

and the weak convergence of {w0,n}∞n=1 in D = V × V0 and the compactness of
embedding D ⊂ [H]2 imply the strong convergence of {w0,n}∞n=1 in [H]2.

On account of (7.3.4) and (ev.0)–(ev.6), we can apply Proposition 7.2, to show that:
wn → w in C([0, T ]; [H]2) (i.e. in [C([0, T ];H)]2),

weakly in W 1,2(0, T ; [H]2) (i.e. weakly in [W 1,2(0, T ;H)]2),∫ T

0

ΦR
εn(wn(t)) dt→

∫ T

0

ΦR
ε (w(t)) dt,

as n→ ∞,

(7.4.18a)

sup
n∈N

|wn|2L∞(0,T ;V )×L∞(0,T ;V0)
≤ 4 sup

n∈N
|wn|2L∞(0,T ;V×V0)

≤ 8

1 ∧ ν2 ∧R
sup
n∈N

|ΦR
εn(wn)|L∞(0,T ) <∞,

and hence,

wn → w weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), as n→ ∞. (7.4.18b)

Furthermore, from (7.1.3), (7.1.4a), (7.4.18), and the assumptions (A2) and (A4), one can
observe that:

lim
n→∞

1

2
|∇ηn|2[H ]N ≥ 1

2
|∇η|2[H ]N , lim

n→∞

R

2
|ηn|2H ≥ R

2
|η|2H ,

lim
n→∞

ν2

2
|θn|2V0

≥ ν2

2
|θ|2V0

, lim
n→∞

1

2ν2
|α(ηn)|2H =

1

2ν2
|α(η)|2H ,

(7.4.19a)

and

lim
n→∞

∣∣α(ηn)fεn(∇θn)
∣∣
L1(Q)

= lim
n→∞

∫ T

0

∫
Ω

α(ηn(t))fεn(∇θn(t)) dxdt

≥ lim
n→∞

∫ T

0

∫
Ω

α(η(t))fεn(∇θn(t)) dxdt

− lim
n→∞

|α(ηn) − α(η)|H · sup
n∈N

(√
LN+1(Q) εn + |θn|V0

)
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≥ lim
n→∞

∫ T

0

∫
Ω

α(η(t))fε(∇θn(t)) dxdt− |α(η)|L1(Q) · lim
n→∞

|εn − ε|

≥
∫ T

0

∫
Ω

α(η(t))fε(∇θ(t)) dxdt =
∣∣α(η)fε(∇θ)

∣∣
L1(Q)

. (7.4.19b)

Here, from (7.4.1), it is seen that:∫ T

0

ΦR
ε̃ (w̃(t)) dt =

∫ T

0

ΦR
ε̃ (η̃(t), θ̃(t)) dt

=
1

2
|∇η̃|2[H ]N +

R

2
|η̃|2H +

ν2

2
|θ̃|2V0

+
∣∣α(η̃)fε̃(∇θ̃)

∣∣
L1(Q)

+
1

2ν2
|α(η̃)|2H

+
ν2ε̃2

2
LN+1(Q), for all ε̃ ≥ 0 and w̃ = [η̃, θ̃] ∈ Y . (7.4.20)

Taking into account (7.4.18a), (7.4.19), and (7.4.20), we deduce that:

|∇ηn|2[H ]N +R|ηn|2H + ν2|θn|2V0
→ |∇η|2[H ]N +R|η|2H + ν2|θ|2V0

,

and hence, |[ηn, θn]|Y → |[η, θ]|Y , as n→ ∞. (7.4.21)

Since the norm of Hilbert space Y := V × V0 is uniformly convex, the convergences
(7.4.18b) and (7.4.21) imply the strong convergence:

wn → w in Y , as n→ ∞, (7.4.22a)

and furthermore, it follows from (7.1.4a) and (7.4.22a) that:

|fεn(∇θn) − fε(∇θ)|H ≤ |fεn(∇θn) − fεn(∇θ)|H + |fεn(∇θ) − fε(∇θ)|H
≤|θn − θ|V0 +

√
LN+1(Q)|εn − ε| → 0, as n→ ∞. (7.4.22b)

The convergences (7.4.18) and (7.4.22) are sufficient to obtain the convergence (7.3.6) as
in Main Theorem 7.1 (I-B).

Finally, let us assume (7.3.7) to verify (7.3.8). In the light of (A3), we can take a large
constant L∗ > 0, independent of n, such that:

L∗ ≥ sup
n∈N

|η0,n|L∞(Ω), g(L∗) ≥Mu sup
n∈N

|un|L∞(Q),

and g(−L∗) ≤ −Mu sup
n∈N

|un|L∞(Q). (7.4.23)

Then, just as in the derivation of (7.4.16), we can show that:

sup
n∈N

|ηn|L∞(Q) ≤ L∗, i.e. − L∗ ≤ ηn ≤ L∗ a.e. in Q, n = 1, 2, 3, . . . . (7.4.24)

The convergence (7.3.6), and the L∞-weak-∗ compactness brought by (7.4.24) lead to the
convergence (7.3.8).
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7.5 Proof of Main Theorem 7.2

In this section, we prove the second Main Theorem 7.2. Before the proof, we prepare the
following lemma.

Lemma 7.3. Let us assume (A5) and (A6), and let us fix the function κ̄ ∈
⋂∞

n=1Kn as
in (A6). Besides, let us take any function u ∈ K, and define a sequence {un}∞n=1 ⊂ H ,
by setting:

un := projKn
(u) = κ0n ∨ (κ1n ∧ u) ∈ Kn in H , for n = 1, 2, 3, . . . .

Then, it holds that:
un → u in H as n→ ∞. (7.5.1)

Proof. As is easily seen,

un(t, x) =


κ1n(t, x), if u(t, x) > κ1n(t, x),

u(t, x), if κ0n(t, x) ≤ u(t, x) ≤ κ1n(t, x),

κ0n(t, x), if u(t, x) < κ0n(t, x),

(7.5.2)

a.e. (t, x) ∈ Q, n = 1, 2, 3, . . . ,

so that:
|un − u| → 0, in the pointwise sense, a.e. in Q, as n→ ∞. (7.5.3)

Also, owing to the presence of κ̄ ∈
⋂∞

n=1Kn, as in (A6),

− [u− κ̄]− ≤ un − κ̄ ≤ [u− κ̄]+, a.e. in Q,

i.e. |un − κ̄| ≤ [u− κ̄]+ + [u− κ̄]− = |u− κ̄|, a.e. in Q,

which leads to:

|un − u| ≤ |un−κ̄| + |u− κ̄| ≤ 2|u− κ̄| a.e. in Q,

with |u− κ̄| ∈ H . (7.5.4)

The convergence (7.5.1) will be deduced as a straightforward consequence of (7.5.3),
(7.5.4), and the dominated convergence theorem [56, Theorem 10 on page 36].

Now, let [η0, θ0] ∈ D be the initial pair, and any constraint K = [[κ0, κ1]] ∈ K. Also,
let us fix arbitrary forcing pair [ū, v̄] ∈ U K

ad , and let us invoke the definition of the cost
function Jε, defined in (1.5.34), to estimate that:

0 ≤ Jε := inf Jε(U
K
ad ) ≤ Jε := Jε(ū, v̄) <∞, for all ε ≥ 0. (7.5.5)

Also, for any ε ≥ 0, we denote by [η̄, θ̄] the solution to (S)ε, for the initial pair [η0, θ0] and
forcing pair [ū, v̄].

Based on these, the Main Theorem 7.2 is proved as follows.
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Proof of Main Theorem 7.2 (II-A). Let us fix any ε ≥ 0. Then, from the estimate
(7.5.5), we immediately find a sequence of forcing pairs {[un, vn]}∞n=1 ⊂ U K

ad , such that:

Jε(un, vn) ↓ Jε, as n→ ∞, (7.5.6a)

and

1

2
sup
n∈N

∣∣[√Muun,
√
Mvvn]

∣∣2
[H ]2

≤ Jε(ū, v̄) <∞. (7.5.6b)

Also, the estimate (7.5.6b) and the assumption (A5) enable us to take a subsequence of
{[un, vn]}∞n=1 ⊂ U K

ad (not relabeled), and to find a pair of functions [u∗, v∗] ∈ U K
ad , such

that:

[
√
Muun,

√
Mvvn] → [

√
Muu

∗,
√
Mvv

∗] weakly in [H ]2, as n→ ∞, (7.5.7)

Let [η∗, θ∗] ∈ [H ]2 be the solution to (S)ε, for the initial pair [η0, θ0] and forcing pair
[u∗, v∗]. Also, for any n ∈ N, let [ηn, θn] ∈ [H ]2 be the solution to (S)εn , for the forcing
pair [un, vn]. Then, having in mind (7.3.4), (7.5.7), and the initial condition:

[ηn(0), θn(0)] = [η∗(0), θ∗(0)] = [η0, θ0] in [H]2, for n = 1, 2, 3, . . . ,

we can apply Main Theorem 7.1 (I-B), to see that:

[ηn, θn] → [η∗, θ∗] in [C([0, T ];H)]2, as n→ ∞. (7.5.8)

On account of (7.5.6a), (7.5.7), and (7.5.8), it is computed that:

Jε(u
∗, v∗) =

1

2

∣∣[√Mη(η
∗ − ηad),

√
Mθ(θ

∗ − θad)]
∣∣2
[H ]2

+
1

2

∣∣[√Muu
∗,
√
Mvv

∗]
∣∣2
[H ]2

≤ 1

2
lim
n→∞

∣∣[√Mη(ηn − ηad),
√
Mθ(θn − θad)]

∣∣2
[H ]2

+
1

2
lim
n→∞

∣∣[√Muun,
√
Mvvn]

∣∣2
[H ]2

= lim
n→∞

Jε(un, vn) = Jε (≤ Jε(u
∗, v∗)),

and this leads to:
Jε(u

∗, v∗) = min
[u,v]∈U K

ad

Jε(u, v).

Thus, we conclude the item (II-A).

Proof of Main Theorem 7.2 (II-B). Let us take ε ≥ 0, {εn}∞n=1 ⊂ [0,∞), and
{[η0,n, θ0,n]}∞n=1 ⊂ D as in (7.3.4). Besides, for the pair of functions [ū, v̄] ∈ UK

ad as in
(7.5.5), let us define:

ūn := projKn
(ū) = κ0n ∨ (κ1n ∧ ū) ∈ Kn, n = 1, 2, 3, . . . .
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Then, from Lemma 7.3, it immediately follows that:

ūn → ū in H , as n→ ∞. (7.5.9)

Here, let [η̄, θ̄] ∈ [H ]2 be the solution to (S)ε, for the initial pair [η0, θ0] and forcing pair
[ū, v̄], and let [η̄n, θ̄n] ∈ [H ]2, n = 1, 2, 3, . . . , be solutions to (S)εn , for the initial pairs
[η0,n, θ0,n], and forcing pairs [ūn, v̄], n = 1, 2, 3, . . . , respectively. Then, invoking (7.3.4)
and (7.5.9), we can apply Main Theorem 7.1 (I-B) to these solutions, and we can see that:

[η̄n, θ̄n] → [η̄, θ̄] in [C([0, T ];H)]2, (7.5.10a)

and in particular,

[η0,n, θ0,n] = [η̄n(0), θ̄n(0)] → [η0, θ0] = [η̄(0), θ̄(0)]

in [H]2, as n→ ∞. (7.5.10b)

The convergences (7.5.9) and (7.5.10) enable us to estimate:

J sup := sup
n∈N

Jεn(ūn, v̄) <∞. (7.5.11)

Next, for any n ∈ N, let us denote by [η∗n, θ
∗
n] ∈ [H ]2 the solution to (S)εn , for the

initial pair [η0,n, θ0,n], and forcing pair [u∗n, v
∗
n] of the optimal control of (OP)Kn

εn . Then, in
the light of (7.5.5) and (7.5.11), it is observed that:

0 ≤ 1

2

∣∣[√Muu
∗
n,
√
Mvv

∗
n]
∣∣2
[H ]2

≤ Jεn ≤ J sup <∞, n = 1, 2, 3, . . . .

Therefore, one can find a subsequence {ni}∞i=1 ⊂ {n}, together with a limiting pair of
functions [u∗∗, v∗∗] ∈ [H ]2, such that:

[
√
Muu

∗
ni
,
√
Mvv

∗
ni

] → [
√
Muu

∗∗,
√
Mvv

∗∗] weakly in [H ]2, as i→ ∞,

and as well as [Muu
∗
ni
,Mvv

∗
ni

] → [Muu
∗∗,Mvv

∗∗] weakly in [H ]2, as i→ ∞.
(7.5.12)

Additionally, for every ` = 0, 1, the convex functionals on L1(Q \ |κℓ|−1(∞)), defined as:

ũ ∈ L1(Q \ |κℓ|−1(∞)) 7→
∫
Q\|κℓ|−1(∞)

[ũ]+ dxdt ∈ [0,∞), ` = 0, 1,

are weakly lower semi-continuous. Therefore, we can observe from (7.5.12) and (A6) that:

{
[κ0 − u∗∗]+ ≤ [κ̄− u∗∗]+ ∈ H ⊂ L1(Q),

[u∗∗ − κ1]+ ≤ [u∗∗ − κ̄]+ ∈ H ⊂ L1(Q),

∣∣Mu[κ0 − u∗∗]+
∣∣
L1(Q)

=

∫
Q\|κ0|−1(∞)

[Mu(κ0 − u∗∗)]+ dxdt

≤ lim
i→∞

∫
Q\|κ0|−1(∞)

[Mu(κ0εni
− u∗ni

)]+ dxdt = 0, (7.5.13a)
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and ∣∣Mu[u∗∗ − κ1]+
∣∣
L1(Q)

=

∫
Q\|κ1|−1(∞)

[Mu(u∗∗ − κ1)]+ dxdt

≤ lim
i→∞

∫
Q\|κ1|−1(∞)

[Mu(u∗ni
− κ1εni

)]+ dxdt = 0. (7.5.13b)

Since the limit u∗∗, when Mu = 0, can be taken arbitrary, the estimates as in (7.5.13)
enable us to suppose that:

κ0 ≤ u∗∗ ≤ κ1 a.e. in Q, i.e. [u∗∗, v∗∗] ∈ U K
ad .

Now, let us denote by [η∗∗, θ∗∗] ∈ [H ]2 the solution to (S)ε, for the initial pair [η0, θ0]
and forcing pair [u∗∗, v∗∗]. Then, applying Main Theorem 7.1 (I-B), again, to the solutions
[η∗∗, θ∗∗] and [η∗ni

, θ∗ni
], i = 1, 2, 3, . . . , one can see that:

[η∗ni
, θ∗ni

] → [η∗∗, θ∗∗] in [C([0, T ];H)]2, in Y ,

weakly in [W 1,2(0, T ;H)]2, and

weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), as i→ ∞. (7.5.14)

As a consequence of (7.5.9), (7.5.10), (7.5.12), and (7.5.14), it is verified that:

Jε(u
∗∗, v∗∗) =

1

2

∣∣[√Mη(η
∗∗ − ηad),

√
Mθ(θ

∗∗ − θad)]
∣∣2
[H ]2

+
1

2

∣∣[√Muu
∗∗,
√
Mvv

∗∗]
∣∣2
[H ]2

≤ 1

2
lim
i→∞

∣∣[√Mη(η
∗
ni
− ηad),

√
Mθ(θ

∗
ni
− θad)]

∣∣2
[H ]2

+
1

2
lim
i→∞

∣∣[√Muu
∗
ni
,
√
Mvv

∗
ni

]
∣∣2
[H ]2

= lim
i→∞

Jεni
(u∗ni

, v∗ni
) ≤ lim

i→∞
Jεni

(ūni
, v̄)

=
1

2
lim
i→∞

∣∣[√Mη(η̄ni
− ηad),

√
Mθ(θ̄ni

− θad)]
∣∣2
[H ]2

+
1

2
lim
i→∞

∣∣[√Muūni
,
√
Mvv̄]

∣∣2
[H ]2

= Jε(ū, v̄).

Since the choice of [ū, v̄] ∈ U K
ad is arbitrary, we conclude that:

Jε(u
∗∗, v∗∗) = min

[u,v]∈U K
ad

Jε(u, v),

and complete the proof of Main Theorem 7.2 (II-B).

7.6 Proof of Main Theorem 7.3

Throughout this Section, we suppose the situation (r.s.0). Let ε > 0 be a fixed constant,
and let [η0, θ0] ∈ D0 be the initial pair. Let us take any forcing pair [u, v] ∈ X (=
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L∞(Q) × H ), and consider the unique solution [η, θ] ∈ [H ]2 to the state-system (S)ε.
Also, let us take any constant δ ∈ (0, 1) and any pair of functions [h, k] ∈ X , and
consider another solution [ηδ, θδ] ∈ [H ]2 to the system (S)ε, for the initial pair [η0, θ0]
and a perturbed forcing pair [u + δh, v + δk]. On this basis, we consider a sequence of
pairs of functions {[χδ, γδ]}δ∈(0,1) ⊂ [H ]2, defined as:

[χδ, γδ] :=

[
ηδ − η

δ
,
θδ − θ

δ

]
∈ [H ]2, for δ ∈ (0, 1). (7.6.1)

This sequence acts a key-role in the computation of Gâteaux differential of the cost func-
tion Jε, for ε > 0.

Remark 7.13. Note that for any δ ∈ (0, 1), the pair of functions [χδ, γδ] ∈ [H ]2 fulfills
the following variational forms:

(∂tχ
δ(t), ϕ)H + (∇χδ(t),∇ϕ)[H]N

+

∫
Ω

(∫ 1

0

g′(η(t) + ςδχδ(t)) dς

)
χδ(t)ϕdx

+

∫
Ω

(
fε(∇θ(t))

∫ 1

0

α′′(η(t) + ςδχδ(t)) dς

)
χδ(t)ϕdx

+

∫
Ω

(
α′(ηδ(t))

∫ 1

0

∇fε(∇θ(t) + ςδ∇γδ(t)) dς
)
· ∇γδ(t)ϕdx

=(Muh(t), ϕ)H , for any ϕ ∈ V , a.e. t ∈ (0, T ), subject to χδ(0) = 0 in H,

and

(α0(t)∂tγ
δ(t), ψ)H + ν2(∇γδ(t),∇ψ)[H]N

+

∫
Ω

(
α(ηδ(t))

∫ 1

0

∇2fε(∇θ(t) + ςδ∇γδ(t)) dς
)
∇γδ(t) · ∇ψ dx

+

∫
Ω

((∫ 1

0

α′(η(t) + ςδχδ(t)) dς

)
χδ(t)

)
∇fε(∇θ(t)) · ∇ψ dx

=(Mvk(t), ψ)H , for any ψ ∈ V0, a.e. t ∈ (0, T ), subject to γδ(0) = 0 in H.

In fact, these variational forms are obtained by taking the difference between respective
two variational forms for [ηδ, θδ] and [η, θ], as in Main Theorem 7.1 (I-A), and by using
the following linearization formulas:

1

δ

(
g(ηδ) − g(η)

)
=

(∫ 1

0

g′(η + ςδχδ) dς

)
χδ in H ,

1

δ

(
α′(ηδ)fε(∇θδ) − α′(η)fε(∇θ)

)
=

1

δ

(
α′(ηδ) − α′(η)

)
fε(∇θ) +

1

δ
α′(ηδ)

(
fε(∇θδ) − fε(∇θ)

)
=

(
fε(∇θ)

∫ 1

0

α′′(η + ςδχδ) dς

)
χδ
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+

(
α′(ηδ)

∫ 1

0

∇fε(∇θ + ςδ∇γδ) dς
)
· ∇γδ in H ,

and

1

δ

(
α(ηδ)∇fε(∇θδ) − α(η)∇fε(∇θ)

)
=

1

δ
α(ηδ)

(
∇fε(∇θδ) −∇fε(∇θ)

)
+

1

δ

(
α(ηδ) − α(η)

)
∇fε(∇θ)

=

(
α(ηδ)

∫ 1

0

∇2fε(∇θ + ςδ∇γδ) dς
)
∇γδ

+

((∫ 1

0

α′(η + ςδχδ) dς

)
χδ

)
∇fε(∇θ) in [H ]N .

Incidentally, the above linearization formulas can be verified as consequences of the as-
sumptions (A1)–(A4) and the mean-value theorem (cf. [54, Theorem 5 in p. 313]).

Remark 7.14. Note that the situation (r.s.0) implies η0 ∈ L∞(Ω) and u ∈ L∞(Q).
Therefore, under (r.s.0), we can suppose η ∈ L∞(Q) for the solution [η, θ] ∈ [H ]2 to the
system (S)ε.

Now, we prepare the following two Lemmas, for the proof of Main Theorem 7.3.

Lemma 7.4. Under the assumptions (A1)–(A5), let us fix ε > 0, and suppose (r.s.0) as in
Main Theorem 7.3. Then, the restriction of the cost Jε|X : X −→ R is Gâteaux differen-
tiable over X . Moreover, for any [u, v] ∈ X , the Gâteaux derivative (Jε|X )′ (u, v) ∈ X ∗

admits a unique extension J ′
ε(u, v) ∈ ([H ]2)∗ = [H ]2, such that:

J ′
ε(u, v) = (Jε|X )′ (u, v) in X ∗, (7.6.2)

and (
J ′

ε(u, v),[h, k]
)
[H ]2

=
(
[Mη(η − ηad),Mθ(θ − θad)], P̄ε[Muh,Mvk]

)
[H ]2

+
(
[Muu,Mvv], [h, k]

)
[H ]2

, for any [h, k] ∈ X . (7.6.3)

In the context, [η, θ] is the solution to the state-system (S)ε, for the initial pair [η0, θ0] and
forcing pair [u, v], and P̄ε : [H ]2 −→ Z is a bounded linear operator, which is given as a
restriction P|{[0,0]}×[H ]2 of the (linear) isomorphism P = P(a, b, µ, λ, ω,A) : [H]2×Y ∗ −→
Z , as in Proposition 7.5, in the case when:

[a, b] = [α0, 0] in W 1,∞(Q) × L∞(Q),

µ = µ̄ε := α′′(η)fε(∇θ) in L∞(0, T ;H),

λ = λ̄ε := g′(η) in L∞(Q),

ω = ω̄ε := α′(η)∇fε(∇θ) in [L∞(Q)]N ,

A = Āε := α(η)∇2fε(∇θ) in [L∞(Q)]N×N .

(7.6.4)
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Proof. Let us fix any [u, v] ∈ X , and take any δ ∈ (0, 1) and any [h, k] ∈ X . Then,
due to the assumptions (r.s.0) and [u, v], [h, k] ∈ X , we can see that:

|η0|L∞(Ω) ∨ sup
δ̃∈(0,1)

|u+ δ̃h|L∞(Q) <∞,

and
[Mu(u+ δh),Mv(v + δk)] → [Muu,Mvv] in X , as δ ↓ 0.

Therefore, as a consequence of Main Theorem 7.1 (I-B), it is observed that:

[ηδ, θδ] → [η, θ] in [C([0, T ];H)]2, in Y ,

weakly in [W 1,2(0, T ;H)]2,

and weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), (7.6.5a)

and

ηδ → η weakly-∗ in L∞(Q), as δ ↓ 0. (7.6.5b)

In the meantime, it is easily computed that:

1

δ

(
Jε(u+ δh, v + δk) − Jε(u, v)

)
=

(
Mη

2
(ηδ + η − 2ηad), χδ

)
H

+

(
Mθ

2
(θδ + θ − 2θad), γδ

)
H

(7.6.6)

+

(
Mu

2
(2u+ δh), h

)
H

+

(
Mv

2
(2v + δk), k

)
H

.

Here, let us set:

µ̄δ
ε := fε(∇θ)

∫ 1

0

α′′(η + ςδχδ) dς in L∞(0, T ;H),

λ̄δε :=

∫ 1

0

g′(η + ςδχδ) dς in L∞(Q),

ω̄δ
ε := α′(ηδ)

∫ 1

0

∇fε(∇θ + ςδ∇γδ) dς in [L∞(Q)]N ,

Āδ
ε := α(ηδ)

∫ 1

0

∇2fε(∇θ + ςδ∇γδ) dς in [L∞(Q)]N×N ,

(7.6.7a)

and

k̄δε := Mvk + div

[
χδ∇fε(∇θ)

∫ 1

0

α′(η + ςδχδ) dς

− χδα′(ηδ)

∫ 1

0

∇fε(∇θ + ςδ∇γδ) dς
]

in V ∗
0 , (7.6.7b)

for all δ ∈ (0, 1).

Then, in the light of (7.6.5) and Remark 7.13, one can say that:

[χδ, γδ] = P̄δ
ε [Muh, k̄

δ
ε ] in Z , for δ ∈ (0, 1),
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by using the restriction P̄δ
ε := P|{[0,0]}×Y ∗ : Y ∗ −→ Z of the (linear) isomorphism

P = P(a, b, µ, λ, ω,A) : [H]2 × Y ∗ −→ Z , as in Proposition 7.5, in the case when:

[a, b, λ] = [α0, 0, λ̄
δ
ε] in W 1,∞(Q) × [L∞(Q)]2,

ω = ω̄δ
ε in [L∞(Q)]N ,

A = Āδ
ε in [L∞(Q)]N×N ,

µ = µ̄δ
ε in L∞(0, T ;H), for δ ∈ (0, 1).

Besides, taking into account (7.1.3), (7.2.5), (7.6.7), (A3), (A4), and Remark 7.1, we have:

C̄∗
0 :=

9(1 + ν2)

1 ∧ ν2 ∧ δ∗
·
(
1 + (CL4

V )2 + (CL4

V )4 + (CL4

V0
)2
)

·
(
1 + |α0|W 1,∞(Q) + |g′|L∞(R) + |α′|2L∞(R)

)
(7.6.8a)

≥ 9(1 + ν2)

1 ∧ ν2 ∧ inf α0(Q)
·
(
1 + (CL4

V )2 + (CL4

V )4 + (CL4

V0
)2
)

· sup
δ∈(0,1)

(
1 + |α0|W 1,∞(Q) + |λ̄δε|L∞(Q) + |ω̄δ

ε |2[L∞(Q)]N

)
,

and ∣∣〈[Mu h(t), k̄δε(t)], [ϕ, ψ]
〉
V×V0

∣∣ ≤ |〈Muh(t), ϕ〉V | + |〈k̄δε(t), ψ〉V0|

≤Mu|h(t)|H |ϕ|H +Mv|k(t)|H |ψ|H + 2|α′|L∞(R)|χδ(t)|H |∇ψ|[H]N

≤Mu|h(t)|H |ϕ|V +
(
MvC

H
V0
|k(t)|H + 2|α′|L∞(R)|χδ(t)|H

)
|ψ|V0 , (7.6.8b)

for a.e. t ∈ (0, T ), any [ϕ, ψ] ∈ V × V0, and any δ ∈ (0, 1),

with use of the constant CH
V0
> 0 of the embedding V0 ⊂ H, so that∣∣[Muh(t), k̄δε(t)]
∣∣2
V ∗×V ∗

0
≤ C̄∗

1

(∣∣[h(t), k(t)]
∣∣2
[H]2

+ |χδ(t)|2H
)
,

for a.e. t ∈ (0, T ), and any δ ∈ (0, 1), (7.6.8c)

with a positive constant C̄∗
1 := 4

(
M2

u +M2
v (CH

V0
)2 + |α′|2L∞(R)

)
.

Now, having in mind (7.6.8), let us apply Proposition 7.4 to the case when:
[a1, b1, µ1, λ1, ω1, A1] = [a2, b2, µ2, λ2, ω2, A2] = [α0, 0, µ

δ
ε, λ̄

δ
ε, ω̄

δ
ε , Ā

δ
ε],

[p10, z
1
0 ] = [p20, z

2
0 ] = [0, 0], [h1, k1] = [Muh, k̄

δ
ε ], [h2, k2] = [0, 0],

[p1, z1] = [χδ, γδ] = P̄δ
ε [Muh, k̄

δ
ε ], [p2, z2] = [0, 0] = P̄δ

ε [0, 0], for δ ∈ (0, 1).

Then, we estimate that:

d

dt

(
|χδ(t)|2H + |

√
α0(t)γ

δ(t)|2H
)

+
(
|χδ(t)|2V + ν2|γδ(t)|2V0

)
≤ 3C̄∗

0

(
|χδ(t)|2H + |

√
α0(t)γ

δ(t)|2H
)

+ 2C̄∗
0

(
|Muh(t)|2V ∗ + |k̄δε(t)|2V ∗

0

)
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≤ 3C̄∗
0(1 + C̄∗

1)
(
|χδ(t)|2H + |

√
α0(t)γ

δ(t)|2H
)

+ 2C̄∗
0 C̄

∗
1

(
|h(t)|2H + |k(t)|2H

)
,

for a.e. t ∈ (0, T ),

and subsequently, by using Gronwall’s lemma, we observe that:

(? 1) the sequence {[χδ, γδ]}δ∈(0,1) is bounded in [C([0, T ];H)]2 ∩ Y .

Meanwhile, as consequences of (7.6.1), (7.6.4)–(7.6.8), (? 1), (A1)–(A5), Main Theo-
rem 7.1, Remark 7.7, and the dominated convergence theorem [56, Theorem 10 on page
36], one can find a sequence {δn}∞n=1 ⊂ R, such that:

0 < |δn| < 1, and δn → 0, as n→ ∞, (7.6.9a)
[δnχ

δn , δnγ
δn ] = [ηδn − η, θδn − θ] → [0, 0]

in [C([0, T ];H)]2, and in Y ,

[δn∇χδn , δn∇γδn ] = [∇(ηδn − η),∇(θδn − θ)] → [0, 0]

in [L2(0, T ; [H]N)]2, and in the pointwise sense a.e. in Q,

as n→ ∞, (7.6.9b)

[λ̄δnε ,ω̄
δn
ε , Ā

δn
ε ] → [λ̄ε, ω̄ε, Āε] weakly-∗ in L∞(Q) × [L∞(Q)]N × [L∞(Q)]N×N ,

and in the pointwise sense a.e. in Q, as n→ ∞, (7.6.9c)µ̄
δn
ε → µ̄ε weakly-∗ in L∞(0, T ;H),

µ̄δn
ε (t) → µ̄ε(t) in H, for a.e. t ∈ (0, T ),

as n→ ∞, (7.6.9d)

and

〈k̄δnε −Mvk, ψ〉V0 = −
(
χδn , ∇fε(∇θ)

( ∫ 1

0

α′(η + ςδnχ
δn) dς

)
· ∇ψ

)
H

+

(
χδn , α′(ηδn)

( ∫ 1

0

∇fε(∇θ + ςδn∇γδn) dς
)
· ∇ψ

)
H

(7.6.9e)

→ 0, as n→ ∞.

On account of (7.6.1) and (7.6.4)–(7.6.9), we can apply Proposition 7.6 (B), and can
see that:

[χδn , γδn ] = P̄δn
ε [Muh, k̄

δn
ε ] → [χ, γ] := P̄ε[Muh,Mvk] in [H ]2, weakly in Y ,

and weakly in W 1,2(0, T ;V ∗) ×W 1,2(0, T ;V ∗
0 ), as n→ ∞. (7.6.10)

Since the Hilbert space Y is separable, and the uniqueness of the solution [χ, γ] =
P̄ε[Muh,Mvk] is guaranteed by Proposition 7.3, the observations (7.6.6), (7.6.9), and
(7.6.10) enable us to compute the directional derivative D[h,k]Jε(u, v) ∈ R, as follows:

D[h,k]Jε(u, v) := lim
δ→0

1

δ

(
Jε(u+ δh, v + δk) − Jε(u, v)

)
=
(
[Mη(η − ηad),Mθ(θ − θad)], P̄ε[Muh,Mvk]

)
[H ]2

+
(
[Muu,Mvv], [h, k]

)
[H ]2

,

for any direction [h, k] ∈ X . (7.6.11)

Moreover, in the light of (7.6.4), (7.6.11), and Proposition 7.5, we can observe that:
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(? 2) the mapping [h, k] ∈ X 7→ D[h,k]Jε(u, v) ∈ R is a linear functional;

(? 3) there exists a constant M∗∗
1 , independent of [h, k] ∈ X , such that

|D[h,k]Jε(u, v)| ≤M∗∗
1 |[h, k]|[H ]2 , for any [h, k] ∈ X .

As a consequence of (? 2), (? 3), the continuous and dense embedding X ⊂ [H ]2,
and Riesz’s theorem, we can obtain the required functional J ′

ε(u, v) ∈
(
[H ]2

)∗ (
=

[H ]2
)
, satisfying (7.6.2) and (7.6.3), as the unique extension of the Gâteaux differen-

tial (Jε|X )′ (u, v) ∈ X ∗ at [u, v] ∈ X .

Thus, we complete the proof of this lemma.

Lemma 7.5. Under the assumptions (A1)–(A5) with (r.s.0), let [u∗ε, v
∗
ε ] ∈ U K

ad be an
optimal control of the problem (OP)Kε , and let [η∗ε , θ

∗
ε ] be the solution to the system

(S)ε, for the initial pair [η0, θ0] and forcing pair [u∗ε, v
∗
ε ]. Also, let P∗

ε : [H ]2 −→ Z
be the bounded linear operator, defined in Remark 7.8, with use of the solution [η∗ε , θ

∗
ε ].

Let Pε : [H ]2 −→ Z be a bounded linear operator, which is defined as a restriction
P|{[0,0]}×[H ]2 of the linear isomorphism P = P(a, b, µ, λ, ω,A) : [H]2 × Y ∗ −→ Z , as in
Proposition 7.5, in the case when:

[a, b] = [α0, 0] in W 1,∞(Q) × L∞(Q),

µ = α′′(η∗ε)fε(∇θ∗ε) in L∞(0, T ;H),

λ = g′(η∗ε) in L∞(Q),

ω = α′(η∗ε)∇fε(∇θ∗ε) in [L∞(Q)]N ,

A = α(η∗ε)∇2fε(∇θ∗ε) in [L∞(Q)]N×N .

(7.6.12)

Then, the operators P∗
ε and Pε have a conjugate relationship, in the following sense:(
P∗

ε [u, v], [h, k]
)
[H ]2

=
(
[u, v],Pε[h, k]

)
[H ]2

,

for all [h, k], [u, v] ∈ [H ]2.

Proof. Let us fix arbitrary pairs of functions [h, k], [u, v] ∈ [H ]2, and let us put:

[χε, γε] := Pε[h, k] and [pε, zε] := P∗
ε [u, v], in [H ]2.

Then, invoking Proposition 7.3, and the settings as in (7.3.15) and (7.6.12), we compute
that:(

P∗
ε [u, v], [h, k]

)
[H ]2

=

∫ T

0

(
pε(t), h(t)

)
H
dt+

∫ T

0

(
zε(t), k(t)

)
H
dt

=

∫ T

0

〈h(t), pε(t)〉V dt+

∫ T

0

〈k(t), zε(t)〉V0 dt

=

∫ T

0

[ 〈
∂tχε(t), pε(t)

〉
V

+
(
∇χε(t),∇pε(t)

)
[H]N
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+
(
α′′(η∗ε(t))fε(∇θ∗ε(t))χε(t), pε(t)

)
H

+
(
g′(η∗ε(t))χε(t), pε(t)

)
H

+
(
α′(η∗ε(t))∇fε(∇θ∗ε(t)) · ∇γε(t), pε(t)

)
H

]
dt

+

∫ T

0

[ 〈
∂tγε(t), α0(t)zε(t)

〉
V0

+
(
α′(η∗ε(t))χε(t)∇fε(∇θ∗ε(t)),∇zε(t)

)
[H]N

+
(
α(η∗ε(t))∇2fε(∇θ∗ε(t))∇γε(t),∇zε(t)

)
[H]N

+ ν2
(
∇γε(t),∇zε(t)

)
[H]N

]
dt

=
(
pε(T ), χε(T )

)
H
−
(
pε(0), χε(0)

)
H

+

∫ T

0

[ 〈
−∂tpε(t), χε(t)

〉
V

+
(
∇pε(t),∇χε(t)

)
[H]N

+
(
α′′(η∗ε(t))fε(∇θ∗ε(t))pε(t), χε(t)

)
H

+
(
g′(η∗ε(t))pε(t), χε(t)

)
H

+
(
α′(η∗ε(t))∇fε(∇θ∗ε(t)) · ∇zε(t), χε(t)

)
H

]
dt

+
(
α0(T )zε(T ), γε(T )

)
H
−
(
α0(0)zε(0), γε(0)

)
H

+

∫ T

0

[ 〈
−∂t

(
α0zε)(t), γε(t)

〉
V0

+
(
α′(η∗ε(t))pε(t)∇fε(∇θ∗ε(t)),∇γε(t)

)
[H]N

+
(
α(η∗ε(t))∇2fε(∇θ∗ε(t))∇zε(t),∇γε(t)

)
[H]N

+ ν2
(
∇zε(t),∇γε(t)

)
[H]N

]
dt

=(u, χε)H + (v, γε)H =
(
[u, v],Pε[h, k]

)
[H ]2

.

This finishes the proof of Lemma 7.5.

Remark 7.15. Note that the operator Pε ∈ L ([H ]2; Z ), as in Lemma 7.5, corresponds
to the operator P̄ε ∈ L ([H ]2; Z ), as in the previous Lemma 7.4, under the special setting
(7.6.12).

Now, we are ready to prove the Main Theorem 7.3 (III-A).

Proof of Main Theorem 7.3 (III-A). Let [u∗ε, v
∗
ε ] ∈ U K

ad be the optimal control of
(OP)Kε , with the solution [η∗ε , θ

∗
ε ] ∈ [H ]2 to the system (S)ε for the initial pair [η0, θ0] ∈ D0,

as in (r.s.0), and forcing pair [u∗ε, v
∗
ε ], and let Pε,P∗

ε ∈ L ([H ]2; Z ) be the two operators
as in Lemma 7.5. In addition, let us put [p∗ε, z

∗
ε ] := P∗

ε [Mη(η
∗
ε − ηad),Mθ(θ

∗
ε − θad)]. Then,

on the basis of the previous Lemmas 7.4 and 7.5, we compute that:

0 ≤ (J ′
ε(u

∗
ε, v

∗
ε), [h, k])[H ]2

= lim
δ↓0

1

δ

(
Jε(u

∗
ε + δ(h− u∗ε), v

∗
ε + δk) − Jε(u

∗
ε, v

∗
ε)
)

=
(
[Mη(η

∗
ε − ηad),Mθ(θ

∗
ε − θad)],Pε[Mu(h− u∗ε),Mvk]

)
[H ]2

+
(
[Muu

∗
ε,Mvv

∗
ε ], [h− u∗ε, k]

)
[H ]2

=
(
P∗

ε [Mη(η
∗
ε − ηad),Mθ(θ

∗
ε − θad)], [Mu(h− u∗ε),Mvk]

)
[H ]2
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+
(
[Muu

∗
ε,Mvv

∗
ε ], [h− u∗ε, k]

)
[H ]2

=
(
Mu(p∗ε + u∗ε), h− u∗ε

)
H

+
(
Mv(z

∗
ε + v∗ε), k

)
H
, (7.6.13)

for any [h, k] ∈ U K
ad .

Now, in (7.6.13), let us consider the case when [h, k] = [h, 0] ∈ U K
ad with arbitrary

h ∈ K. Then, we have:

0 ≤
(
Mu(p∗ε + u∗ε), h− u∗ε

)
H

= −Mu

(
−p∗ε − u∗ε, h− u∗ε

)
H

for any h ∈ K. (7.6.14)

It is equivalent to (7.3.9a). Indeed, if Mu > 0, then the equivalence of (7.3.9a) and (7.6.14)
is a straightforward consequence of (Fact 2). Also, if Mu = 0, then the both (7.3.9a) and
(7.6.14) coincides with the tautology “0 = 0”.

In the meantime, putting [h, k] = [u∗ε, k] ∈ U K
ad with arbitrary k ∈ H , one can see

that: (
Mv(v

∗ + z∗ε), k
)

H
≥ 0 for any k ∈ H .

This implies the equality (7.3.9b).

Thus, we conclude Main Theorem 7.3 (III-A).

Next, before the proof of Main Theorem 7.3 (III-B), we prepare the following lemma.

Lemma 7.6. Let us assume (A5) and (A6), and fix a constraint K = [[κ0, κ1]] ∈ K. Also,
let us assume that:

p̃ ∈ H , {p̃n}∞n=1 ⊂ H , and p̃n → p̃ in H as n→ ∞, (7.6.15a)

and let us put: ũ := projK(p̃) in H ,

ũn := projKn
(p̃n) in H , for n = 1, 2, 3, . . . .

(7.6.15b)

Then, it holds that:

ũn → ũ in H , as n→ ∞. (7.6.16)

Proof. By using the assumptions as in (7.6.15), Remark 7.2, and Lemma 7.3, this
Lemma is easily verified as follows.

|ũn − ũ|H ≤ |projKn
(p̃n) − projKn

(p̃)|H + |projKn
(p̃) − projK(p̃)|H

≤ |p̃n − p̃|H + |projKn
(p̃) − projK(p̃)|H → 0, as n→ ∞.

Now, we are on the stage to prove Main Theorem 7.3 (III-B).
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Proof of Main Theorem 7.3 (III-B). Let us notice that the assumptions (7.3.4) and
(7.3.13) guarantee that:

• the sequence of initial pairs {[η0,n, θ0,n]}∞n=1 is bounded in D0 =
(
V ∩ L∞(Ω)

)
× V0;

• the sequence {u∗n ∈ Kn}∞n=1, consisting of the first components of optimal controls
[u∗n, v

∗
n] ∈ U Kn

ad of (OP)Kn
εn , n = 1, 2, 3, . . . , is bounded in L∞(Q).

Hence, with the compact embedding D = V × V0 ⊂ [H]2 and Alaoglu’s theorem in mind,
we may suppose that:

[η0,ni
, θ0,ni

] → [η0, θ0] in [H]2, and weakly in V × V0,

η0,ni
→ η0 weakly-∗ in L∞(Ω),

u∗ni
→ u∗∗ weakly-∗ in L∞(Q), as i→ ∞,

(7.6.17)

for the subsequence {ni}∞i=1 ⊂ {n} and the limiting optimal control [u∗∗, v∗∗] ∈ U K
ad , as in

Main Theorem 7.2 (II-B).
By (7.3.4) and (7.6.17), we can apply Main Theorem 7.1 (I-B), to the solutions

[η∗∗, θ∗∗] ∈ [H ]2 and [η∗ni
, θ∗ni

] ∈ [H ]2, i = 1, 2, 3, . . . , as in (7.5.14), and can deduce
that:

η∗ni
→ η∗∗ weakly-∗ in L∞(Q), as i→ ∞. (7.6.18)

Meanwhile, by taking more subsequence(s) if necessary, one can see from (7.3.15),
(7.5.14), and (7.6.18) that:

λ∗i := RT

[
g′(η∗ni

)
]
→ λ∗∗ := RT

[
g′(η∗∗)

]
weakly-∗ in L∞(Q),

and in the pointwise sense a.e. in Q, (7.6.19a)

ω∗
i := RT

[
α′(η∗ni

)∇fεni
(∇θ∗ni

)
]
→ ω∗∗ := RT

[
α′(η∗∗)∇fε(∇θ∗∗)

]
weakly-∗ in [L∞(Q)]N , and in the pointwise sense a.e. in Q, (7.6.19b)

A∗
i := RT

[
α(η∗ni

)∇2fεni
(∇θ∗ni

)
]
→ A∗∗ := RT

[
α(η∗∗)∇2fε(∇θ∗∗)

]
weakly-∗ in [L∞(Q)]N×N , and in the pointwise sense a.e. in Q, (7.6.19c)

µ∗
i := RT

[
α′′(η∗ni

)fεni
(∇θ∗ni

)
]
→ µ∗∗ := RT

[
α′′(η∗∗)fε(∇θ∗∗)

]
weakly-∗ in L∞(0, T ;H), (7.6.19d)

and

µ∗
i (t) → µ∗∗(t) in H, for a.e. t ∈ (0, T ), as i→ ∞. (7.6.19e)

Now, let us denote by P∗∗
0 and P∗∗

i , i = 1, 2, 3, . . . , the operators P∗
ε , as in Remark

7.8, in the cases when:

[µ, λ, ω,A] = [µ∗∗, λ∗∗, ω∗∗, A∗∗]

in L∞(0, T ;H) × L∞(Q) × [L∞(Q)]N × [L∞(Q)]N×N ,
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ε = εi, and [µ, λ, ω,A] = [µ∗
i , λ

∗
i , ω

∗
i , A

∗
i ]

in L∞(0, T ;H) × L∞(Q) × [L∞(Q)]N × [L∞(Q)]N×N , i = 1, 2, 3, . . . ,

respectively. Then, as a consequence of Proposition 7.6, Main Theorem 7.3 (III-A), and
Remark 7.8, we can derive from (7.5.14) and (7.6.19) that:

[p∗i ,z
∗
i ] := P∗∗

i

[
Mη(η

∗
ni
− ηad),Mθ(θ

∗
ni
− θad)

]
→ [p∗∗, z∗∗] := P∗∗

0

[
Mη(η

∗∗ − ηad),Mθ(θ
∗∗ − θad)

]
in [C([0, T ];H)]2,

in Y , and weakly in W 1,2(0, T ;V ∗) ×W 1,2(0, T ;V ∗
0 ), as i→ ∞. (7.6.20)

Furthermore, taking into account (7.6.20) and Lemma 7.6, one can infer that:

Muu
∗
ni

= MuprojKni
(−p∗i ) →Muu

∗∗ = MuprojK(−p∗∗) in H , as i→ ∞, (7.6.21a)

and

Mvv
∗
ni

= −Mvz
∗
i →Mvv

∗∗ = −Mvz
∗∗ in C([0, T ];H), in Y ,

and weakly in W 1,2(0, T ;V ∗
0 ), as i→ ∞. (7.6.21b)

(7.6.17) and (7.6.21) are sufficient to verify the convergences as in (7.3.14), and to
conclude Main Theorem 7.3 (III-B).

7.7 Proof of Main Theorem 7.4

Under the assumptions (A1)–(A5) and the situation ¬(r.s.0), let us set:

εn := ε+ 1
n
,

η0,n := (−n) ∨ (n ∧ η0) a.e. in Ω,

θ0,n := θ0 a.e. in Ω,

κℓn := (−n) ∨ (n ∧ κℓ) a.e. in Q, ` = 0, 1,

n = 1, 2, 3, . . . .

Then, we immediately see that:

(? 4) {εn}∞n=1 ⊂ (ε,∞), {[η0,n, θ0,n]}∞n=1 ⊂ D0, and {Kn}∞n=1 := {[[κ0n, κ
1
n]]} ⊂ K0, and

these sequences fulfill the assumptions (7.3.4) and (A6), as in Main Theorems 7.1–
7.3.

Additionally, we can apply Main Theorem 7.1 (I-A) and Main Theorem 7.2 (II-A), and
can take sequences of functional pairs {[u◦n, v

◦
n]}∞n=1 and {[η◦n, θ

◦
n]}∞n=1, such that:

• for any n ∈ N, [u◦n, v
◦
n] ∈ U Kn

ad is an optimal control of (OP)Kn
εn ;

• for any n ∈ N, [η◦n, θ
◦
n] ∈ [H ]2 is the solution to (S)εn , for the initial pair [η0,n, θ0,n]

and forcing pair [u◦n, v
◦
n].
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Also, applying Main Theorem 7.1 (I-B) and Main Theorem 7.2 (II-B), we can find sub-
sequences of {[u◦n, v

◦
n]}∞n=1 and {[η◦n, θ

◦
n]}∞n=1 (not relabeled), together with limiting pairs

[u◦, v◦] ∈ [H ]2 and [η◦, θ◦] ∈ [H ]2, and a limiting function σ◦ ∈ [L∞(Q)]N , such that:

[Muu
◦
n,Mvv

◦
n] → [Muu

◦,Mvv
◦] weakly in [H ]2, (7.7.1a)

[η◦n, θ
◦
n] → [η◦, θ◦] in [C([0, T ];H)]2, in Y ,

and weakly-∗ in L∞(0, T ;V ) × L∞(0, T ;V0), (7.7.1b)

[∇η◦n, ∇θ◦n] → [∇η◦,∇θ◦] in [L2(0, T ; [H]N)]2,

and in the pointwise sense a.e. in Q, (7.7.1c)


µ◦
n := α′′(η◦n)fεn(∇θ◦n) → µ◦ := α′′(η◦)fε(∇θ◦)

weakly-∗ in L∞(0, T ;H),

and in the pointwise sense a.e. in Q,

µ◦
n(t) → µ◦(t) in H, for a.e. t ∈ (0, T ),

(7.7.1d)

λ◦n := g′(η◦n) → λ◦ := g′(η◦) in H , weakly-∗ in L∞(Q),

and in the pointwise sense a.e. in Q, (7.7.1e)

∇fεn(∇θ◦n) → σ◦ weakly-∗ in [L∞(Q)]N , (7.7.1f)

and

ω◦
n := α′(η◦n) ∇fεn(∇θ◦n) → α′(η◦)σ◦

weakly-∗ in [L∞(Q)]N , as n→ ∞. (7.7.1g)

Additionally, from (7.7.1c), (7.7.1f), Remark 7.4, and [18, Proposition 2.16], one can
observe that:

σ◦ ∈ ∂fε(∇θ◦) =

{∇fε(∇θ◦)}, if ε > 0,

SgnN(∇θ◦), if ε = 0,
a.e. in Q. (7.7.2)

Next, for any n ∈ N, let us put:

A◦
n := α(η◦n)∇2fεn(∇θ◦n) in [L∞(Q)]N×N , (7.7.3)

and let us denote by P◦
n the operator P∗

ε ∈ L ([H ]2; Z ), as in Remark 7.8, in the case

when
the constant ε > 0 (in Remark 7.8) and the sextuplet [a, b, µ, λ, ω,A] ∈ S is replaced
by εn > 0 and RT [α0,−∂tα0, µ

◦
n, λ

◦
n, ω

◦
n, A

◦
n] ∈ S , respectively.

On this basis, let us set:

[p◦n, z
◦
n] := P◦

n

[
Mη(η

◦
n − ηad),Mθ(θ

◦
n − θad)

]
in Z , for n = 1, 2, 3, . . . .
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Then, from Main Theorem 7.3 (III-A), it is inferred that:

(Mu(p◦n + u◦n), h− u◦n)H ≥ 0, for any h ∈ Kn = [[κ0n, κ
1
n]], (7.7.4a)

Mv(z
◦
n + v◦n) = 0 in H , (7.7.4b)

〈
−∂tp◦n, ϕ

〉
V

+
(
∇p◦n,∇ϕ

)
[H ]N

+
〈
µ◦
np

◦
n, ϕ
〉

V

+
(
λ◦np

◦
n + ω◦

n · ∇z◦n, ϕ
)

H
=
(
Mη(η

◦
n − ηad), ϕ

)
H
, for any ϕ ∈ V , (7.7.4c)

〈
−α0∂tz

◦
n, ψ
〉

V0
+
(
(−∂tα0)z

◦
n, ψ
)

H
+
(
A◦

n∇z◦n + ν2∇z◦n + p◦nω
◦
n,∇ψ

)
[H ]N

=
(
Mθ(θ

◦
n − θad), ψ

)
H
, for any ψ ∈ V0, (7.7.4d)

and
[p◦n(T ), z◦n(T )] = [0, 0] in [H]2, n = 1, 2, 3, . . . . (7.7.4e)

Also, having in mind (7.7.1)–(7.7.3), and applying Proposition 7.4 to the case when:

[a1, b1, µ1, λ1, ω1, A1] = [a2, b2, µ2, λ2, ω2, A2]

= RT [α0,−∂tα0, µ
◦
n, λ

◦
n, ω

◦
n, A

◦
n],

[p10, z
1
0 ] = [p20, z

2
0 ] = [0, 0],

[h1, k1] = RT [Mη(η
◦
n − ηad),Mθ(θ

◦
n − θad)],

[h2, k2] = [0, 0],

[p1, z1] = RT [p◦n, z
◦
n], [p2, z2] = [0, 0],

for n = 1, 2, 3, . . . .

we deduce that:

d

dt

(∣∣(RTp
◦
n)(t)

∣∣2
H

+
∣∣RT

(√
α0z

◦
n

)
(t)
∣∣2
H

)
+
(∣∣(RTp

◦
n)(t)

∣∣2
V

+ ν2
∣∣(RT z

◦
n)(t)

∣∣2
V0

)
≤ 3C̄∗

0

(∣∣(RTp
◦
n)(t)

∣∣2
H

+
∣∣RT

(√
α0z

◦
n

)
(t)
∣∣2
H

)
+ 2C̄∗

0

(∣∣RT

(
Mη(η

◦
n − ηad)

)
(t)
∣∣2
V ∗ +

∣∣RT

(
Mθ(θ

◦
n − θad)

)
(t)
∣∣2
V ∗
0

)
, (7.7.5)

for a.e. t ∈ (0, T ), n = 1, 2, 3, . . . ,

with use of the constant C̄∗
0 as in (7.6.8a). As a consequence of (7.7.1b), (7.7.5), (A4),

and Gronwall’s lemma, it is observed that:

(? 5) the sequence {[p◦n, z
◦
n]}∞n=1 is bounded in [C([0, T ];H)]2 ∩ Y .

In the meantime, from (7.1.3), (7.7.1b)–(7.7.1g), (7.7.4c), (7.7.4d), (A3), and Remark
7.1, we can derive the following estimates:∣∣〈∂tp◦n, ϕ〉V ∣∣ ≤ ∣∣〈µ◦

np
◦
n, ϕ
〉

V

∣∣+
∣∣(∇p◦n,∇ϕ)[H ]N

∣∣+
∣∣(λ◦np◦n + ω◦

n · ∇z◦n, ϕ
)

H

∣∣
+
∣∣(Mη(η

◦
n − ηad), ϕ

)
H

∣∣ ≤ C◦
1 |ϕ|V , for any ϕ ∈ V , (7.7.6a)
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and ∣∣〈−div(A◦
n∇z◦n), ψ

〉
W0

∣∣ =
∣∣(A◦

n∇z◦n,∇ψ
)
[H ]N

∣∣ ≤ ∣∣(α0z
◦
n, ∂tψ

)
H

∣∣
+
∣∣(ν2∇z◦n + p◦nω

◦
n,∇ψ

)
[H ]N

∣∣+
∣∣(Mθ(θ

◦
n − θad), ψ

)
H

∣∣ (7.7.6b)

≤ C◦
2 |ψ|W0 , for any ψ ∈ C∞

c (Q), n = 1, 2, 3, . . . ,

with n-independent positive constants:

C◦
1 := sup

n∈N

{
(1 + (CL4

V )2|µ◦
n|L∞(0,T ;H) + |λ◦n|L∞(Q) + |ω◦

n|[L∞(Q)]N )

·
(∣∣[p◦n, z◦n]

∣∣
Y

+
∣∣Mη(η

◦
n − ηad)

∣∣
H

) }
(<∞),

and

C◦
2 := sup

n∈N

{
(1 + ν2 + CH

V0
|α0|L∞(Q) + |ω◦

n|[L∞(Q)]N )

·
(∣∣[p◦n, z◦n]

∣∣
Y

+
∣∣Mθ(θ

◦
n − θad)

∣∣
H

) }
(<∞),

where CL4

V > 0 and CH
V0
> 0 are the constants of embeddings V ⊂ L4(Ω) and V0 ⊂ H,

respectively.

Due to (7.7.1d)–(7.7.1g), (7.7.6), (? 5), Lemma 7.1, and the compactness theory of
Aubin’s type (cf. [83, Corollary 4]), we can find subsequences of {[p◦n, z

◦
n]}∞n=1 ⊂ Y ,

{ω◦
n · ∇z◦n}∞n=1 ⊂ H , and {−div(A◦

n∇z◦n)}∞n=1 ⊂ W ∗
0 (not relabeled), together with the

respective limits [p◦, z◦] ∈ Y , ξ◦ ∈ H , and ζ◦ ∈ W ∗
0 , such that:

[p◦n, z
◦
n] → [p◦, z◦] weakly in Y ,

p◦n → p◦ in H , weakly in W 1,2(0, T ;V ∗),

and in the pointwise sense a.e. in Q,

(7.7.7a)

µ◦
np

◦
n → µ◦p◦ weakly in V ∗, (7.7.7b)

λ◦np
◦
n → λ◦p◦ in H , (7.7.7c)

p◦nω
◦
n → p◦α′(η◦)σ◦ weakly in H , (7.7.7d)


∇fεn(∇θ◦n) · ∇z◦n → ξ◦ weakly in H ,

ω◦
n · ∇z◦n = α′(η◦n)∇fεn(∇θ◦n) · ∇z◦n → α′(η◦)ξ◦

weakly in H ,

(7.7.7e)

and

−div(A◦
n∇z◦n) → ζ◦ weakly in W ∗

0 , as n→ ∞. (7.7.7f)

Now, the properties (7.3.18)–(7.3.21) will be verified through the limiting observations
for (7.7.4), as n→ ∞, with use of (7.7.1) and (7.7.7).
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Finally, we verify the properties as in (7.3.22), under the situation (r.s.1). To this end,
we first invoke (7.1.4b) and (7.7.1c), and confirm that:

∣∣ϕ(∇fε(∇θ◦n) −∇fε(∇θ◦)
)∣∣→ 0, in the pointwise sense,

a.e. in Q, as n→ ∞,∣∣ϕ(∇fε(∇θ◦n) −∇fε(∇θ◦)
)∣∣ ≤ 2|ϕ|, a.e. in Q, n = 1, 2, 3, . . . ,

for any ϕ ∈ H .

(7.7.8)

With (7.7.8), (r.s.1), (? 4), and (A4) in mind, using (7.1.4b) and (7.7.1b), and applying
the dominated convergence theorem [56, Theorem 10 on page 36] yield that:∣∣ϕ(α′(η◦n)∇fεn(∇θ◦n) − α′(η◦)∇fε(∇θ◦)

)∣∣
[H ]N

≤
∣∣ϕ(α′(η◦n) − α′(η◦)

)∣∣
H

+ |α′|L∞(R)
∣∣ϕ(∇fε(∇θ◦n) −∇fε(∇θ◦)

)∣∣
[H ]N

+ |α′|L∞(R)
∣∣ϕ(∇fεn(∇θ◦n) −∇fε(∇θ◦n)

)∣∣
[H ]N

≤
∣∣ϕ(α′(η◦n) − α′(η◦)

)∣∣
H

+ |α′|L∞(R)
∣∣ϕ(∇fε(∇θ◦n) −∇fε(∇θ◦)

)∣∣
[H ]N

+
2|α′|L∞(R)

ε
|εn − ε||ϕ|H (7.7.9)

→ 0, as n→ ∞, for any ϕ ∈ H .

Owing to (7.7.7a) and (7.7.9), one can further observe that:(
α′(η◦n)∇fεn(∇θ◦n) · ∇z◦n, ϕ

)
H

=
(
∇z◦n, ϕα′(η◦n)∇fεn(∇θ◦n)

)
[H ]N

→
(
α′(η◦)∇fε(∇θ◦) · ∇z◦, ϕ

)
H

=
(
∇z◦, ϕα′(η◦)∇fε(∇θ◦)

)
[H ]N

(7.7.10)

as n→ ∞, for any ϕ ∈ H .

Meanwhile, from (7.1.4c), (7.7.1b), (7.7.1c), (? 4), and (A4), it is inferred that:∣∣(α(η◦n)∇2fεn(∇θ◦n) − α(η◦)∇2fε(∇θ◦)
)
∇ψ
∣∣
[H ]N

≤ |α(η◦n) − α(η◦)|H
∣∣∇2fεn(∇θ◦n)

∣∣
L∞(Q;RN×N )

|∇ψ|C(Q;RN )

+ |α(η◦)|H
∣∣∇2fεn(∇θ◦n) −∇2fε(∇θ◦)

∣∣
[H ]N×N |∇ψ|C(Q;RN )

≤ N + 1

ε
|α′|L∞(R)|∇ψ|C(Q;RN )|η◦n − η|H

+
3(N + 1)2

ε2
|α(η◦)|H |∇ψ|C(Q;RN )

(
|∇(θ◦n − θ)|[H ]N +

1

n

)
→ 0, as n→ ∞, for any ψ ∈ C∞

c (Q),

and therefore,〈
−div

(
α(η◦n)∇2fεn(∇θ◦n)∇z◦n

)
, ψ
〉

=
(
∇z◦n, α(η◦n)∇2fεn(∇θ◦n)∇ψ

)
[H ]N

→
〈
−div

(
α(η◦)∇2fε(∇θ◦)∇z◦

)
, ψ
〉

=
(
∇z◦, α(η◦)∇2fε(∇θ◦)∇ψ

)
[H ]N

, (7.7.11)
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as n→ ∞, for any ψ ∈ C∞
c (Q).

The fine properties as in (7.3.22) will be a consequence of (7.7.1f), (7.7.1g), (7.7.2),
(7.7.7d)–(7.7.7f), (7.7.10), and (7.7.11).

Thus, we complete the proof of Main Theorem 7.4.
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