Appell-Lauricella Hypergeometric
Functions over Finite Fields and

Algebraic Varieties
July, 2023

Akio Nakagawa
Graduate School of
Science and Engineering

CHIBA UNIVERSITY



(TEERFEEA L)

1

Appell-Lauricella Hypergeometric
Functions over Finite Fields and

Algebraic Varieties
July, 2023

Akio Nakagawa
Graduate School of
Science and Engineering

CHIBA UNIVERSITY



APPELL-LAURICELLA HYPERGEOMETRIC FUNCTIONS OVER
FINITE FIELDS AND ALGEBRAIC VARIETIES

AKIO NAKAGAWA

OVERVIEW

In 1812, Gauss defined hypergeometric functions o F; over C by the power series

ab N  (@n®)m
2 ( c ) ' mZ:O DG
Here, a,b,c € C (¢ & Z<) are complex parameters and (a),, = I'(a+m)/I'(a) is the
Pochhammer symbol. Generalized hypergeometric functions ,Fy are generalizations
of o F1 with more parameters. Each of these functions satisfies a linear differential
equation, which is called the hypergeometric differential equation. Furthermore,
the one has integral representations.

In 1880, Appell defined hypergeometric functions Fy, Fy, F3 and Fy of two vari-
ables, which are generalizations of the functions 5 F;. About ten years later, Lau-
ricella defined hypergeometric functions Fﬁ‘n)’ F gl), F((Jn) and F j(jn) of m-variables,
which are o F7 when n = 1 and are respectively Fs, F3, Fy and F; when n = 2. For

example, Lauricella’s functions Fl()n) are defined by the power series

(n) [ @3 bla ) by = (a)m1+"'+mn H?:l(bl)mL s m;
F ; e Zn ) = E I I i
D < ¢ ) %1, y & ) Z;

(©myttmn TL1 (D, i=1

Similarly to the Gauss hypergeometric functions, each of Lauricella’s functions satis-
fies a system of linear differential equations. Lauricella’s functions also have integral
representations such as

n ib1,...,b
B(a,c—a)Fé)<a 10 n;zl7"'aZ7L>

mi,...,my,=0

1 n
= / (H(l — ziu)_b’i)ua_l(l —u)* L du,
0 "=
where B(s,t) is the beta function.

In the 1980s, finite field analogues of the hypergeometric functions began to
be studied due to Koblitz, Greene and Katz, independently. Recently, McCarthy,
Fuselier-Long-Ramakrishna-Swisher-Tu and Otsubo also defined independently the
one-variable hypergeometric functions over finite fields. Otsubo also defined Lauri-
cella’s functions over finite fields. The hypergeometric functions over a finite field
 are functions from & to Q, and the parameters of them are characters of the
multiplicative group x> of k.

In this paper, we use the Otsubo’s hypergeometric functions over finite fields.
For characters «, v of k™, he introduced a finite field analogue of the Pochhammer
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symbol as

and its modification ()}, where g(«) is the Gauss sum. The hypergeometric func-

tions over x are defined by using them. For example, Lauricella’s functions F j(jn)
over k are defined by

(n) a;Bla'”vﬁn. >: 1 (a)V1"'Vn H?:l(ﬁi)l/z & (Y.
Al T 2 e @, O,

V;ER

where X = Hom(x*,Q) (put n(0) = 0 for all n € /;;) and ¢ is the trivial character.
By Otsubo, finite field analogues of the integral representations of the one-variable
hypergeometric functions were given such as

jla,ay)oFy (a;ﬂ;)\> =— Z B = u)a(u)ay(l —u) (A#0).

UERX

Here, @ := o~ ! and j(«, ) is the Jacobi sum.

By the integral representations, when the parameters are in Q, a hypergeometric
function over C is regarded as a complex period of a certain algebraic variety. On
the other hand, when one-variable, the hypergeometric function over & is regarded
as the trace of Frobenius acting on the [-adic étale cohomology of the algebraic
variety over . For example, the functions (¢ is the quadratic character)

1

303 ¢, ¢
2F1<2’12;)\> (over C) and 2F1< ; ;A) (over k)

are respectively connected to the Legendre elliptic curve
v =21 —z)(1 - \z)

over C and over k. The Frobenius trace is related with the number of x-rational
points by the Grothendieck-Lefschetz trace formula.

Our main goals in this paper are to prove finite field analogues of the integral rep-
resentations of Appell-Lauricella functions, and to express the numbers of rational
points on certain algebraic varieties over x in terms of Appell-Lauricella functions
over K.

Part 1 is a survey on Appell-Lauricella functions over C. In Section 1, we recall
definitions and some properties of these functions. In Section 2, we introduce the
varieties over C connected to these functions. More precisely, a Lauricella’s F' gL) is
connected to each of a curve and an n-dimensional hypersurface. For example, the
curve is defined by an equation of the form

n
yt =21 —x)° H(l —Xix)% (a,bi,c,d € Zsy).
i=1

A Lauricella’s Fﬁl") is connected to each of two-type n-dimensional hypersurfaces. A
Lauricella’s F,(;) is connected to an n-dimensional hypersurface. A Lauricella’s F; én)
is connected to an n-dimensional hypersurface, and when n = 2, is also connected
to another surface.

Part 2 is the main part of this thesis. In Section 2, we recall definitions and some

properties of generalized hypergeometric functions and Appell-Lauricella functions
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over k. In Section 3, we prove finite field analogues of the integral representations
of Appell-Lauricella functions. For example, we obtain

—j(a,av)Fl()") (a;ﬁh%. ) ,ﬁn;)\h - '7)\71)

n

== (Hﬁi(l - )\iu))a(u)av(l ) (A #£0).
uek* =1

Furthermore, by using this, we prove a finite field analogue of Karlsson’s formula

(see Subsection 1.4 in Part 1 for Karlsson’s formula).

In Section 4, we consider the curve and the hypersurfaces mentioned above over
k. A subgroup of k* acts on each of the varieties. Thus, each the number of
Kr-rational points (k, is a degree r extension) on the varieties is decomposes into
x-components N,.(x) for characters x of the subgroup. Each the Artin L-function
associated to y of the varieties is a generating function of N,(x) (r > 1). By the
results in Section 3, we express the number N;(x) of each the variety in terms of
the corresponding Appell-Lauricella function over k. We also express the Artin L-
function of each the variety in terms of the corresponding Appell-Lauricella function
over £, (r > 1).

Furthermore, we closely look at a smooth projective model of the curve. By the
Grothendieck-Lefschetz trace formula, the Artin L-function associated to x of the
curve is the characteristic polynomial of the Frobenius acting on the y-eigenspace
of the first /-adic étale cohomology. We compute the dimension of the space, and
prove that the Artin L-function is a polynomial of degree n+1. As a consequence,we
obtain relations in field extensions of Lauricella’s F]gn) over K.
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Part 1. Appell-Lauricella hypergeometric functions over C
1. APPELL-LAURICELLA HYPERGEOMETRIC FUNCTIONS OVER C

1.1. Definitions and integral representations. For complex parameters ay, ..., ap,
b1,...,bqy such that by,...,b; &€ Z<op and complex variable z, the one variable hy-
pergeometric function (the Gauss hypergeometric function when p = 2 and ¢ = 1)

is defined by the power series

al,--wap.z — = (al)m(G'Q)m"'(ap)mzm
qu<b1»-~abq7 ) mz::o (1)m(b1)m"'(bq)m ’

where (a),, = a(a+1)--- (a+m—1) =T'(a+n)/T'(a) is the Pochhammer symbol, in
particular (1),, = m!. It converges when |z < 1, and if Re(3 7_, b; —>"7_, a;) >0
then it converges when |z| = 1. Note that if a;, € Z<q for some ¢, then (a;)m, = 0
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for m > —a, and hence the function is a polynomial. When 0 < Re(a) < Re(c), the
Gauss hypergeometric function has the following integral representation (cf. [27,

(1.6.6)]):
(1.1) B(a,c—a)aFy (a,cb; z) = /01(1 — zu) (1 —w)  du,

where B(s,t) is the beta function.
Let a,a;,b,b;,c,c, be complex parameters such that c,c, € Z<o and 21,...,2,
be complex variables. For brevity, we write z for (z1, ..., z,). Lauricella’s functions

FU RS FS) and FSY are defined by the following power series:

(n) [ @3 bla sy bn - ( )m1+ +may H i mz 'm1
F ; =
A ( Cl,...,cC ,z) Z [L:(ci)m, (1 H

<y Cn
mi,...,mMy=0

which converges when ), |z;] < 1,

F( ) (alv ; Anj; 01, ’ ,Z) — i\ )my i qu',
B ¢ Z (s ttmn [1;(Dm, H '

mi,...,My=0 %

which converges when |z;| <1 foralli=1,...,n,
;b - (@)myt-tmpn (D) my 4 4m
F(n) < a; ;z) — 1 n 1 n mL
¢ \ey, .o en Z [L(ci)m: (D)m,

my,...,mMp=0

which converges when . /|2 < 1,

P <a§b1a-c-~7bn;z) :: i (@)my+- +mnH Hzml

mi,...,mMp=0 (C)m1+'-~+mn

which converges when |z;| < 1 for all . When n = 2, these are called Appell’s
functions and these are written

;b1, b
Fl(a;b17b2;c;m7y):Fé2) <a7 b 2;x7y>7

;01,0
FQ(a;bth;Cl;CQ;xay):FIEXQ) (a7 b Q;an),
C1,C2

:by, b
F3(a1,a2;b1,b25¢;2,y) = F1(32) (al,aZ; b 2;x,y> ;

a;b
Fi(a;bycr, ea32,y) = S ( xy) :
C1,C2
Lauricella’s functions th) have following integral representations, which are the
integral representation (1.1) when n = 1.

PROPOSITION 1.1 (cf. [18, Theorem 3.4.1]).
(i) If 0 < Re(a) < Re(c), then

ny (@ b1, ... by
B(a,c—a)Fé) <a ! ;z>
c

:/O (E(l —ziu)_bf')u”_l(l —u) " du.
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(i) If 0 < Re(b;) for all i and Re(}, b;) < Re(c), then

(H?:1 F(bi)z(l:}ic — i bi)Fgl) (a; by, C .y by : z)

n =, bi—1

:/A(l—i:uizi)a(ﬁufil) (1—21@) duy - - dun,
i=1 i=1 1

1=

where A := {(u1,...,u,) € R" |u; >0, >, u; <1}
PRrROOF. Note that (cf. [27, (2.2.2.2)])

(1.2) 1F0(a;z) =(1-2)

(i) By (1.2),
/0 (11:[1(1 — Ziu)—bi)ua—1(1 B u)C—u—l "
SR (TR TR

1
i / ua—i-zi mi—l(l _ u)c—a—l du
0

-~

(1)
(b)m; m\ @+, mi)l(c—a—1)
o Z (H ) & L+, m)

i=1 =2 =
-y (a)m, (21u)™ (1 B z":%udfafml
(D)m,
mq 1=2
Repeating this and noting that
(1.3) (@)m+n = (@)m(a@+m)n,
we have

& ¢ (@)my+tm, ms
1- i) = — )"
Therefore,

/A (1 — ;ziui)_u(];[u?i_l) (1 — ;ui)c_zi bt duy -+ dug,
- & O () [ () (- S

mMi,...,;Mn 7 1 A

- du,
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(@) mq+-tmn s [L; T(bi +ms) )T(c = 32, b:)
Z )Hla); (Hzl ) ( I‘(chZ?i m;)

(L@ 80 ) vaib by )
(e b c ’
At the second equality, we used the relation (cf. [1, p. 610]):

s 2i— Znt1—1 (Hgl:lr(zi))r(z71+l)
e L

O

Similarly, the Lauricella functions an), F Jgn) and Fé”) have integral representa-

tions as follows.

PROPOSITION 1.2 (cf. [18, Theorem 3.4.1] and [16, Theorems 3 and 4]).
(i) If 0 < Re(b;) < Re(c;) for alli, then

- ny [(@ibi, ..., by
(T ) (02
1 1 n _a
:/ / (1_22:2“1) Hu?i—l(l—ui)ci*bifl duy - - duy,.
0 0 i=1 i=1

ii) If e1y...y0n, ) . Cy —a € Z, then
i “i=1

(H?:l F(l - Ci))F(Z?:l Gi—a—n+ 1) (n) <a;b1, ey by >
Fy 12

(1 —a)
-,

where A’ is a reqularization of A.
(iii) If 0 < Re(b;) for all i, then

Cly...,Cp

Sy cimamn

(f[l(l_Z)_bﬂf[lu:()(l_ém) duy - - - dus,

/
1=

(H?:l F(bl))r(c - Z?:l b1>F(n) (al, ey Any bl, .. .,bn.z>
B ’

T'(c) c

- /A <£[1(1 - uizi)_ai> (i[lufl) (1 — ZZ:;U'L>C T duy - duy,.
(iv) Iferyensen, 0oy €fy —a € Z, then

(M —e)) P e —a—n+1) aib
F(”) ’ -
I'(l-a) ¢ (cl,...,cn’ >

O£ S

W
i=1 i=

For Appell’s functions Fy, the following propositions are known due to Burchnall-
Chaundy.
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PrOPOSITION 1.3 ([10, (54)]). We have
Fy(asb;cr, c32(1 — y),y(1 — x))

= (@) (D) (1+a+b—c1 — o) o a+rb+r a+r,b+r
= (@) (0)r( - 2)37?/2F1( >2F1( ;)-
~= (D)r(c1)r(c2)r et ot

REMARK 1.4. The case when 1+ a 4+ b — ¢; — ¢ = 0 of the proposition above is
given by Bailey [3, (2.1)] as
(1.4) Fy(a;b;e,14+a+b—cz(l —y),y(l —x))

a,b a,b
=oF o F ’ Y-
2 1( c 733)2 1<1+a+b—c’y)

Burchnall-Chaundy proves the proposition using some operators, and Bailey [6]
gives an alternative proof by the coefficient comparison.

PRrROOF. We recall Bailey’s proof. Put

Y B . . —x —Y
a,y) = (1= )" (1 =) Fu(asbicr, e (1_x><1—y>’<1—x><1—y>)'

Let Cy,n be the coefficient of 2™y™ in the expansion in series of ®(x,y). Using
(1.3), one shows that

i T+S( )m+s(b)n+r
;; 1)T ) (C2>s(1)mfr(1)nfs
_ (@)m(b)n ( "(b+n)r (=1)*(a+m)s
(WD zr: (Dr(cr)r(I+m)_y Z (Ds(e2)s(14+n)—g
Noting that (cf. [27, (L.7)])
_ (="
(1.5) (a)—p = a=a

the last member above is equal to

mbn b y y
(a)m (D) 2F1< +n m;1)2F1<a+m n;l).
n 1

(Dm (1) c e
Therefore, using the Vandermonde theorem (cf. [27, (1.7.7)])
a, —m (c—a)m
1. F 1) = ———— Z
( 6) 241 < c ) > (C)m (m € >0)7
we have

(@)m(b)n(c1 —b—n)m(ca —a—m),
(Dm(Dn(er)m(c2)n '
By the Saalschutz theorem (cf. [27, (2.3.1.3)])
a,b,—n ) (e=a)u(c—b), .
3F2 <c,1+a+b—c—n’1) ~ (O)nlc—a—1b), (n € Z>0),
(1.5) and (1.3), we have

(1.7) Comn =

(Cl - b - n)7n(c2 —a— m)n
1 b—ci— o, —m, —
(61 _ b) (C2 _ a)n o < +a+ C1 C2, =M, =N 1)

1+4b—ci—m,1+a—cy—n’
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_ mig’f,n) (+at+b—ci—ca)r(ct =b)mr(c2 = @)nr
~ (1)T(1+m)7r(1+n)*r

Thus, substituting this into the (1.7), we have

min(m,n)

(I+a+b—c1—co)pr(a)m(cr —b)m—r(b)n(ca — a)p_r
; (1)7“(1)m—T(Cl)m(1)n—r(62)n

Thus, change of the order of sums and replacing m and n with » + s and r + ¢
respectively, we have

= Z Cm,nxmyn
_ i i (I+a+b—ci—ca)r(a)rtt(cr — b)s(b)rss(ca — a)tzr+syr+t

Cmn:

s

r=0 7,5:0 (1)T(1)S(Cl>r+s(1)t(02>r+t
- a 1+a+b701762)74xrr
-2 )r(c1)r(c2)r 4

a+r,cp—b b+r,co—a
X o F; ; F; ; .
2 1( o1+ $)2 1( ot T y)

Applying the Pfaff formula (cf. [27, (1.7.1.3)])

a,b —a a,c—b —z
(18) 2F1< c ;Z> :(1—2) 2F1< c ;1—Z>7
to the last two o F} functions above, we obtain

o) = (1= (- 3 e (L) ()

b — b —
o Fy a—+r, +r;7x JFy a+r, +r;7y '
c1+r 1—2 co+r 1—y

Therefore, the proof completes by putting x = —z/(1 —z) and y = —y/(1—y). O

PROPOSITION 1.5 (cf. [10, (68)]). If 0 < Re(a) < Re(er) and 0 < Re(b) < Re(ca),
then

(a,c1 —a)B(b,ca — b)Fy(a; b;c1,co;2(1 — y), y(1 — x))

/ / a—1 b 1 u)clfafl(l_v)cszfl

(1 — ux)*= =2t (1 — yy)bmar=e2tl(] — gz — vy)r T2ty dy.
PRrOOF. By Proposition 1.3,
Fy(a; b ca, 02;93(1 —y),y(l—x))
Z 1+a+b701 o)y rrF<a+r,b+r > F<a+r,b+7’ )
= T T Y-
(c1)r(c2)r y2m c1+rT 2t co+T 4

Applying the integral representation (1.1) to the functions 5 F; above, we have

Fy(a;bycr,c;0(1 —y),y(1 —x))
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o

B 1 (I+a+b—c1 —ca)r uvzTyY r
=Bla,e1 —a) " B(b.e ~ ) Z ), ((1—ux)(1 —vy))

1 1
X / / w1 —u) T T (1 = 0) 2T N (1 — ) T (1 — vy) T dudv
o Jo

l+a+b—c—co UVTY
T(1—uz)(1—wy)

/ / 11— )=~ 11 — )2 7711 — uz) (1 — vy) ™ dudv.

Thus we obtain the proposition by applying (1.2) to the function ; Fy above. ([l

= B(CL, 1 — a)ilB(ba C2 — b)illFO

1.2. Differential equations. Recall that, noting (1.3),

d a,b ab a+1,b+1
— L F [ = 2, F ’ . .
d22 1(0,2’) 2 1( ct1 7Z>

Thus, letting 6, := zd% be the Euler operator,

b +1b
(0. +a)Fy <ac ;Z) = a2y <a . ;Z>7

0, +c—1)2F <a’cb;z) =(c—1)F (Ca;bl;z) (when ¢ # 1).

Therefore, the function oF (ac’b;z> is a solution of the differential equation (cf.
[27, (1.2.3)])

0:(0: +c—1)f =2(0: +a)0. +b)f,
which is of rank 2. This equation can be rewritten

2

(1—z)fl—2—|—{c—(1—|—a+b)z}%—abf:0,

and hence, we can see that 0 and 1 are regular singularities. By writing 1/z for z,
we find that the point at infinity is also a regular singularity.

In this subsection, we recall differentials of Lauricella’s functions and differen-
tial equatlons satisfied by Lauricella’s functions. First, we consider Lauricella’s
functions F Slmllarly to the Gauss hypergeometric functions, we have

0 a;by, ..., by ab; ) (a+1;by,...,0; +1,...,0b,
1.9 ; = —F ; .
(1.9) 0z P < c ,z) c P c+1 ®

Put

Noting that

(@ toetma (@ + 3 mi) =A@+ Dy
i=1
and
c—14+37" m; c—1
()my+tm, (¢ = Dmytotm,
we deduce the following.

)
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PRrROPOSITION 1.6.
(i) We have

(9+G)F[()n) (aablvc bn7z> :aFgﬂ) (CL—I— abla 7bn;z) )

(ii) For each i,

(iii) If ¢ # 1 then

by.. ... b, (@b, .. by
(9+c71)Fgl) (a, 170 ’ ;z>(cl)Fé)(a ! ;z>.

By the proposition above, we obtain the following.

satisfies the system Ep:
0:(0 +c—1)f =2z(0; +b)(0+a)f, i=1,....,n,
21(97+b1)9Jf:ZJ(9]+b])97f, i,j = 1,...,71.
Let f be a solution of Ep. By the first n equations
91(9+C_l)f:’zl(91+bl)(9+a)f7 ’L.Zl,...7’l'l,,
any partial derivatives of f are determined by the derivatives of the form
_or
azil s 8zir ’
Furthermore, by the other equations
zl(ez—&-bz)ejf:z](ej+bj)92f, i,j = 1,...,TL,

these derivatives are determined by

f,

0<r<n, 11 <itg:++ <ip.

of  9f

0z Oz

From this, we have that the rank of Ep is not higher than n + 1. Lauricella gives
the following.

THEOREM 1.8 (cf. [19]). The rank of Ep is n+ 1.

An irreducibility condition of the system Ep is known as follows.

THEOREM 1.9 ([23, Theorem 0.1]). The system Ep is irreducible if and only if
none of a,c —a,c— Y i b; and b; (i =1,...,n) are integers.

Next, we consider Lauricella’s functions FXL),FI(;")
satisfy similar relations as Proposition 1.6.

and Fén). These functions

ProrosITION 1.10.
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(i) For each i, we have the followings:

(9+a)FJgn) (avbla 7bn;z) ZGFXL) <a+ 7b17 ) 7bn;z>’

Cl,...,cn 017..'
b1,...,0 ajby,....bj+1,....b
ei b’L F(’n) Qa; 5 s Un | :sz(n) y 5 , 04 s »On
( + )A (Cl,...,cn 2 A Cl,...,Cp )
ib1,...,b
0; +c; — 1 Jal ;015,00
0; +c VEy 1ot e 12

n a;by, ... by
_(ci—l)ijl)<01 cli—l cn;z) (when ¢; # 1).

(ii) For each i, we have the followings:

'aan;bla"~7bn )
=4

c

n ay
(ei + ai)F,(3 ) (

n P ¢ 75 17..., n;b,...,bn L.
= aiFl(3 ) (a1 o+ n3 01 ;z) (similar for b;),
c

(94*671) (n)( ~7an;b17"'>bn;z)
c

=(c— 1)F§l) (al"”’i"_;bll""’bn;z) (when ¢ # 1).

(iii) For each i, we have the followings:

n ;b n 10 .
(9—|—a)Fé)< “ ;z):aFé)<a+ ;z) (similar for b),
Cly.-.,Cp Cly.-.,Cp
(0; +ci — 1)F(") < a; ;z)
Cly...,Cp

n a;b
:(ci—l)Fé)( 17”.’cn;z> (when ¢; # 1).

Cly.-.,C; —
Thus, we derive the following.

PROPOSITION 1.11 (cf. [22, section 1.1]).
(i) Lauricella’s function F(n) (acll’f’”"é iz ) satisfies the system Ey:
0,00, +c; —1)f=2z00;+b)0+a)f, i=1,...,n.
(ii) Lauricella’s function F(n) (al’ ’a"’bl’ n o ) satisfies the system Ep:
;0 +c—1)f =20, +a;)0; +b;)f, i=1,...,n.
(iii) Lauricella’s function F(n) ( 32 ) satisfies the system E¢:
9¢(9i+ci—l)f:zi(H—&—a)(G—l—b)f, i=1,...,n.

Similarly as above, one sees easily that each the rank of F4, Eg and E¢ is not
higher than 2". Lauricella gives the following.

THEOREM 1.12 (cf. [19]). For each of the systems E4, Ep and Ec, its rank is 2™.
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Irreducibility conditions of these systems are also known.

THEOREM 1.13 (cf. [22, (2.8), (3.8) and (4.8)]).
(i) The system E 4 irreducible if and only if b;, ¢; — b;, ZjeJ bj —a & Z for all
i=1,...,nand all J C{1,...,n}.
(ii) The system Ep irreducible if and only if a;,b;,c — E?Zl dj € Z for all i
and dj € {a;,b;}.
(ili) The system Ec irreducible if and only if 3 ;e ycj —a,3 ;e ;¢; —b &€ Z for
all JCA{1,...,n}.

1.3. Transformation formulas. By the integral representations of F’ j(jn) and Fén)
in Proposition 1.1 (i) and Proposition 1.2 (i), we have the following formulas.

PROPOSITION 1.14 (cf. [18, Proposition 3.7.1]).

(i) We have
n a;bl7"'abn
Fl())( . ;z>
L Y —a;by,....b, —z —2Zn
= 1-— i b’)F(n) ¢ @ 01, ; Sy .
(i_l( %) D c 1—2 1—2z,
(ii) For eachi=1,...,n,

n a;blw"?bn
F,(j)< . ;z)

(1= ) <a§b1a~~-7bi—1,c > bj,bi+1,---,bn;zé> 7

c
where
z/_<21—zi Zi—1 — & TZ Zi41 — % Zn_zi)
' 1—21‘,“.’ 1_Zi ’1—2’1" 1—2’1‘ R 1—21'
(iii) For eachi=1,...,n,
n
(n) a;b17'°-7bn. _ — —b;
Ff Tz ) = - ([Ta )
Jj=1
n
% F(n) (c—a;bl,...,bihc—zj_l bj,bzqu,...,bn. {,>
D )~ )
a
where
n__ (*Fi— 21 2 — Zi—1 Zi — Zi41 Zi — Zn
z, = yeoey s Ziy youny .
].—Zl ].—ZZ',1 ].—Zi+1 ].—Zn

(iv) For any subset I, C {1,...,n} with r-elements (1 <r <mn),
F(n) a; o1, yUn |
A ( Cly...,Cn 12

:(1*221)_GF£1") a’dl"mdn; ()%= v L ;
Cly.v.,Cpn 1—Ei€hzi 1—21'617«21’

i€l
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where

d = C; — bl (Z S IT)
b (ig1)
and §; =1 if i € I, and §; = 0 otherwise.

PROOF. Putting u = 1 — v in the integral in Proposition 1.1 (i),

B(a,c—a)Fgl) (a;bl"c"’b";z>
1

“h
1

:/0 (i_l

= (f[l(l - zi)—bf) /01 (f{l (1 _ 1—_22)1}) *bz)q}c_a—l(l — )y,

Thus, we obtain (i). Similarly, we can also prove (ii) (resp. (iii)) by putting
u=v/(1—2 +vz) (resp. (1 —v)/(1— zwv)) in the integral in Proposition 1.1 (i).
Putting u; = 1 — v; for each i € I, in the integral in Proposition 1.2 (i), we obtain
(iv). O
REMARK 1.15.

(i) The formulas (i), (ii) and (iv) above are generalizations of Pfaff’s formula

(1.8), and the formula (iii) above is a generalization of Euler’s formula (cf.
[27, (1.3.15)])

(110) o FY (a’cb,z) — (1 _ Z)C_a_bQFl (C_ a,CC— b’z> .

(ii) It seems that transformation formulas as above for Lauricella’s functions

=

(1- ziu)_b")u“_l(l —u)
i=1

b

(1—2z+ ziv)fbi>vcfa71(1 —0)* v

F }(3") and F((j") are not known.

Recall Kummer’s quadratic formula (cf. [24, (4.1)])

a,b g a4l 22
1 [ —(1—=2)"¢@ 272 2. .
(1 1) 2F1 < % ,22) ( Z) 2F1 ( b+ ,(1 Z)2>

The following is a generalization of this formula.

PROPOSITION 1.16 ([7, (4.7) and (4.8)]). We have

n 301,...,bp
Ff”(a ! ;221,...72271)

%1,.... 2,
2 —a a.a4 1 22 22
=(1- zi) Fm 272 02 ; L e n )
(-2=) & 1 T e P

PROOF. We prove this by induction for n. When n = 1, the proposition is (1.11).
Using (1.3),

by, ..b
1.12 F (G000 o
(1.12) A (2b17...,2bn’ Floeee 20
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_ (a)m1+...+mn71 H;lz—ll (bl)mb n_1 .
= Z H?:_ll(Qbi)mi(l)mi ( H(2zz) )

M,y My —1 =1
a+ m;,
X 2F1 < Z;b; ! n,22n> .
By (1.11) and that (cf. [27, 1.25])
a a 1
(5), 5+ 3), =
(1.13) 2)m\2 72/, (@)

we have

a —"_ mZ’ n
oI ( Z%l ,22n>
n

n—1 m
= (1= )T S (a+3i2) mi)am, (1 Zn )2 "

£t 2200 (1), (b + ), V1 — 2

Thus, using (1.3) again, the right-hand side of (1.12) is equal to

. (@)m, )P
(1.14) (1=z)" ) 22 (1), (b + 3 )i, (1 )

M, T A
(n—1) a+2mn;b17~'~7bn71_ 221 2zp—1
x Iy ; Yy .
2[)1,...,2[)”_1 1_271 l—Zn

By the induction hypothesis, we have

F(n,l) a—+2my; by, ..., by ) 221 2Zn_1
A ) o PR _
2b1, ey 2bn,1 1 Zn 1 Zn

B (1 Z;:f zi)fa—2mn

1—2z,
ey (Mg, 22
C o\t g b 5T AT )2 (- )
n —a—2m,
= (1= 2" (123 )
i=1
-1
y Z (3 + M)y ttmns (§ + 5 & M)y 4oty nl_[ ( Zi )277”
_1 '
M0, Mip—1 H;L:1 (]-)m, (b7 + %)mi 1= Zz L%

Substituting this into (1.14), applying (1.13) to (a)2m, and using (1.3), (1.14) is
equal to

- - (g)m +-t+m, ( + l)7n +-4m, n 2 2my;
(1-302) AMTSNCES R (A
; mlgm" Hi: ( ) (b + %)ml 2];[ 1-— Zi:l Zi
and hence, we obtain the proposition. 0

Matsumoto-Ohara [21] prove the following.

THEOREM 1.17 ([21, Theorems 1-3]).
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(i) Let w be a cubic root of unity. Then

c c+1 c+1 c+1
R 5 S -t =)
376 6 2 Ty
( 3 )C (c c+1 c+1 c+5 (1+wx+w2y)3 (1+w2x+wy>3)
= 1 3 ; ; ) .

l+z+y 36 6 ' 6 l1+z+y l+z+y
(ii) Put
2
(VO 0=+ VT - )
Tr = )
(1+\/fcy)4
2
(,/1—332 Y1 —42) — vV—1(z — ))
/
Yy = .
(1+\/ y)*
Then,
c 2¢—1 2c—-1
F(*; L e a 2)
N 7g g oY
14 \/z129\2¢—1 c 2¢c—1 2¢c—1 ¢c+1
=|—a F(ﬂ ; ; s, ’).
( 2 ) A 2 1 1 g Y
(iii) Put
x,:(l—x—y—&—z)Z y,:(l—m+y—z)2 Z,:(l—f—x—y—z)?.
l+az+y+z2/" l+z+y+z/’ l+z+y+=2
Then,
(3) c.c+2 c+2 c+2
FD 47 12 c+122 12 71_$3,1_y3,1_23
3

REMARK 1.18.

(i) When z = y, the functions Fj reduce to 3 F; by Proposition 1.20 below.
Then the formula (i) reduces to Ramanujan’s formula [26, Second Note-
book, p. 258] when ¢ = 1. For general ¢, the formula reduces to Berndt-
Bhargava-Garvan [8, Theorem 2.3] (see also [24, Theorem 1.1 (1.2)] for a
simple proof):

1+2zy¢ 55 3 S5 (123
(52 (S a-2) - (U (52 ).

6

Koike-Shiga [17] prove the case ¢ = 1 of (i) by using the differential system
Ep in Theorem 1.7 as well as Matsumoto-Ohara.
(ii) When z = y, the formula (ii) reduces to the formula [21, Corollary 2]

14 z\2c—1 c 2c—1 c 2c—1 1— 272
2 T q_ A =2 2 ,_( ) _
( 2 ) 2 1( c § 20 e N

2

(iii) When = = y = z, the functions Fg’) reduce to 2F7. Then the formula
(iii) reduces to Ramanujan’s formula [26, Second Notebook, p. 260] when
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¢ = 1. For general ¢, the formula (iii) reduces to the formula [21, Corollary

c c+2 2) (c c+2 1— 212
40 4 47 4
1l —z :2F1 ( ) .
+2 +5 7
: 5 \T43:

1.4. Reducible cases and values at z = 1. We use the following.

LEMMA 1.19 (Multinomial theorem for Pochhammer symbols). For any m > 1,

(Z?:1 bi)m _ H?:l(bi)mi
(1)m m1+"'+Zmn:m H?:l(l)m’ '

PROOF. It is trivial for m = 1. For each m > 2, we have

Ooribi)m 1~ (it 4 by + 1)
EE TP Dl (mr—

By the induction hypothesis, the right-hand side above is

TP

mi44mp=m—1 HZ:l(l)mz

1 & (bl)ml (bz)ml 1"'(bn)mn
w2 I (e

i=1mi+--+my=m—1 1=1

_ i H?=1(bi)m7; - " — H?=1(bi)m7:
- 2 [T Wme = 2 [T (W,

Thus, we obtain the lemma. O

my+-tmy=m my+-tmy=m

Recall the Euler-Gauss summation formula (cf. [27, (1.7.6)])

a,b I'(e)T(c—a—10)
1.15 F 1) ==—————= (Re(c—a-0» 0).
(1.15) 21(6,) (e — a)l{c ) (Re(c—a—1b) >0)
For cases when z; = z; (i # j) or z; = 1 for some i = 1,...,n — 1, the following is
known.

PROPOSITION 1.20 ([19, p. 149-151]).
(i) Foranyi=0,...,n—1,

(n) a;blw-wbn.
Fy . S 21y Ziy Ty, X

i ;ba"wbia 7'17' b;
:FJ(DH) (a 1 Zj_l-s-l j;zh...,zi,x).
c
(ii) For anyi=0,...,n—1, ifRe(c—a—Z:?:iJrl b;) > 0, then

ib1,...,b
ng) (a, b ";zl,...,zi,l,...,l)
c

F(C)F(C_G_Zj_i+1bj)Fg)< a;bi,. .., b; - ’Zz>
J

B ['(c—a)l(c— Z;‘L:i+1 bj)

- Z;'l:iJrl b
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In particular, if Re(c —a — 327, b;) > 0 then

) (@b, by ~ T(el(c—a—3,b))
FD( " ’1"“’1)‘r<ca>< =S b))

Proof of Proposition 1.20. (i) By Lemma 1.19,

;01,...,b

Fgl) (a, 170 ’ ";zl,...,zi,x,...,x)
_ Z (@) 4t HJ 1( )7”2 gt tma i U
= - J

T () mytetma Hj:l(l)mj j=1

(a)m1+“~+mi+m H; 1(b3) : my H?:i-‘rl(bj)mj

= Z i (H % ) Z ...

mi,...,m;,m (C)m1+---+mi+m Hj (1) j=1 Mmip1+-tmp=m LLj=i+137/mj

_ Z (a)ml-&-w-&-mi—&-m H; 1 (bj)mg 2 ( li[ ij) (Z?:Hl bj)m

M.y MG, M (C)m1+~~~+m7-,+m H; 1(1) ! (1)m

Thus, we obtain the formula.
(ii) By (i), we have

n ;ba'-'abn
Fl())<a ! ;zl,...,zi,l,...,l)
c

n ;b7"'abi7 7?7_ b;
:F(D)(a ! Zj_lJrl J;Z1,...,Zi,1>
&

(@)oot Hi': (05)m, : j a+ZL My 30 i1 by
D Dl e avried 0 0 P (Rt
mj =1

MLy (9 P — Hj:l( ) c+ Zj:l m;

Therefore, we derive the formula by the Euler-Gauss summation formula (1.15) and
(1.3) .

(]

For Appell’s functions F3, we have the following.

PROPOSITION 1.21. If Re(c — as — by) > 0,

I'(e)I'(c — —b b — a9 —b
Fs(a1,a2;b1,b2;¢;2,1) = ()l (e - az 2)3F2(a1’ LT a 2;$>~

T(c—a2)l(c—be) c—as,c— by
ProoF. By (1.15),
m b m 7b m
Fs(ay, az;b1,b2;¢52,1) Z C(L;)) ((1;) (Zi;ﬂ)x
_ Z (a1)m(b1)m D(c+m)l(c—as —by + m)w
— ()m(1)m "T(c—as +m)I(c— by +m)

m

_ (C)F(C—az—bz)F a1,b1,c—a2—b2_x
- T(c—a)T (0—52)3 c—ag,c—by )
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Next, we recall some cases when parameters are special. By (1.2),

n [a;by, ..., by - b
(1.16) Fo < . ;z) =T -z

i=1

Noting that (0),, = 0 when n > 0 and (0)g = 1, we have

301,..., by
Fl()n) (0, 1, ) ;z) — 1.
C

If b; =0 for some i = 1,...,n, then
biye b _ by, biy. . by ~
(1.17) F,g"><“’ Lo ;z) =FrY (“ ! zlzzn>
C C

where bAZ and z; mean that b; and z; are omitted. The other Lauricella’s functions
also satisfy similar relations. Thus, Proposition 1.14 gives the following.

PROPOSITION 1.22.
(i) For eachi=1,...,n, if z; # 1,

301,...,b
F(n) a; 1;1 ) n;z

:(1_2.)—0 (n—1) a;blr"al;;a-”abn.l_zl 1/—-?7, 1—2z,
) D Zn bj 71—22'7”.,]_—,21-7”.71—27; .

j=1

(ii) For each subset I, as in Proposition 1.14 (iv), if b; = ¢; for alli € I,., then

F/E‘n) (a;b17~";bn;z>

Cly...,Cp
~ =) [ @ (bj)jgr, 2
=(1- Zz) pn=r) [ G \95); 7;(73) .
( ; 4 ( (ci)jgr, "\1 =iy, 2i/ gl

PROOF. By the Proposition 1.14 (i),

ib1,...,0
F(n) Cl, 1;l I n;z

- (1_2‘)_(1 (n) (a;bl,...,bi_l,o,biﬂ,...,bn. 1—2’1 1_Zn>
= i D .

Zn bj 71722"“.,1721'

=1

Thus, (i) follows by (1.17). (ii) follows by Proposition 1.14 (iv) and (1.17) similarly.
U

Karlsson [15] gives some reduction formulas as follows.

THEOREM 1.23 ([15, (4.6), (4.8) and (4.10)]).
(i) Supposey # 1 and put

y—1+(y—1)(y+3) pfy—l— (y—1(y+3)
) ) 2 —

p1=
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Then, we have

[aQ) 3a;e—b,2b—1,b,1+a—c,1+a—c 2y oy
D 2 + ¢ 3 Ys 3a 3aplap2
_ T(a)(2a + ¢ a,b 43
=(1—vy) Mﬂﬁ N
3I'(3a)T'(c) 27(y — 1)
and
F(4) da;e,-1,1+a—c,1+a—-c %
D 2a—|—c 'Y, 3 ,P1,P2
() (2a + ¢)
=(1—ygy) oL Y
IR

(ii) Let w be a cubic root of unity. Then,
(5) (Sa;l—i-a—c,l—l—a—c,b,b,b
Fp
2a + ¢

~ T(a)T'(2a +¢) a,b
~“artaaria (216

;w7 w27 C7 wC7 w2c)

PROOF. By the change of variable u = (1 — y)v3/(1 — yv) in the integral (1.1), we
have

(1.18) B@Lc—ahﬁa<iﬂz>

1
. . 2 .
—3(1-y)" [ e 1 ) (1 Sy )
0
X (1= pov)e™ 11 = r0) 721 = 790) °(1 — r30) P d,
where r; (i =1,2,3) are defined by

1 — (1 —7r1v)(1 —rou)(1 — r3v)
1—yv '

If we set
_ 4
FT Aty )
in (1.18), we obtain the first (resp. second) formula in (i) by the integral represen-
tation in Proposition 1.1 (i). If we set y = 0 and z = ¢? in (1.18), we obtain (ii) by
loc. cit.. g

(resp. 0)

By the second formula in (i) above with y = —3 and Proposition 1.22 (i), he
gives the formula ([15, (4.92)])

I'(a)I'(2a +¢)
3(3a)l(c) ~
Similarly, by taking b =0 or ¢ = 0 in (iii) above, he gives ([15, (4.11a)])
I'(a)T'(2a + ¢)
3'(3a)T(c)

Furthermore, applying Proposition 1.14 (i) and (ii), he also gives many special
values formula ([15, (4.9b)—(4.9f) and (4.11a)—(4.11f)]).

Fi(3a;¢,14+2a —2¢;2a 4+ ¢;—3,-2) =4"¢

Fi(3a;14+a—c,1+a—c2a+cww?) =
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THEOREM 1.24 ([15, (5.6), (5.8) and (6.1)]).
(i) Suppose that x # 1 and put

14 /(I +32)/(1-2) -/ +30)/1-2)
= 2 5 pz— .

2

b1

Then, we have

2a;1 —a,2b—1,b,1 —c1 — 3
Fg)( a; a, b, 1+a—cl14+a c;x’x7_3x7p17p2>

a+c 2
I'(a)'(a+ c) a,b 272%(1 — x)
— 1_ a F .
R T e W ! ’
and
F(4) 2a;1—a,—1,1+a—c,1+a—c'x §I
D a+ec ) 72 yP1, P2
I'(a)'(a+ ¢)
—(1—a) o2
=) S GaT )

(ii) We have

2a;1+a—c¢,b,b T'(a)T'(a +c a,b
) ( 1G] =R dum ().
a+c c

PROOF. By the change of variable u = v?(1 — xv)/(1 — x) in the integral (1.1), we
have

(1.19) Bla,c—a)sFy (“’Cb;z)

=2(1—- ac)_a/o 2N 1 =) N (1 — aw) (1 - ng)(l —pv)at

X (1= pov)*~ (1 = 10) 721 — 790) 7°(1 — 130) P dv,
where 7; (i = 1,2,3) are as in Theorem 1.23. If we set
272%(1 —
L 2T (1-2x)
4

in (1.19), we obtain the first (resp. second) formula in (i). If we set x = 0 and
z = (%, we obtain (ii). O

(resp. 0)

REMARK 1.25. When b = 0 or ¢ = 0, (ii) of the theorem above reduces to Kummer’s
theorem (cf. [4, subsection 2.3 (1)])

2a,b (14 2a—bI'(1+a)
2 F1 =)= :
1+2a—b I'(1+42a)T(1+a—b)

(1.20)

By taking = —1 and = = 2 respectively in the second formula in (i) above,
Karlsson deduces the formulas ([15, (5.9a) and (5.10a)])

) ) 11y 4\eT(a)l(a+c)
A (2“’1_a’1+2a_2c’a+c’_§7_§) - (5) 2T (2a)0(c)

and

) _3-a I'(a)T(c — a)T'(2¢)

2
F<2;1— A4a—c2e2, -2 .
(2l —a,l+a—cc 9T (2a)T'(2¢ — 2a)(c)

3
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Furthermore, by using Proposition 1.14 (i) and (ii), he also deduces many formulas
([15, (5.9b)—(5.9f), (5.10b) and (5.10c)].

THEOREM 1.26 ([15, (6.3)]). We have

l—a,l+a—c2b—1 T a,b
FO (BT ’ r,—— 2w ) = (1—a2)% R (7 4e(l— 1) ).
D c axvl_:ca €T ( x)? 1 ny( fE)

PRrOOF. By the change of variable u = v(1 — 2v)/(1 — z) and setting z = 4z (1 — )
in the integral (1.1), we can prove the theorem similar to the proofs of the theorems
above. (]

Appell’s functions Fy, F3 and Fj can be reduced to F; and one-variable hyper-
geometric functions in particular cases as follows.

PROPOSITION 1.27 (cf. [27, subsection 8.3.1]).
(i) For Appell’s functions Fs,

Fy(a;by,byic,a;z,y) = (1 —y) 2R (bl;a — ba, bo; c; 1, T x )
-y
In particular, by Proposition 1.14 (i),

_ _ b1, b2 Ty
Fy(a;by,byya,a;z,y) = (1 —2) (1 —y) 2, F) < " ’(1—55)(1—?J)> .
(ii) For Appell’s functions Fs,
Fy(a,c —a;by, by sz, y) = (1 —y) 2 Fy (a; by, ba; c; y%l)
In particular, by Proposition 1.14 (i),
Fy(are—asb,c— bies,y) = (1— y)™ > F (“’Cb Tty my) .

ProoF. By (1.3) and (1.8),
Fy(a;b,basc,a;2,y)

3 Bearan (")

_ a)m bl m _m —m,b
-y sz((c)m((l))m F( a ﬂJ

(1.21)

m

Using that

a,—m (b—a)m a,—m
F; ; = ——HF 01— Z
2 1( b ,Z> ®)m 2 1<1+a—b—m’ Z) (m € Z>o),

(1.21) is equal to

bQZ bl m(a m 2" F) ba, —m : 1
C)m]- l-l-bz—a—m 1—y

m

—b2 Z Z C m m b2)m(b2) ( )n xm(l—y)_".

= 1+b2—a—m)n(1)n
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Noting (1.5) and (1.3) and putting s = m — n, the right-hand side above is

CRDIPIE - e

m=0n=0 m
L oo oo s+n )s(bQ)nxS( T )n
;nzzo )stn 1)9(1)n -y
Thus, we obtain (i). Using the Pfaff formula (1.8), (ii) can be proved similar as
(i) 0
Let (™) be the binomial coefficient. Hereafter, we use that
m (Dm (=1)"(=m)n
1.22 ( ) - - .
(22 ) T W (D

Bailey [7] proves the following formulas for Appell’s F» and F3 by using formulas
for 3F2(1)

PrROPOSITION 1.28 ([7, (4.4), (4.5) and (4.3)]).
(i) We have

Fy(a;b,¢;2b,2¢;x, —x) = 4 F5 (

(ii) We have

4 adl h e
Fy(a;b,b;¢,c;w, —x) = 4 F3 (2 c c+cl )
¢35,
(iii) We have
a+b a+b+1
b b o _ 2
F3(a7avb,bvcaxafx)*4F3 +b727i
PRrROOF. Recall Watson’s formula (cf. [4, subsection 3.3 (1)]

F( %@C'Q ()0 + WU“MW( St to)
3472 a+g+1’20v F( ) (1+b)1—\(1?a + C)F(lTb + C)
Note that the left-hand side above is 0 if a is a negative odd integer. By the formula

T
ita

with a = —n and b =1 — 2b — n, we have
- r (1) _(0)n—r(c)r
;(*U ( ) (2b) 1 (2¢),
N Y (o .
P e  Dulet Dot TE
0 (n is odd).

Therefore, using this and (1.13),

o . _ o\ r (@)n(b)n—r(c)r n
Fy(a;b,¢;2b,2¢; ¢, —x) = Z (-1) (1)n—r(1)r(2b)n—r(26)rx

n=0r=0
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m=0 r=0
-y (3)m(@)2m (b + )am om
o 22m(1)2m(b+%m(0 %)m(b'i'c)m
a a 1 b0 1
N R JUb L IR
b+ic+ibte

Thus, we obtain (i).
Dixon’s formula (cf. [4, subsection 3.1 (1)]) is
a,b,c
1.2 F: o i1
(123) 32<1+a—b,1+a—c’>
A+ 9rl+a-pr(l+a—c)l'(1+ 5 —-b—c)
CTA+al(1+%-0l(1+%—cT(1+a—b—c)

By this formula with a = —n and ¢ =1 — ¢ —n and (1.3), we have
(1.24) > o () Eg"”gi’)r
—0 n—r T
1 (0)m(c—b)m _
_ ()., Om(Sm(ELy,, =2
0 (n is odd).
Similarly, using the formula (1.23) with a = —n and ¢ = a, we have
(1.25) S (™) @0 (@ (0
r=0
(1)2m(a)m(b)m(a + b)2m —9m
I N P
0 (n is odd).

We obtain (ii) and (iii) by (1.24) and (1.25) respectively similar to (i).
The following is also known due to Bailey.
PROPOSITION 1.29 ([5, (4.1)-(4.4)]). We have

F‘LL(a,b7 ,b, (1—m)(1—y)’ (1_33)(1_2/))

=(1-2)'1-y)*Fi(a;c=b14+a—ccx,zy).

In particular,

Aot b gy oai=y) ~ 0 0w
. . . _x _y
Fi(asb:b, b 1)1y (1 *ffﬂl*y))

a a a,l4+a—">
=1-2)'1-vy) 2F1( b ;xy),
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B »
Fiaitil+a—bb s )

a,b z(1—1y)
=(1—y)%F - ).
(1=y)"k <1+ab’ 1-z )
Proor. Put C,, , is as in the proof of Proposition 1.3. Then, as mentioned at
(1.7), we have

Cm = (a)’m(b)n(81 —b-— 7’),)7n(02 —a— m)n

’ (D) (Lnlct)m(c2)n

Thus, when ¢ = b, we have (rewrite ¢ for ¢q)

— )] — —b a:b:c. b -z -y
I e T N o ),

C_b n) (b_a’_m)n m, n
‘Z; Y (D () oY

- Mxm b—a—m,14+b—c
o @~y (1o
*%: L)m(c) e (- y) b2F1<1+b—c—m’y)
) C_b (—m);(l+a—c)r
(1.26) (1—y b;TZO (l)r(l—I—b—C—m)rx Y.

Here, we used (1.3) and (1.5) at the second equality, and we used Euler’s formula
(1.10) at the third equality. Write m = r + s. Then, (1.26) is equal to

D B ICE UL L

r=0 s=0 S(C)TJrs
— -y bF1<a;c—b,1+a—c;c;x7xy>.

Thus, we obtain

b e b - —Y
Aotk TGy aon i)
=(1-2)'1—-y)*"Fi(a;c—b14+a—ccx,zy).

For the particular cases, we obtain the first formula by (1.16). The second formula
can be obtained by (1.17), and the third formula follows by Proposition 1.14 (i)
and (1.17). O

Srivastava [28] gives the following ((i) was first found by Burchnall [9]).
PROPOSITION 1.30 (cf. [28, (8) and (9)]).
(i) We have

citca—1 ci+co
a,b, S5, 5 '4:0)

Fy(a;b;ci, ey, ) = 4 F3 ;
C1,C2,Cq + Cy — 1
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(ii) We have

a a+l b b+1
b . — 2 2 022 2 2
F4(a7b7 GG, 7‘%) - 4F3 c+1 774‘% .

PROOF. (i) By the Vandermonde theorem (1.6) and (1.22), we have

" /m 1 _(a+b+m—1),
Z ( r ) (@)m—r(b), B (@)m (b)m

r=0

Thus, putting m = r + s,

abci.cox.x - (a)r+s(b)r+s LL'T+S
Filwbien o) = 3, TG, Mh,

m

:Z T(bm mZ( ) (¢1)m— T(Cg)

(@)m(B)m(c1 +c2a+m—1),

(
D ) R G
>

m

(@)m(b)m(c1 +c2 = 1)am M
(c1)m(c2)m(cr + c2 = 1)m(1)m

Hence, we obtain the formula (i) by applying (1.13) to (c1 + co — 1)2m

(ii) By Kummer’s theorem (1.20) with a = —m, we have
n 1
(="
;) (r) (&)n—r(c)
_1\m (1)2m n = 2m
Y W@ T
0 (n is odd),

(for the case when n is odd, it is clear by the symmetry). Therefore,

e S~ (@O =y ()1
Fy(aybyc,cim,—x) = nz:o (D z ;(_1) (r>m
- ()2 (B)2m —z)™

( )m( ) ( )27n .

Thus, we complete the proof by applylng (1.13) to (a)2m, (b)2m and (¢)2m. O

REMARK 1.31. Some finite field analogues of the results so far are known.

(i) Frechette-Swisher-Tu [12, Propositions 6.6 and 6.7] give analogues of Propo-
sition 1.14 (i) and (iii). Furthermore, they also give an analogue [12, The-
orem 1.1] of the Koike-Shiga formula (see Remark 1.18 (i)).

(ii) He [13, Corollary 2.2] proves an analogue of Proposition 1.21.

(iii) He-Li-Zhang [14, Theorems 3.3 and 3.4] give analogues of the case n = 2
of Propositions 1.14 (iv) and 1.22 (ii). For general n, Chetry-Kalita [11,
Theorems 3.7 and 3.8] prove analogues of the case r = 1 of Propositions
1.14 (iv) and 1.22 (ii).
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(iv) Tripathi-Saikia-Barman [31, Theorems 1.2 and 1.3] give analogues of the
formulas in Proposition 1.27.

(v) Tripathi-Barman [29, Theorems 1.2 and 1.3] prove analogue of Proposi-
tion 1.29 and (1.4). An alternative proof of the analogue of (1.4) is given
by Otsubo-Senoue [25, Theorem 4.1]. Furthermore, Tripathi-Barman [30,
Theorems 1.1, 1.5, 1.6 and 1.7] give analogues of the formulas in Proposi-
tions 1.28 and 1.30.

(vi) Analogues of Propositions 1.1, 1.2, 1.3 and 1.5 and Theorem 1.23 will be
obtained in the next part.

2. ALGEBRAIC VARIETIES CONNECTED TO APPELL-LAURICELLA FUNCTIONS

Throughout this section, let a, a;,b,b;,¢,¢; € Z>1 and A; € C (1 =1,...,n) and
write A = (A1,..., Ap).

2.1. Algebraic varieties connected to Appell-Lauricella functions. We con-
sider the case when the parameters of Appell-Lauricella functions are rational num-
bers. By the integral representation in Propositions 1.1 (i), each of Lauricella’s
functions Fl()n) is regarded as a period of a curve defined by an equation of the form
n
(2.1) Cpa:yt= (H(l - /\im)b")x“(l —x)°.
i=1
Furthermore, it is also regarded as a period of an n-dimensional hypersurface defined
by an equation of the form
n a n n C
yd = (1 — ZAm) <Hx€“) (1 — Zml> ,
i=1 i=1 i=1
by the integral representation in Proposition 1.1 (ii).
Similarly, by the integral representations in Proposition 1.2, we have the fol-
lowings. Each of Lauricella’s functions FXL) is connected to each of two-types
n-dimensional hypersurfaces defined respectively by an equation of the forms

yd = (1 - iAixZ)a ﬁx?’i(l —z)%,
i=1 i=1
= ([T 20 () -5

i= =

Each of Lauricella’s functions F' ](3”) is connected to an n-dimensional hypersurface
defined by an equation of the form

n

= (2 (1) (- 550

1= 1=

Each of Lauricella’s functions F; én) is connected to an n-dimensional hypersurface
defined by an equation of the form
n n a n n b
yd:<foi><1—in) (Hml—z&nx]) .
i=1 i

i=1 i=1 i=1 i
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By the integral representation in Proposition 1.5, each of Appell’s functions
Fy(A1(1 = X2), A2(1 — Aq)) is connected to a surface defined by an equation of the
form

yd :x§a>xéb>(1 _ .’L‘1)<Cl_a>(l _ x2)<(12—b>
X (1 — )\1%1)<a761762>(1 — )\2x2)<b701702>(1 — )\11’1 — )\21,2)<(:1+027a7b).

Here, for n € Z, (n) € {0,...,d — 1} denotes the representative of n mod d.

2.2. Smooth compactification of Cp x. A smooth compactification of Cp » is
given explicitly in Archinard [2]. Let Cp  be the projective curve obtained by
the homogenization of the equation (2.1). We denote the coordinates of C'p by
(X Y : Z), where x = X/Z and y = Y/Z. Without loss of generality, we
assume that [T, Ai(1—\;) Hj?éi(/\i_ Xi) #0. Pute=|a+c+ > ;b —d| and
suppose that e # 0, then the curve C'p ) has the only one point at infinity oo. If
a > 1 (resp. by > 1, ¢ > 1, e > 1) then Cp, is singular at Py := (0 : 0 : 1)
(resp. Py, := (\;':0:1), P, :=(1:0:1), 00). Archinard [2] constructs a
desingularization m : Xp \ — Cp . by the blowup. For each singular points, we
have (see [2, Remarks 3, 5])

#r~ ' (Po) = (d, a),
#r ' (Pa) = (d,by),
#r~ ' (P1) = (d, o),
#m~" (00) = (d, ),

where we write (m,n) = ged(m,n). Let p: Cp x — P! be the projection given by
(X:Y:Z)— (X :Z),and put

V::pow:XD,)\—ﬂP’l.

Applying the Hurwitz formula (cf. [20, subsection 7.4.2]) to v, we have the following.

THEOREM 2.1 ([2, Theorem 4.1]). Suppose that (d,a,bs,...,b,,c)=1. Then,

genus Xp, =1+ %(d(n +1) — (doa) = Y (d,bi) — (d.e) — (d, e)).
=1
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Part 2. Appell-Lauricella hypergeometric functions over finite fields
and algebraic varieties
1. INTRODUCTION

Generalized hypergeometric functions 41 F,,(z) (the Gauss hypergeometric func-
tions when n = 1) over C are defined by the power series

a,a1,.- -, an Y\ _ = (a0)k(ar)k -~ (an)k
"+1F"( by by )kz_o RO

Here, a;,b; are complex parameters with b; & Z<o, and (a)r = I'(a + k)/T'(a) is
the Pochhammer symbol. Lauricella’s hypergeometric functions F gl),Flgn),F gl)

and Fé") with n variables (Appell’s functions Fy, F», F5 and Fj respectively, when
n = 2) are generalizations of the Gauss hypergeometric functions. For example,

ng) (a;bl,...’bn;z:L,...,Zn) = Z (@i s Oy - (i, 28 gk
¢ P (et Dy = (D,

where a,b;,c € C with ¢ € Z<o. These functions have integral representations of
Euler type, such as

n ib1,...,b,
A (7 )

n

= B(a,c—a)™* /01 (H(l — ziu)fbi)uafl(l — )" du.

i=1

Over finite fields, one-variable hypergeometric functions were defined indepen-
dently by Koblitz [15], Katz [13], Greene [8], McCarthy [19], Fuselier-Long-Ramakrishna-
Swisher-Tu [7] and Otsubo [23]. Appell’s functions were defined by Li-Li-Mao [17],

He [9], He-Li-Zhang [11] and Ma [18] as generalizations of Greene’s functions, and
were defined by Tripathi-Barman [27] and Tripathi-Saikia-Barman [29] as general-
izations of McCarthy’s functions. For general n, F ](D”) were defined by Frechette-

Swisher-Tu [5] and He [10], and F,Exn) were defined by Chetry-Kalita [4] as gener-
alizations of Greene’s functions. Otsubo [23] gave a definition of all the Lauricella

functions, which will be used in this paper (see subsection 2.1).

In this paper, we prove finite field analogues of integral representations of F,(Dn),

FIE‘"), Fg") and Fén) (Theorems 3.1, 3.3, 3.4, 3.5 and 3.7). As a corollary, we

prove a finite analogue of Karlsson’s formula which relates certain F' 1(3") with Gauss
hypergeometric functions (Theorem 3.2). Furthermore, we show a finite field ana-
logue (Theorem 3.12) of an integral representation of Fy(x(1 —y),y(1 —x)) due to
Burchnall-Chaundy [3].

The reason for the strong analogy between a hypergeometric function over C and
a hypergeometric function over a finite field is that they come from a same algebraic
variety. The former is the complex period of the variety and the latter is the trace
of Frobenius acting on the l-adic étale cohomology. By the Grothendieck-Lefschetz
formula, the Frobenius trace is related with the number of rational points on the
variety. For example, one-variable hypergeometric functions, over C and over finite
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fields, are associated with the variety of the form
n
yd=(1—=Axy---x,)% Hm‘;(l — x;)%.
i=1

By computing the number of its rational points over finite fields, Koblitz [15] arrived
at his definition of the hypergeometric function.

For the Appell-Lauricella functions, we find naturally corresponding algebraic
varieties from the complex integral representations. For example, an algebraic
curve Cp  related to F' En) is given by

n

y? = (H(l - )\ix)bi)xa(l —x)°.

i=1
They admit an action of the group g4 of dth roots of unity, and each of the numbers
of k-rational points decomposes into x-components for characters x of ug, where k
is a finite field. By the analogues of integral representations mentioned above, such
numbers are expressed in terms of Appell-Lauricella functions over x (Theorems
4.2,4.4,4.8,4.9,4.11 and 4.13).

According to the decomposition of the numbers, each of the zeta functions de-
composes into the Artin L-functions. As corollaries of the theorems, we express
the Artin L-functions in terms of the Appell-Lauricella functions over k, (r > 1),
where k,. is a degree r extension of x (Corollaries 4.5, 4.10, 4.12 and 4.14).

Furthermore, under some conditions, we will closely look at the curve Xp )
which is a smooth projective model of Cp 5. For each non-trivial character y of
td, using the result above, the Artin L-function L(Xp x, x;t) is written in terms

of Lauricella functions Fgl)()\l, .oy An)k, over K, (r > 1). By the Grothendieck-
Lefschetz formula, the Artin L-function L(Xp , x;t) is essentially the characteristic
polynomial of the Frobenius acting on the y-eigenspace H'(Xp x,Q;)() of the first
l-adic étale cohomology. By computing its dimension, we will show that the degree
of L(Xp x, x;t) is n+1 (Theorem 4.7), and hence it follows that Fgl) Ay s M),
(r > 1) are written as symmetric polynomials of the first n + 1 functions.

2. HYPERGEOMETRIC FUNCTIONS OVER FINITE FIELDS

Throughout this paper, let x be a finite field with g elements of characteristic
p. Let k% = Hom(k* ,@X) denote the group of multiplicative characters of x, and
write € € kX for the trivial character. For any n € k>, we set 7(0) = 0 and write

1 (n=e),
5(")‘{0 (n#e).

Throughout this paper, we fix a non-trivial additive character ¢ € HOI’H(K,@X).

7 =n"'. Put, for n € /;;,

2.1. Definitions. In this subsection, we recall definitions [23] of hypergeometric
functions over finite fields.

Forn,m,...,nn € KX (n > 2), the Gauss sum g(n) and the Jacobi sum j(n1,...,nn)
are defined by

gn) == @) € Qupg-1)),

TERX
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Jlnseoma) = (0" > [ ) € Qlug-).

T ERS i=1
z1+Fzn=1

Note that g(e) = 1. Put g°(n) = ¢°g(n). Then (cf. [23, Proposition 2.2 (iii)])
(2.1) 9(n)g° (M) = n(=1)g.
For n1,...,n, € /;;, we have (cf. [23, Proposition 2.2 (iv)])

1—(1—g)

EE == =)
(2.2) Jm,.oomn) = (m) - gm)

M (otherwise).

g°(m -+~ 1n)

As an analogue of the Pochhammer symbol (a),, = T'(a 4+ n)/T'(a), put
g(lav o g°(av
(@)= 22 ;= OO

o@ T e
for a, v € "X Then, these satisfy
(2.3) (@ = (@)v(av)y, (), = (a);(av)y,
and
(2.4) (a)v(@)y = v(-1).
DEFINITION 2.1. For ag, ..., 00, 81y, 0n € f;;, the hypergeometric function over

K is defined by
wii B (O‘O’O‘l""’o‘”;A) T L T

ﬁla"'vﬁn ]-_q 6/; (5)10/(51)3(571)
DEFINITION 2.2. For a,aq,...,00, 8,01, Bus Vs V153 € /;;, Lauricella’s
functions over k are defined as follows. For A{,..., A\, € k,
Flgn) (a;ﬁla"wﬁn;)\l’.“’)\n)
Vs Un

_ 1 (@)uye, By = (B, v ey
a2 G, G, (- (g, ) O

Vi

Fén) (ala~--,an’;ﬂlwuaﬁn;)\l,“")\n)
- 1 (1)y, - (O‘n)un (ﬁl)vl T (5n)un,
C(d=or 2 Ny (€)5, - (0)3,

v, ERX

Fé”)( o f ;Al,...,An>
Y15+ Un

_ 1 @i Blosv oy
ST 2 G G @, O

Vi€ER

Fén) (a;ﬂla"y'wﬂn;/\l?.”’/\n)

Vl()‘l) T Vn(An)a
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_ 1 (a)lfl--*l/n(ﬁl)m (ﬁn)uny .
T 2 @, )

v, ERX

Analogues of Appell’s functions are defined by

«; 01,
Fi(o; b1, B2; v A, Ae) = F[(f) ( 571 52§)\17>\2) ,

a; P1,
Fy(a; B, Basv1,725 A1, A2) = F,f) ( b 52;/\1,>\2) ;
V1,72

a 7a ; 9
F3(aq, a; B, Ba; v A1, A2) :F1(32) ( ! 2751 52;/\1,>\2) ,

a’
Fy(e; By, 72; Ay Ao) = B ( P ;>\1,>\2> .
Y1572

REMARK 2.3. A priori, the functions ,, 11 F,, FXL), F](g"), Fé") and Fl()") are Q(fip(g—1))-
valued, but in fact they take values in Q(uy—1) and are independent of the choice
of ¢ (see [23, Lemma 2.5 (iii)]).

REMARK 2.4. By (2.4), (2.3) and (2.1), one shows that, for A\; € k*,

Fén) <a17~"aan;/Blv'"aﬂn;)\l’“.’)\n>

— (~ : N2 (). (n) Bl"'ﬁnv;ﬁla"'vﬁn_i i
— (v)ﬁlﬁn(H(al)ﬁlﬂl(Az))FA < Ozilﬂh. N ,Tnﬁn ; /\1,. . /\n> .

i=1
2.2. Properties. We recall some formulas on ;41 F;, which will be used in the next
section.

ProOPOSITION 2.5 (23, Corollary 3.4 and Corollary 3.5]).

(i) For each o € K% and \ € KX,
o all—X) (a#eor A#1),
1F0< ;)\> =
1—g¢q (e =cand A=1).
(ii) Suppose that 8 # ~. Then, for A #0,

= o,
—j(B, By)2F1 ( N ,A)
= Y BByl — wa(l — )+ 6(a)(1 - ¢)FN)By(A - 1).

uERX

REMARK 2.6. In (ii) above, the case when o = ¢ is not contained in [23, Corollary
3.5], but one shows the case easily by Lemma 2.8.

PROPOSITION 2.7 (cf. [23, Theorem 3.2]). Ifn > 1,
A1y e ey QY
F, P A
i n<ﬁ11"'7ﬁn17’y )

= ansan (N L This(eds o
! (nFn_l (51,...,6n-1’)\>+q (g)zn’.:(@)%%’\) '

5
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LEMMA 2.8. For A € k%,

poT)g" ()
(M) =) ety TR G

1+q5(a)(1_q) (A=1and a =7).

PROOF. By letting u = yv and using (2.3), we have

2 F1 (o:e;)): ! qu_é(y)gilo}”(/\)

Thus, we obtain the lemma by Proposition 2.5 (i). O

The following propositions are slight generalizations of Otsubo’s results [23]. A
finite analogue of the Pfaff formula is the following.

PROPOSITION 2.9 (cf. [23, Theorem 3.14]). Suppose that 8 # €, o # . Then, for

NA1L,
Oé(l — )\)QFl (a:yﬂ,A>

a By X ) = 9°)
—,F 2 ) 4531 - =L s —1).
o1 (52 ) o0 - 0 S0 at -1
PROOF. By Proposition 2.5 (ii) and letting v = u(1 — A)/(1 — Au), we have

(e a@)aFy (‘“’f ; A) = S a(war (1 - w1 - Au)

u

=a(l-\)) a)ay(l - v)57(1 - /\A_v1)'

v

Thus the proposition follows from Proposition 2.5 (ii). O

The following is a finite analogue of the Vandermonde theorem (cf. [26, (1.7.7)]).

PROPOSITION 2.10 (cf. [23, Theorem 4.3 and Remark 4.4]).
(i) If {o, i} # {e,~}, then

oF) (Oéjy,u 1) _ q*(?(a'y) (ar}/)/t.

)

(i) If {71} = {e,7} then,

I _ (@), 1—0)2(1 5(v)
JF, (a,vu;l) _ 0@ (0471; _(1-9 0+
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PRrOOF. (i) follows by [23, Theorem 4.3], hence we only have to prove (ii). Suppose
that {a, i} = {€,7}. By [23, Theorem 4.3] again, it follows that

21 (a;'% 1> =14+¢P(1—q).

On the other hand, if & = € and @ = ~ then,
5@ (@) ) My 1

(5 QIS
and if &« =y and 1 = ¢ then,
—8(ay) (@) -1 (€)e _ 1
q . — 4 o
()5 (V)2 g

Thus, we have
o @ (1= 9)*(1+q)°")
5. q

Therefore, we obtain the proposition. ([l

=14+¢M(1 - q).

A finite analogue of the Saalschiitz theorem (cf. [26, (2.3.1.3)]) is the following.

PROPOSITION 2.11 (cf. [23, Theorem 4.11]). Suppose that o # e, B # v and
afy # . Then,

BT\ _ sy @By, 9°(1)g°(0B7P)
3t (%aﬁw’1> ! Ms@B)y | 9@)g(Bg@)
- 6@ + o)L

PrOOF. By [23, Theorem 4.11], we only have to prove for the case when {«, 8,7} =
{e,7,a877} (i.e. ay=v =cor f =~vyv =¢). If ay = v = ¢, then the right-hand
side of the proposition is equal to 3 —¢. On the other hand, by Proposition 2.7 and
Lemma 2.8, we have

O‘aﬂav . o aaﬂvgl 71 (6)5(6)a 9
o (1) =08 (s 1) = 3 R 28

Here, note that a # 8 and 8 # ¢ by the assumptions. Similarly, we can prove for
B = ’)/V = £. |:|

3. FINITE ANALOGUES OF INTEGRAL REPRESENTATIONS

3.1. The case of Fp. For a function f : (x*)" — C, its Fourier transform is a
function on (k*)™ defined by

Fwi o)=Y ftr. ) [[7at)
t;ERX =1

Then,

(3.1) FOre o) = ——— 57 Flwn, ) [0,

(q=1" i=1

v, ERX
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Over C, Lauricella’s functions F 1()") have the following integral representations
(cf. [16, Theorem 3.4.1]). If 0 < Re(a) < Re(c),

a;bi, ... by
(3.2) B(a,cfa)Fl()") < ! . ;zl,...,zn>

/ (ﬁ 1—zu bi) w1 —u) 7 du.

If 0 < Re(b;) for all i and Re(}", b;) < Re(c), then
>

[T, Tb:) ) T(c— >0 bs) .
(3.3) ( = ) = Fgl) <a’b1"c"’b";z1,...,zn>

I'(c)
n —a n c—y 1 bi—1
:/ (1—Zziui) Hu?j_l(l—Zul-) duy -« - duy,
A i=1 i=1 i=1

where A == {(u1,...,u,) € R" [u; >0, >, u; < 1}. Their finite analogues are as
follows.

THEOREM 3.1.
(i) Suppose that o # v and B; # € for all i. Then, for A1,..., A, € KX,

—](O[,E’Y)Fén) <a;617;y”,5n;)\11"'7>\n>

= 3 (15 - A)awar (1 - ).

uerk* =1

(ii) Suppose that o # € and 1 -+ Bn # . Then, for A1,..., Ay € KX,

1) (Hi—lgwi))g(ﬁl"'ﬁme(a”) (a;ﬁl’{"ﬂ”w,..ﬁ">

( 9°()
= Z 6(1—2&-7@)(1161 U; ) 5n7( —Zuz)
UL ,yoosti ERX i=1 i=1

PRrROOF. (i) Put

FOseeo s An Z(ﬁﬁl—Au) (w)ay(1 — u).

UERX

Letting s; = t;u for all ¢ and using (2.2) (note that o # v and 3; # ) and (2.4),
we have

f(ul,...,z/n): Z Z w)ay(l —u) Hﬂl 1 —t;u)7(t;)

= Zaul way(l —u) Z HE(l — 87 (s4)
= (1) @y am o) [ )

. (@)v,-m, . [L:(Bi)v,
Moo L),
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Thus, (i) follows by (3.1).
(ii) Put

g(A1, .., A) = Z a(le)\iui)(Hﬂz u; )Bl 6n7(172ui).

ULyeey,Un ERX 7 1

Letting s; = t;u; for all i and using (2.2) (note that a # ¢ and 81 --- B, # ) and
(2.4), we obtain

a1, .., vn)

-y % QQ_Z)WQU]@W)@ ﬂw@—gﬂggwm)

1y tn €KX UL, Up ERX

Z (Hﬁz% U ) Bn’Y<1 - Zm) Z 5<1 - ZZ:SZ) 1:[72(81)

UL,y Un 7 81,.04,8n

(Bl 67{%511/13'-'7[3711/7) ](a7717aﬁ)

. (ng(ﬁl» (Bl Bn7) Hq(BZ)M . (@),
- 9°(7) Mo ILEE,
Thus, (ii) follows by (3.1). O

Let d € Z>;. Over C, the Gauss hypergeometric functions have the integral
representation (cf. [26, (1.6.6)])

b 1

(3.4) B(a,c—a)aFy (a, ;z) = / t2 1 — )71 — 2t) Pt
¢ 0

If we put ( = exp(2my/—1/d), by the change of variable t = 7¢ in (3.4) and using

(3.2), we obtain

d—1 times d times

—

—N—
(2d-1) [ da;a—c,...,a—c,b,...,b d-1 d—1
D ( (d—l)a—l—c 7<; 7C 7Za<27 >C Z)

P@I((d~Date) . (ab
T dl(da)T(o) 2F1<c’zd>‘

This is a generalization of Karlsson’s formula proved for d = 2,3 [12, (4.10) and
(6.1)]. As an application of Theorem 3.1, we obtain a finite analogue of this formula.

THEOREM 3.2. Suppose thatd | ¢q—1, a # v and  # €. Let pq € #* be a character
of exact order d and £ € k* be a primitive dth root of unity. Then, for any A € K,

d—1 times d times

/—/%/—/A
F(2d 1) Ot OKYV"’O[WaB?"'HB
ozd—l'y

;57.~~,§d_17)\7§)\,~~~,§d_1>\>

d—1 7°( qQd-1 i
_Zg Wd@ V)2Fl (‘Pd??ﬂ;)\d).
PaY

szw) d
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PROOF. For A = 0, it is clear. Suppose that A # 0. By Theorem 3.1 (i), we have

— d
d—1 - /B ﬁ
a“;ay, ..., a0, .., _ _
— (et o) F5" ”( T G €A u)
= ) athay(1 - tHB(1 — At
ter™
=d Z tay(1 —t)B(1 — A%)
ter™
wa(t)=1
d—1 ‘ B
=3 phat)ay(l—)B(1 - A%).
=0 ter>

Here, note that

d—1 B

(otherwise).

Thus, the theorem follows from Proposition 2.5 (ii). O

3.2. The cases of F4 and Fp. In the complex case, Lauricella’s functions FIE‘")
have the integral representation (cf. [16, Theorem 3.4.1])

(HBblacl_ )F(n) (a;bl’“.’bn;zlw'wz’n)
Cly...,Cp

:/ / (1_Zziui>_ Hulzi—l(l_ui)ci—bi—ldul...dum
0 0 i=1

i=1

if 0 < Re(b;) < Re(c;) for all j.

THEOREM 3.3. Suppose that o # & and B; # ~y; for all i. Then, for \; € K™,

(H —j(ﬁi,E%))an) (O‘;ﬁli’ ey .,An>

i=1 1y--+5n
= > 5(1 -3 )\iui) 11 Bi(u)Biva(1 = wi).
UL yeeryUp ERX i=1 i=1

ProOOF. Write f(A1,...,A,) for the right-hand side of the theorem. Then, putting
s; = t;u; and using (2.2) and (2.4), we have

formy= Y% (1—Ztuz)Hﬁzuzm — )7 (t;)

t1, s tn€RX UL, up €ERX

(H > Bwi(ui) Byl — Uz)> > 6(1 - Z Si) HE(S )

i u; ERX 81,.00,8n ERX

(H] ﬁz%aﬁzl/z)) (@, 71, ..., 7))

_ () (@,
— (H] 52,5172 ('Yi)o )(6)0 ...(5)0 .
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Thus, we obtain the theorem by (3.1). O

Lauricella’s FXL) have another integral representation ([14, Theorem 3], see also

[16, Theorem 3.4.1]) as

.5 (H?:1 I'(1- Ci))F(Z?:l G —a—n+ 1)F(n) a;bi,..., b,
(3.5) I'(l-a) A Cly.v.,Cpn Ly En
n .\ —bs n n Z?: ci—a—mn
L2 ) 6 5™
AT N i i=1 i=1
where A’ is a twisted cycle constructed in [14], if ¢1,...,cn, ), ¢ —a € Z.

THEOREM 3.4. Suppose that avyy -« -, Bi # € for all i. Then, for \; € K™,

(T 9G)a@n ) (s
- @) ()

- X (IO 2) ([T (1- 3w

UL,...,un €KX =1

Proor. Write f(A1,...,A,) for the right-hand side of the theorem. Then, putting
$; = t;/u; and similarly as the proof of Theorem 3.3, we have

f(yl,...,vn)
= Y (TI5( - 2 )me) (T ) - au (1= Y w)
t1yeens tn Ul,..., Uy i=1 v 1=1 =1
= Z (H%%(Ul))a’h 'Yn(]-*zuz) Z HT(].*S?)ZTI(S?)
UlyeoyUn =1 i=1 S1y.eySp i=1
= A, - Ay @ -+ ) [ [ (85 )
i=1

(T 900 9@+ 10) (@) T (50
g9°(@) T2 ()2, (e)3,
Thus, we obtain the theorem by (3.1). O

vi

Lauricella’s functions F én) have the integral representation (cf. [16, Theorem
3.4.1])

(H?:1F(bi)>r(c_Z?:lbi)F(n) al,...7an;b17...,bn.z .
F(C) B c sy &Ly ey <n

= - (1 — zu;)~% - ufﬁl 1— Y u; T biildu1-~dun,
L J(ITw) (=2 w)

i

where A is as in (3.3), if 0 < Re(b;) for all 4, and Re(}_, b;) < Re(c).
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THEOREM 3.5. Suppose that a; # € for all i and By - By # 7. Then, for \; € K™,

_1)n (H?:l g(ﬂz)) (51 ﬂnV)Fgl) (al"'”an;ﬁl"”75”;)\17...,)\n>

9°(7) v
= > X(E%(l—Aiuz)(Hﬁz uz>ﬁ1 /an(l—;ui).

Proor. Write f(Aq,...,\,) for the right-hand side of the theorem. Letting s; =
t;u; for all ¢ and using (2.2) (note that «; # € and Sy - -+ 8, # ) and (2.4), we have

f(yl,...,un)

— Z Z (Hﬂl U; ) ﬁn'y<1 — Zui) Hal — tiug) T (ts)

t1, s tn€RX UL, up €KX

Z (Hﬁzl/z uj )51 5n’)’(1 - Zm) H ( Z a;(1— 81)171(82))

ULyenyUp ERX 7 7 S$;ERX

=3(B1 - B, 51u1,...7ﬁnun)1f[j(afi,m>

B (H?:lg(ﬂl»g(m’}/) Hz(ﬁl)ljz (@)w,
N 9°(") (s /'H<s>o‘

V1+VUn i vy

Thus, we obtain the theorem by (3.1). O
REMARK 3.6. Theorem 3.5 is equivalent to Theorem 3.3 via Remark 2.4.

3.3. The case of F¢. In the complex case, Lauricella’s functions Fé") have the
integral representation ([14, Theorem 4], see also [20, Remark 4.4])

(H?Zlf(l—ci)) (1+ - +cep+1l—mn—a) ) ab
I'(l—a) e (61, ’Cn7217 )2 )

n

- (AT (- )T

i=1 i=1 i=1

where A’ is as in (3.5), if ¢1,...,cn, 0, ¢ —a € Z.

THEOREM 3.7. Suppose that a7y, -« -y, B # €. Then, for \; € K™,
. (H?zl g(%))g(ml ) o B
(71) o/— FC ,Al,...,)\n
9°(@) Yise e s Tn

SR D (30 V511 D AR CES i)

UL,y Un ERX 1=1

ey

Proor. Write f(Aq,...,\,) for the right-hand side of the theorem. Letting s; =
t;/u; and using (2.2) (note that @y - -y, 8 # €) and (2.4), we have

f(yl, ey Vn)

_ Z Z a%...%<1zui)ﬁ(1;3) U%(w)%(tz)

E1yensbn ULyenyUnp, i
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> (Tmwtw)n(1-Su) 3 (Tre0)s(i-X0)

UL yeenyUnp i i S1y.en,

:j(’yll/h"w’ynynaa’yl"'7n)j(ﬁ7~~~7m7ﬁ)

(Hw(%))g(ml“-%) (@uvn (Bui,
9°(@) [L:(a)e, T,

Thus, we obtain the theorem by (3.1). O

In the complex case, Burchnall-Chaundy [3] proved the expansion formula
(3.6) Fy(a;b; C1,C2;$(1 —y),y(l —x))

1—|—a+b—cl—02)r -
-y z"y
r—0 (Cl)r(CQ)r

a+r,b+r a+r,b+r
><2F1< ;$>2F1( ;y),
clL+r co+r

(an alternative proof was given by Bailey [2]). From this they deduced, by using
(3.4) and 1 Fy (“;2) = (1 — )7, the integral representation

(3.7)
(a,c1 —a)B(b,ca — b)Fy(a; by cr,co;2(1 —y),y(1 —x))

/ / a—1 b 1 u)cl—a—l(l_v)02—b—1

(1 — qu)2= =21 — yo)bmar=e2t (] — gy — yo)r T2 1gydy,

provided that 0 < Re(a) < Re(e1), 0 < Re(b) < Re(cz) and |z|, |y| are small enough
to make the double integral convergent. We prove finite analogues of these formulas.

The following lemmas will be used in the proof of Proposition 3.10, from which
we will deduce finite analogues of (3.6) and (3.7) (Theorem 3.11 and Theorem 3.12,
respectively). Since the function Fj in [27] coincides with ours by (2.1), we have
the following.

LEMMA 3.8 ([27, Theorem 1.1]). For any z,y # 1,

a(l—z)B(1—y)F, (a; B 1,723 - x_)é e x_)(yl - y))
(1—q)? Z,, Z : o (B:’lu?l) 217 (al;?’yﬂ) p(z)v(y).

LEMMA 3.9. Suppose that o, 8 & {€,71,v2} and aBy17v; # . For any u,v € I;;,

oI (BV’M; 1) oI <o¢u,y; 1>
Y1 Y2
 (Br)u(@y2)y r (0457172’/%”
T () PP\ B, o
(1-g)?
q

(€)n(e)y

;1> —j(a%’ﬁﬁ)ﬁ

To
—
3
<
<o

(0(y1p)d(Br)Cr + d(ap)d(y2v)Ca) ,
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where
Cym q(;(%)g(oziﬁmw)g%w) Oy = 5(72)9(@’7172)90(’71).
9°(@172)9(B72) 9°(Briyz)g(@n)
PrROOF. Put
L(p,v) = 2F1 <61/,,u; 1> 2 b (ap,u; 1) )
il 72
and

M(u,v) = 0BT =8(e7an) (nylv)#@me.
()5.(2)5
First, if {Ov, i} # {e,71} and {au, 7} # {e,72}, then by Proposition 2.10 (i), we

have
L(p,v) = M(p,v).
Using Proposition 2.11 (note that {7172, 7, 7} # {&, 710, 072V }), we have

M(p,v) = (Br)u(@r2)y ( P <aﬂm,u,v.1) B g°(6w)g°(«mu)>

(v1)5.(72)5 By, oo 9(aB772)9(R)g(P)
= N(p,v),
where
V) = (B’Yl),u(a’b)u (045’7172,#7’/_ > _ (o, B (5)2(5)3
N, v) = (1)5.(2)5 3t ﬁWﬂW’l i 72’5%)(71)2(72)3'

Therefore, we obtain the formula of the lemma.
Next, if {Bv, 5} = {e, 71} (then {au, 7} # {€,72}), then by Proposition 2.10 (ii),
(1-¢(+ Q)a(%) q76(a»y2ﬁ) (5’72ﬁ)u.
q (72)5
By Proposition 2.11, if 7 = € and Sv = =1, then
(1 — q)2 (672)571
q (72)%71

(3.8) L(p,v) = M(p,v) —

M(p,v) = N(p,v) +

b

and if 71 = 1 # = and fv = £ (then {07772, 7 7} # {&, B7i7, a737}), then
M(p,v) = N(p,v).
Consequently, by (3.8), we have

Y
L) = N(pow) = snion L=

Similarly, if {ap, 7} = {e,72}, then we have

L) = Now) = e =2,

Thus, we obtain the lemma. ([l

For brevity, put
J = j(aa ayl)](ﬂvﬁ’ﬁ)
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PROPOSITION 3.10. Suppose that o, 8 & {e,v1,72} and af¥y173 # €. Then, for any
z,y € K\ {1},

J - Fy (a; By, 725 2(1 — ), y(1 — )

51— £V J (2)4(8)o(@PTTT2) el
=al=2)8(—y)7—, Z (5)2(71)2(7;)%2 n((x -y - 1))

ner>
(om B @ ) 7 (ﬁn,cwz. Y )
241 )
nmn Cr—1 Yo y—1

—So(l‘,y) _Sl(xuy) 52(xay>7

where

So(x,y) := aB(=1)j(o7z, By0)71(2)72(y),
Si(@,y) = j(aBrive, B)Fr(x)am (z — 1)B(y),
Sa(x,y) = j(aByive, )7a(y)Bra(y — Da(z).
PrROOF. By Lemma 3.8 (replace x,y with z/(z — 1),y/(y — 1) respectively),
J-a(l—2)B(1 - )F4 (a'ﬂ;%,’yz; (1—y),y(1—x))
- s e () n () GG )
Thus, by Lemma 3.9, we obtain that

(3.9) Ja(l—2)B(1 —y)Fy(o; 837,725 2(1 — ), y(1 — 2))
= ®(z,y) — a(l —z)B(1 —y)(So(z,y) + S1(x,y) + S2(z,y)),

where
®(x, y)

(@) 5’71) (@y2) (BY172) 0 (1) 5 (V) €z v Y
1—q )3 2 (), ) (v)p (v2)p (e)5 (B (0 2P) u<33—1) (y—l)'

In proving (3.9), note that, by replacing p, v with F7p, J2v respectively and using
(2.3) and Proposition 2.5 (i),

<1i]q>2j(‘“”’ﬂ“)z<(;352 on(7 ) ()

= aB(-1)j (04727571)’71<x i )%( g )1F0 (a%; - ) 1Fo (572; y)
=a(l—2)B(1 = y)So(z,y).
By (2.1), for any ¢, x € /;;,

wovm

(X)cp
(3.10) == = p(-1).
(X%
Replacing u, v with un, vn respectively, and using (2.3) and (3.10), we have
1—q)3
0D (e

J
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n(@B772)n (1) 0 (BY1) 1w (B1)w (@72)0 x y
*Z m 5205 @R ()2 (am) )
and hence we have
_J (@)n(B)n(aB7172)n zy
v = et @)
< oF, (0”776'71;1’) JF, (6777&72 y)
nn o r—1 Yo y—1
Thus, the proposition follows from (3.9). O

By Proposition 3.10, we obtain a finite analogue of the Burchnall-Chaundy ex-
pansion (3.6), under the assumption afy17z # €, as follows.

THEOREM 3.11. Suppose that o, 8 & {e,v1,72} and a7z # €. Then, for any
z,y € k\{1}, we have
J - Fylos By, 725 2(1 = y), y(1 — 2))
J «a albyive an, an,
(@)n(B)n( 57W2)"n(xy)2F1< U 6n_z> 2F1< U Bn;y>

T1-q &~ (@502 nn Yan
nekx

- So(xa y) + Rl(l', y) + qé(aB)RQ(xv y)
Here, J and Sy are as in Proposition 3.10 and

Ri(z,y) := j(aByive, B)j(az, By2)avi(z — Va1 — y) 7 (z)72(y),
Ry(z,y) = j(afyiye, @)j(@y, B71) B (1 — 2)By2(y — 1)7i(z)72(y).

ProoF. Using Proposition 2.9 with A = z/(x — 1) and A = y/(y — 1), we have

2Fl<an,ﬂw; x >2F1<Bn7a72; y )
mn x-—1 Yon y—1

= (anta = apars (05 4 sgnjant-n - )W ()
(@

X (ﬁn(l —y)2F1 (az;fn;y> +d(an)aB(-1)(1 - q) (jB)Z(BLQ)aw< 31)>
=an(l —z)Bn(1 —y)2 F1 <m”ﬂn;x> oI <an,ﬁn;y>

7n Yan
an)afB(— — 9°(@) aryg Y 211 ab,e
#dlanad(-1)1 - )L —am (L. (T5:a)
BVl 9B o @ apb,e
+0(Bn)ep(=1)(1 Q)g(aﬁ)(ayl)ﬁ%(x—J 21 <B72 y)

7 o2 (T (Y
+ 0B (1~ 0ot (= o (27 )
Thus, by Proposition 3.10, (2.1) and (2.2), we have
J - Fy(a; By, v2i2(1 = y),y(1 = 2)) + So(z, y) + S1(z,y) + Sa2(x,y)
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L5 RO (150, (10,
71n

1-g = OHCHEE Va1
K

e v s (T

b Si(@ )Py ) 1 5(aB)(1 - R (2.9).

1

By Lemma 2.8, (2.1) and (2.2), we have

aB,e oB
S1(@,y)o Py < g ;y) — POPR, (2,) + Si(z, ),

B2
and
So(x,y)2F1 (& ) = "D Ry (2, ) + Sa(,y).
an
Therefore, we obtain the theorem. O

A finite analogue of (3.7) is the following.
THEOREM 3.12. Suppose that o, 8 & {e,71,72}. Then, for any x,y € k*\{1},

J - Fy(e; B571, 725 2(1 — y), y(1 — x))
= Z a(u)Bw)ay (1 — u)Bya(l —v)

U,VERX
x a72(1 — 2u) fy72(1 — yv)afyiye (1 — zu — yo)
- SO(xa y) - Sl(%y) - 52($>y)

Here, J and S;(x,y) (i =0,1,2) are as in Proposition 3.10.

PROOF. First, suppose that o717z = €. Then, we have a result of Tripathi-
Barman [28, Theorem 3.1] (see also [24, Theorem 4.1])

(3.11) J - Fy(e; By1, 725 2(1 = y),y(1 — )
=J- o[ <a76;$) oI (a,ﬁ;y) —6(1 =z —y)qgSo(z,y),
Al 72

where 0(u) = 0 for u € k* and §(0) = 1. On the other hand, by using Proposition
2.5 (ii) and letting ¢ = ux, the first term of the right-hand side of the theorem is

Z a(uw)B(v)ay (1 — u)Bye(1 — v)aqiyz(1 — zu) fYiv2(1 — yv)e(1 — zu — yv)

u,v

= Z wan (1 —uw)B(l—au) > B(v)By2(1 — v)a(l — yv)
— Z a(u)Bv)ay (1 —u)Bye(1 —v)3(1 — zu)a(l — yv)

u,v
ur+vy=1

= “p, *B, 7 am (2=t
=J oF < o’ 79€> 2 < " ) ()72 (y) ; Oé’Yl(y_ 1+t>'
t£0,1,1—y
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If 2 +y#1, then (x —t)/(y — 1+ ¢) runs through x \ {-1,z/(y — 1), (x — 1)/y},
and hence we have

@) Y () = Sy - Siew) - Sie)

teEx 1 Tt
t#0,1,1—y

On the other hand, if z + y = 1, then So(z,y) = S1(z,y) = Sa(z,y) and

@B Y () = @ 9%y,

tex 1+¢
t#£0,1,1—y

Therefore, the right-hand side of the theorem is equal to the right-hand side of
(3.11), and hence we obtain the theorem.
Secondly, suppose that af87317z # €, and put

1—g5=  (n)5()i(e); x—=1)(y -
XgFl <CW7,B’}/1; x >2F1 (57770172; Y )
mn r—1 Yan o y—1

Then, by Proposition 3.10, the left-hand side of the theorem is equal to
a(l - x)B(l - y)(I)(x’ y) - SO("Evy) - Sl(x,y) - SQ(xvy)'
By Proposition 2.5 (ii) and letting u = s/(sx —x+ 1) and v = t/(ty —y + 1),
7 (Oz)z(ﬁ)no R, <an75%; x ) P, (677,0&72; y )
(v)5(2)5 mn x—1 Y y—1
xs — . yt
=D a@mn (1 - )7 (1 - 77 ) S0Fw ~ e (1 - ] Jatsh

s,t -

=a(l—2)B(1 —y) Y a(u)Bv)ay (1 - u)Byz(l - v)B(1 - zu)a(l - yv)

o~ Dy~ Yuo
% ((1—;u)y(1 —1yv)>

Thus, we obtain, by Proposition 2.5 (i),

a(l— 3?)3(1 —y)®(z,y)
= Z v)ay (1 —u)Bra(l —v)B(1 - zu)a(l — yo)
(a,@’ylvg' TYU )
(1= zu)(l - yv)
= a(u)B)ay (1 —u)Bra(l —v)

u,v

X 1F0

x o 1y2(1 — zu) fy7z(1 — yv)afriye(l — zu — yv).

Therefore, we obtain the theorem. [
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4. THE NUMBER OF RATIONAL POINTS ON SOME ALGEBRAIC VARIETIES.

4.1. Rational points and Artin L-functions. In this subsection, we recall the
definitions of zeta functions and Artin L-functions of a variety and their properties.
For more details, see [25] and [30].

Fix an algebraic closure % of x and let x, C ® be the degree r extension of k.
Let V be a variety over k and put N,.(V) = #V (k). Then, the zeta function of V
is defined by

Z(V,t) = exp (i Nriv) tr> € Q[[]l.

r=1
Let G be a finite abelian group and suppose that G acts on V over k. Let F' be
the g-Frobenius acting on V(g). For x € G := Hom(G,@X) and r € Z>1, put
1
#G

The Artin L-function of V associated to x is defined by

LV, x5t) = exp (Z Wt) Q).

r

Y x(9#{z e V()| F(2) = g(x)} €Q

geG

N(Vix) =

r=1

Since N, (V) =>"__aN.(V;x), we have Z(V,t) =[], .5 L(V, x; t).

x€G xe@G

REMARK 4.1. Let D) be the diagonal hypersurface in P?~! defined by the equation
X4 4 X =drXx .. X

n

where A € k%, h; € Z>1 and ), hy = d. A subquotient G of (114)™ acts on Dy. The
author [22] expresses N, (Dy;x) (x € G) in terms of one-variable hypergeometric
functions 4Fy_1(A\?) over k.

4.2. Algebraic varieties related to Fp. In this subsection, let d,a, b1, ...,b,,c
be positive integers and let A1,..., A\, € k*. Write A = (A1,...,\,). We consider
the affine curve Cp » over x defined by the equation

n

(4.1) yd = (H(l - )\Z-x)b'i)x“(l "

i=1
Without loss of generality, we assume that A;,..., A, are not 1 and distinct. Sup-
pose that d | ¢—1 and let g C k™ be the subgroup consisting of all the dth roots of
unity. Then, uq acts on Cp x by (x,y) — (x,£y) (€ € pa). Fix a generator ¢ of /;;,
and put g = pa~1/d ¢ k% and X = ¢|p, € Ita. Note that 1g = {x | m € Z/dZ}.

THEOREM 4.2. Suppose that ged(d, c) = ged(d,b;) =1 for all i. Then,

Ni(Cp.a;x™)
q (m =0),

ma.—=—mby
7

——mb
. ma me n Pq ©Pd N
_](Sod ,Sod )Fé) ( gOm,(a,-i-c) 5)‘17'-~7)‘n> (m#o)
d
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PROOF. Put f(z) = (HL(l - )\ix)bi)xa(l — 2)°. Then, for each m € Z/dZ,
(CD A x™)
= Z X" (©)#{(z,y) € Coa(R) | Fz,y) = (z,&y)}

Eeﬂd
*ZX )#{(z,y) € CpA(R) |z €vand y?T ' =¢&ory=0}
E€pa
= Y @l e n | F@ T =g+ (53 X (@) #r e v f) =0},
E€1a E€nqg
Therefore, if m = 0, then
N1(Cp.a; x™)
=Y #Haer|f@ UV =G+ #{zer]| flz) =0} =#r=gq.
£€na
If m # 0, then since deﬁd x™ (&) = 0, we have
M(Cprsx™) =Y xX"O#zer| fl) V! =¢
§€ua
= i (f(@)
TEK
—Z(Hw (1= Aia) )i (@)l (1 - ).
reR =1

Thus, noting that cp:l"b",@g‘c # ¢ for all i by the assumption, the theorem follows
from Theorem 3.1 (i). O

REMARK 4.3. Frechette-Swisher-Tu [5, Theorem 5.3] expresses N1(Cp.y) in terms

n) n)

of a sum of their Appell-Lauricella functions ]FE:, over k. Since our F' é coincides

with their ]F(g) under the assumption of Theorem 4.2 by Theorem 3.1 (i), Theorem
4.2 is a refinement of their result.

Next, we consider the affine hypersurface Sp ) of dimension n over « defined by

the equation
n a n n c
gt = (1= nm) (TTe0) (1= )
i=1 i=1 ;

i=1
The group pq acts on Sp,y similarly as Cp .
THEOREM 4.4. Suppose that ged(d,a) = ged(d,c¢) = 1. Then,
Ni(Spa;x™)
q (m = 0),

——ma. ,,mbi mby,
= . ) [ Pa el ey
(—1) JDFé)< (pm(b1+~~+bn+0) 7)\1,7>\n> (m;ﬁO),
d

where Jp = (%, @t o).
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PRrROOF. Similarly as the proof of Theorem 4.2, we have
Ni(Spaix’) = #6" = q",

and if m # 0, then

Ni(Spaix™ =Y, @i (1 - Z /\ixi) (H@Zwi (Cﬂz’))%nc (1 - sz)

T1,es T €ERX 2

Thus, the theorem follows from Theorem 3.1 (ii). O

Fix an integer r > 1. Write g, = ¢qg0 Ny /i € %, where Ny, s is the norm
map.

COROLLARY 4.5. Put hypergeometric functions over k, as

ma. —=——mbi F—mbn
(n) cpd,r s Pd,r y ey Pdr .
f7(>\) = FD” < m(c+a) 7)\1, ey )\n 5
<pd,7‘

——ma.  mby mby,
(n Ld,r 3 SOdJ- yeeey S%x .
g\ = F ( PrSET e My |

d,r

(i) Suppose that ged(d, c) = ged(d,b;) =1 for all i. Then,

1
(m =0),
L(Cp ., X™;t) = -1
exp (X7 epe ) ) (m A 0).
(i) Suppose that ged(d,a) = ged(d,c) = 1. Then,
1
1—qgnt (m =0),

L(Sp, x";t) = P
exp (X Jp 9 (N=) (m£0),

where Jp is as in Theorem 4.4.

PROOF. For each r > 1, let ¢’ be a generator of k,< such that ¢'|,x = ¢. By apply-
ing Theorems 4.2 and 4.4 for k, and ¢’, we obtain the formulas for N, (Cp x;x™)

and N,(Sp x;x™). Note that ¢g is replaced with @'l =N/d — 4. Forn e X
and 7, :=no Ny /., we have the Davenport-Hasse theorem (cf. [30])

9(nr) = g(n)".
By this, we have
Je of) = G(eF % o), e, ene o) = Jp.

Thus, the corollary follows formally. [
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4.3. Smooth compactification of Cp . Let Cp ) be the projective curve defined
by the homogenization of (4.1) with = X/Z, y=Y/Z :

Y= 27eXZ - X)[[.(Z = MX)bi (ifd>a+Y,bi+c),
7eYd = X7 - X)°[[,(Z = MX)bi (ifd<a+Y,bi+c),

where
e:= \a—&—Zbi—i—c—dL

Recall that [T, Ai(1 — )\i)Hj#()\j — X\;) # 0. The group pg acts on Cp by
E-(X:Y:2)=(X:&Y :Z) (£ € pa). Suppose that e > 0. Then, Cp » has the
only one point at infinity, denoted by co. Since pg and F' acts on oo trivially, we
have

1 (m=0),

0 (m#0).

If a > 1 (resp. b > 1, ¢>1,e > 1) then Cp,, is singular at (0 : 0 : 1) (resp.
at (\;' :0:1), (1:0:1), 0c0). Archinard [1] constructs a desingularization
7: Xp . — Cp, under the assumption that ged(d,a, b, ..., by, c) = 1. She works
over C, but the same argument is valid in characteristic p if p 1 d, which holds by
our assumption that d | ¢ — 1. Moreover, Xp x has a smooth model over Z,. Now
we suppose

(4.3) ged(d, a) = ged(d, b;) = ged(d, ¢) = ged(d, e) = 1.

Then, we have #7~'(P) =1forall P € {(0:0:1),(\;*:0:1),(1:0:1),00} (see
[1, subsection 3.1]), and we obtain, for all m,

(4.4) N (Xpaix™) = Ne(Cpai X™).

By (4.2), (4.4) and Theorem 4.2, we obtain the following corollary similarly as
Corollary 4.5.

(4.2) N (Cpa;X™) = Ne(Cpasx™) =

COROLLARY 4.6. Under the assumption (4.3), we have

N (Xpa;x™)
1+4q" (m = 0),
= ma mb1 mbn,
- . ma mec\" n(n @d,r;@dﬂ‘m yeer Pdr
—j (e, e Fé)< (o) ;/\1,...,/\n> (m #0).
d,r

Therefore, the Artin L-function L(Xp x, x™;t) is expressed in terms of the hy-
pergeometric functions over s, (r > 1) and the Jacobi sum. In fact, we show that
the first n 4+ 1 functions are sufficient.

Let [ # p be a prime number and H*(X p x,Q;)(x™) be the x™-eigencomponent
of the [-adic étale cohomology of YD,A = Xp ) ®x R, where we fixed an embedding
Q — Q. By the Grothendieck-Lefschetz trace formula (cf. [6, Theorem 2.9])

No(Xpaix™) = S (=D Te((F*) | H (Xp0, @)(™)
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we have

2 Q41
R — (=1
L(Xpax"st) = [[det (1= Ft | H'(pp WK™M) -

By the following theorem, it follows that the F gl) functions in Corollary 4.6 for
r=1,2,... are written as symmetric polynomials of the first n + 1 functions.

THEOREM 4.7. Under the assumption (4.3), if m # 0, then L(Xpx,x™;t) is a
polynomial of degree n + 1.

PROOF. Since H (X p, Qi) = H{(X p.x, Q) (x°) for i = 0,2, it suffices to show
dp = dim@Hl(YD,A,@)(Xm) =n+1.
Since the quotient Xp /g is a rational curve, H' (X p ,Q;)(x°) = 0 and
d—1
Z dm, =2-genus(Xp ) = (d—1)(n+1),
m=1
by [1, Theorem 4.1] (note that d and n are not both even by the assumption (4.3)).
Hence, it suffices to show that d,, > n + 1.
By a standard argument using the smooth base change theorem (cf. [6, Theorem
7.3]) and the Artin comparison theorem (cf. [6, Proposition 11.6]), we are reduced

to characteristic 0. Regard & as a residue field of a number field in such a way that
the character of pg(C) 2 pug(x) induced by x is the inclusion. Put

S:{(tl,..., (C"|Ht 1—t) [ —ti);«éo},

J#i
and let f: Xp — S be the relative projective curve over C defined by the equation
(4.1). Since f is smooth, the relative algebraic de Rham cohomology Hin (Xp/S) =
le*QB(D/S is a locally free Og-module and ranko Hig (Xp/S)(X™) = dum.-
For m =1,...,d —1, put a differential 1-form on the fibre Xp ) as

_y
(1 —x)
We show that it is of the second kind. It may have a pole only at co. A local
parametrization of Xp » at oo is given by (cf. [1, (7) and (8)])

B s )

i

m

dx.

Wm =

where s € C takes values in a neighbourhood of 0 on which (5% —1) [](s% — \;) # 0.
Then, we have

- mb;
wm:—d —m(a+c+2b)+d 1 ——11_[ s — i =t ds.

Since (s —1)m</4 (s — \;)™/? is a power series in s and ged(d,a+c+ 3 b;) =
ged(d,e) = 1 by the assumption (4.3), w,, has the trivial residue, thus is of the
second kind. Hence, it defines a section of HdR(X b/ S)( ™.

Define a path 6 : [0,1] — XpA(C) by (¢ (t, /t(1 — ) T[;(1 — Nit)P?),
where the branch of the dth root is taken by settmg |arg(t“(1 t)° HZ(l Ait)%%)
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when \; are close to 0, and continued analytically. Choose a primitive root £ € uy
and put v = — &,0. Then, we have the period by (3.2),

ma. __ mby mby,

m ma mec n a0 sty T
/Wm:(].—f )B(‘dy d)FE)<d gl(aJrC) d ;)\17~~';/\n>~
v d

This Fl()") function satisfies a system of differential equations of rank n + 1, which
is irreducible by a result of Mimachi-Sasaki [21, Theorem 3.1] and our assumption
(4.3). This shows that Hig (Xp/S)(x™) contains an Og-submodule of rank n + 1.
Hence d,,, > n + 1 and the theorem is proved. O

4.4. Algebraic varieties related to F4 and Fp. We consider n-dimensional
affine hypersurfaces S y, S3 ) and Sp x over s defined by the equations

=1 i=1
n n n a
S yl = (H(xz—/\i)bi)(nxfi)(l— a:z) )
i=1 i=1 i=1
Spa:yt= (H(l - )\ixi)ai) (Hmf) (1 - le) ,
i=1 =1 i=1
where d,a,a1,...,an,b1,...,bn,¢,¢1,...,Cn € Z>1, and Aq,..., A, € K*. Suppose

that d | ¢ — 1. In the same way as the previous subsection, the group pg acts on
these hypersurfaces. Similarly as in the proof of Theorem 4.4, we can show the
followings by using Theorems 3.3, 3.4 and 3.5.

THEOREM 4.8.
(i) Suppose that ged(d,a) = ged(d,¢;) =1 for all i. Then,

Nl(Sil,)\;Xm)

qn (m ) 0)7
= n —ma. . mby mbn
— ./ mb; mc; n ©d Pg Py
(I] —](gpdb »Pd ))Fé) m(bi+cr) m(anrcn);)\h...,)\n (m;ﬁO)
i=1 Pa e Py

(ii) Suppose that ged(d,a) = ged(d,b;) =1 for all i. Then,

N1(S3:x™)

qn (m = O)’
= m(at S (biken). omb b
n n Pd g ; Pd oo Pd
(_1) Ja F‘,(4 ) < @m(bﬁ-cl) @m(bn+0") ;)‘17"-7>\n> (m;é())’
where Ty 1= (e, 0, goee)

THEOREM 4.9. Suppose that ged(d, a;) = ged(d,c) =1 for all i. Then,

Ni(Saix™)
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qn (m = 0)’
= ( ) @TILCU e @man ] SO;nbl .« (pglbn
(-1)"Jp - Fy ( m(by4-4by+c) AL A”) (m #0),
Pd
where Jg 1= j(wg"bl, cee 902“’“7903”)-

Similarly as Corollary 4.5, we have the following.

COROLLARY 4.10. Put

———ma.  ,mbi mbp,
_(n) Pdr 3Py s Par )
fr()\) - FA ( m(bi+c1) m(bp+cn)’ AlesAn |
<pd,r o Ydr
() = pi (PR G gt e
9r - TA Wm(b1+cl)7...,mm(bn+cn) y ALy An |

———ma ——ma, ., mby mby,
- (n) Ld,r 17 s Pdor 3 Sodﬂ- geeey Sodﬂ” .
hr(/\) - FB ( m(by+-+bn+c) a/\17~-~;/\n .
d,r
i) Suppose that ged(d,a) = ged(d, c;) = 1 for all i. Then
(i) Supp ged(d, ged(d, ,

1
1—q"t

L(Sh,x™5t) =

o0 n . ™mo; mc;\r tr
exp (072, (T, =™, 0™)) - (V=) (m#0).
(ii) Suppose that ged(d,a) = ged(d,b;) =1 for all i. Then,
1
1—qmt

L(S35,x™5t) =

s

exp (5 (-5 0, (V) (m £ 0),

where J4 is as in Theorem 4.8 (ii).
(i) Suppose that ged(d, a;) = ged(d,c) =1 for all i. Then,

1
1—qnt
exp (S5 (1T BV ) (m#0)

where Jp is as in Theorem 4.9.

L(Spa, x":it) =

4.5. Algebraic varieties related to F¢. Let d,a,b,c1,...,c, € Z>1 be integers
and let Aq,..., A, € &*. Write Sc » for the n-dimensional affine hypersurface over
% defined by the equation

n n a n n b

yl = (Hazf) (1 - le) (le — Z)‘iHmj) .

i=1 i=1 i=1 i=1 i
Similarly as in the previous subsections, suppose that d | ¢—1 and hence, the group
g acts on Sc », and we obtain the following theorem and corollary.
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THEOREM 4.11. Suppose that ged(d,a) = ged(d,b) = 1. Then,

q" (m = 0)»

Nl(SC A Xm) = m(a+nb+zl 1€i).5=mb
Py (n) y Pd
-1)"Jc - Fg 2D ST ¥ m # 0),

( ) Pa m(b-l-“l) . ’@m(b""cn) 1 ( a )
where Jo = (o, o T Lol PTe),
COROLLARY 4.12. Put

m(a+nb+> 1 | ¢;i). 5——mb
(n) = s Pd,r
fr ()\) F (Wm(b-i-m) ., (pd,rm(b—&-cn) FAL ’)\"> ’

where A\, ..., A\, € K*. Suppose that ged(d,a) = ged(d,b) = 1. Then,
1
1—q"t

exp (S (1) £5) m0),

where Jo is as in Theorem 4.11.

L(Sca, x™it) =

Suppose that A, Ay # 1. Let Sy be the affine surface over s defined by the
equation

yd :x§a>x§b>(1 . x1)<c1—a)(1 . $2)<02_b>
x (1— )\1131)(&76176”(1 — /\21‘2)<b761762>(1 — Az — )\2x2)<cl+c2*a*b>'

Here, for n € Z, (n) € {0,...,d — 1} denotes the representative of n mod d.

THEOREM 4.13. Suppose that ged(d, a) = ged(d, b) = ged(d, c;—a) = ged(d, ¢;—b) =
1 fori=1,2. Then,

Ni(Sax;x™)
q° (m =0),
J- F4(<Pd O O, @ A (1 — X2), Ad2(1 — Ap))
+ZZ’=O S’L()\la)\Q) (m 7é 0)

me;

Here, J and S; are as in Theorem 3.12 with o = ¢}, B = @Zlba Yi = Pq

PROOF. Similarly as in the proof of Theorem 4.4, we have
Ni(Six;x°) = ¢
For m # 0,

N1 (Saxi x Zso P(0)pn T (1 = u) (1 )

% SD:rin(a—cl—@)(l B )\1U)Qﬁgl(b_61_62)(1 _ )‘27})90;”(01+02_a_b)(1 — A\t — Agv).

n)

Here, note that g0< = 7. Thus, the theorem follows by Theorem 3.12. O
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COROLLARY 4.14. Let the assumptions and notations be as in Theorem 4.15. Put
fr(A1,A2) = F4<<PZT?;<P$£§ s P i ML= A2), Ao (1 — A1)).
Then,
1
1—q3%t

L(Sax, x";t) = i
exp (72, T £ d) =) TIEo(1 = S, Aa)t) - (m #0).

ProOF. Note that, for n € #* and Nr =10 Ny e, if X € K then n,.(X) = n"()).
Similarly as Corollary 4.5, we obtain

. q2r (m — 0)7
NT‘(S4,)\7X 7t): 9
Jrfr()\la)‘Q)“i’Zi:O Si(Ala)\Q)T (m#O),
by Theorem 4.13, and hence the corollary follows formally. O

As far as the author knows, explicit constructions of smooth projective models of
Sp.xsShasSha SB.asScx and Sy are not known. If we know the Betti numbers
of such models, we could apply a similar argument as in Subsection 4.3.
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